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Abstract. This study addresses the issue of Merton portfolio optimization based

on the Hyperbolic Absolute Risk Aversion (HARA) utility function within a finite

time interval. The portfolio is constructed using two risky assets and one risk-free

asset, ensuring that investments are not limited to a single risky asset in order to

achieve optimal investment and consumption strategies. The mathematical model of

the Merton portfolio problem will be analyzed using the Hamilton-Jacobi-Bellman

(HJB) equation. The simulation shows that the optimal investment proportion in

multi-risk assets decreases as wealth increases. This is influenced by the investor’s

risk preference relative to their wealth. The results also show that optimal con-

sumption increases over time in order to obtain maximum utility.
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1. INTRODUCTION

Investors are faced with two choices in allocating their wealth in a portfolio.
They must divide their wealth between consumption and investment. Consump-
tion is used to meet daily needs such as purchasing basic necessities and other
requirements, while investment is used to accumulate wealth. Investors hope that
the steps taken will optimize their potential profit in the future. The discussion
about portfolio selection for investment and consumption attracts not only finan-
cial practitioners but also academics [1], [2], [3]. The portfolio selection problem is
demonstrated by Merton’s initial paper on the optimization of investment and con-
sumption [4], known as Merton portfolio problem. This problem is studied by [5]
in a continuous-time framework using dynamic programming. Moreover, the result
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shows an optimal portfolio strategy in allocating wealth between consumption and
investment in financial markets composed of risky and risk-free assets.

Utility functions are applied to the optimization model to optimize the ex-
pected utility in total wealth [6]. One such function is a Hyperbolic Absolute Risk
Aversion (HARA) utility function. The HARA utility function was first introduced
by Merton [7] as a general form of the Constant Relative Risk Aversion (CRRA),
Constant Absolute Risk Aversion (CARA), and quadratic utility functions. We
can create CRRA and CARA from general form of HARA by changing several pa-
rameter values. In 2021, Ma and Zhu [8] applied the HARA utility function to the
Merton portfolio problem. This is done to approximate the solution of the CARA
utility function. However, Ma and Zhu only considered one risky asset and one
risk-free asset. In practice, investors often have portfolios consisting of more than
one risky asset.

This study proposes an extension Merton’s portfolio problem by considering
more than one risky asset and applying the HARA utility function. This study
aims to maximize the expected utility of investors in consumption and investment
problems based on their risk preferences. This study presents the analytical solution
of the HJB equation [9] and simulations, to obtain the optimal solution. The
solution contribute new insights to the financial literature by offering a broader
and more realistic approach to wealth management. We apply the HARA utility
function in the Merton problem because of its flexibility.

There are sections that structure of the paper is as follows. The mathematical
model of Merton’s portfolio optimization and its solution are explained in section 2
and section 3. The numerical model is then presented in section 4 and the results
of simulation is discussed in section 5. The final section outlines the conclusions of
all things in this study.

2. MATHEMATICAL MODEL

We consider a Merton model created continuous-time in financial market. An
investor has a portfolio during a limited interval [0, T ] which consists of one risk-free
asset and two risky assets. The risk-free asset is a bond whose price is expressed
as follows [10]

dB(t) = rB(t) dt, (1)

where r is the risk-free interest rate. The other assets are two risky assets in the
form of stocks, which are expressed in the stock price model as follows

dS1(t) = µ1S1(t) dt+ σ1S1(t) dW1(t), (2)

dS2(t) = µ2S2(t) dt+ σ2S2(t) dW2(t), (3)

where µ1, µ2 are the expected returns of S1(t) and S2(t); σ1, σ2 are the volatilities
of S1(t) and S2(t); and W1(t),W2(t) are Wiener processes that have a correlation
ρ ∈ [−1, 1] such that [11]

dW1(t) dW2(t) = ρ dt. (4)
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The investor has a total wealth derived from risky assets and risk-free assets.
The investor invests u1(t)X(t) of wealth in a risky asset S1(t) and u2(t)X(t) in a
risky asset S2(t) with proportions u1(t) in a risky asset S1(t) and u2(t) in a risky
asset S2(t). (1−u1(t)−u2(t))X(t) has been invested in risk-free assets. In addition,
the investor also spends wealth on consumption. The amount of consumption at
time t is denoted by c(t), which reduces the amount of wealth. As a result, the
total wealth

(︁
X(T )

)︁
of investor with multiple risky assets can be expressed as

dX(t) = {portfolio income} − {consumption}
= r
(︁
1− u1(t)− u2(t)

)︁
X(t) dt+ u1(t)X(t)

(︁
µ1 dt+ σ1 dW1(t)

)︁
+

u2(t)X(t)
(︁
µ2 dt+ σ2 dW2(t)

)︁
− c(t) dt

=
[︂(︁
r + u1(t)(µ1 − r) + u2(t)(µ2 − r)

)︁
X(t)− c(t)

]︂
dt+(︁

σ1u1(t) dW1(t) + σ2u2(t) dW2(t)
)︁
X(t).

(5)

The investor aims to achieve an optimal balance between investment and
consumption so that the expected utility value of consumption over time and final
wealth, is maximized based on their risk preferences. The utility function for con-
sumption over time is represented by U

(︁
c(t)
)︁
and the utility function for wealth

at time T is stated by B
(︁
X(T )

)︁
. The objective function of the Merton’s portfolio

optimization problem with multiple risky assets is expressed by

max E

[︄∫︂ T

0

e−δs U
(︁
c(s)

)︁
ds+ e−δT B

(︁
X(T )

)︁]︄
, (6)

with a dynamical system in Eq. (5) and boundary values

c(t) ≥ 0, X(t) > 0, (7)

where E is the expectation operator and δ is the discount rate.

3. MAIN RESULTS

In the Merton portfolio problem, we use dynamic programming principle to
solve the mathematical model. Define a function V (t, x) for time interval [t, T ]
expressed by

V (t, x) = max
(u1,u2,c)∈A

J
(︁
u1(·), u2(·), c(·); t, x

)︁
, (8)

where J
(︁
u1(·), u2(·), c(·); t, x

)︁
= E

(︂ ∫︁ T

t
e−δ(s−t) U

(︁
c(s)

)︁
ds + e−δ(T−t) B

(︁
X(T )

)︁⃓⃓⃓
Ft

)︂
.

Here, A is the class of all acceptable investment and consumption strategies
(︁
u1, u2, c

)︁
,

while Ft is the filtration that describes market’s history and contains all informa-
tion about event that has occurred up to time t. It is assumed that the optimal
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strategy is developed dynamically during a very small time interval dt so that based
on the Dynamic Programming Principle, we obtain

V (t, x) = max
(u1,u2,c)∈A

E

(︄∫︂ t+dt

t

e−δ(s−t) U
(︁
c(s)

)︁
ds+ e−δ dt V

(︁
t+ dt,X(t+ dt)

)︁)︄
.

(9)

Jacobsson [12] constructs the HJB equation from Ito’s Lemma. This is similar
to this study, in which the approach was carried out between t and t+ dt as in Eq.
(9). Then, we obtain HJB equation as{︄

max(u1,u2,c)∈A Lu1,u2,cV (t, x) = 0,

V (T, x) = B(x),
(10)

where

Lu1,u2,cV (t, x) = Vt +
[︂(︁
r + u1(t)(µ1 − r) + u2(t)(µ2 − r)

)︁
X(t)− c(t)

]︂
Vx+

1

2

(︂
σ2
1u

2
1(t) + 2ρσ1σ2u1(t)u2(t) + σ2

2u
2
2(t)

)︂
X2(t)Vxx + U

(︁
c(t)

)︁
− δV (t, x).

(11)

The optimal investment and consumption strategy (u∗
1, u

∗
2, c

∗) are gained if first
derivative of Lu1,u2,cV (t, x) is valid. The detail of derivation is presented in 7.1
Appendix 1, subsequently we obtain,

u∗
1 =

(︁
ρσ1(µ2 − r)− σ2(µ1 − r)

)︁
Vx

(1− ρ2)σ2
1σ2xVxx

, (12)

u∗
2 =

(︁
ρσ2(µ1 − r)− σ1(µ2 − r)

)︁
Vx

(1− ρ2)σ1σ2
2xVxx

, (13)

c∗ =

(1− γ)

(︃
V

1
γ−1
x − α

)︃
η

. (14)

The utility function U(c) is assumed to be a HARA utility function expressed
by [8], [13]

U(c) =
1− γ

ηγ

(︃
α+

ηc

1− γ

)︃γ

. (15)

In addition, the bequest function B(x) is also defined following the HARA form
so that the HJB equation obtained from Merton’s portfolio optimization problem
with mutiple risky assets is⎧⎪⎪⎪⎨⎪⎪⎪⎩

Vt + rxVx + Y
V 2
x

Vxx
+

1− γ

η
αVx +

(1− γ)2

ηγ
V

γ

γ − 1
x − δV = 0,

V (T, x) =
1− γ

ηγ

(︃
α+

ηx

1− γ

)︃γ

, (t, x) ∈ [0, T ]× R.
(16)
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with Y =
2ρσ1σ2(µ1 − r)(µ2 − r)− σ2

1(µ2 − r)2 − σ2
2(µ1 − r)2

2(1− ρ2)σ2
1σ

2
2

. To verify the con-

sistency of the HJB function and the optimal control of the Merton’s portfolio
optimization problem with multiple risky assets, we provide a comparison with the
single risky asset model in 7.2 Appendix 2.

Based on the HARA utility function, the solution value V (t, x) is explored
in parametric form in accordance with the nature of investment consumption op-
timization. It is assumed that the solution is in the form of a power function as
proposed by Ma and Zhu [8] as well as Nikooeinejad and Heydari [14], i.e

V (t, x) = −
[︁
a1(t)x+ b1(t)

]︁γ
, (17)

where a1(t) is a time-dependent function for wealth x and b1(t) is a time-dependent
function that describes the additional contribution of non-wealth factors. The form
of the power function V (t, x) in Eq. (17) is based on the general form of the
HARA function in Eq. (15) and the terminal conditions of the HJB function in Eq.
(16), both of which are powers of the affine function. Then, a substitution of the
derivative of V (t, x) into the HJB equation is performed, resulting in the following
system of ordinary differential equations for a1(t) and b1(t)⎧⎪⎨⎪⎩

ȧ1(t) =
(︂

δ
γ − Y

(γ−1) − r
)︂
a1(t) +

1
η

(︂
1−γ
γ

)︂2 (︁
− γ
)︁ γ

γ−1
(︁
a1(t)

)︁ 2γ−1
γ−1 ,

ḃ1(t) =

(︃
δ
γ − Y

(γ−1) +
1
η

(︂
1−γ
γ

)︂2 (︁
− γa1(t)

)︁ γ
γ−1

)︃
b1(t) +

α(γ−1)
η a1(t),

(18)

where the following final conditions a1(T ) =
η

1− γ

(︃
γ − 1

ηγ

)︃ 1
γ

and b1(T ) = α

(︃
γ − 1

ηγ

)︃ 1
γ

.

The solution of the system of ordinary differential equations is performed
separately for a1(t) and b1(t). The form of a1(t) in is a non-linear differential

equation. Let h(t) =
(︁
a1(t)

)︁ γ
1−γ so that the ordinary differential equation for a1(t)

becomes

ḣ(t) =

(︃
δ

1− γ
+

γY

(1− γ)2
− rγ

1− γ

)︃
h(t) +

1− γ

ηγ
(−γ)

γ
γ−1 . (19)

Suppose that A1 =
δ

1− γ
+

γY

(1− γ)2
− rγ

1− γ
and B1 =

1− γ

ηγ
(−γ)

γ
γ−1 , then we

obtain the following ordinary differential equation

ḣ(t) = A1 h(t) +B1, (20)

with final conditions h(T ) =
1

η

(︃
1

1− γ

)︃ γ
1−γ

(︃
γ − 1

γ

)︃ 1
1−γ

. The solution to this

ordinary differential equation is

h(t) = e−A1(T−t)

[︄
1

η

(︃
1

1− γ

)︃ γ
1−γ

(︃
γ − 1

γ

)︃ 1
1−γ

+
B1

A1

(︂
1− eA1(T−t)

)︂]︄
. (21)
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Consequently, the following equation represents the differential equation system’s
solution for a1(t)

a1(t) = e−A1(T−t) 1−γ
γ

[︄
1

η

(︃
1

1− γ

)︃ γ
1−γ

(︃
γ − 1

γ

)︃ 1
1−γ

+
B1

A1

(︂
1− eA1(T−t)

)︂]︄ 1−γ
γ

.

(22)

After obtaining the solution a1(t), the next step is to determine the solution
b1(t). Based on Eq. (18), the form of b1(t) is a linear differential equation and can
be expressed as

ḃ1(t) = A2(t) b1(t) +B2(t) (23)

with A2(t) =
δ

γ
− Y

(γ − 1)
+

1

η

(︃
1− γ

γ

)︃2 (︁
−γa1(t)

)︁ γ
γ−1 and B2(t) =

α(γ − 1)

η
a1(t).

This differential equation is a linear differential equation that has the following
solutions

b1(t) = e
∫︁ T
t

A2(s) ds

(︄
b1(T ) +

∫︂ T

t

B2(s) e
−

∫︁ T
s

A2(u) duds

)︄
(24)

where b1(T ) = α

(︃
γ − 1

ηγ

)︃ 1
γ

.

After obtaining the solution to the HJB system of equations and the optimal
conditions, the final step is to ensure that the optimal conditions are maximum
points that satisfy the condition that the Hessian matrix must be negative definite.
This Hessian matrix is shown as

H =

⎡⎢⎢⎢⎢⎢⎢⎣
∂2Lu1,u2,c

∂u2
1

∂2Lu1,u2,c

∂u1∂u2

∂2Lu1,u2,c

∂u1∂c
∂2Lu1,u2,c

∂u2∂u1

∂2Lu1,u2,c

∂u2
2

∂2Lu1,u2,c

∂u2∂c
∂2Lu1,u2,c

∂c∂u1

∂2Lu1,u2,c

∂c∂u2

∂2Lu1,u2,c

∂c2

⎤⎥⎥⎥⎥⎥⎥⎦ (25)

Consider the following part of the Hessian matrix

|H1| = −γ(γ − 1)σ2
1x

2a21(t)
(︁
a1(t)x+ b1(t)

)︁γ−2
, (26)

|H2| = (1− ρ2)σ2
1σ

2
2γ

2(γ − 1)2x4a41(t)
(︁
a1(t)x+ b1(t)

)︁2(γ−2)
, (27)

|H3| = (ρ2 − 1)ηγ2(γ − 1)2σ2
1σ

2
2x

4a41(t)
(︁
a1(t)x+ b1(t)

)︁2(γ−2)
(︃
α+

ηc

1− γ

)︃γ−2

.

(28)

If γ < 0, η > 0, and
(︁
a1(t)x + b1(t)

)︁
> 0, then the values |H1| < 0, |H2| > 0, and

|H3| < 0, so the Hessian matrix is negative definite. From the above discussion, it
can be concluded that the solution to the HJB system of equations for the Merton
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portfolio problem with multiple risky assets in Eq. (16), given γ < 0 and η > 0, is
as follows

V (t, x) = −
[︁
a1(t)x+ b1(t)

]︁γ
,

where

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1(t) = e−A1(T−t) 1−γ
γ

[︃
1
η

(︂
1

1−γ

)︂ γ
1−γ

(︂
γ−1
γ

)︂ 1
1−γ

+ B1

A1

(︁
1− eA1(T−t)

)︁]︃ 1−γ
γ

,

b1(t) = e
∫︁ T
t

A2(s) ds

(︃
α
(︂

γ−1
ηγ

)︂ 1
γ

+
∫︁ T

t
B2(s) e

−
∫︁ T
s

A2(u) duds

)︃
,

A1 = δ
1−γ + γY

(1−γ)2 − rγ
1−γ , B1 = 1−γ

ηγ (−γ)
γ

γ−1 ,

A2(t) =
δ
γ − Y

(γ−1) +
1
η

(︂
1−γ
γ

)︂2 (︁
− γa1(t)

)︁ γ
γ−1 , B2(t) =

α(γ−1)
η a1(t),

Y =
2ρσ1σ2(µ1 − r)(µ2 − r)− σ2

1(µ2 − r)2 − σ2
2(µ1 − r)2

2(1− ρ2)σ2
1σ

2
2

.

(29)

4. SIMULATION MODEL

As an illustration, we simulate the model that involves several numerical
methods, including the Euler method and the trapezoidal method. The model
parameters required for the simulation are defined in advance. For each of the
simulations, a time grid is constructed with t ∈ [0, T ]. Then, the constants Y , A1,
and B1, as well as the function a1(t), are calculated based on Eq. (29). However,
the functions A2(t) and B2(t) are involved in the function b1(t), which contain the
integration of the function a1(t). Since there are boundary conditions as in Eq. (24)
and a simple numerical integration method is required, the backward trapezoidal
method is chosen to obtain the value of function a1(t) from t = T to t = 0. For the
time partition [ti, t(i+1)] divided into n sub-intervals, the integration result of the
function a1(ti), denoted by I(ti), is obtained using the following equation

I(ti) ≈
h

2

⎛⎝a1(ti) + 2

n−1∑︂
j=1

a1(tj) + a1(ti+1)

⎞⎠ , (30)

where h = ∆t
n and ∆t = ti+1 − ti.

Next, the wealth dynamics model is discretized using the Euler Maruyama
method. Eq. (5) is approached using the left Riemann integral for the partition
[ti, ti+1] for i = 0, 1, 2, . . . , N − 1 so that we obtain

X(ti+1) = X(ti) +
[︂(︁
r + u1(ti)(µ1 − r) + u2(ti)(µ2 − r)

)︁
X(ti)− c(ti)

]︂
∆t +(︂

σ1u1(ti)∆W1 + σ2u2(t)∆W2

)︂
X(ti), (31)

where ∆W1 = W1(ti+1)−W1(ti) and ∆W2 = W2(ti+1)−W2(ti). An analysis of the
convergence of the Euler Maruyama model in Eq. (31) is presented in 7.3 Appendix
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3. Let W̃2(t) is another independent Wiener process and is defined

∆W2 = ρ∆W1 +
√︁

1− ρ2∆W̃2. (32)

In terms of correlation as in Eq. (4), we derive the correlation between ∆W1 and
∆W2 is ρ, which is suitable with what we defined in the beginning. Hull [15] states

that the Wiener process has a variable change in a small time period of Z
√
∆t,

with Z distributed normally (0, 1) so that Eq. (32) can be expressed as

∆W1 = Z1(ti)
√
∆t,

∆W2 =
√
∆t
(︂
ρZ1(ti) +

√︁
1− ρ2Z̃2(ti)

)︂
(33)

where Z1(ti) and Z̃2(ti) are random number with a standard normal distribution
N(0, 1). Therefore, we simulate with the following discretization

X(ti+1) = X(ti) +
[︂(︁
r + u1(ti)(µ1 − r) + u2(ti)(µ2 − r)

)︁
X(ti)− c(ti)

]︂
∆t +(︁

σ1u1(ti) Z1(ti) + σ2u2(t) Z2(ti)
)︁
X(ti)

√
∆t,

Z2(ti) = ρZ1(ti) +
√︁

1− ρ2Z̃2(ti). (34)

The Monte Carlo simulation was conducted by generating 106 wealth paths
and generating standard normally distributed random numbers Z1(ti) and Z̃2(ti),
for i = 0, 1, 2, . . . , N −1. The wealth value at time t was obtained from the average
of all wealth paths. This can be written by the following equation

E
[︁
X(t)

]︁
=

1

M

M∑︂
k=1

Xk(ti). (35)

After that, the value of each optimal controls is obtained by Eq. (12), Eq. (13),
and Eq. (14). The final step is to create several plots of results, including the value
function V (t, x) and optimal controls

(︁
u1(t), u2(t), c(t)

)︁
movements against wealth

to visualize the numerical simulation results.

5. ANALYSIS

The optimal condition analytical solution in Eq. (12) and Eq. (13) shows that
the optimal investment proportions u1 and u2 are inversely proportional to wealth
x. Mathematically, this shows that current wealth affects the optimal investment
proportions for both, the first risky asset and the second risky asset. This aligns
with the financial meaning where an investor’s total wealth influences their risk
aversion level. The larger the total wealth an investor holds, the higher their risk
aversion level. Eq. (12) and Eq. (13) also represent that the optimal solution
changes over time. To further illustrate how the optimal policy changes over time
t, the optimal investment proportions u1 and u2 are shown in Figure 1 with the
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following parameters whose values are determined based on data from Erb, Harvey,
and Viskanta [16],

µ1 = 0.1, µ2 = 0.07, r = 0.05, σ1 = 0.35, σ2 = 0.2, ρ = 0.5, δ = 0.05,

γ = −0.15, η = 1, α = 0.01, T = 1. (36)

Given that the optimal investment proportions u1 and u2 have a singular point at
x = 0 due to the form Eq. (12) and (13), Figure 1 has a domain of [0.02, 1]. This
range of values was chosen as a unit of investor wealth so that the interpretation
of the results is flexible to various total wealth amounts. Investors with low wealth
tend to be very willing to take risks to increase their wealth. In this context, they
are prepared to invest more in risky assets that can provide high returns, even
though they also carry high risks. The goal is to achieve higher returns so that
their wealth can grow more significantly. On the other hand, investors with large
wealth may choose to reduce risk by shifting more of their wealth into safer and
more stable investments over the long term. Additionally, with substantial wealth,
investors feel their financial goals are already met. They are instead more focused
on asset management and risk avoidance.

Figure 1. Optimal Investment Proportion

As can be seen in Figure 1, there is a difference in the amount of wealth
invested in risky asset 1 and risky asset 2. This is based on the return and volatility
values of each risky asset. If a risky asset has a higher return and volatility, then
the proportion of investment for that risky asset is greater than other risky assets.
This is in line with the simulation results, which show that risky asset 1 has a
higher return and volatility than risky asset 2, resulting in a larger proportion of
investment in risky asset 1 than in risky asset 2. On the other hand, the correlation
between risky asset 1 and risky asset 2 may encourage investors to use a risky
asset diversification strategy. This is one of strategy for reducing investment risk,
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especially in risky assets. When losses occur in one risky asset, there are still other
risky assets that can recover the loss.

Figure 2. Optimal Consumption-Wealth Ratio

After discussing the optimal investment proportion, another component of
optimal conditions is optimal consumption, which is presented in Figure 2. This
graph shows that optimal consumption increases slightly over time. This indicates
that investors use their wealth for consumption continuously over time, even at
terminal time t = T . Investors choose to enjoy more consumption than before in
order to increase their utility from consumption. A investor’s utility can be achieved
by fulfilling their needs. This is due to the definition of utility in consumption,
which represents the value of the investor’s wealth for consumption. Therefore, it
makes sense for investors to continuously increase their consumption to maximize
the value of utility in consumption over time.

The Merton portfolio model has an objective function that aims to maximize
the expected utility of investors from their final wealth. The relationship between
the objective function value, time, and wealth is presented in Figure 3. This graph
shows that as wealth increases, the value of utility obtained also increases. This
aligns with the principle of the time value of money, where greater wealth yields
greater value. Additionally, individuals with more wealth have a greater capacity
to consume, thereby enhancing their utility. In the optimization model, the closer
to the end point, the clearer the goal to be achieved, especially since there is
a substantial final value function of realized wealth. This reflects how investors
optimize their consumption and investment to maximize utility over their lifetime,
taking into account the time remaining. Figure 3 also represents the movement
of the total utility value over time t. Based on the graph, the total utility value
continues to increase as time progresses. Since the investor’s final wealth has a
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Figure 3. Expected Utility Value

greater value than the initial wealth, the investor tends to be more conservative and
cautious in long-term investments. It is because the investor wants to avoid losses
resulting from the dynamics of risky assets. Therefore, the investor allocates their
wealth for consumption as the end of the period approaches rather than investing
in risky assets. This is done to achieve maximum utility.

6. CONCLUSIONS

The simulation results of the optimal solution to Merton’s multi-asset port-
folio problem show that the optimal investment proportion decreases as wealth
increases, with low-wealth investors tending to be more willing to take risks to
increase their wealth by investing more in risky assets. Conversely, investors with
large wealth prefer to reduce risk by shifting their investments to safer assets, and
focus more on wealth management and risk avoidance. Additionally, optimal con-
sumption increases sharply over time, with consumption initially lower due to a
focus on investment. Then, it begins to increase dramatically as the time hori-
zon increases. This can happen when consumption becomes more important than
investment since investors feel financially secure and no longer delay consumption.

This study has several limitations that open up opportunities for further
research. First, a perfect market is used in this study, without transaction costs or
other taxes. Second, the time considered is finite at the interval [0, T ] so that the
model constructed only applies to finite time. Since there are many parameters,
further study is required to analyze the sensitivity of these parameters. In addition,
for further development, this model can be expanded to other alternative assets such
as gold, foreign exchange, or property.
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7. APPENDIX

7.1. Appendix 1.

To obtain the optimal strategy (u∗
1, u

∗
2, c

∗) , we use the function Lu1,u2,cV (t, x)
and involve its first derivative with respect to each strategy. First, we derive the
function for the optimal investment in risky asset 1 (u1) so that we obtain

∂Lu1,u2,cV

∂u1
= 0,

(µ1 − r)xVx + σ2
1u1x

2Vxx + ρσ1σ2u2x
2Vxx = 0,

u1 = − (µ1 − r)Vx

σ2
1xVxx

− ρσ2u2

σ1
,

u1 =

(︁
ρσ1(µ2 − r)− σ2(µ1 − r)

)︁
Vx

(1− ρ2)σ2
1σ2xVxx

. (37)

Then, in order to get the the optimal investment risky asset 2, we derive the function
Lu1,u2,cV (t, x) with respect to u2 as

∂Lu1,u2,cV

∂u2
= 0,

(µ2 − r)xVx + ρσ1σ2u1x
2Vxx + σ2

2u2x
2Vxx = 0,

u2 = − (µ2 − r)Vx

σ2
2xVxx

− ρσ1u1

σ2
,

u2 =

(︁
ρσ2(µ1 − r)− σ1(µ2 − r)

)︁
Vx

(1− ρ2)σ1σ2
2xVxx

. (38)

Last, we continue to derive the function Lu1,u2,cV (t, x) for c so that we get the
optimal consumption as

∂Lu1,u2,cV

∂c
= 0,

Uc = Vx,

c = (Uc)
−1

(Vx)

c =

(1− γ)

(︃
V

1
γ−1
x − α

)︃
η

. (39)

7.2. Appendix 2.

Set µ1 = µ2 = µ, σ1 = σ2 = σ, ρ = 1, and dW1(t) = dW2(t) = dW (t) so we
have

dX(t) =
[︂(︁
r + u1(t)(µ− r) + u2(t)(µ− r)

)︁
X(t)− c(t)

]︂
dt+(︁

σu1(t) dW (t) + σu(t) dW (t)
)︁
X(t)

=
[︂(︁
r + u(t)(µ− r)

)︁
X(t)− c(t)

]︂
dt+ σu(t) dW (t)X(t). (40)
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with u(t) = u1(t)+ u2(t). Eq. (40) shows. Later, HJB equation in Eq. (10) satisfy
with one risky asset model where

Lu1,u2,cV (t, x) = Vt +
[︂(︁
r + u1(t)(µ− r) + u2(t)(µ− r)

)︁
X(t)− c(t)

]︂
Vx+

1

2

(︂
σ2u2

1(t) + 2σ2u1(t)u2(t) + σ2u2
2(t)

)︂
X2(t)Vxx + U

(︁
c(t)

)︁
− δV (t, x)

= Vt +
[︂(︁
r + u(t)(µ− r)

)︁
X(t)− c(t)

]︂
Vx +

1

2
σ2u2(t)X2(t)Vxx + U

(︁
c(t)

)︁
− δV (t, x).

(41)

The optimal control in Eq. (12) and Eq. (13) fulfills one risky asset model as
follows

u∗(t) = u∗
1(t) + u∗

2(t)

=

(︁
ρσ1(µ2 − r)− σ2(µ1 − r)

)︁
Vx

(1− ρ2)σ2
1σ2xVxx

+

(︁
ρσ2(µ1 − r)− σ1(µ2 − r)

)︁
Vx

(1− ρ2)σ1σ2
2xVxx

= −

(︂
σ2
1(µ2 − r) + σ2

2(µ1 − r)− ρσ1σ2

[︁
(µ1 − r) + (µ2 − r)

]︁)︂
Vx

(1− ρ2)σ2
1σ

2
2xVxx

= −

(︂
σ2(µ− r) + σ2(µ− r)− ρσ2

[︁
(µ− r) + (µ− r)

]︁)︂
Vx

(1− ρ2)σ4xVxx

= − 2σ2(µ− r)(1− ρ)Vx

(1− ρ)(1 + ρ)σ4xVxx

= − (µ− r)Vx

σ2xVxx
. (42)

HJB equation in Eq. (16) also meet with one risky asset model where

Y =
2ρσσ2(µ− r)(µ− r)− σ2(µ− r)2 − σ2(µ− r)2

2(1− ρ2)σ4

= −2σ2(µ− r)2(1− ρ)

2(1− ρ)(1 + ρ)σ4

= − (µ− r)2

2σ2
. (43)

Note that one risky asset model discussed here is refers to the model in [8].

7.3. Appendix 3.

Set f
(︁
X(ti)

)︁
=
[︂(︁
r + u1(ti)(µ1 − r) + u2(ti)(µ2 − r)

)︁
X(ti)− c(ti)

]︂
and ma-

trix function g
(︁
X(ti)

)︁
=
(︂
σ1u1(ti)X(ti) σ2u2(t)X(ti)

)︂
. Then, let ∆W is 2-

dimentional Brownian Motion described by ∆W =
(︁
∆W1 ∆W2

)︁T
so Eq. (31)

can be expressed by

X(ti+1) = X(ti) + f
(︁
X(ti)

)︁
∆t+ g

(︁
X(ti)

)︁
∆W. (44)
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It can be confirmed that the function f is globally continuous Lipschitz function
because there exists a constant K1 = r + u1(t)(µ1 − r) + u2(t)(µ2 − r) such that⃓⃓
f(x)− f(y)

⃓⃓
≤ K1|x− y| as⃓⃓

f(x)− f(y)
⃓⃓
=
⃓⃓⃓(︁
r + u1(t)(µ1 − r) + u2(t)(µ2 − r)

)︁
(x− y)

⃓⃓⃓
≤
⃓⃓⃓
r + u1(t)(µ1 − r) + u2(t)(µ2 − r)

⃓⃓⃓⃓⃓⃓
x− y

⃓⃓⃓
. (45)

Furthermore, using the Euclidean norm, we can show in the same way that the
function g is globally continuous Lipschitz function.⃦⃦

g(x)− g(y)
⃦⃦
=
√︂
(x− y)2

(︁
σ2
1u

2
1(t) + σ2

2u
2
2(t)

)︁
≤
⃓⃓
x− y

⃓⃓√︂(︁
σ2
1u

2
1(t) + σ2

2u
2
2(t)

)︁
(46)

so there is a constant K2 =
√︂(︁

σ2
1u

2
1(t) + σ2

2u
2
2(t)

)︁
such that

⃓⃓
g(x)−g(y)

⃓⃓
≤ K2|x−y|.

Since f and g are globally continuous Lipschitz functions, Eq. (31) can be shown
that it has strong convergence order one, i.e. γ = 1, as demonstrated by [17] and
[18].
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