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Abstract. This study aims to enhance the Gompertz mortality model by incorpo-

rating stochastic parameters and providing a Bayesian framework for pricing term

life insurance based on policyholders’ survival and familial health history. The Va-

sicek model is used to describe the temporal evolution of these stochastic parameters,

capturing their mean-reverting behavior, with its distribution at a fixed time point

serving as the prior in the Bayesian framework. Bayes’ rule is used to update these

priors using observed survival and death outcomes along with familial health factors.

Using illustrative data for 30-year-old policyholders, prior and posterior prices are

computed across different health profiles, showing that posterior prices can increase

or decrease relative to prior-based prices depending on the observed risk patterns.

These results illustrate how incorporating observed survival and health information

refines pricing and aligns prices with actual risk across policyholder profiles.

Key words and Phrases: Bayesian inference, Gompertz model, Insurance pricing,

Stochastic differential equation, Vasicek model.

1. Introduction

Mortality modeling plays a significant role in actuarial science, forming the
basis for life insurance pricing, pension systems, and risk management. In 1825,
Benjamin Gompertz observed that, across specific age intervals, the differences
between the common logarithms of the number of surviving individuals remained
nearly constant [1]. This observation led to the classical Gompertz law:

µx = AeBx, (1)

where A and B are fixed parameters. The Gompertz model provided a foundational
tool for life contingency calculations; however, it does not fully capture mortality
dynamics over the entire age range. In 1860, William Makeham extended the
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Gompertz law by adding an age-independent constant term to account for the
more rapid increase in mortality at older ages:

µx = AeBx + C, (2)

highlighting limitations in purely age-based mortality laws [2].

While these classical models have been successful at the population level,
contemporary actuarial practice increasingly demands models that account for both
systematic mortality trends and individual-level heterogeneity. Advances in medical
diagnostics, electronic health records, and underwriting have revealed substantial
variation in mortality risk among individuals of the same age, driven by health
conditions, family history, and lifestyle factors. Classical deterministic models like
Gompertz and Makeham cannot adequately capture this heterogeneity, leading to
potential mispricing and cross-subsidization in insurance portfolios, particularly
for short-term products where premiums are highly sensitive to individual risk
characteristics [3, 4].

In response to these limitations, this study proposes a hybrid Bayesian
mortality modeling framework that extends the classical Gompertz law by
incorporating time-varying stochastic parameters and individual health risk fac-
tors. Specifically, the Gompertz parameters are modeled as stochastic processes
to capture systematic mortality evolution over time, while health indicators enter
multiplicatively to account for individual-level heterogeneity. Formally, we define
the extended mortality function as:

µx,t = Ate
Btx + λ1D1 + λ2D2, (3)

whereDi ∈ {0, 1} indicate the presence of specific health conditions, and λi quantify
their effect on mortality. The parameters At and Bt are modeled as time-varying
stochastic processes, allowing the model to reflect historical trends and forecast
future mortality more accurately.

The novelty of this approach lies in the integration of stochastic mortality
evolution, health covariates, and Bayesian inference into a unified framework. This
addresses three critical gaps in existing mortality modeling literature:

(1) Accounting for individual health heterogeneity: By incorporating
health-related covariates, the model captures variations in mortality risk
that deterministic models cannot [5].

(2) Stochastic mortality : The time-varying parameters, modeled via the
Vasicek mean-reverting process, enable the model to incorporate uncer-
tainty and temporal dynamics in mortality trends, which deterministic ap-
proaches cannot address [6, 7].

(3) Bayesian inference: By specifying prior distributions for all unknown
parameters, the Bayesian framework allows prior actuarial and medical
knowledge to be formally incorporated and updated as new data become
available, improving inference under limited or heterogeneous data condi-
tions [8, 9].
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Compared to population-level models such as Lee–Carter [10] and its exten-
sions, including the Renshaw–Haberman age–period–cohort model [11], the pro-
posed framework offers a direct and interpretable link between health factors and
individual mortality, while maintaining analytical tractability suitable for practical
insurance pricing. Unlike models that rely heavily on latent factors and com-
plex parameter estimation, our approach is particularly suitable for datasets where
individual-level information is sparse or heterogeneous.

This study applies the hybrid Bayesian framework to the pricing of one-
year term life insurance policies, demonstrating how new health information
or recent mortality observations can dynamically update risk estimates and im-
prove premium calculations. By capturing both systematic mortality uncertainty
and individual risk heterogeneity, the model facilitates more equitable, personalized,
and data-informed insurance pricing, bridging the gap between classical actuarial
models and modern requirements for precision and personalization.

In summary, this research extends the classical Gompertz law by:

• Incorporating time-varying stochastic parameters to reflect evolving mor-
tality trends.

• Including health-related risk factors to capture individual-level heterogene-
ity.

• Employing a Bayesian framework to formally integrate prior knowledge
and handle parameter uncertainty in limited data settings.

This hybrid approach represents a meaningful advancement in mortality mod-
eling, providing a practical, interpretable, and robust framework for modern actu-
arial applications, particularly in personalized life insurance pricing.

2. PRELIMINARIES

In this section, we will define important terms and introduce theorems that
will be useful throughout the rest of the chapters, taken mainly from [12], [13], [14]
and [15].

Definition 2.1. Let (x) denote a life aged x ≥ 0, and let Tx be the random variable
that represents the future lifetime of (x), i.e., the time until death, with Tx ≥ 0.
The Gompertz law of mortality at age x, denoted by µx, is defined as:

µx = AeBx,

where:

• A > 0 is the baseline mortality rate (age-independent),
• B > 0 is the rate of aging (governs the exponential increase of mortality
with age).

Moreover, the cumulative distribution function for the Gompertz model is
given by

tqx = Pr[Tx ≤ t] = 1− exp

{︃
−A

B

(︂
eB(x+t) − eBx

)︂}︃
,
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and the survival function under the Gompertz model is given by

tpx = 1− tqx = exp

{︃
−A

B

(︂
eB(x+t) − eBx

)︂}︃
.

Definition 2.2. Let {Xti}Ni=1 be the data observed over consistent time intervals
with transition densities p(ti+1, Xti+1 ; ti, Xti |θ). The joint density of these obser-
vations is

p(Xt1 , . . . , XtN |θ) = p(Xt1 |θ)
N−1∏︂
i=1

p(ti+1, Xti+1
; ti, Xti |θ),

where p(Xt1 | θ) is some prior density for Xt1 . The likelihood function is given
by

L(θ) =

N−1∏︂
i=1

p(ti+1, Xti+1 ; ti, Xti |θ),

and the maximum likelihood estimator for θ is given by

θ̂ = arg max
θ∈Ωθ

L(θ),

where Ωθ is the set of all possible values of θ.

Definition 2.3. The prior distribution is a probability distribution over the space
of possible parameter values. It is denoted by π(θ) and represents our belief about
the relative likelihood that different values of θ are the true value of the parameter.

Definition 2.4. The model distribution is the probability distribution of the
collected data given a specific value of the parameter. Its probability density function
(pdf) is denoted by fX|θ(x|θ), where vector notation for x is used to emphasize that
all the data are included.

If the vector of observations x = (x1, . . . , xq) consists of independent and
identically distributed (i.i.d.) random variables, then

fX|θ(x|θ) = fX|θ(x1|θ)× · · · × fX|θ(xq|θ).

We use concepts from multivariate statistics to introduce two definitions. In
both cases, as well as in what follows, integrals should be replaced by sums if the
distributions are discrete.

Definition 2.5. The joint distribution of the data and the parameter has the
pdf

fX,θ(x, θ) = fX|θ(x|θ)π(θ)

where fX|θ(x|θ) is the conditional pdf of the data given the parameter, and π(θ) is
the prior distribution of the parameter.
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Definition 2.6. The marginal distribution of x has the pdf

fX(x) =

∫︂
fX|θ(x|θ)π(θ) dθ

where the integral is taken over all possible values of θ.

Note that if there is more than one parameter, this equation will be a multiple
integral.

Definition 2.7. The posterior distribution is the conditional probability distri-
bution of the parameters given the observed data. It is denoted πΘ|X(θ|x).

Definition 2.8. The predictive distribution is the conditional probability dis-
tribution of a new observation y given the data x. It is denoted fY |X(y|x).

Theorem 2.9 (Bayes’ Theorem). Let A and B be events defined on a common
probability space. Suppose Pr(B) > 0. Then, the conditional probability of A given
B is given by:

Pr(A | B) =
Pr(B | A)Pr(A)

Pr(B)
,

where the left side Pr(A | B) is the posterior probability, B is the event for the
observations, and A is the event for the prior distribution.

Bayes’ Theorem provides a principled mechanism for updating beliefs about
a random variable A in light of new evidence B, and serves as a foundational tool
in Bayesian statistics.

Theorem 2.10. The posterior distribution can be computed as

πΘ|X(θ|x) =
fX|Θ(x|θ)π(θ)∫︁
fX|Θ(x|θ)π(θ) dθ

,

while the predictive distribution can be computed as

fY |X(y|x) =
∫︂

fY |Θ(y|θ)πΘ|X(θ|x) dθ,

where fY |Θ(y|θ) is the pdf of the new observation, given the parameter value.

The derivation of important results later on will require understanding of
concepts in Stochastic Calculus. As such, we lay out important related definitions
and theorems.

Definition 2.11. A stochastic process B = (Bt, t ∈ [0,∞)) is called a (standard)
Brownian motion or a Wiener process if the following conditions are satisfied:

• It starts at zero, i.e., B0 = 0.
• It has independent increments, that is, for every t1 < t2 < · · · < tn with

ti ∈ [0,∞) and n ̸= 1, the increments

Bt2 −Bt1 , Bt3 −Bt2 , . . . , Btn −Btn−1

are independent random variables.
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• For t > 0, Bt has a normal distribution with mean 0 and variance t, i.e.,
Bt ∼ N (0, t).

• It has continuous sample paths, i.e., for all random outcomes ω ∈ Ω, the
function t ↦→ Bt(ω) is continuous.

Theorem 2.12. Given a Brownian motion X = (Xt, t ≥ 0), for 0 ≤ s < t we
have

(1) E[Xt −Xs] = 0
(2) E[(Xt −Xs)

2] = t− s
(3) Var[Xt −Xs] = t− s
(4) The random variables Xs and Xt −Xs are independent

Definition 2.13. A stochastic differential equation (SDE) is an equation of
the form

dXu = β(u,X(u)) du+ γ(u,X(u)) dWu,

where β(u,X(u)) is the drift term, γ(u,X(u)) is the diffusion term, and W =
(Wu, u ∈ [0,∞)) is a Wiener process.

Definition 2.14. The Vasicek Model is a stochastic differential equation given
by

drt = a(b− rt) dt+ σ1 dWt,

where W = (Wt, t ∈ [0,∞)) is a Wiener process, b is the mean-reverting parameter,
that is, future values of rt will gather around b in the long run. On the other hand,
a is the speed by which future values of rt gather around b. Lastly, σ1 is associated
with the volatility of values of rt.

The Vasicek model is a mean-reverting stochastic process commonly used to
model interest rates and other quantities like mortality improvement factors.

3. MODELING FRAMEWORK:

The Gompertz model is a widely used tool for modeling human mortality,
particularly in long-term data analysis, as the probability of dying increases expo-
nentially with age. However, a limitation is its assumption that all causes of death
are age-dependent, which may not always hold true (e.g., accidents).

We introduce non-age-dependent parameters to account for mortality risks
unrelated to aging, allowing the model to more accurately reflect the impact of
diseases and other non-age factors. Moreover, it can be extended to account for
evolving risk factors like diseases. Yashin et al. [16] notes that the additional
parameters can be added to adapt the model to emerging health risks, maintaining
its interpretability and empirical strength.
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3.1. Stochastic Gompertz Model.

To capture the uncertainty and dynamic nature of mortality over time, we
introduce a stochastic version of the Gompertz model in which the parameters A
and B evolve according to Vasicek-type processes. We model the force of mortality
as

µx,t = Ate
Btx, (4)

where At and Bt are stochastic processes governed by the following stochastic
differential equations:

dAt = cA(Ā−At) dt+ νA dW
(1)
t (5)

dBt = cB(B̄ −Bt) dt+ νB dW
(2)
t (6)

with

• cA, cB as the speed of mean reversion for At, Bt,
• Ā, B̄ as the long-term mean level for At, Bt,
• νA, νB as the volatility parameter for At, Bt,

• W
(1)
t , W

(2)
t as independent Wiener processes.

This formulation allows both the baseline mortality level and its rate of in-
crease with age to vary randomly over time, providing a more flexible and realistic
framework for mortality modeling under uncertainty.

3.2. Stochastic Gompertz Model with Familial Health Risk Factors.

Incorporating additional mortality factors to (4) such as family history of
health, we have

µx,t = Ate
Btx + λ1D1 + λ2D2, (7)

such that (5) and (6) are satisfied with

• λ1, λ2: Familial health risk coefficients (e.g., diabetes, hypertension, lung
disease),

• D1, D2: Indicator variables for presence of specific familial diseases.

When the indicator variables D1 and D2 are binary-valued (0 or 1), they
function as discrete covariates representing the presence or absence of specific fa-
milial health conditions. Specifically for i = 1, 2, Di = 1 denotes the presence of
familial disease i, contributing an additive risk factor λi to the baseline Gompertz
force of mortality. On the other hand, Di = 0 indicates no familial disease risk for
that condition, resulting in no incremental mortality effect.

Following this, we have
Case 1: Presence of Disease 1 only

µx,t = Ate
Btx + λ1.
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Case 2: Presence of Disease 2 only

µx,t = Ate
Btx + λ2.

Case 3: Presence of both Disease 1 and Disease 2

µx,t = Ate
Btx + λ1 + λ2.

Case 4: No Disease
µx,t = Ate

Btx.

This formulation allows the mortality model to incorporate individual-specific
health risk factors as shifts in the force of mortality model, facilitating personalized
mortality projections and risk stratification.

3.3. Bayesian Modeling with Familial Health Risk Factors.

In the Bayesian framework, all model parameters are treated as random vari-
ables with associated prior distributions that reflect our initial beliefs before ob-
serving any data. For this study, we adopt a stochastic Gompertz model augmented
with fixed health risk factors. The survival time of an individual aged x at time
t ≥ 0 is modeled as

Tx | At, Bt, λ1, λ2 ∼ SGFHRF(At, Bt, λ1, λ2),

where SGFHRF denotes the Stochastic Gompertz model with Fixed Health
Risk Factors. In this model,

• At and Bt govern baseline mortality,
• λ1 and λ2 represent additional risk weights associated with disease groups
D1 and D2.

3.4. Prior Distributions and Likelihood Function.

Since the Vasicek process assumes normally distributed dynamics, we model
At and Bt as normally distributed random variables. Specifically, their means and
variances are obtained from the analytical solutions of the Vasicek process

At ∼ N (E[At], Var[At])

Bt ∼ N (E[Bt], Var[Bt]) (8)

where

• for At:

E[At] = A0e
−cAt + Ā(1− e−cAt)

Var(At) =
ν2A
2cA

(1− e−2cAt)

• for Bt:

E[Bt] = B0e
−cBt + B̄(1− e−cBt)

Var(Bt) =
ν2B
2cB

(1− e−2cBt)
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For the disease-related weights λ1 and λ2, we use uniform distributions due
to limited prior knowledge. The uniform prior reflects a non-informative stance,
assigning equal likelihood to all values within a specified interval

λ1, λ2 ∼ U(a, b).
We experimented with intervals (0, 1), (0, 10), and (0, 100), and observed that

both (0, 10) and (0, 100) yielded similar values for the price. Therefore, (0, 10) was
deemed sufficient and adapted for both parameters. Hence, we have the following
prior distributions for At, Bt, λ1, and λ2.

At ∼ N (E[At],Var[At]), Bt ∼ N (E[Bt],Var[Bt]), λ1, λ2 ∼ U(a, b).
Since the parameters are independent random variables, their joint prior distribu-
tion is given by the product of their individual prior pdfs expressed as

P (At, Bt, λ1, λ2) = fAt(At) · fBt(Bt) · fλ1(λ1) · fλ2(λ2),

where the component prior distributions are defined as follows:

fAt
(At) =

1√︁
2πVar(At)

exp

⎛⎝−1

2

(︄
At − E[At]√︁

Var(At)

)︄2
⎞⎠ ,

fBt
(Bt) =

1√︁
2πVar(Bt)

exp

⎛⎝−1

2

(︄
Bt − E[Bt]√︁

Var(Bt)

)︄2
⎞⎠ ,

and for i = 1, 2,

fλi
(λi) =

{︄
1

b−a , a ≤ λi ≤ b,

0, otherwise.

3.5. Rationale for Distribution Choices.

Knowing that the stochastic processes At and Bt are random variables for a
fixed time t > 0, we took advantage of this information and used their distributions
for a fixed t > 0 as their prior distributions.

On the other hand, the disease group weights λ1 and λ2 lack strong prior in-
formation and are assumed to lie within a plausible range. The uniform distribution
allows for flexible modeling with minimal assumptions, while still being bounded.

3.6. Posterior Distribution.

Once data are observed, Bayesian inference updates our beliefs about the
model parameters using the Bayes’ theorem. Letting θ = (At, Bt, λ1, λ2) and de-
noting the observed death or survival times as T1, . . . , Tn, the posterior distribution
of the parameters is given by

P (θ | T1, . . . , Tn) =
P (T1, . . . , Tn | θ) · P (θ)∫︁

· · ·
∫︁
P (T1, . . . , Tn | θ̃) · P (θ̃) dθ̃

.
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This expression states that the posterior distribution is proportional to the
likelihood of the observed data given the parameters, multiplied by the prior distri-
bution. The denominator ensures normalization over the parameter space. Through
this process, Bayesian updating incorporates new information from data into our
uncertainty about parameter values.

3.7. Parameter Estimation for Stochastic Gompertz Model with Familial
Health Risk Factors.

Our Bayesian setup for the SGHRF requires the parameters At and Bt to be
estimated over time before we are able to estimate the Vasicek model parameters.

These parameters are estimated using nonlinear least squares (NLS), a
method that minimizes the sum of squared differences between observed and model-
predicted values when the model is nonlinear in its parameters. The objective
function is

min
A,B>0

n∑︂
i=1

(︁
yi −AeBx)

)︁2
,

where yi are observed values. MATLAB’s nlinfit function was used to perform
this estimation, iteratively adjusting the parameters to minimize the error.

3.8. Vasicek Model: Parameter Estimation.

To estimate the parameters of the Vasicek model, we use a method based on
Quasi-Maximum Likelihood Estimation (QMLE) in SOA Research Institute [17].
Let {ri}ni=0 represent the observed values, which may correspond to either {Ai} or
{Bi}, depending on the process being estimated.

The Vasicek model is given by the discrete-time approximation

ri = α∗ + β∗ri−1 + εi,

where εi ∼ N (0, σ2). Using equidistant time periods of 1 year, we use the estimates

for α̂∗, β̂∗, and σ̂2 from [17]:

β̂∗ =

∑︁n
i=1 riri−1 − 1

n

(︂∑︁n−1
i=0 ri

)︂
(
∑︁n

i=1 ri)∑︁n−1
i=0 r2i − 1

n

(︂∑︁n−1
i=0 ri

)︂2

α̂∗ =
1

n

(︄
n∑︂

i=1

ri − β̂∗
n−1∑︂
i=0

ri

)︄

σ̂2 =
1

n− 2

n∑︂
i=1

(︂
ri − α̂∗ − β̂∗ri−1

)︂2
.
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These parameters are then transformed into the Vasicek parameters c, r̄, and
ν using the formulas from [17]:

c = − ln(β̂∗)

r̄ =
α̂∗

1− β̂∗

ν =

√︄
2cσ̂2

1− (β̂∗)2
.

The parameter estimates were computed using Mathematica, following the proce-
dure outlined by the SOA Research Institute [17]. The resulting estimates are then
substituted into Equation (8) to construct the prior distributions for the mortality-
affecting processes At and Bt.

3.9. Standard Error.

Once the estimates have been obtained, their corresponding standard errors

are derived from the observed Fisher Information Matrix, denoted by J (θ̂). This
matrix is of dimension D ×D, with entries defined as[︁

J (θ̂)
]︁
ij
= − ∂2l(θ)

∂θi ∂θj

⃓⃓⃓⃓
θ=θ̂

,

where l(θ) denotes the log-likelihood function.

The standard error associated with the estimate θ̂i is given by the square root
of the (i, i)-th diagonal element of the inverse Fisher Information Matrix:

SE(θ̂i) =
√︂[︁

J−1(θ̂)
]︁
ii
.

From this, the variance associated with the estimate θ̂i is simply the square

of SE(θ̂i), i.e., Var(θ̂i) = (SE(θ̂i))
2.

Moreover, assuming asymptotic normality of the maximum likelihood esti-

mator θ̂i, a 100(1− α)% confidence interval for θi can be constructed as(︂
θ̂i − z1−α/2 SE(θ̂i), θ̂i + z1−α/2 SE(θ̂i)

)︂
,

where z1−α/2 is the (1 − α/2) quantile of the standard normal distribution. In
particular, a 95% confidence interval for θi can be constructed as(︂

θ̂i − 1.96 SE(θ̂i), θ̂i + 1.96 SE(θ̂i)
)︂
.

In cases where J (θ̂) is singular and thus non-invertible, specifically, the Moore-
Penrose generalized inverse from [18] is adopted, expressed as

J +(θ̂) =
(︂
J (θ̂)⊤ J (θ̂)

)︂−1

J (θ̂).

Li and Yeh formally established the validity of this approach by demonstrat-
ing that the Moore–Penrose pseudoinverse satisfies the Cramér–Rao lower bound
even in the case of singular Fisher information matrices [18]. Consequently, the
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pseudoinverse provides an asymptotically efficient measure of variance, ensuring
that the derived standard errors attain the minimum variance among all admissi-
ble estimators under linear constraints.

3.10. Quasi-Log-Likelihood Function.

We follow the approach in [19] for the case of the Vasicek model for At given
by

dAt = cA(Ā−At) dt+ νA dWt,

where cA > 0 is the speed of mean reversion, Ā is the long-run mean level, and
νA > 0 is the volatility.

Discretizing using the Euler-Maruyama method with ∆t = tk+1 − tk = 1 for
k = 0, . . . , n− 1, we obtain:

Atk+1
= Atk + cA(Ā−Atk) + νAϵk, ϵk ∼ N (0, 1).

This implies that Atk+1
conditional on Atk is normally distributed:

Atk+1
| rtk ∼ N

(︁
rtk + cA(Ā−Atk), ν

2
A

)︁
.

The corresponding log-likelihood function for observations {A0, A1, . . . , An}
is:

ℓ(cA, Ā, νA | A0, . . . , An) =

n−1∑︂
k=0

ln f(Atk+1
| Atk)

= −n

2
ln(2π)− n ln νA − 1

2ν2A

n−1∑︂
k=0

(︁
Atk+1

−Atk − cA(Ā−Atk)
)︁2

.

This allows for efficient estimation of the model parameters (cA, Ā, νA) by
using maximum likelihood techniques. Note that the same method applies directly
to a Bt. The discretization and quasi-log-likelihood formulation are structurally
identical, with parameters cB , B̄, and νB replacing their A-counterparts.

3.11. Bayesian Pricing of 1-Year Term Insurance.

We consider a 1-year term life insurance policy under a stochastic mortality
model incorporating health risk factors. The mortality intensity is modeled using
a Gompertz function augmented with disease weights

µx,t(θ) = Ate
Btx + λ1D1 + λ2D2 (9)

Here, At and Bt are stochastic parameters following Vasicek processes, while λ1

and λ2 are weights assigned to the disease indicators D1 and D2, respectively. The
full set of parameters in (9) is denoted by

θ = (At, Bt, λ1, λ2).
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3.11.1. Conditional Expectation of Present Value.

Given a specific realization of the parameters θ, the conditional expected
present value (EPV) of the 1-year term insurance follows from Slud [20]. The EPV
of a 1-year term insurance for a life aged x is given by

E
[︁
vTx1[0,1)(Tx)

]︁
=

∫︂ 1

0

vs · spx,t · µx+s,t+s ds, (10)

where:

• spx,t = exp
(︁
−
∫︁ s

0
µx+r,t+r dr

)︁
is the probability that a life aged x at time

t survives to age x+ s,
• vs = (1 + i)−s = e−δs is the discount factor for a payment at time s.

Under the Constant Force of Mortality (CFM) assumption between integral ages,
we assume for a given t ≥ 0,

µx+s,t+s = µx,t for all s ∈ [0, 1].

This simplifies the integral in (10) as

E
[︁
vTx1[0,1)(Tx)

]︁
=

∫︂ 1

0

e−δs · e−µx,ts · µx,t ds

= µx,t

∫︂ 1

0

e−(δ+µx,t)s ds.

Evaluating the integral, the expectation of a 1 year term insurance is

E
[︁
vTx1[0,1)(Tx)

]︁
=

µx,t

(︁
1− e−(δ+µx,t)

)︁
δ + µx,t

. (11)

Moreover, the expectation of a 1 year term insurance given θ = (At, Bt, λ1, λ2) is

E
[︁
vTx1[0,1)(Tx) | θ

]︁
=

µx,t(θ)
(︁
1− e−δ−µx,t(θ)

)︁
δ + µx,t(θ)

(12)

This expression arises from the CFM assumption and continuous-time valuation of
a 1-year term insurance with force of interest δ.

3.11.2. Unconditional Pricing Based on the Prior.

To compute the unconditional price of the insurance policy, we integrate the
conditional expectation over the prior distribution of the parameter θ

E
[︁
vTx1[0,1)(Tx)

]︁
=

∫︂
E
[︁
vTx1[0,1)(Tx) | θ

]︁
P (θ) dθ.

This represents the EPV using only prior beliefs about the model parameters, before
observing any policyholder data.
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3.11.3. Bayesian Pricing Based on Posterior Distribution.

Once policyholder data T
(1)
x , . . . , T

(n)
x are observed, we update our beliefs

using Bayes’ theorem. The Bayesian price incorporates this information by inte-
grating over the posterior distribution

E
[︁
vTx1[0,1)(Tx)

]︁
| T (1)

x , . . . , T (n)
x )] =

∫︂
E
[︁
vTx1[0,1)(Tx) | θ

]︁
P (θ | T (1)

x , . . . , T (n)
x )) dθ.

This is the Bayesian price under posterior distribution, which reflects updated
uncertainty in the parameters after accounting for observed data. It offers a more
informed and personalized valuation of the policy, particularly useful in cases where
the insured belongs to a high-risk health category or where only limited mortality
data are available.

4. MAIN RESULTS

This chapter presents the method used to compute the expected premium for
a 1-year term life insurance policy using the Gompertz formula and adding famil-
ial health risk factor parameter in the existing model, leading to a more informed
decision-making. Online software such as Matlab and Mathematica were also used
to arrive at the random parameter estimations and to evaluate the expected insur-
ance premium given the new pricing formula.

4.1. Parameter Estimates for At, Bt.

We obtained mortality data for Taiwan from the Human Mortality Data-
base and fitted the random parameters A and B for each year from 1970 to 2023.
Clearly, the data exhibit a clear mean-reverting behavior — they fluctuate over
time but tend to return toward a long-term average. This is visualized in the plots
below, where the horizontal lines represent the estimated long-term mean levels
obtained from the Vasicek model. The estimation procedure is described in the
next subsection.

Figure 1. Fitted values of random parameter A for years 1970–2023.
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Figure 2. Fitted values of random parameter B for years 1970–2023.

Given this observed mean-reverting nature, the Vasicek model emerges as a
natural framework to describe the dynamics of these random parameters. This
formulation allows the Gompertz parameters in the model µx = AeBx to evolve
over time, capturing uncertainty and randomness, while still being anchored to
a long-term average. Thus, the Vasicek model is both realistic and mathemati-
cally tractable, making it a robust choice for modeling mortality parameters in a
stochastic setting.

4.2. Vasicek Parameter Estimates for At and Bt by Gender.

The continuous-time dynamics of each parameter Xt ∈ {At, Bt} follow the
stochastic differential equation (SDE)

dXt = cX(X̄ −Xt)dt+ νX dWt,

where:

• cX is the speed of mean reversion,
• X̄ is the long-term mean (level to which Xt reverts),
• νX is the instantaneous volatility,
• Wt is a standard Brownian motion.

The Vasicek model ensures that the process tends to drift toward the long-
term mean X̄, with volatility controlled by νX . Faster reversion is indicated by a
higher cX , and larger values of νX indicate greater uncertainty or fluctuation in
the parameter path.

Tables 1–4 show the estimated parameters, the computed standard errors,
the variances, and the 95% confidence intervals for the Vasicek models for At and
Bt for male and female populations:

Interpretation:

• For both sexes, the parameters At and Bt exhibit mean-reverting behavior
toward their respective long-term means Ā and B̄.
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Table 1. Vasicek Parameter Estimates for At (Men)

Parameter Estimate Std. Error Variance 95% CI

cA 0.077087 0.046222 0.002136 (-0.013508, 0.167682)
Ā 0.000435 0.000447 2.00× 10−7 (-0.000441, 0.001311)
νA 0.000202 0.000021 4.41× 10−10 (0.000161, 0.000243)

Table 2. Vasicek Parameter Estimates for At (Women)

Parameter Estimate Std. Error Variance 95% CI

cA 0.035050 0.022116 0.000489 (-0.008297, 0.078397)
Ā -0.000044 0.000320 1.024× 10−7 (-0.000671, 0.000583)
νA 0.000040 0.000004 1.60× 10−11 (0.000032, 0.000048)

Table 3. Vasicek Parameter Estimates for Bt (Men)

Parameter Estimate Std. Error Variance 95% CI

cB 0.037771 0.037128 0.001378 (-0.035000, 0.110542)
B̄ 0.072963 0.011905 0.000142 (0.049629, 0.096297)
νB 0.001800 0.000185 3.42× 10−8 (0.001437, 0.002163)

Table 4. Vasicek Parameter Estimates for Bt (Women)

Parameter Estimate Std. Error Variance 95% CI

cB 0.007280 0.023867 0.000570 (-0.039499, 0.054059)
B̄ 0.127620 0.185539 0.034425 (-0.236036, 0.491276)
νB 0.000962 0.000097 9.41× 10−9 (0.000772, 0.001152)

• The speed of reversion cA is higher for men than women, indicating that the
male baseline mortality level adjusts more quickly to its long-term mean.

• Volatilities νA and νB suggest that women have more stable (less volatile)
baseline mortality (At), but slightly more uncertainty in the age effect (Bt)
compared to men.

• It may thus be concluded that the QMLE procedure yields stable and
reliable parameter estimates, as evidenced by the corresponding standard
errors and variances.

4.3. Expectation and Variance Computation.

Given the Vasicek estimations above and the long-term mean values, we pro-
ceed to compute the expectations and variances of At and Bt. Note that we consid-
ered year 2023 to be time t = 0. We are looking for the expectation and variances
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for year 2025 with t = 2.

For Men: Consider A0 = 0.000279 & B0 = 0.0723.

Using (8), the resulting Vasicek parameter estimates are

cA = 0.077087, Ā = 0.000435

cB = 0.037771, B̄ = 0.072963

For Women: Consider A0 = 0.000092 & B0 = 0.082626.

The resulting Vasicek parameter estimates are

cA = 0.035050, Ā = −0.000044

cB = 0.007280, B̄ = 0.127620

Using these estimates, we can solve for the expectation and variances using (8), as
shown in the following table:

Table 5. Summary of Expected Values and Variances for year
2025 t = 2

Gender E[A2] Var(A2) E[B2] Var(B2)
Men 0.000301 7.03× 10−8 0.072348 6.01× 10−6

Women 0.000083 3.01× 10−9 0.083276 1.83× 10−6

Deterministic EPV (Classical Baseline): Using the expected values of A2 and
B2 for 2025 and δ = 0.1, we can compute the EPV for a 1-year term insurance
policy at age 30. Under a constant force of mortality over the year, the EPV is

E
[︁
vT301[0,1)(T30)

]︁
=

A2e
B2·30

(︂
1− e−δ−A2e

B2·30
)︂

δ +A2eB2·30
.

• For males:

E[vT30 ] ≈ 0.00250618

• For females:

E[vT30 ] ≈ 0.00096110

This calculation provides a baseline net single premium using the expected param-
eter values for 2025 and does not incorporate uncertainty, i.e., it is deterministic.
It gives a closed-form expression for the EPV of a 1-year term insurance policy, re-
flecting the increasing risk with age and gender-based mortality differences. Since
the EPV corresponds to the net single premium, it provides a reference for pric-
ing without additional loadings, serving as an intuitive lead-in to the Bayesian
framework in the following section.
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4.4. Bayesian Pricing of 1-Year Term Insurance.

We aim to compute the EPV of a 1-year term insurance with benefit 1, under
a stochastic Gompertz mortality model incorporating familial health risk factors
using a Bayesian model. The force of mortality with Familial Health Risk Factors
µx,t(θ) is modeled as in (9). Using (12), the conditional EPV given parameters θ is

E
[︁
vTx1[0,1)(Tx) | θ

]︁
=

µx,t(θ) ·
(︁
1− e−(δ+µx,t(θ))

)︁
δ + µx,t(θ)

.

Explicitly, we can write this as a function of D1 and D2 to emphasize that we can
compute the price for all 4 of the possible configurations of the familial health risk
factors.

ED1,D2

[︁
vTx1[0,1)(Tx) | θ

]︁
=

(Ate
Btx + λ1D1 + λ2D2) ·

(︂
1− e−(δ+Ate

Btx+λ1D1+λ2D2)
)︂

δ +AteBtx + λ1D1 + λ2D2
.

4.5. Bayesian Pricing Framework.

Given observed death times T
(1)
x , . . . , T

(n)
x , the Bayesian price is the expecta-

tion of the conditional EPV under the posterior distribution

ED1,D2

[︂
vTx1[0,1)(Tx) | T (1)

x , . . . , T (n)
x

]︂
=

∫︂
ED1,D2

[︁
vTx1[0,1)(Tx) | θ

]︁
· P (θ | T (1)

x , . . . , T (n)
x ) dθ

where by Bayes’ theorem

P (θ | T (1)
x , . . . , T (n)

x ) =
P (T

(1)
x , . . . , T

(n)
x | θ) · P (θ)∫︁

P (T
(1)
x , . . . , T

(n)
x | θ̃) · P (θ̃) dθ̃

.

4.6. Prior vs Posterior Pricing.

• Unconditional Price (Prior-based):

ED1,D2

[︁
vTx1[0,1)(Tx)

]︁
=

∫︂
ED1,D2

[︁
vTx1[0,1)(Tx) | θ

]︁
· P (θ) dθ,

which reflects pricing using only prior knowledge about parameters without
observed data.

• Bayesian Price (Posterior-based):

ED1,D2

[︂
vTx1[0,1)(Tx) | T (1)

x , . . . , T
(n)
x

]︂
=

∫︂
ED1,D2

[︁
vTx1[0,1)(Tx) | θ

]︁
· P (θ | T (1)

x , . . . , T (n)
x ) dθ,

which updates prices by incorporating observed mortality data, typically
yielding more accurate estimates.
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Suppose we observe data for policyholders aged x = 30 over a one-year period,
classified by disease status as shown in the following table:

Table 6. Distribution of survival and death outcomes by disease status

D1 Only D2 Only D1 and D2 No Disease

Survived 4 2 5 20
Died 3 4 2 10

The table is interpreted as follows:

• Case 1: D1 Only: Among individuals who were diagnosed with disease
D1 but not D2, 4 survived while 3 died.

• Case 2: D2 Only: Among those diagnosed with D2 only, 2 survived while
4 died.

• Case 3: D1 and D2: For individuals diagnosed with both diseases simul-
taneously, 5 survived while 2 died.

• Case 4: No Disease: Among individuals with neither D1 nor D2, 20
survived and 10 died.

Remark. The data in Table 4 do not consist of exact death times T
(i)
30 , but

only indicate survival or death outcomes over the one-year period [30, 31). Hence,

the observations are censored in the sense that we only know whether T
(i)
30 > 1

(survived) or T
(i)
30 ≤ 1 (died). Consequently, the appropriate likelihood contribu-

tions are given by the one-year survival probability p30 for those who survived and
the one-year death probability q30 for those who died, rather than the density of

T
(i)
30 .

Based on this observed data, the likelihood function can be written as:

P (T
(1)
x , . . . , T

(n)
x | θ)

= (pnone30 )20(pD1
30 )

4(pD2
30 )

2(pD1∧D2
30 )5(qnone30 )10(qD1

30 )3(qD2
30 )4(qD1∧D2

30 )2,

where p·x denotes the probability of survival at age x for the corresponding disease
group, and q·x = 1− p·x denotes the probability of death. In particular, under CFM
assumption and Equation (7),

pnone30 = P (T30 > 1|D1 = 0, D2 = 0) = e−Ate
30Bt

qnone30 = P (T30 ≤ 1|D1 = 0, D2 = 0) = 1− e−Ate
30Bt

pD1
30 = P (T30 > 1|D1 = 1, D2 = 0) = e−Ate

30Bt−λ1

qD1
30 = P (T30 ≤ 1|D1 = 1, D2 = 0) = 1− e−Ate

30Bt−λ1

pD2
30 = P (T30 > 1|D1 = 0, D2 = 1) = e−Ate

30Bt−λ2
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qD2
30 = P (T30 ≤ 1|D1 = 0, D2 = 1) = 1− e−Ate

30Bt−λ2

pD1∧D2
30 = P (T30 > 1|D1 = 1, D2 = 1) = e−Ate

30Bt−λ1−λ2

qD1∩D2
30 = P (T30 ≤ 1|D1 = 1, D2 = 1) = 1− e−Ate

30Bt−λ1−λ2

For the computations that follows, δ = 0.1 and t = 2 to reflect the predicted
prices of the 1-year term insurance for a 30-year old in the year 2025. Note that
earlier, we set t = 0 to indicate the last available parameters of At and Bt in the
year 2023.

4.7. Comparison of Pricing under Prior and Posterior Distribution.

Figure 3. Comparison of 1-Year Term Insurance Prices under
Prior and Posterior Distributions. Blue: Pricing reflecting updated
beliefs after observing mortality data (posterior). Red: Pricing
based solely on prior assumptions.

Table 7. Insurance prices under prior and posterior distributions
for men.

Health Condition Men Prior Men Posterior
No Disease 0.002511 0.008865
D1 Only 0.881860 0.321485
D2 Only 0.881860 0.439133
D1 and D2 0.978333 0.613664

Table 8. Insurance prices under prior and posterior distributions
for women.

Health Condition Women Prior Women Posterior
No Disease 0.000961 0.002619
D1 Only 0.881698 0.321207
D2 Only 0.881698 0.438723
D1 and D2 0.978315 0.615527
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Note that Figure 3, Table 7, and Table 8 illustrate how incorporating ob-
served data via the posterior distribution refines pricing, often reducing uncer-
tainty and adjusting prices closer to empirical mortality experience. In contrast,
the prior-based pricing relies solely on initial assumptions and may be less precise.
Specifically,

• For data showing higher survival rates, the Bayesian prices under the
posterior distribution are generally lower than the unconditional
prices based on the prior. This indicates that the prior has been up-
dated to reflect improved survival, leading to cheaper prices. Thus, the
observed data plays a crucial role in determining posterior-based pricing.

• Bayesian pricing ensures fairness by incorporating actual risk data and
health risks, leading to more precise and individualized premium adjust-
ments.

The pricing framework presented not only enhances pricing accuracy and fair-
ness but also shows strong potential for actuarial modeling in data-scarce
environments.
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