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Abstract. This study examines an infection-age-structured epidemic model for
Ebola Virus Disease (EVD) dynamics. We incorporate the effects of multiple quar-
antine stages and dead bodies of Ebola victims into a hybrid system comprising
ordinary differential equations (ODEs), partial differential equations (PDEs), and
integro-differential equations to investigate the transmission dynamics of EVD. We
prove the existence and uniqueness of solutions using Volterra integral equations and
classical Gronwall’s inequality B(t) < |8|retlfIL ||,. We also show that the solu-
tions of partial differential equations and integro-differential equations depend con-
tinuously on the initial infection age of EVD distributions. We show that the solu-
tions of ordinary differential equations exist and are unique. The effective reproduc-
tion number (R f) was obtained with a threshold value of Rp+Rg+Rg and is used
to analyze the local and global stability of disease-free equilibrium. The local sta-
bility of the disease-free equilibrium was linearized to obtain |G1(a1)| < G1(0) < 1,
where G'1(a1) is a function of R.¢¢. A suitable Lyapunov function was constructed
and used to analyze the global stability of the disease-free equilibrium. The result
obtained was ¢(t, ) > 0, where g(¢, 7) is the density function of infection-age for all
t > 7. This implies that disease-free equilibrium is locally and globally asymptoti-
cally stable if R.yy < 1 and Reyy < 1 respectively. The local and global stability of
endemic equilibrium were analyzed using LaSalle’s Invariance theory and Lyapunov
function.
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1. INTRODUCTION

Ebola Virus Disease (EVD) is a haemorrhagic fever transmitted to humans
by Ebola virus genes. The virus belongs to one of the three genera of Filoviridae,
along with the Marburgvirus and Cuevavirus genera. In 2014, WHO described
Ebola as a fatal disease caused by infection from the family of Ribonucleic Acid
(RNA) viruses known as Fliloviruses. The Ebola virus comprises five genomes,
which are Zaire ebolavirus, Sudan ebolavirus, Bundibugyo ebolavirus, Tai Forest
ebolavirus, and Reston ebolavirus. The first four viruses have caused diseases in the
human populations, and the fifth virus spawned disease in nonhuman primates like
monkeys and chimpanzees as well as fruit bats [I]. Ebola virions are filamentous
particles that appear in the shape of a shepherd’s crook and may also be coiled like
a toroid.
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FIcure 1. Ebola Virus Genus [2]

In this work, we study the Zaire Ebolavirus. The virus was first identified in
1976 near the Ebola River in the Democratic Republic of Congo [3]; [4]. However,
in March 2014, the epidemic outbreak of Zaire Ebolavirus occurred in Guinea, and
the virus has spread to other West African nations like Liberia, Sierra Leone, Sene-
gal, and Nigeria [5]. In September 2025, an Ebola Zaire outbreak was confirmed at
Bulape and Mweka in the Democratic Republic of Congo; 28 suspected cases and
15 deaths were reported, including four public health workers [6].

The reservoir of Zaire Ebolavirus remains unknown, but because of similar-
ities in the viruses, many scientists and researchers believe that the virus is from
forest animals, and bats are the most likely carriers. Thus, the virus was ini-
tially transmitted to people from wild animals and spread in the human population
through human-to-human transmission via blood and body fluid contacts. Indi-
viduals infected with EVD can spread the virus to other people once they have
developed symptoms. The symptoms usually start 2 to 14 days after contracting
the virus with a fever, headache, muscle pain, and sore throat. The vomiting, di-
arrhea, and rashes could typically follow along with inflammation of the liver and



kidneys. Most people at that stage begin to bleed both internally and externally
[B]. EVD is only transmitted by direct contact with the blood or body fluids of
an infected person. An infection also occurs when there is direct contact with
dead bodies of Ebola victims or materials like clothing that are soiled with infected
bodily fluids.

The spread of EVD is attributed to many factors, such as lack of safe burial
of Ebola victims and the absence of isolation centers to quarantine the infectious
persons [7]. The overall risk to West African countries directly affected by EVD can
be curbed if health workers are given a robust health infrastructure such as quaran-
tine logistics, epidemiological surveillance, ventilators, the Ebola Contact Tracing
application (ECT app) and appropriate Personal Protection Equipment (PPE) to
use in treating infected Ebola patients [8]. Ebola virus disease claimed thousands
of lives in the 2014 outbreak, and since then there are series of sporadic outbreaks
across West African countries. Despite the fact that some countries are able to con-
trol the virus, there is still more to be done in order to understand the dynamics of
the virus. The aim of this study is to develop and analyze a mathematical model of
EVD dynamics by incorporating infection age and multiple quarantine stages with
safe burial practices as effective control measures using ordinary differential equa-
tions, partial differential equations, and integro-differential equations. Thus, this
study presents effective control measures of EVD. Significantly, the study encour-
ages governments of the affected countries to use aggressive quarantine strategies
and safe burial practices of Ebola dead bodies.

We present the mathematical model in Section 2 and analyze the model in
Section 3. Section 4 presents results and discussions, while Section 5 concludes the
study.

2. MODEL

Several authors have researched EVD including [9) 10} 1I] without infection
age. However, more advanced population models are being structured with in-
fection age. This is because age is one of the most important characteristics in
modelling population dynamics and infectious diseases. Individuals with differ-
ent ages have different reproductive rates and survival capacities. Epidemic dis-
eases also have different infection rates and different mortality rates for different
individuals of different immune systems with different age groups. Infection age
helps in modelling the impact of behaviour changes on the infected individuals
and interventions over the course of an epidemic. By infection age we are refer-
ring to the time since the infection began, which is a transient state relative to
lifespan of an infected individual. In the past five decades, the age-structured
SIR epidemic model has been extensively studied by many authors, including
[12, 13}, (14, (15, (16} (17, [18, (19} 20, 1) 22, 23].

2.1. Assumptions of the model.

We assume the following vital dynamics in line with the nature and rate of
transfer from one compartment to another as follows.



(1)

(vii)

(viii)

Susceptible individuals S(t) are infected by having effective physical contact
with either I(¢t) or G(t) at the rates a; and aso respectively;

A suspected individual from S(t) can be moved to P(t) at a rate v to be
observed. A newly observed individual can be virus-free with probability
¢, or shows Ebola disease symptoms with probability 1 — ¢.

The recruitment into the population is through S(t) at a rate A, and the
recruitment includes natural birth and migration;

The compartment G(t) contains both natural and disease-induced death
from I(t) and Q(t) only;

The population natural death rate p is applicable to all compartments of
the living except G(t);

Recovered individuals are permanently immune;

The two compartments I(¢) and Q(t) are highly infectious among the living
population and hence, the two compartments are considered to be the same
and also equal, i.e. I(t) = Q(t) in terms of effective EVD transmission
dynamics;

The initial infection-age ¢(0,7) = v (7) is continuous, nonnegative and in-
tegrable function of 7 € [0, T].

TABLE 1. Parameters of the Model

Symbol Interpretation
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Time

Recruitment rate into S(¢) only

Per capital natural death rate

Disease-induced death rate of the infected class I(t)
Disease-induced death rate of the quarantine with treatment class Q(t)
Effective virus transmission rate from I(t) to S(t)
Effective virus transmission rate from G(t) to S(t)
The rate at which suspected individuals moved from S(t) to P(¢)
Quarantine rate from I(t) to Q(t)

Effective treatment rate from Q(t) to R(t)

Safe rate of burial practices

Probability of a newly observed individual is virus-free
Probability of a newly observed individual is infected
Effective contact rate between G(t) and S(t)

Death rate due to infection age

Initial age of infection

Infection age

Maximum infection age

Maximum death rate from infection

Density function of infection-age

Control parameter




2.2. Model formulation.

In this section, the transmission dynamics of EVD are developed using or-
dinary differential equations, partial differential equations, and integro-differential
equations. We partitioned the living population into five compartments of sus-
ceptible S(¢), quarantine under observation P(t), quarantine with treatment Q(t),
infected individuals I(t), recovered individuals R(¢) and a compartment of dead
bodies G(t). The transfer rates between the sub-classes are composed of several
epidemiological parameters as follows.

Susceptible S(t).
The susceptible population is increased by birth and migration at a rate A, also
by a probability ¢ from the members of P(t) who are virus-free after observation.
S(t) members are free of infection but open to infection if they interact with either
I(t) or G(t) at the rates ; and as(l — 6) respectively. Where «; is a disease
transmission rate between S(¢) and I(t), while ay(1—6) is an effective contact rate
between S(t) and G(t). Susceptible individuals are reduced at a rate -y as well as
natural death at a rate p. Thus, the rate change of susceptible per unit time is
given by

ds A IS  az(1—-60)GS

dt N N

+¢P — (n+7)S.

Quarantine under observation P(t).

Quarantine under observation is increased at a rate v due to the number of sus-
pected individuals from S(t). After observation, a newly observed individual can
be virus-free with probability ¢ and moved back to S(¢), or shows Ebola disease
symptoms with probability 1 — ¢ to progress to Q(¢). The quarantine under obser-
vation can also be reduced by natural death at a rate p. Thus, 0 < ¢ < 1. Hence,
the rate change of quarantine under observation at a time ¢ is given as

dpP

o7 =19 (o)1 —-9)P.

Infected individuals I(t).

The compartment is increased due to effective transmission contacts at the rates
ay and as(1 —6). Infected individuals I(t) are quarantined to Q(t) at a rate ¢ and
reduced by d; due to disease-induced death as well as natural death at a rate pu.
We assume that the infected individuals I(¢) could only be quarantined to receive
an effective medical treatment and recovered or leave the study population N(t)
via death. So, the rate change of infected individuals at a time ¢ is given by

dl allS 042(1 - H)GS

T N T N —(p+d1+ @)l

Dead bodies G(t).
We incorporate G(t) in the model because it is capable of spreading disease or can
be reduced through a safe burial practices by 6. This is a compartment of dead



bodies for both natural and Ebola victims generated from I(¢) and Q(¢) only. We
assume that even individuals who died naturally at a rate p from I(¢) and Q(t)
automatically become members of G(t) due to the fact that they are more likely to
spread infection as Ebola disease is very severe. The compartment is also increased
by disease-induced death from I(t) and Q(t) at the rates 6; and do respectively.
Hence, the rate change of dead bodies at a time ¢ is given as

dG
5= ()T + (1 + 62)Q — 6.

Recovered individuals R(t).

The recovered individuals are increased due to effective medical treatment at a rate
w and reduced by natural death at a rate p. Thus, the rate change of recovered
individuals at a time ¢ is given by

dR

— =wQ — uR.
7 wQ — p

Quarantine with treatment Q(t).

This is the second compartment of infected individuals that increased by 1 — ¢
and at a rate ¢. The quarantine with treatment can also be reduced by effective
medical treatment, disease-induced death, and natural death at the rates w, do,
and p respectively. The quarantine with treatment is structured by the infection-
age with the density function ¢(¢,7), where ¢ is the time parameter and 7 is the
infection age (|24]). The choice of age structured in Q(t) is based on the fact
that the compartment alone contains two control measures which are quarantine
and effective medical treatment. Thus, we are interested to analyze the disease
dynamics of infected individuals who are quarantine with treatment. We assume
that there is a maximum infection age at which a member of the quarantine with
treatment must leave the compartment via death; and so 0 < 7 < T.

The death rate due to infection is given by
o(r) = deRT=7)

where 0 and k are constants. § is the maximum death rate from infection while k
is a control parameter which could be a measure of slowing down the death of the
infected, this is a measure of effectiveness of slowing down the death of infected
individuals; for example, the effectiveness of w and a high value of £ means positive
effectiveness of such control measures and vice versa ([25]). By biological implica-
tion, the expression of death rate in exponential form reflects the deadliest nature
of EVD. The infection age provides more accurate modeling where infectivity or
recovery rates depend on the duration of infection rather than just the passage of
time. This is true because the traditional ordinary differential equations for the
models like SIR assume that the probability of leaving a compartment is constant,
implying an exponential distribution of time spent in that state. But infection age
allows non-exponential, realistic recovery and infectiousness periods. Infectivity
often varies over time, for example, peak infectivity occurring days after infection.



Infection age makes infectivity a function by providing a more realistic transmission
mechanism. Therefore, infection age provides a tool for modeling of changed be-
haviours or treatment effectiveness, for example, antiviral treatment that depends
on how long an individual has been sick.

Thus, the infection age density for this model is governed by a partial differ-
ential equation of the type

tT)  0OT) (i o(r)yatr, ).

The partial differential equation is coupled with ordinary differential equa-
tions and integro-differential equations for the remaining compartments of suscep-
tible S(¢), quarantine under observation P(t), infected individuals I(t), recovered
individuals R(t) and a compartment of dead bodies G(t) to overcome the limita-
tions of classical compartmental ordinary differential equation models like SIR or
SEIR. The core justification is to explicitly incorporate disease memory and the
fact that an individual’s contagiousness and recovery likelihood depend heavily on
the time elapsed since they were infected, rather than just the time they spent in an
infectious compartment. This hybrid approach allows the model to capture com-
plexities and time dependent dynamics via the partial differential equation while
still using manageable equations for the remaining compartments via the ordinary
differential equations.

FIGURE 2. Schematic Diagram of Ebola Virus Disease [I]

The model equations are

ﬁ —A— 041]5’ _ Ol2(1—9)GS
dt N N

+¢P — (n+7)S (1)

W s (o) -o) P 2)
dl o OqIS 042(1 — Q)GS

TN + N —(p+61+¢)1 (3)




%=(u+6l)1+(ﬂ+52)Q_9G @
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P )

8qgt, T) + 8(]((;77—7') + (u+o(7))q(t, ) = 0. (6)

We assume the following conditions hold.

Equation @ describes Ebola Virus disease prognosis whereby the virus infects
individuals of any age and is highly dependent on infection-age progression, which
also correlates with significant differences in the immune system of humans. The
virus destroys the immune cells and suppresses the immune system of the host. The
ability of the host cells to respond varies across age groups, which directly impacts
survival rates. In most cases, a balanced and effective immune response is crucial
for survival.

The boundary conditions are
o lS L as (1 —6)GS

q(t,0) = B(t) = N N + ol +(1-¢)P —wQ (7)
q(t,T) =0 (8)
N(t)=S8(t)+ P(t)+ I(t) + R(t) + Q(¢). 9)

The initial age and maximum infection age involved integro-differential equa-
tions; For example, from equation . T is the maximum infection age, i.e. when
7 = T the infected member dies of EVD. The total population of infected individ-
uals from quarantine with treatment is given as

T
Qv = [ attrar (10)
0
According to [25], death rate via infection is given as
o(r) = de RT=7), (11)

The initial conditions are

S(O) = SO)'P(O) = PO?‘[(O) = IOaG(O) = G07

R(0) = Ro, Q(0) = Q. N(0) = Ny (12)
and
q(0,7) = 9(7). (13)
We integrate equation @ over 7 to obtain
d T T
ot —at0) == [ atryar= [Coaenar )



From , we have

/ o(T)q(t dT_a/ RI=7)g(t, 1) dr =0 (15)
0

where, fo (t,7)dr and o(7T) are as defined in and respectively Thus,
applying integration by parts on RHS of 1) quals to zeroi.e fo Yq(t,7)dT = 0.

We substitute equations (7] . and (15) into . to obtam
@ IS ax(1 - )GS
d¢ N N

Equation follows from @ and . Hence, equation gives us the total
population of infected individuals from quarantine with treatment in the form of

ordinary differential equation.

+el+(1—-¢)P— (p+w)Q. (16)

3. EXISTENCE AND UNIQUENESS OF SOLUTION AND CONTINUOUS DEPENDENCE
ON INITIAL INFECTION-AGE DISTRIBUTIONS

In this section, we prove the existence and uniqueness of solutions for equa-

tions (@, (@, and . We show that solutions of problems (@, , and
depend continuously on the initial infection-age of the infected individuals, for ex-

ample, see [26], 27 28] 29] 0], which defined the partial derivative part of equation

as
dq(t,7) | Oq(t,T) . q(t+h,T+h)—q(t,T)
o o fo h ’ (17)
Let
f(h) =q(to + h,m0 + h). (18)
Then, the ordinary differential equation is
df
PO 4t oty =0, (19)
Equation provides the tool for a unique solution as
f(h) — f(o)e—foh(u-&-o(s))ds. (2())
Substituting equation into equation ,We have
g(to + h, 7o + h) = g(to, mo)e™ Jo (HFo()ds, (21)

This gives the value of ¢ at all points on the characteristics passing through the
point ¢(to, 70). When ¢(tg,70) = (0,7 — t); h = t we have that

g(t,7) = (r —t)e” Solto®dt -y < r. (22)
Also, when ¢(tg,70) = (t — 7,0); h =t we have
q(t,7) = B(t — 7)e” Jo wtomhdr =y o7 (23)
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Then equations and (23]) position the solution in the positive quadrant ¢ >
0,7 > 0. Thus, the problem (6 to has the following unique solution that exists

for all time.
) B(t—=7)n(r), t>T,
qlt;7) = {w(T —tm(r), t<T. (24)

Equation is written in the following form

B(t — m)n (1), t>7

q(t, ) = NI (25)
(T — )ma <T

where
h
m(r)=e "e” Jo'o(s)ds, (26)

Equation denotes the survival probability; i.e., the probability for an individual
to survive to age 7; Thus it must be 7(7) > 0; and moreover, the function

K(r)=v¢(r)n(r), 7€][0,T] (27)

is an infectious function of newly infected individuals that synthesizes the dynamics
of quarantine with the treatment population [31]. It is related to the following
parameter.

T
r— /O W(r)m(r) dr. (28)

Equation represents the total infection rate, which is the number of newly
infected people that an infected individual is expected to infect during the infection
period. In essence, the total infection rate for Ebola virus disease translates the
biological process of viral transmission within a population into a measurable public
health metric of accumulated risk over time. Next, we consider the expected life
span of an infected individual given by the following equation.

T
ﬁ:/ w(T)dr. (29)
0

Equation provides the mean value of the life of an infected individual. Bio-
logically, the expected life span of an infected individual describes the duration of
time for the symptomatic phase of the virus within a host rather than the virus
survival time outside the host’s overall life expectancy. Empirical evidence shows
that Ebola outbreaks impact population life expectancy, and for policy making, the
statistical indicator helps in public health analysis and planning rather than clinical
guidelines. Perhaps, equation is better understood that (u+o(7))w(7)dr is the
probability for an infected individual to survive to age 7 and then die in [7, 7 + d7];
thus, we have

= /OTT(M+O(T))W(T) dr = — /OT T%W(T) dT—Tﬂ'(T)‘:‘F/OTﬂ'(T) dr = /OT W((;g)d7~
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We list some of the assumptions that equations @, @, and are supposed to
fulfill in order to show that @, , and depend continuously on the initial
age of infection and are biologically significant or mathematically well-posed.

¥(-) is non-negative and belongs to LT (0, 7)

(
o(-) is non-negative and belongs to L. ([0,7]) (
/ (L+o0(s))ds =T, (33
0
(

Y e L'0,7), ¢(r)>0 aein [0,7]
equation is now written in the form

T
B(O) = [ (Br)att. ) dr +C(0). (35)
Thus, from the model assumptions, we assume that
Qt) = I(t) (36)
where as,
pir) = (52 + o - o) (37)
o= 00 0 gp (39)

and equation is also non-negative and belongs to L?(0,7), and since is
an arbitrary equation, we set

as(1 — 0)GS

C(t) = T—i—(l—qﬁ)P:O (39)
and the condition is sufficient. Suppose now that
T
B = [ (matt.r)dr). (40
0

Substituting into we have for ¢t < 7 that is

t) = / " BB - n(r)ir + / e

and for t > 7 we have

Z;(T)T)z/)(t —T7)dT (41)

/ B(T)B(t — 7)m(T) dr. (42)
Thus, B(t) satisfies the following Volterra integral equation of the second kind i.e.
+ /t K(t—s)B(s)ds (43)

and i
/ B(r T—th—/ B(r ))¢(7)d7 (44)

K(t) = (45)
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where ¢ > 0, and the functions 3, 7 and v are extended by zero outside the interval
[0,T]. Thus, equation is known as the renewal equation and also as the Lotka
equation; we observe that the Kernel K (¢) is an infectious function of newly infected
individuals defined in ([32]). Now, equation is equivalent to @,@, and
; actually, is the main tool to investigate the existence of @7 , and .

The following Lemma states some properties of on the basis of the assumptions
of to .
Lemma 3.1. Let to be satisfied, then
Kit)>0 ae, Kt)=0 for t>1, KeL'®,)nL'R,), (46)
F(it)>0, K({)=0 for t>1, FeCRy), (47)
Moreover, if

$ e WH07), and (o (DU() € LH0,7), then F e WHT(Ry) B3] (48)

Proof. Equation and the first part of are obvious. To prove that, F' €
C(MR4), we take tg > 0 then

-/ ﬁ<r>“7>)<¢<f ~ ) = plr — 1)) dr
(9)

e LA

T
((r — 1) — (7 — to))dr| < |8l / (7 —t)— (7 —to) dr — 0.

(T — t)
(50)
as t — to, and equation (44) yields
Jim F(i / B to)w(f —ty)dr = Fl(to). (51)

Similarly, equation implies F € WL T (R,). This completes the proof of
Lemma [3.11 O

In the next theorem, we establish the existence and uniqueness of solutions
to equations (6], (7)), and (13)) through ([43)). To proceed, we analyze equations (6],
@, and by considering (43)) to . Since the function F is continuous, for the
purpose of this section it is sufficient to study within the class of continuous
functions. Thus, we introduce the following definition of a solution.

Definition 3.2. A solution to is a function B € C(R,,R) satisfying ,
First, we have the following theorem, which is standard in the theory of Volterra
equations. We provide a proof here for the sake of completeness.
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Theorem 3.3. Let to be satisfied, then equations to has a
unique solution B € C(R) such that B(t) > 0 for all t. In addition, if 1 satisfies
(48), then B € W5 (Ry) and
¢
B'(t) = F'(t) + K(t)B(0) + / K(t — s)B'(s) ds. (52)
0

Proof. First, we assume that

| KL (ry) /OTK(S)d5<1. (53)
The solution of is obtained by standard Picard iterations, for ¢ > 0 therefore
B¢ / K(s)B*(t — s)ds (54)
and initialized by B°(¢) = 0 on ;. Thus
0(t
{gk—(&-l) F(t), )+ [ Kt )55} (55)

If we take any 7' > 0, then by and we obtain B* € ([0,T7),, B*(T) > 0;
however

|BF*L(t) — BF(1)| < /O K(t—s)|B*(s) — B*'(s)| ds (56)

and

|BFFT — < K|, |B" - B’f—1|c( 0] - (57)

|C([O,T])

This implies that by (53), the sequence B¥(t) converges uniformly on [0,7], t

a solution B(t) of ([@3), such that B € C([0,7T]) and B(t) > 0. Concerning the
uniqueness of thls solution, we set B(t) and E( ) to be the two solutions of (43)),
so that from we obtain the following

|B — Blco,r)) < K|, B — Bleo,m) (58)

which yields , B(t) = B(t). In addition, if ¢ satisfies , then, by Lemma
and , we have B¥ € W1 T (%, ,) and setting

d
VRt = %Bk( ) ae., we have VFe LT(Ry) and, (59)

VFL(t) = F'(t) + K(t)F(0) + / t K(t — s)V¥(s)ds (60)
0
which yields

|Vk+1 |Lt(R ) = < |K|r@y) |VIc Vkil’LT(nh)'
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From equation , the sequence V¥ converges in L7 (Ry) to V() = £ B(t), thus,
follows from . In addition to equation , and in order to make our
argument valid, we take a such that

T
/ e T K(t)dt < 1. (62)
0

Setting B = e~ “'B(t), F = e’o‘tF( ) K = e “'K(t), equation is trans-
formed into an equivalent equation (63|) as follows

/ R(t — 5)B(s)ds (63)
and since (63 satisfies , this is similar to equation (61). The next theorem
allows us to state results for equations @, and through . O
Theorem 3.4. Let to and be satisfied. We also assume that

T

0= [ Brurdr (69

0

and let q(t,7) define by @ such that B(t) is the solution of to . Then
g€ C([0,7) xRy), q(t,7) >0, (u+o())glt,-) € L'0,7), ¥t>0. (65)

dq dq . )
n (t,7) and E(tﬂ') exist a.e in  [0,7] x [0, T (66)

and (6), (), and (13) is satisfied. [34] surmised that q(t,T) is the only solution of
(63) and (66).

Proof. The Proof of to is quite staightforward from the properties of
B(t) which is stated in Theorem (3.3). We only note that the follwing inequality
concerns the last part of .

[+ o@atnar = [ "+ () B(t - Ty(r)dr
0 0
[ otmyuenn D

~ (T —t)
< max |B(s |/ (u+o(r))m(r)dr (67)
s€[0,t]
telouta(s) )ds|d)|c(0t] / (n+o(r)n(r)ds
tAT

< max [B(s)| + el FTEDE 0oy

s€[0,t]
Where t A 7 is the average number of secondary infections produced by a primary
case at a specific age of infection. This implies that infectivity is not constant
but depends on the time elapsed since an individual was infected, which is the
relationship often described by a density function.
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Equation provides the fact that implies the continuity of (¢q(¢,7)
through the line ¢t = 7; so that

T
B(0) = / Br)b(r)dr = (0). (68)
O

We note that the solution of @, @, and must be in the form of
with B(t) satisfying to such that equations and are enough to

provide a classical solution in the next following theorem.

Theorem 3.5. Let to be satisfied, then q(t,7), defined by (23), has the
following properties

q(t,-) € C([0,T); L*(0,7)), q(t,7) >0, a.ein [0,7] x R,. (69)
|q(ta')|L1 < €t|ﬁ|LT‘w|Ll7 (70)
q(t,7) s continous for T <t and satisfies (1) for t>0 (71)
1
i 1 lq(t 4 b4 B) — a(t, 7)) = ~(u 4 o(alt ) aein [0.7] xRy, (72
Proof. Let us prove 7 first from we obtain
F(t) < [Bler¥ler, K@) < |Blor; (73)
then, from
t
B(O) < |Blurllos + 13lur | Bls)ds. (74)
0
Thus, by classical Gronwall’s inequality ([35]),
B(t) < [Blre e[| (75)
from this estimate, equation yields
t t
t
ot = [ Be-netmar+ [ T ymar
0 0 7T(T) (76)

t
< (wm | e @ ar + 1) ln = el g1
0

Equation follows easily from (69). Now, for a given ¢ € L'(0,7), let " be a
sequence such that ¥™ satisfies (48 and ,

lim |¢™ —|p1 =0 (77)
n—T
and let ¢™ be the solution of (22)), , and corresponding to ™. Thus
q" € C([0,T); L*(0,7)) and, by (68) and linearity, we have

" (t) = a(t, ) o < VPler [ — | (78)
So that ¢ is the limit of the sequence ¢" in the space C([0,T]; L'(0, 7)), i.e., is
true. Finally, equations and are straightforward, and that completes the
proof.
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In the next theorem, we prove the existence and uniqueness of a solution for
equations (1)) to (5)), as in [36].
Theorem 3.6. The solution of to (@ exists and is unique for

|t—t0| < a, |S—So‘ < b, |P—P0‘ < C, |I—I()‘ < d7 |G—G0‘ < e, & ‘R—R0| < f

Proof.

OqIS OLQ(l*Q)G
P I —A- -
fl(S7 ) 7G7R7Q) N N

(79)

LS P I,G R,Q)=~S - (n+¢)(1—¢))P, P(0)="F (80)
f3(S,P,I,G,R,Q) = oS + a2l —0)GS (n+eo+06)I, I(0)=1I, (81)
(82)

(83)

N N
f4(sv Pv Iv GaR»Q) = (M+51)I+ (:U‘+ 62)@ - 9G7 G(O) = GO

f5(S,P7I7G,R,Q):WQ—,U/R7 R(O):RO 83
Then,
0 a1l +as(1 - 0)G
afslz_< - ]2\; ))—(u+7),
on _, Oh_ xS (84)
oP oI N
o __es1-0)5 on
oG N " OR
0 fo dfo Ofa 0fa 0f2
- L 1— 2 = -2 — -2 = 85
55 = ap = —wHo)(1-9), FF=0, Z==0 Z5=0 (8)
%7041[+042(1f9)G %7 %7 @
95 N I TR Tl G B G ) )
0 _osl-0S 0 _,
oG N " OR
Of4 Ofs Ofs O fs Ofa
Ofs _ o Ofa _ Ofa _ Ols _ o Ofa_ 87
9s =% ap =0 Gr —rt a0 Gp=0 B0
Ofs dfs dfs dfs dfs
ZJ5 _ ZIo o —° — -2 = 38
os ~ " o =" ar =% g =" ar =M (88)
Taking the absolute values of equations (84]) to as in [37], we obtain
ofi| | (oal+ax(1-0)G ofr| _ Ofh) _|_ S
o8 = |- (e ~ut, [Dhlge, |90 -]
8
1] az(1-0)S 1]
30| = —|=0729|, |%k| =10
0f2| _ o _\_ _ of2| _ of2| _ fe| _
2 bt || = 1-werara-on 22 <o 32| =0 |52] =10
(90)
9| = |(utreat=29)|, |9B| =10, [%]= 1% - Gt o+
afs|  |as(1—0)S| |of
S| - [ (G| o
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oh| |25y |05 on|_ g |on|_

e R R R A - e - < B
(92

on| o |0k o, | g, |2

e R R TR e B VI o B R

This implies that ’ 9/ ,1=1,2,3,4,5and j =S5,PI,G, R are bounded. Hence,
there exists a unique solutlon of the model equations (I to O

3.1. Existence of Equilibria
Equations (1] . ) to (| are re-written as follows

ds - 0415 Oégk?lGS
i A— N, (t,T) dr i +oP — kS (94)
dP
— = — k3P
g =S ks (95)
aI oS [T azk1GS r
TN, q(t,7)dr + N k4/0 q(t,7)dr (96)
dG T
(k‘s + kG) / q(t, T) dr — 0G (97)
dt 0
d T
ar _ w/ q(t,7)dr — pR (98)
dq(t,7) | Oqlt,7)
t = 0.
T ST (it o) alt,m) =0 (99)
The boundary conditions are given as
T T
q(t,0) = B(t) = OLNfg a(t,7) dr + % + kPt <p/ g(t,7)dr  (100)
0 0

where

klz(l_e)v k2:(u+’7)7 k3:(ﬂ+¢)(1_¢)ﬂ k4:(ﬂ+90+51)7 (101)

ks = (p+61), ke = (u+02), k’7=( - @) (102
We assume that Q(t) = I(t), but from equations and (36), we have Q(t) =
fo (t,7)dr

~—

T
Q) = I(t) = /0 ot 7) dr. (103)
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The initial conditions are
N(0) = Nog, S(0)=Sy, P(0

I1(0) =1y, G(0

R(0) = Ro, q(0,7)

o
Epige

(104)

I
<
)
\._/

O

3.2. Disease-free equilibrium state (EY).

The disease-free equilibrium state describes the total absence of EVD in the
studied population. At this state all the infected classes will be zero and the
population will be made up of susceptible and quarantine under observation only.

Lemma 3.7. A disease-free equilibrium state of the model equations to

exists as follows.

(n+9)(1—¢)A

5 () (p+ )1 —0) — by
P ~A
I + +¢)(1—9)— 0
al= (1 +7) (1 %)( ) — ¢y — [ (105)
R 0
Q 0
0

Proof. : According to [38], equilibria are the points where the variables do not
change with time. Thus

dS dP dI dG dR

e == == 1
dt dt dt dt dt (106)
At the disease-free equilibrium state, we set
St)y=2" P@t)=u’ I(t)=19"% G{t)=4" R(t)=r%
(t) (t) )=y t) =g (t) (107

Q) ==2" N(@t)=n" q(t,7)=q(r);
=2+ + 9+ "+ 420 n=zc+u+ty+g+r+z (108)

If I(t) = 4%, Q(t) = 2°, and I(t) = Q(t), from equations (103)) and (107), this
implies that

T
2=y = / q(7)dr. (109)
0
Equations to (100]) yields
0,0 1020
A-BEE_MRIT L G0 — kel =0 (110)
n n
2 — kau® =0 (111)
0,0 ka0
MTZE L BIT =0 (112)



(k5 + kG)ZO — 990 =0

wz? —pur® =0

d
1) 4 (et o(r)alr) = 0
0,0 k 0,0
q(0) = By = T2 1 IEI 1 020 4 e,
n n

Solving (|115)) yields

q(t) = q(0) e” Jo (uto(s)) ds
Let

7(r) = e~ Jo (wtols))ds,
Using (|118), we re-write (117)) in the following form.
q(7) = q(0) m(7).
Integrating both sides of ((119) gives

T T
/ q(r)dr = q(O)/ w(T)dr.
0 0
Equation ([120]) is re-written in the form

where

Using (T6) in (IZ1) gives

a12%2° _ ank12%¢° _
T+
nY n?
Factorizing the LHS of (123]) yields

{alxozo N ank20¢°

0

oy 0 + 2% + k7u0] 7 =20

From (|124), either

T=2
o 0,0 0,0
e, biels o]
if ¥ = 2%, then equation yields

T+ 02T + krul 7 = 20,

19

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)
(128)
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And so (122)) to (126) equal zero. Substituting (127 into (114)) yields

r’ =0. (129)
Substituting (107]) into yields

20 =0 (130)
This implies

¥’ =0. (131)

Solving equation (113]) for ¢° yields
o (ks +ke)2°

g0 =T (132)
Substituting (127)) into (132), we obtain
g =0. (133)
Solving (111)) for u yields
0
W =1 (134)
k3
Substituting (131)) and (133) into (110]) yields
A+ ¢pul — kyz® = 0. (135)
Substituting (134) into (135)) and isolating X° yields
1—¢)A
(+7) (4 0) (1= ¢) — ¢y

Substituting (136)) into (134]), we obtain
A
W’ = ( 2 ) . 137
B+ N+ 01 —0)— 6 (137
Substituting (127), (129), (131), (T33), (T30), and ([37) into (T09) and simplifying

yields
o_ (_Alp+e)1—-9)+7) ) 138
= (G e 139
This completes the proof of Lemma O

3.3. Effective Reproduction Number (R ;).

The effective reproduction number, denoted by R. ¢, represents the expected
number of secondary cases produced in a completely susceptible population by a
typical infective individual after intervention. For infection-age and age-structured
population models, the effective reproduction number or basic reproduction number
is often expressed as the sum of the infectivity contributions from each infected
compartment [30], [39]. If Ress < 1, according to [26], this indicates that, on
average, an infected individual produces less than one new infection during the
infectious period, and hence the infection can be eradicated. However, if Repr > 1,
then each infected individual produces, on average, more than one new infection,
then the disease spreads in the population. Thus, Ry of the model is as given
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(1—¢)7A ar(p+¢)(1— ¢) T
Do —0) oy ((u+¢)(1¢>)+v “0)/0 m(r)dr

Resr = T
a2(1—9)(u+¢)(1—¢)> ((M+51)+(M+52)> d
(A ] ||~
(139)

The threshold value of is of the form

Rp+Rg+Ra (140)
where

Rp = (1 — ¢)u’. (141)

Equation (141)) describes the confirmed number of infected individuals after ob-
servation. The term 1 — ¢ is the probability of quarantine under observation
members who are infected and capable of causing secondary infections. Term

YA

ul =
((u+v)(u+¢>)(1 —¢) — ¢y

under observation.
oy z” T
Rqg = ( 0 +cp>/ (1) dr. (142)
0

Equation (142 represents the number of infected individuals who are quarantine
(h+o)(1—d)A
(+7)(e+¢)(1—9) -y

number of susceptible individuals in the absence of EVD, and
o ( A((p+9)(1-6) +7)

(n+7)(p+ o)1 =) — v
of infection. The 7(7) = e~ Jo (W+o(5))ds i the survival probability as a function of
infection age 7 in the compartment of quarantine with treatment.
az(1—0)x%g°

no

Equation represents the number of deceased individuals caused by EVD who
are generated from I(¢t) and Q(t), respectively. The parameter as(1 — 6) repre-
sents effective contact rate between the susceptible individuals and dead bodies
which is capable of spreading ;E)VD through contaminated burial practices. Part
g’ = ((H + 01 Z (it 52)) / 7(7) dr represents the total number of dead bodies
both from natural and diseause0 induced deaths of I(t) and Q(t) only. The effective
reproduction number is very sensitive for assessing the effectiveness of control mea-
sures in real time and is influenced by factors of safe burial and multiple quarantine
stages. Safe burial of Ebola virus victims is a central component of the EVD re-
sponse because corpses remain highly contagious, and traditional funeral practices
that involved direct contact with the dead bodies can lead to major reemergence of
infection; implementing safe burial practices (PBP) is essential to break chains of
transmission and control the epidemic. The multiple quarantine stages approach

) represents the total number of quarantine

with treatment. Term z° = ( ) represents the total

) represents the total population in the absence

Rag = (143)
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provides flexibility and robustness to the public health responses, making it one
of the effective control strategies for curtailing Ebola virus outbreaks, especially in

challenging environments.

3.4. Local Stability of the Disease-Free Equilibrium (DFE) State.

Theorem 3.8. The disease-free equilibrium state is locally asymptotically stable if

Resr <1, and unstable if Regy > 1.

Proof. The local stability of the disease-free equilibrium state given by (105]) is

considered. Let

(L+0)1—d)A
ptY)(n+ o)1 —9) — ¢y

s =

Ple) = ((uﬂ)(

) + z(t)

~yA
p+ o)1 —9)— oy

) +u(t)

and from (107) and (138)), we have

o (At -+
M) = ((u+7)(u+¢)(1—¢)—¢7)'

We linearized to (100 using (144)) to (150 about E to obtain
w+o)(1—9)A
A= et (g 2 T att)

(144)

(145)

(146)

(147)

(148)

(149)

(150)

A((p+9)(1=¢) +7)

(L+7) (e + )1 — o)
+ m(t)) = <(

(r+0)(1—9)A
—0(2(1 - G)Q(t) |:<(;U' + ’y)(,u + (]5)(1 - ¢) — ¢y
+¢ <(,u +7)(

oy
(n+ o)1 —9)A

A((p+9)(1=¢) +7)

)+ o) (1 =) — ¢y

7A + u(t))
- K(

i o)1= ) -
)*((

ptY)(p+ @)1= ) — ¢y

A7)+ o)1 —9) — ¢y
(15

)] [ i

1)

)
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We simplified ((151)) to obtain

. ( Ay 4 20+ ¢)(d - ¢)g(t)>
da(t) L+ e+ ¢)(1—9) — oy (h+e)(1—9)+7

a ] _ Ay "
¢<(u+7)(u+¢)(1—¢)—¢7+ (t)>

(14 6)(1=9) )/T s
ro (G as) [ A
Substituting and into yields

du(t) A

a ~ wrot-d <(u R u(t)>
(L+0)(1—9)A
2 (T —e +0):
Expanding and simplifying yields

df;it) — (4 d)(1 — d)ult) + v (t). (154)

Substituting (144)), (147), and (150)) into yields
T

(w+01+ 4,0)/0 q(t,7)dr

(152)

(153)

dy(t)

(1 +7) + g(t)az(l — ) (1 + )+ ) (1 — P)A(n+ @) (1 — §) +7] " x(t)

o ( (h+)(1—¢)A )_( A+ 0)1—9) +7)
(L+Np+o)(1—0¢)—dy) = \(

dt

ptY) (o)1 —¢) — ¢y

) /OT ot 7) dT]

(L+7)(p+ @) (1 —¢) — 9y

Expanding and simplifying (155]) yields

Alp+¢)(1 - ¢) . Al(p+ ) —¢) +7)
fOLQ(l 79)9(15) |:< +I(t)> - <(M(T5'g§<ﬂ+¢>(1 _(b) _¢’Y

" {(N+51+¢)a1 (n+0) 1 =) ((n+ @)1 —9)+7)" ") ylt) }
Y
IR B (k+0)1—¢) oy (BN R+ A —0) +70\] (-
0-000) | (450 S 1) + 0 (“Rean ) )]
where r
y(t) :/0 q(t,T)dr. (157)
From (97), (98), (99), and (100)), we have the following equations,
T T
diligft) = —fOg(t)+ (p+ 51)/0 z(t,7)dr + (pu + 02) A 2(t,7)dr, (158)
T
d;(tt) = —pr(t) + w/o 2(t, ) dr, (159)

)




24

and

To analyze the asymptotic behaviour of E°, the solutions were considered in the

0z(t, 1) . 0z(t, 7)

ot or

o (p+ )1 —¢)

P*((

+aalt - )g(0) | (%

ra-a(

pto)1—9)+y

+ (u+o(1))2(t,7) =0,

)] /OTz(t,T)dT

(1 +

(160)

L 81— (14 7) i+ 6)(1— 6) — by
)”“”( M(u+ D1 —9) +7)

P)(1—¢)+~

YA

(o +7) (e +

form of (162)) as shown

a-0) -7 ““)>

simplifying respectively gives the following eigen-values

(h+7) = glaa(T=0)((L+ (4 d) (L — ) — ¢7)(Alp+ @) (1 — @) +7) ' + Az

A~y

- ((u+7)(u+¢)(1—¢)—¢7+ﬂ>
3 ( Ady N a2(19)(u+¢)(1¢)§)
(+7(+ o) (1 —¢) — oy (n+o)(1—9¢)+y

6)(1 - 9) ) /Osz dT)

B (al(MJr
(n+te)(1—9)+y

(n+0)1

— @)+ N u=n~T

(eto+9) —ar (Lt d)1—)(n+8)1—0)+7) ) +A)7

=as(l—0)g [(

(n+9)(1—9)

pto)(l—¢)+v

- <(u+v)(u+¢)(1—¢)—¢’y
Afp+ o)1 —9) +v

T T
@+ XNg=(u+01) /0 zZ(T)dT + (n + 62) /0 zZ(T)dr

(p+ N7 = w/o zZ(r)dr

dz(T)
dr

= —(A+ptoa(n)z(r)

)

(161)

a(t) =z, u(t)=ue™, y(t)=yeM, g(t)=geM r(t) =7, z(t,7) = z(r)eM

(
Substituting (I62) into equations (T52), (T54), (I56), (T58), (T59), and (I61),

162)

(163)

(164)

(165)

(166)

(167)

(168)

and

)
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(o+ (i ) | =

2(0) — a(l—oval prod—9¢) e+t -¢)—dy
=1 +eat-0a | AT e (MR )]
_ A m
+ -9 (G an—a—e )
(169)
Solving for z(7) yields
Z(1) = 2(0)e~ Atpto(m)r, (170)
Further simplification of yields
z(1) = 2(0)w (1) (171)
where 7(7) is defined as in (1I7). From equation (164)), we have
’)/ b
_ Y
(e Ey) 1
and from equation ([L66]),
(e ts) + (u+8)\ [T
g= < Y ) /0 z(7) dr. (174)

Substituting equations (172)), (173), and (174) into (169)) gives

ar(p+o)(1—¢) \ [T, o ((atS) + (et 6)
K¢+<u+@u—¢o+v>A R e )]

(ptD)1-¢) (@t -d)+A ptNE+d1-90) —dv\ [T
“(aratzats ; rgaarr ) | (”]

_ A v
=9 ((u+7)(u+¢)(1 —¢)— ¢y - (n+o)(1 ¢)+/\> 175)

Equation ([175)) is rewritten as follows.

2(0)— [}p 4+ ((?ﬁg(f)(;;f)fy) +as(l—0) ((u + 619) I gu + 52)”

{ (n+9)(1—9) +(u+¢)(1—¢)+k_(u+v)(u+¢)(1—¢)—¢v”/TZ(T)dT
(n+o)(1—9)+~ ¥ Al(p+¢)(1—9¢)+1] 0
1 YA gl
(1¢ﬂw+wW+@a—@—m+uw@u—@+J

(176)
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Multiplying the RHS of (176) by [ z(d7) and solving for 2(0) yields

o1 (i +9)(1 - 9)
[(*"* (it D1~ 9) +7

)<(

ta ¢)<(u+7)(u+¢)(1—¢)—¢7+

Substituting (171)) into (177) yields

T (4 81) + (1 + 62)
)/0 z(T)dT+a2(1—0)( 7Y )1
(u+¢>)(1—¢)+k) ((u+v)(u+¢)(1—¢)—

v
(n+¢)(1 -

v

K (n+o)(1-9)
(n+e)(1—9)+y

py +/\> /OTZ(T)dT

(177)

Mt (-9 + v)qw) } /OT Ar)dr

ar(p+¢)(1—¢)

+ (p+962)

(o

(h+o)1—0)+7

) /0 0 (r) dr

(nt+o)(1—0)+A

*oa(l=6) ((H+519)+)\

(n+7)(p+ o)1 —¢) -

)

K< TR

T o)l—¢

O

zZ(0)e *"m(T) dr

=)

)

v

AMp+o)(1-¢) + V)MH

YA

gl

o+ @)1~ 9)
[(“’*(uw)(l—@ﬂ

[( (n+o)(1—9¢)
(n+e)(1—9)+y

T

)<(

MR ((u+7)(u+¢)(1 oo
We dividing both sides of by z(0)

and obtain

) /OT zZ(0)e™* " (1) dT + as(1 — 0) ((,u + 6

(pte)(1—9)+A

(b +¢)(1 -

(178)

)+ (1 +0s)

0+ X
(L +7)(p+ o)1 —¢) —

)

7y

)

zZ(0)e™* " (7) dr
0
~A

=9 <(u+7)(u+¢)( 179)

The RHS of is defined by G1(A). G1()) is continuously differentiable
function with limy_,o, G1(A\) = 0. Direct computation shows that G} (\) < 0 and
therefore, G1(\) is a decreasing function. Hence, any real solution of equation
is negative if G1(0) < 1, and positive if G1(0) > 1. Thus, if G1(0) > 1, the disease-
free equilibrium (DFE) state is unstable. It is shown next that equation has
no complex solution with non-negative real part if G1(0) < 1. In fact, we set

Py A) /OT z(0)e™ (7)) dr

A((p+9)(1—¢) +v)m>]

T
,-Y ~ —ZT
1—0) =67  (ur o) _¢>+A>/O Z(0)e > (r) dr
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a1 (p+ o) (1 — o)
<¢+ (u+¢)(1—¢)+7)

o = " . m(T)
+(1-9) ((u+v)(u+¢)(1 -0 wro-9) +A> (180)

ag(1—=0) ((p+61) + (1 + d2)) K(M(i;)?l)(l ;)él ’Y)

F(r) = +<(u+¢)(1—¢)+k>((u+7)(u+¢)(1—¢)_¢7>}W(T)
5 A(p+0)(1—9) +7) (181)
Thus
Gi(\) = /T e MH(T)dr + 1 /T e NF(T)dr (182)
1 0 0+ A) Jo .

Suppose G1(0) < 0. Assume that A = ay + ib; is a complex solution of equation

(182) with a; > 0 ([39]). Then

T 1 T
|IG1(\)| = /0 e MH(7T) d¢+m/o e MF(r)dr

1

< _—
0+ ai +iby

T T
/ e*(alJribl)TH(T) dr / e*(‘““bl)TF(T) dr
0 0

"

T , 1 T ,
:/ ‘e_(‘““bl)T H(r)dr + —/ ‘e_(‘““bl)T F(r)dr
0 V(a1 +60)2+b2 Jo
T T
< [) e “TH(r)dr + Py /0 e MTF(T)dr
(183)
= |G1(a1)| < Gl(O) <1 (184)

where G1(ay) is a function of efffective reproduction number. Therefore, it follows
from equation that equation has solutions A = a; + iby only if a1 <
0. Thus, every solution of must have a negative real part. We observe
that Reyr = G1(0). Therefore, the disease-free equilibrium (DFE) state is locally
asymptotically stable if G1(0) < 1. This completes the proof of Theorem (|

3.5. Global stability of the DFE state.

The global asymptotic stability condition demands that solutions approach
equilibrium for all initial conditions and the restrictions on the initial conditions are
removed. Therefore, we constructe a similar Lyapunov function as outlined in the
works of [29] and [40] to study the global stability of the disease-free equilibrium
state in this work.
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Theorem 3.9. The DFE state E° of the model equations (94)to (100) is Globally

Asymptotically Stable (GAS) in Q if Repr < 1, while it is unstable if Reyy > 1.

Proof. In this section, the global stability of E° is studied by providing the proof
of Theorem Thus, the following approach by [36] and [37] were utilized by

constructing a suitable Lyapunov function as follows.

(x—xo —uoln;ﬁ)—l—/oTr(T)

Using in (185) yields

Ly(t) —a:%n%) + (u—uo

(187)

(188)

La(t) = (=~ ) 4 (=~ ) /OT r(F)B(t — T)dr. (186)
Let
r(r) = (O‘;fo + so) /OTW(T)dT 1) _nf)g%o +(1— )
and
r(0) = (a;‘zfo + <p> /OT n(r)dr 4 2100970 ;3)9%0 +(1— gl

where g%, 29, u¥ and n?, are as defined in (132)), (136]), (137)), and (138]) respectively.

Direct differentiation of (186 yields

(=) (50

Substituting equations , , , and (188) into equation (189)) yields

(=) (-

ds
dt

ap
dt

dL(t) r— a0

B u—ul
dt

x u

0

T—z as(1 —

n

9)

a1yx

x+¢u—(u+v)x>

T n

u—ud apz® [T
. (55 b= ek o+ B [ aoyas 5020
dt T az® [T
+B)e [ m(s)ds+ B =0 = 5= [ B~ )n(r)ar

az(1—6)g%2°
- no

Using equations (T00), (24), (36), (I37), and (I38) in (I00) yields

T
+ (r(O)B(t) +/O [r'(T)B(t — 7)) dT) .

(189)

as(1 —0)g'z°

B(t—1)— <p/0 B(t—7)n(r)dr — (1 — qﬁ)uOB(t —7)

(190)
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0

IS _xxo) 400 — ]+ (*

dl _ alxo
o |t q(t,0)RE

) [+ 61 — (i + )l

T (1 — 0,0
/0 B(t —7)n(r)dr — —(1 O)g

B(t—1)

no no

— ! — () dr — (1 — ¢)u’ -7
|~ [ Bl =)y — (- OBt~ 1)

(191)
The expansion and simplification of equation (191)) yields
+ +¢)(1 -
@ B . (:U' - ’Y) (:C + .170)2 _ (‘LL ¢)u( (,25) (u _ U0)2 4 Q(t,O)Reff
at a1 T o a(l—0)g°z°
- ( 0 +<p> /0 B(t—n)n(r)dr — | (1 —¢)u” + S B(t—1)
(192)

Further simplification of (192]) yields
(r+7) (z —a%)? - (r+o)(1—9)

T u
Further simplification of (3.5)) yields

(n+7) (r—a0)2— (n+9)(1 - ¢)(

(u - U0)2 + Q(ta O)Reff - q(tv 0) (193)

u—u")?—(1=Resr)q(t,0) <0 For Repp <1.
x U

(194)

The equality % = 0 holds if and only if z = 2°, u = u°, and ¢(¢,0) = 0.
Thus, from solution 7 the model to along the characteristic lines, it
can be seen that ¢(t,0) = 0 for all ¢ > 7. Hence, ¢(¢,0) — 0 as t — oco. There-
fore, from the LaSalle Invariant Principle, the disease-free equilibrium is globally
asymptotically stable if Repp < 1. O

3.6. Endemic Equilibrium (EE) State.

The EE state is referred to as the state in which EVD still persists in the
population. Thus, at the EE state we set

Sit)y=a", P@i)=u", I{t)=y", G@k) =g*, R({)=r",
Qt)=2z*, N(@)=n", q(t,7)=q"(7).
Also, from equations , (1103)), (195)), we assume that

T
=yt = / q* (1) dr. (196)
0

Let (z*,u*,y*, g%, v*,¢*(7)) represents any arbitrary endemic equilibrium (EE) of
the model equations (94]) to (100)) This equilibrium satisfies the following equations.

(195)

A_ az’z* an(l -0ty

- +ou" —(u+v)z" =0 (197)
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vzt = (p+ @)1 —PJu” =0

arx*z* ag(l —0)x*g*
1n + 2( n) g —(u+d1+¢)" =0

(p+81)z" + (p+62)2" —0g" =0

w2t —pur* =0

WD |yt ot (r) =0
and
* % 1—0)r*g*
"0 = B0) = M2 4 SUZIE e (1 g
Solve (202]) yields

(1) = Ce~(pto(m)T

Equation (204]) yields
q'(0)=C.

Substituting (205) into (204) yields
q*(’r) = q* (0)6_(M+U(T))T.

Equation is re-written as
7" () = ¢"(0) ().

where 7(7) is defined as in (118]). Substituting (207 into (201)), we have

T
w/o g (0) w(7)dr — pr* = 0.

Isolating 7* in ((208]) yields

1
Substituting(([207) into ((200)), we have

T T
(u+ 01) /0 g (0)m(r)dr + (n+ 52)/0 ¢ (0)7(r)dr — 8g* = 0.

Isolating the desired variable in equation (210]) we have

g = ((u+61>40-(u+62>> /OTQ*(O)W(T) i

(198)

(199)

(200)

(201)

(202)

(203)

(204)

(205)

(206)

(207)

(208)

(209)

(210)

(211)
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Substituting equations and (125) into gives
T T
* 1-6 ] ]
U [ @ ntryar+ 200 (WG RY [F0)n(r)ar
0 0

n* n* %
= 0.

a4+ 9) / ¢ (0) n(r) dr

(212)
Equation ([122]) takes the form

[(alx* L az(1-0) ((u+51)—g(u+52)>) ) Wélw)} /OTq*(oWT)dT:o.

n* n*
(213)
Either
T
| a@nmar=o (214)
or ’
* 1-96 5 o
(alf +a2( : )((u—i— 1)+ (e + 2>>>—(M+51+¢):0' (215)
n n 0
Solving for 2* variable in (215) yields
. <n O(p+ 01 +¢) —as(l —0) ((u+01) + (1 + 52))> , (216)
0519
Substituting equation (216)) into (198) and isolating u* yields
o (7 (n*0(1+ ¢ +81)) — az(1 = 0) ((u+81) + (n+ 52>>> (217)
a10(p+ ¢)(1 - ¢)

Substituting equation (214) into (209) and (211) gives
r*=g¢"=0. (218)
Substituting equations (218]), (216[), and (217)) into (197) yields
* O+ 01+ o) —ax(l -6 ) 1)
A_ <a12 . (M+7)) (n (1 + 01+ 8) — aof (g +01) + (1 + 2)))

n* a6 —0
n <7(n*9(u+¢+51))a2(10)((u+51)+(u+52))> -
a10(p+ ¢)(1 - )
(219)
Isolating the z* from equation and simplifying, we obtain
o [n (pt ) =Puty)—vd) A An*6 ]
ar(p+ @) (1 - o) p+oi+¢  ax(l-0) ((u+51)+gu+)52)) '
220

From equations (196]), (207, and (214)), we obtain
2 =0. (221)
Therefore, substituting equations (216)), (217)), (218)), and (221)) into (203]) yields

sy — (YA = @) [n"0(u+ ¢+ 01)] — aa(l = 6) [(p + 01) + (1 + 62)]
q"(0) = ( ITETI ) ) (222)
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For the EVD to be controlled, it is sufficient that the effective reproduction number
is less than one, that is

a2 r (1 —0)2%°
Ro= (25 +0) [ arar+ 20050 g g <1 )
n 0 n
Substituting equation (122)) into (223)) gives:
ayz® (1 —0)2%°
Ra= (S5 +p) 7+ DT g <1 @)
n n
Equation (224)) takes the form
0 1— )20
(alf +¢)w+az(0)wg+(1—¢)u0 <1 (225)
n n

Solving for a7 andas in (225)) gives

n% (1 —(1—-¢)u’ -7

o< (=90 — o) (226)

20 (74 (1 —0)g°)
a=a1+a (227)
where u°, g%, 2% n®, and T are defined as in equations (137), (132), (136), (138),
and (|122)), respectively. From equation (226, an upper bound for the infection
rate was obtained. This suggests that for EVD to be put under control in the
population, the infection rate should not exceed the value given by the right-hand

side of (226)).
3.7. Local Stability of the Endemic Equilibrium (EE) State.

Lemma 3.10. The unique FE E*(z*,u*,y*, g*,r*,q¢* (7)) given by (216), (217),
(196]), (211) and (209), with ¢*(0) given by (222), is locally asymptotically stable
(LAS) if Repy > 1

Proof. To show the local stability of EE, we linearize equation to (100)) around
E*. Therefore,

S(t) =z"+x(t), P)=u" +u®), I(t)=y" +yt), Gt)=g"+g0),

(228)
We let the solutions of the linearized system in exponential form to be as follows

z(t) =z, u(t) =ue, y(t)=ye, g(t)=ge™,
r(t) = reM, 2(t,7) = z(T)eM.

Substituting equation (229)) into (228) yields

(229)

S(t)=a"+ zet, P(t)=u"+ uet, I(t)=y" + yett G(t)=g" + ge,

R(t) =r"+ reM,  q(t, 1) = ¢* (1) + z(1)eM,
(230)



33

Substituting equations ((195)) and (230) into yields

T * At
% « x" 4+ xe
a(t)  |A- (m [ @@+ 20 dr +ast - 0)(g" + ge*w) i
= 0
dt
+o(u* +uet) = (u+ ) (z* + ™)
(231)
We expand and simplify equation (231]) using (196 to obtain
* % 1—8)g*z* * T
0= A— 041;*2 - az( - )g @ + ou* — (p+)x* — % <a1/ z(T)dT + ag(1 — 9)9)
0

T —
70;;? </ Z(T)dT+Z*>W(g*+g)+¢u>\xu:p7x.
0

(232)
Using equation (197)) in (232) yields
SU* T
A+ p+y)e=-— e oq/ 2(r)dr+ax(1—-0)f
0
. (233)
1
- al*x (/ 2(r)dr + z*) _ -0z ” H)m(g* + g) + ou.
n 0 n
Substituting (230]) into (95| yields
du(t
Zi ) (@ 4 2eM) — (14 9)(1— ) (u” +ue). (234)
Expanding the right-hand side (RHS) of equation yields
0=rz" = (p+o)(1-d)u" +yz - ((n+¢)(1—9¢)+ A u. (235)
We obtain from
(+ )1 —9)+ A u=n~z. (236)

Substituting (195]) and (230)) into yields

ay(z* + ze)
dy(t) n*

—(p+d1+¢) /0 (¢" () + 2(7)) d.

(1= 0)(g" + ge*)(@* + ze™)
n*

T s
/0 (¢"(7) + 2(r)) dr +

dt

(237)
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Expanding and simplifying equation (237) yields

(o™ z* N az(1 —0)g*z*

. - —(u+ 01+ )2
n n

T T

1-6

yh= | + % (m*/ z(T)dr + x/ z(T)dr + xz*) + %(g*x + gz* + gx)
0 0

—(u+6 +<p)/0 2(T)dr

Using equation ([199)) in (236]) yields
T T
1-46
s <x* / z(T)dr + x/ z(T)dr + a:z*) + L)(g*x + gz* + gx)
0 0

n* n*

(238)

YA =

T
—(u+61+ <p)/ z(7)dr
0
(239)
Substituting equation ([230]) into yields

WO (ot )+ (0 02) / () + o)) dr - 0lg" +g) (240)
Expanding the RHS of equation and using equation yields
O+ XNg=2u /OT z(T)dr + 6 /OT 2(T)dT + 99 /OT z(T)dr. (241)
Substituting equation into (98] yields
d;—(tt) =w /OT (q*(7) + 2(m)eM) dr — p (r* + re) . (242)
Expanding the RHS of equation and using equation gives
(p+Nr=w /OT z(7)dr. (243)
Equation was obtained from .
dZT(tT) + A+ p+o(r))z(r) =0. (244)
Solving equation yields
2(1) = Ce~OHutolm)r, (245)

Substituting 7 = 0 into (245)) gives
z(0) =C. (246)
Substituting equation into gives
2(1) = 2(0)e~ Atrto(m)r, (247)
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Simplifying equation (246 we obtain
2(1) = 2(0) e (7). (248)

Term 7(7) is defined as in equation (118)). Substituting equations (195)) and (230)
into ([100)) yields

ay(z* 4 et

T _ * eAt JZ* xe)xt
)/O (q*(7)+z(7)e“)dr+a2(l 0)(g* + ge™')(z* + ze™)

n* n*
2(0) = pt
HA- W +ue) 4o [ (@) + 20 dr
0
(249)
Expanding equation (249) and using equation (196]) gives
r * % 1—0)x*g* A
O[ll'*Z s *)x g o 4 (1 Gt
n n
T T
aox™ axzt g as(l —0)g*x
20) = |+ = / 2(r)dr + —— + #/ 2(7)dr + ozl — )g'e - Jgx | (250)
n 0 n n* Jo n
1—0)gz* 1-0 T
1 — Joa” | o — )9z +(1—¢)u+<,0/ 2(r)dr
0 J

Using equation (203)) in (250]) gives

T T
0+ 25 [ aryar 4 DI B [y gy 20200
0

n n* n* Jo n*
@0 = as(l—O)gz*  as(l—0)gx ax(l—0)gx T
+ " + " + " +(1—¢))u+<p/ z(T)dr
n n n
(251)
Equations (233)), (236}, (241)), and (251) take the form
ksl‘ _ 70&11':771 B a2k1€*$* _ 0111:1’ _ agklf*l’ B Oégl'f!lg +¢u (252)
n n n n n
kou = v, ki0g = 2um + 01m + dam (253)

a1xz* apxrtm o oqgxm askigr  askigz®  asxk
1 1 1 21g+ 2rR19 2n*1g+gpm+k7u

(254)

2(0) = ¢ (0)+

n* n* n* n* n*
where
T
ks = Obut7), ko = O+(u+0)(1-9)), ki = (A+0),m = / 2(r) dr. (255)
0

From equation (253|) we obtain

2 6
w12 o rtom (256)
kg k1o

where
6 =61+ 0a. (257)
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Equation (257 describes the total induced death rate by EVD from I(¢) and Q(¥)
respectively. Substituting equation (256]) into (252)) and solving for x yields

kgm(a1k10 + 042/451 (2}1, + 5)) 33*
(kgklon* _ klo(b’yn*) + kg(alkloz* + a2k1k109*) + arkiom + agklm(%u +)5) '
258

Substituting equations (216)), (218), and (221)) into (253)) yields

(kgm(alk‘m + 042]61(2/14 + (5))) (I{?47’L*6‘ — klag(k{) + kﬁ))

Tr=— 259

alﬂ(k8k5k10n* - klogb’yn*) + a1 kgkskiom + a2k1k5k10m(2u + 5) ( )
Substituting equation (259)) into (253)) yields

= Y (kgm(a1k10 =+ O[le(Q,U, =+ (s))) (k4n*9 — k1a2(]€5 + kﬁ)) (260)

| koa10(kskion* — kio¢yn®) + arkokiom + azkikiom (2 + 6)

Substituting equations (221)) and (218) into (254) yields

arr™m  ogxm askigrt  askigx
e 2nl*g + 2nig Fom+ku (261

Substituting equations (260)), (259)), and (256]) into (261)) yields

N arr'm  agkir*m(2u + 6
g*(0) + gm + — a2 +9)

n* klon*

[a1 —+ Ck2k1(2/J, + 5)] [a1k4k9k109n* —+ a2k1k4k90n* (2# + 5)} m

- kion* [kﬁgklon* — k‘lo(]ﬁ’}/n* + arkgkiom + Oéijk‘gm(Q,u + 5)] (Oégk‘l(kg, + kﬁ) + 0519)

k7’7(0&1/{54]€109n* + ankgkyki16n* (2# + 5))7)’1

ko [kgklon* — k10¢’}/n* + a1kokskigm + azklkgm@,u + (5)] (Oégkl (kg, + k(;) =+ a19)
(262)

Equation (262)) is re-written as follows

(pk1on* + arkior* + agkix* (21 + 6))m
k)lon*

[(Otl + Otgkl (2# + 5)) (a1k4k9k109n* + a2k1k4k90n*(2u + 6))] m

k7y (a1k4k109n* + ankgkyki6n* (QM + 6)) m

N kion* (kgklon* — klo(b’}/n* + a1kokiom + a2k1k9m(2,u + (5)) (042]{71 (k‘g, + k@) + 0419)

(263)

ko (kskion* — kiodyn* + arkokiom + agkikom(2u + 0)) (agky (ks + ke) + a16)
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Substituting equations ((101]) and ( into (263)) yields

2(0) = q*(0)+ ((/\+9)(/\+u+7)n*—¢>n*+az(/\+(u+¢)(1 ) [T Z(T)df) (()\+6)n*(az(lfe))+(u+§1))

(gpn*((A +60) + ar2*) + a(1 — )2+ d)a* [ 2(r )dT)
(A+0)n*

( (a1+az)(1-0)(2p+) )f
(+31+9) M+ (pt+d)(1—¢))0n*/ JO

oz (1=0)(A+(u+0)(2u+8)) [y 2(7)dr (n+62))+a10

ar (A (pu+0))+a2(1-06)
(1 =) (k4 1 + p)y0n*( IEA+EIZ+¢)))(2#2+5 ) Jo 2

((A+9)(>\+#+7)n**¢n*+a2(>\+(u+¢)(1 ®) Jg =(7) dT) ((A+(u+7)(1 ¢)(a2(170)))
Faz(1=0) A+ (p+0) (2u+8)) [y 2(7)dr (n461)+(p+62))+a10
(264)

Equation yields

2(0) = ¢*(0)+4 ((/\+9)((/\+u+7)n*—¢N*+a1(/\+((u+¢)(1—¢))) Ir z<0>e*w<7>d7)) (O+0m (0104 (k)
+az(1=0) A+(u+¢) (2u+8)) [ 2(0)eXTm()dr (1+62))+0a 6
(1= @) (1 + 01 + )yt (M QT Eaa(0) 2 (7)dr

(gpn*()\ +0) + a1x*) + as(l — 0)(2u + 0)z* fOT z(O)e"\TW(T)dT)
A+ 0)n*

o+ (1=0) (2p+7) (431 +0) A+ (ut¢) (1—¢)on*y T .
(‘o0 A-00) [T ) A ()

(p+61)+(u+02))+a16
(265)

+o2 (1=0) A+ (p+6) (2p+6)) [i 2(0)e=>7n(7)dr

We divide both sides of equation by z(0) to obtain

1 =9+

where

(o

A+ 0) + arx*) + a(l — 0)(2u + 6)z* fOT Z(O)e_’\Tﬂ'(T>dT)

(A+0)n*

a1 +as(1—0) (2u+7) (u+814¢) A (u+d) (1—¢))on*\ T -
(O ) [0y

B ((/\+9)(>\+u+v)n**¢n*+az(>\+(u+¢)(1 ) JT 2(0)e wmdr) ((A—&-(u-&-v)(l #)(a2(1-0))

((A+9)((A+u+v)n*f¢n*+a1(k+((u+¢)(1f¢)))fOTz(O)e“w(T)dr)) ((A+9)n*(a2(179))+(u+51)
taz(1-0)(A+(u+e)(2u+6)) [ 2(0)ermx(r)dr (n+62))+a16

(1= @)+ 01 + @y (Tt a0y (T2 (r)dr
((A+9)(/\+#+7)n**¢n*+az(>\+(#+¢)(1*¢))foTZ(O ”W(T)df) ((A+(u+7)(1 ¢)(a2(170)))
+az(1-0)(A+(u+¢) (2u+8)) [ 2(0)e=A7x(r)dT (1+61)+(pu+02))+a10
(266)
*(0
vo = q*(0) (267)

)

)

)
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Suppose that A is a real value function, then from the characteristics equation
(267) with equation , and the fact that R.rs > 1, we have shown that A <0,
Since for A > 0, in the last part of equation , the RHS is negative while the
LHS is positive, which suggests that the FE  E* is Locally Asymptotically Stable
(LAS). Thus, the FE E* is LAS since the real root has the dominant real part.

This completes the proof of Lemma [l

3.8. Global Stability of the EFE State.
Theorem 3.11. If Ress > 1, then the endemic equilibrium E* is (GAS).
Proof. Assume that R.ry > 1, then there exists a unique endemic equilibrium
E* = (z*,u*,y*, g%, r*,q¢* (1)) where o*, u*, y*, g*, r*, ¢* (7) satisfies the equilibrium
equations ((197)) to (203).

Let Ga(w,u) = x —u — uln? for x,u > 0, then we construct the following
Lyapunov functional.

vity=>" [zi(t) A (mm(t)ﬂ

=1 1
V=Vi+ Vot Va+VitVs+ Vg (268)
*7 * i
Vi = (xfx 2 In x) (269)
P U
Vo = (u—u u*In u*) (270)

(271)

)
V= <g — ¢ —g'ln g{) (272)
)

Vs = (r —7r* —7r*ln = (273)

T
Ve = /0 ¢ (6)Gs (q(t, 7). 0" (1)) dr. (274)
[}

The following Lemmas evaluate the derivatives of Vy, Vo, V5, Vy, V5 and Vg
along the solutions of equations (/1)) to @, respectively.

Lemma 3.12. Let V; be defined as in equation (269), then

—(p+1) (@ — o) = -
X nTnx

i {w(u —u) - % (zgn” — x*g*n)} <x - f) .

T

V) = (xzn* —x*2"n)

(275)
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Proof. Direct differentiation of equation (269)) yields
—2*\ d
Vi~ (x z ) z (276)

Using equation in equation (276 yields

Vl’:(x_x*>{A—W—Ou(ln_e)gx+¢u—(u+7)x}. (277)

xT n

From (277) we obtain

arx*z* n as(l — O)x*g*

A= — gu” E 2
— — ou” + (n+ )z (278)

Substituting equation (278)) into equation (277)) yields
Vll _ (1' - $*> {0111'*2’* i as(l —0)z*g* B ¢u*}

x n* n*

279
btz a1z ag(l—O)z*g* (279)
pty)at — -

Expanding equation (279) yields

+ou” — (p+7)z"

r_ aq ® ok % _*_0[2<1_0) ok L
Vi = p— (xzn* —x"2"n) (x — x™) e (xgn® —x*g™n) (x — x™)
+ * * * *
- ('uxv)(x—x Wz —2x )—i—%(u—u )z —a").
(280)
Further simplification of equation (280 yields
V] = {_ (1 +7) (x — %)% - ?1 (xzn® —x*2z"n) (x — x*)}
x n*nx
(281)

n*nx

B {a2(1 —0)

(xgn* — g*z*n) — %(u —u*)(x — x*)} .

Equation (281)) gives the same result as in equation (275]). This completes the proof
of Lemma [3.12] ([
Lemma 3.13. Let V5 be defined as in equation @, then

/ Z'* * ’)/Z' *
= — — — — - . 22
Va u—ut) 4w —u) (282)

Proof. Direct differentiation of equation (270) gives

v <u—u> du (283)

u dt”
Substituting equation ([2)) into equation (283) yields

Vi = (“‘”*){w—((u+¢><1—¢>>u}. (284)

u
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Using equation ([198]) in equation (284) gives

y* v
V/:— % s 7*.
2 u(u U)+u(u u®)

This completes the proof of Lemma [3.13

Lemma 3.14. Let V3 be defined as in equation , then

Lo =0) oy 2(=0)
nz nz

Vi = gr(z — 2%).

Proof. Direct differentiation of equation (271) yields
z—2%\ dz
Vs = (z) @’ z=y, 2"=y"
Substituting equation into equation (287)) yields

Vi = <z—zz ){alszrag(l—G)gx (u+51+g0)z}.

n n
Using equation ([199)) in equation (288) yields
1-6 1-6
Vi = _a(1=6) )g*x*(z—z*)%—io@( )gx(z—z*).

n*z* nz

This completes the proof of Lemma |3.14

Lemma 3.15. Let Vy be defined as in equation , then

V=
* g* g

Proof. Direct differentiation of equation (272) yields
9—9"\ dg
V)= —.
! ( 9 ) dt
Substituting equation in equation (291) yields
Vi = ("g" ) {(+01) + (0 + 02)} — bg.

Using equation (200]) in equation (292)) yields
pA401) + (p+62) , . w+y)+(@e+0o
( 1)*( ﬁz(g_g)+_( )+ ( 1)(
g g
This completes the proof of Lemma,

‘/4/:

Lemma 3.16. Let Vi be defined as in equation , then

*

Vi = i (r—r*)+ %(r —r*).

P

(g—97).

2(9—9")

(285)

(286)

(287)

(288)

(289)

(290)

(291)

(292)

(293)

(294)
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Proof. Direct differentiation of equation (273)) yields

r—r*\ dr
Vi = —. 295
= (55) 5 (295)
Substituting equation in equation (295) yields
Vi = <T_TT > (wz — pr). (296)
Using equation (201]) in equation (296) gives
V5’:7wz* (rf'r*)+%(rfr*). (297)
r r
This completes the proof of Lemma |3.16 (I

We use the lemma by [41] as stated to aid in establishing the proof of Lemma
0. 13

Lemma 3.17. Let V, = [° ®(a)G3 (i(t,a),i*(a)) da then
V= ®(0)Gs (i(t,0),i"(0)) + /000 [®(a) — 0(a)®(a)] G5 (i(t,a),i(*a)) da. (298)

Lemma 3.18. Let Vi be defined as in , then

) q(t,0) q(t,0) Tdq q*(t,0) q"(t,0)
Vo =4(0) <1‘ O RrI0) ) w2 dt(l‘ 20,00 T o) > .
(299)

Proof. Applying the result in Lemma [3.17} we obtain the direct differentiation of

equation (274) as
dg*(7)

V=0 00Ga 0600 0) + [ (258 —o)q" (1)) Ga att. g 0.7)
(300)

Using Ga(7,u) =2 —u—uln Z for z,u > 0 in (300) gives

_ _at.0) 4.0 Tdg'(r) (1 at.0) , a(t0)
o (1S i) 2 [ (- e )

Using equation (202)) in equation (301)) gives
t,0 t,0 T dg* t,0 t,0
Ve =q°(0) (1— at.0) |y, 9t )> +2/ () (1— ALY (L )> dt.
0

q*(0) 7*(0) dt q*(7) a*(7)
(302)
The addition of equations (281)), (285)), (289), (293), (297), and (302) takes the
form
dv (¢
():X—U—i-Z (303)

dt



where
=) (@ —at) + D)
X = N (1—0)g ( Z*)+(u+51)+(ﬂ+52) (=g + L =)
nz g (304)
e - )= 2D (e gram)a )
%g*x* (z—z*)+wf: (r—r") + (“Ml)gt(“Jr&Q)Z* (g—g*)Jr?(x—fE*)2
(305)
. _at0) 4,0 Tdgt(r) [ alt,T) ¢t 1)\ o
Z=0 (1 ¢ q*<o>>”/o it (1 @ o) )<:oé>

From equation (306]), we see that Z < 0 since 1 —a + Ina < 0 for all a > 0
with equality holding if and only if @ = 1. From equation (303)), if X < U

then d‘ggt) is negative and definite, meaning dv(t) < 0. Also it follow that,

d‘ggt)fOifandonlyifx:x*,u:u*y y,g:g*, =r* n = n"

and q(f(;o)) = 4t (T)) for all 7 > 0. Therefore, the largest compact invariant set in
*

{(x u* y* gt rt gt (t) € Q: d‘gtt) = O} is the singleton E*, if Reys > 1, then by
LaSalles’s invariant principle E* is globally asymptotically stable in  if X < U.
This completes the proof of Lemma [3.18 O

4. RESULTS AND DISCUSSION

In this section, we present results and discuss the effects of sensitive param-
eters on the effective reproduction number. The sensitivity analysis is extremely
important because it tells the researcher the parameter that is most sensitive to
disease transmission and which of the parameters should be targeted by interven-
tion strategy. Thus, we normalize forward sensitivity indices with respect to a
parameter value of Y as defined in equations (307) and (308 -

Regy _ OReyy Y
Sy = gt s (307)
Y = {A707@ﬂ¢7a17a2761752777ﬂ}' (308)

The sensitivity indices for parameter values of the effective reproduction num-
ber were calculated.



TABLE 2. Parameter Values for Sensitivity Analysis

Variable Value Source
S 6,346,564  Calculated
P 12,067 [5]
I 37,692 [5]
G 10,669 [5]
Q 24,764 5]
R 21,244 1
N 6,453,000 il
o1 0.00000197 Calculated
e 0.00000148 Calculated
A 10,970 Calculated
I 0.0017 Calculated
01 0.0212 Calculated
01 0.0036 Calculated
é 0.0248 Calculated
v 1.429 Calculated
0,p,0,k,7,T,w (0-1) Calculated
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The sensitivity analysis was conducted for the cases when the infection age
is one month, two months, and three months, respectively. The control parameters
are considered at k = 6 = ¢ = 0.75 . This is because safe burial practices of dead
bodies and quarantine with treatment can reduce disease transmission drastically
for at least 0.75 and above.

TABLE 3. Sensitivity Indices for one month, two months and three months

Parameter SA values SA value for SA values for

(1 Month infection) (2 months infection) (3 Month infection)
0 —1.937356130 x 10~1*  —1.919568652 x 10~ —1.919568652 x 10~
10) —1.499900237 x 10! —1.499900252 x 109 —1.499900252 x 109
1 —1.000857222 x 109 —1.000857231 x 109 —1.000857231 x 109
A 9.999989374 x 10! 9.999989475 x 10~1 9.999989475 x 10~1
¥ 2.785375945 x 107! 2.785375973 x 107! 2.785375973 x 10!
© 1.062415857 x 106 1.052661482 x 106 1.052661482 x 106
aq 7.772912690 x 10713 7.701547123 x 10713 7.701547123 x 10~ 13
61 2.184678192 x 10~1° 2.164619969 x 10~13 2.164619969 x 10~13
1o 6.987391506 x 10~ 1° 2.879352976 x 10~ 1° 2.879352976 x 10713
0o 3.709830889 x 1016 3.675769758 x 10716 3.675769758 x 10716

The values in Table ] were obtained through simulation experiment on Ry
with the aid of Maple codes. Table 3 shows that all the parameters have either
positive or negative effects on R.rr. Table[d|shows that 6, ¢ and p have the highest
sensitivity index, followed by A, v, ¢, a1, d2, and a. This is a practical indication
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that R.sy is an increasing function of A, v, ¢, aq, 62, and ap . Thus, decreasing
A, 7, ¢, a1, 81, and as will reduce the spread of EVD and vice versa. Figures [3]to
|§| are the graphical simulations of R.y; versus sensitive parameters of A, v, ¢, and

L.

6. 10° .
3% 10°
4% 10°

Effective reproduction

number R,

E

3% 105
2.3 105
1. 10°

T T T T 1
10000 20000 30000 40000 30000 60000
Recruitment rate A

FicURE 3. Effect of effective reproduction number on recruitment number

Figure[3] shows a linear relationship between the effective reproduction num-
ber and the recruitment number when the control measures were 0.75, 0.50 and
0.25 respectively. This clearly shows that R.; is an increasing function of the re-
cruitment number. This agrees with the reality that as people are recruited into the
population, they are either susceptible or infected, and if there is no control mea-
sure in the endemic regions, the more their chances of being infected or spreading
the infection to others.

1. 10%
5.x 10°

6.x 10%
Effective reproduction

number R

4% 10° o

2.x10° o

0 T T T T 1
0 02 04 0.6 0.8 1
Suspected ratey

FIGURE 4. Effect of suspected rate on the effective reproduction number
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Figure [4] shows a relationship between the effective reproduction number
versus the suspect rate of susceptible population when the control measures are
0.75, 0.50 and 0.25 respectively. The effective reproduction number shows a logistic
increase as control measures are being placed on 0.25 and continues to decrease from
0.50 to 0.75. This agrees with the reality of EVD transmission dynamics whereby,
as control measures increase, there is a lower infection rate, which reduces the
number of suspected EVD cases.

Effective reproduction
number R

ELE

T T T 1
0 03 1 13 2
Quarantine rate of I(t), ¢

FIGURE 5. Effective reproduction number versus quarantine rate

Figure [5] shows the relationship between the effective reproduction number
and quarantine rate of the infected population I(t). The effective reproduction
number is a function of the suspected rate of infection. This is a common fact that;
the effective reproduction number remains an increasing or a decreasing function
of the quarantine rate when the control parameters are peg at k = 0.25,0.50,0.75

100000
80000 | fu

Effective reproduction 600007 1
number Ry

10000 I

20000 -

0 T T T T 1
0 02 04 0.6 08 1
Natural death rate, g

FI1GURE 6. Effective reproduction number versus population nat-
ural death rate
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Figure [6] shows the relationship between the effective reproduction number
and the population natural death for different control measures. The simulation
shows that the higher the population’s natural death, the lower the effective repro-
duction number. This agrees with the reality of Ebola dynamics.

0.020 -

0.015
EVD Death
Rate ()

0.0104

0.005 -

P T T T
0 1 2 3
Infection — age in weeks

FI1GURE 7. EVD induce death rate versus the Infection-age

Figure [7] shows that the death rate due to EVD increases with the infection
age and converges to an endemic point. This implies that if the initial infection
age has reached its maximum age where 7 = T an infected individual would hardly
survive even if the victim is quarantined with effective medical treatment.

5. CONCLUSION

In this research study, an infection-age structure mathematical model for
Ebola disease dynamics was developed using ordinary differential equations, partial
differential equations and integro-differential equations. We incorporate the effects
of safe burial practices and two quarantine compartments which are quarantine
under observation P(t) and quarantine with treatment Q(t) as effective control
measures. We observe that the estimated equation by classical Gronwall’s
inequality provides continuity of the solution g with respect to the initial age of
infection 1. Hence, equations @, and exist and are unique and well posed
biologically. We illustrate the existence and uniqueness of model equations @,
@ and (13) in the norm space of L'(0,7), which shows the biological meaning
of an infection-age density ¢(t,7) for the infected population. We equally prove
the existence and uniqueness of solutions to the model equations. We show that
solutions of the model equations depend continuously on the initial age distributions
of EVD. We determine the existence and uniqueness of equations to as
given by equations to which are all bounded for each of the absolute
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derivation. Figure[7]gives a practical effect of death rate due to EVD and infection-
age distributions. We determine the Disease-Free Equilibrium (DFE) and Endemic
Equilibrium (EE) state of the model. The effective reproduction number (R.sy)
of the model was obtained and used to determine the local and global stability of
DFE, giving the condition for DFE to be locally asymptotically stable if (R.r¢) < 1.
and unstable if (Rcf¢) > 1. A Suitable Lyapunov function was constructed and
used to analyze the global stability of DFE, it was shown that the DFE is globally
asymptotically stable if (Rcfs) < 1 while unstable if (Ress) > 1.

The model is oriented to inform public health epidemiologists by simulat-
ing outbreak dynamics, evaluating the effectiveness of interventions like safe burial
practices and multiple quarantine stages, and identifying critical parameters for the
control of EVD. The model is crucial for understanding the complex transmission
cycles of EVD, including factors like transmission from deceased individuals and
contaminated environments. The incorporation of safe burial practices of EVD
victims in the model is a vital public health intervention that must be carried out
properly by trained personnel in a way that is also sensitive to local cultural and re-
ligious beliefs to effectively control the spread of Ebola. The result of mathematical
model analysis has shown that multiple quarantine stages combined with effective
medical treatment for EVD are important for disease containment, improved pa-
tient survival rates, better resource management, and building community trust.
In essence, moving suspected individuals of Ebola virus infection from quarantine
under observation P(t) to quarantine with treatment Q(¢) upon confirmation of in-
fection, the policy prevents an infected person from transmitting the virus to others
in the community. Optimally, infection age with quarantine and effective medical
treatment allow more targeted, effective, and resource-efficient interventions. The
model approach enhances public health control measures in several key ways, in-
cluding precise and case-evidence-based strategy, which improves individual patient
care and strengthens overall public health trust.
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