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1. INTRODUCTION

Because of their applications in biology, the study of Fisher’s differential
equations have received a great deal of attention during the latter two decades; see
[11], [12], [13], [15], [16] and [14], and references therein. It was derived in 1937 and
takes the form

ou 0u

— =u(l- —.

ot u(l—u)+ Ox?
The generalized Fisher’s equation .

Ou _ oy _yfy s O ((ymdn
ot ! (1 u)+8x(u da;>

describes one-dimensional diffusion models for insect and animal dispersal and in-

vasion, where ¢ is time, x is a spatial coordinate, u is a population density, %—1‘
represents the growth of a population and the factor u™ characterizes the diffusion

process.
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In this paper, we consider the following singular boundary value problem of
the weighted and generalized Fisher’s type differential equation

(h uma“) +a(x). % + b(z).u® (1 - uﬁ) + f(z,u,u’) =0, >0,
u(O) =0 = limg 1o u(z),

(1)

where a, 8> 1, m >0, h € C(RT,RT), f € C(R" x (0,+0) x R,R), a and b
are the measurable and positive functions such that for all > 0, h(z) # 0

/0+°°max{h1 a(x)];y(jrl (x)’b(:c)}dx<oo, 2)
p(x):min{h(w)/:osz)’h(x)/;ht)}

fz ds f°° ds_
($) _ mln{ h(s) z  h(s) }
’y oo dS ) o0 dS M

0 h(s) Jo h(s)

and

By using the Krein Rutman Theorem [17] and the homotopy method in the fixed
point index theory [1, 6, 7, 10], existence and uniqueness results for the problem
(1) are given.

In all this paper, we assume that

there exists a continuous function ¢: Rt — RT such that
0 *q(t)dt < oo and for all (t,z,y) € RT\ {0} x RT\ {0} x R (3)
alt)y +b(0). (2% — 2249) 4 [ (Lay) +q (1) 20

for all r, R > 0 with r < R, there exists a continuous function g, g : Rt — RT such that
—+oo
Jo77 grr(t)dt < 0o and

for all (£,2,y) € R\ {0} x [§ (t) (r — "), B] X [~ R — w*, R + w"]
I (to@)0 @) ) < 9nr 0)
(4)
where
w* = ili%{:((i)) } A(x) = %v(w),
with
+o0 .
w(z) = ; G(z,t)q(t)dt, p(x) =zt
and
+oc0 dS t dS
G (ot) = (m—|—;) - fa: hd(;)fo héz) T 2>t
f+oo S “+o00 fw z <t

0 T(s) oh(s)?0 h(s) T
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2. PRELIMINARIES

For sake of completeness let us recall some basic facts needed in this paper.
Let E be a real Banach space equipped with its norm noted ||.||. A nonempty closed
convex subset P of E is said to be a cone if P N (—P) = 0 and (¢tP) C P for all
t > 0. It is well known that a cone P induces a partial order in the Banach space
E. We write for all z;y:e E; o <yify—ax € P.

The mapping L : E — FE is said to be positive in P if L(P) C P, and
compact if it is continuous and L (B) is relatively compact in E for all bounded
subset B of E. The real value

r(L) =sup{|Al: A€ Sp(L)}

denotes the spectral radius of a linear and bounded operator L, where Sp(L) is the
spectrum of L, and we have

. nyx
r(L) = Tim [[L"]™.

The main tool of this work is the following Guo-Krasnoselskii’s version of
fixed point theorems in a Banach space [10] .

Theorem 2.1.£et Q1,9 be open bounded subsets of E such that 0 € Q1 C Q; C
Do, If T: PN (22\Q1) — P is a compact operator such that either:

(1) Tu ? u for ue PN and Tu % u for u € PN, or
(2) Tu £ u forue PNOY and Tu # u for u € PN Oy,

Then T has a fized point in PN (Q2\Q2).
The following Krein Rutman Theorem has been established in [17]:

Theorem 2.2. Let K be a cone in E and L : E — FE be a linear, positive, and
compact operator. Suppose that for some non-zero element u € K*, the following
relation is satisfied:

MLu > wu, for some M > 0.

Then L has a non-zero etgenvector v € K* :
Lv = My,
where the positive eigenvalue \g satisfies the inequality Ao > M1,
In what follows, we let E be a Banach space defined as
E= {u e CH(R*,R) : lim u(z) = lim p(z).u (z) = 0}
Tr—r00 Tr—r00
equipped with the norm
[ull = fJully + pu'llg, we E

where ||ul[, = sup,>q [u (z)| and

p (@) :min{h(z) /:Ohcéz),h(x)/: h‘zi)}
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Lemma 2.3. [7] A non empty subset M of E is relatively compact if the following
conditions hold :

(1) M is bounded in E,
(2) M is locally equicontinuous on [0, +00), and
(3) M is equiconvergent at co

3. RELATED LEMMAS

Let
Et ={ueE:u>0},
P={ueE":u(0)=0}
and
K={ueP:u>7|ul}
and

C={ueK:pl|<u}
be the cones in E.
For r > 0, we consider the operator T, : K\B (0,7) — E defined by

+oo
Tou(z) = G (z,t) D (s,u,u’) dt,
0

where for (¢,z,y) € RT x RT\ {0} x R
Dty2,y) = H (t,p (& — ), (y — w) f (& — w))
with
H(t,z,y) = a(t).y+b(t) a1 - ") + f (t,2,y) +q(t)
and

p(x) =7, forallz >0

and for (t,z) € RT x Rt

(m+1) f+oo fO hcg

oo ds <
I el foh x <t

We remark that 7). can be written as

+oo
Tru(ai):/ W;L+1( /Dsuu ds)d

f0+oo (ﬁ fot D (s,u,u') ds) dt
T (’LL) = —+oo dt ° (5)
Jo

G (z,t) =

where
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Lemma 3.1. Let w: RT — R be the function defined by

“+o0
w(x) = G (z,t) q(t)dt.
0
Then
L)
D= =w" < oo
>0 7 ()
Proof. Let o > 0 such that
/+°° ds /IO ds
Zxo h(s) 0 h(s) .
For all t > 0,
+oo _ds_
w(z) IOOI h;‘s““) G (a,t) q(t)dt i @ < o
~ = 2 f+oo i
¥ (z) o i; [5G (a,t) q(t)dt i @ > g
x h(s
+00 (s x +oo +o00 (s .
. 5o at)dt + [ ( s ) q(t)dt if x < xg
< 2m+1) J. h()fO J. t  R(s)

x t s x s +o00 .
Jo ( 0 %) g(t)dt + [, hl%s) Jo T alt)dt ifz >

men [ 2 g
< 2m+1/ —/ q(t)dt < oo.
0 h(s) Jo
This completes the proof. O (Il

Remark 3.2. The positive function G : Rt x Rt — RT is continuous and for all
(x,t) e RT x R

+o0 p
0G0 <G o) <o (@) = 2 (e).(m+1) [

Lemma 3.3. The function G has the following properties:
1: For all z,7,t € Rt
G(r,t) = (1) .G(x,1),

T ds_ foo _ds_
(T) . mln{ 0 h(s) T  h(s) }
Y = 0 ds ) [0 ds .

0 h(s) Jo h(s)

where

2: For all t, =, y € RT,
|G($(},t) - G(yat)| < co ‘Qﬁ _y|

where cg = (m + 1) sup {ﬁ, t> O} .
3: Forall z, t € RT,
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Proof. 1. For z,7,t € Rt

ds
Jre Jre .
T h(s) T h(s) if 7>t
L. ds 2 e = (1) T >t
Y P
[ s i ds [ S
T h(s)"° h(s) T h(s) if 7>t
e . ds = .. ds 27(7) <t
Grt) _ ) TR h ) I 5 )
G(x,t) f+°° d I ds i d
! s) "% h(s) ° h(s) if <t
froo 45 o 08 fo as_ =710 x>t
T h(s)"® h(s ° hi(s)
i ds i d)s
° h(s) ° h(s) if 7 <t,
i ds = B ds >7(7) xr <t
Consequently, ggg > (7).
2. For x,y,t € RT, assume that z > y. We have
t ds T ds .
) s i35 (%) iz >y >t
m o0 ds t ds s o0 ds .
G(z,t) — G(y, )] = (R ‘f:p h(%s)f h(%) Jo h%s) h(%) fz>t>y
0 h(s) s s .
tw%(f;%) ift>z>y

t ds Y ds 0 ds
f h(s) 2 0 h(s) Jt h(s) then

G0 =600l = [ 50 /0 o el e
< [ <L)

and if foo h‘é; ft ds Y h‘é; o d:) then

Y ods [ ds ® ds ' ds
cwo-cwol = [ [l el e

foats () ats) = Lot (L 565)

(m+1)/yzhcé‘:)

< clr—yl.

In the case x >t >y, if foo h(%s)

then for z,y,t € RT

|G(z,t) = G(y, 1)

IN

A
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3. For all z, t € RT,

p(z)
p(l‘) |%G(I’7t)| _ h(aj)loc hd(i) lfl’ >t,
- p(z) .
G (x,t) e st
< 1
thus
(@) 26 (e,0)| < G (1)
P ox =
completing the proof. O

O

Let 7, R > 0, where r < R. We denote by O, r and ¥, r the functions defined

in Rt as
O n(t) = RS + (R + R™P) b(t) + gr n(t) + a(t),
() = 55 B (5 (r =) 4 b (t) (R = (30—
g (1) + qlt)

where g, g is the function given in (4). We have from (2) that

+oo

0

+oo
O, r(t)dt < oo and / U, p(t)dt < co.
0

Lemma 3.4. Assume that Hypothesis (2), (3) and (4) hold true and let R > r >

w*. Then for allu e KNOIB(0,r)

H (t,u,u') < O,.,.(t), forallt >0
and for allu € K N B (0,R)\B (0,7)

D (t,u,u’) < W, g(t), for allt>0.

Proof. Let u € K\ {0} and r = |ju||. For ¢ > 0, we have u (t) > yr > 0, and from

(4) it follows that for all ¢t > 0, H (t,u,u’) > 0 and

H (tiu,u') < at)u' () +0b(t) (uo‘ + uO‘”LB) + f (t,u,u') + qt)

< Bl 5+ (lal” + ™) e

+grr(t) + q(t)
O, (1).

Now, for v € KN B (0,R)\B (0,7), let u = v — w.

We have from Assertion (3) of Lemma (3.3) that p|w’| < w < w* and then

0<A.(r—w*)<u<R

and
—(R+w*) <pu <R+w".
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Thus, for all ¢ > 0

1 1ol .
D) = (1ot o))
a(t) R+ w*  _ N B rs atB
< TN — m m _ _ ™
S oo mar O —w) F b () (R - (50— wh)) )
+9r,r () + (1)
= \I/ryR(t).
This completes the proof. O 0

Let A, : ET — E be an operator defined as

Apu(x) = /£+O<> W;L(—;l (—77 (u) + /Otg (s,u,u’) ds) dt

where
f0+oo (ﬁ fotg (s,u,u) ds) dt
ﬂ-g (U) = +oo gt (7)
Jo " w
and

g (s,u,u’) = H (t,u,u") — q(t).

Remark 3.5. We have from Lemma (3.4) that g (.,u,u') € L' (RT) for all u €
E+\{0}.

Lemma 3.6. Assume that Hypothesis (2), (3) and (4) hold true and let r > w*
1

and v € K\B(0,7). If v is a fived point of T, then u = (v —w)™M+1 is a positive

solution to the bup (1).

Proof. Let r > w* and assume that v € K\B (0,7) is a fixed point of T,.. We have

+oo
v(z) = G (z,t) D (t,v,v") dt
0

where for ¢ > 0

/ /
Dt oo = H(t (0 -y =)
() = 7 (10 - w28

(v—w)mfl).
b

Let u= (v —w)Mm+ 1. We have for z > 0

+o0
u" () = v(z) - w() = G (z,t) (H (t,u,u’) —q(t))dt

where
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f0+°° (% fotg (s,u,u’) ds) dt

f+00 dt

g (u) =

0]
and
g(t,u,u') = a(t) ' +bt)u(1 —uP) + f (tu,u).
We have from Lemma (3.4) that
g(,u,u') € L' (RY) .
Then

g (u) < 00

/0+oo n:L:;)l (/Otg(s,u,u’)ds—wg (u))‘ < 0.

Furthermore, the relation

and so

u™t = A (8)

is equivalent to

2 (M 2 (@) = & (2 ZAu(@) = —g (@0, 2 >0,
lim, s oo u(x)™ ! = hrn%_H_Oo Ayu(x) = 0. and
u™t(0) = +oo ’;Z("t’)l (fo s,u,u')ds — g (u))
+°°71L(ng(f0 s, u, u’ ds—wg()>:0.
This completes the proof. O O

Lemma 3.7. Assume that Hypothesis (2) and (4) hold true. Let r > w*. Then for
all and w € K\B(0,r), T,u > 0 and for all x > 0

p (@) [(Tw) (2)] < Tou(x),
and
p (@) [(Trw) (z) = w'(2)] < | Tou + w*,

p(2) mm{h(z)/:olj’;,h(x)/oz hﬁ’)}

Proof. Let v € K\B (0,7) and let v be a function defined as
o0 o .
v:Tru:/ G(x7t)H<t,(U_w)ml+1,(uw)(u_w)wrl)dt.

m+1

where

we have from (4) that D (¢t,u,u’) > 0 for all ¢ > 0. For x > 0,

/ D (t,u,u’) dt' < / ‘aG (w,t)‘D(t,u,u') dt
0 oxr
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with
p(x)
p(x)|ZG (x,t)] @) | 5 if x>t
G (z,t - p@) _ ife<t
( ) h(m) hﬁ) I )
< 1

Hence, for all z > 0,

p(@) |V (2)] < p(m)/ooo’;xG(m,t)’D(t,u,u’)
< /0 G (2,4) D (t,u,0') = v(x),
and
p(x) [ (z) —w'(z)] < p(2) [ (2)] +plz) W' (z)|
< ol + w(z)
< ol + w".
O O

Lemma 3.8. Let r > w* and assume that Hypothesis (2) and (4) hold true.
Then the operator T, : K\B (0,7) — C is compact.

Proof. For R > r, let M, g =T, (Qr), with Q. g = KN B(0,R)\B(0,7).
1. In fact we show that the set M, g is a subset of. E.
We have f € C'(RT x RT\ {0} x RT) and we see from continuity of the functions

% and G and so for

geut) == (x+ "D anas)

that M, r C C' (R, R). Moreover, we have from from Hypothesis (3) that D(.,u,u’) >
0, and from Assertion (3) of Lemma (3.3) that p |w’| < w, and from Lemma (3.4)
follows that for all u € Q, p

D(,u,u') < ¥, g e L' (RY)

where ¥, g is the integrable function given in (6).

For z € RT
“+o0
T.(u)(z) = G(z,t)D(t,u,u’)dt
+oo
< G(z,x) D(t,u,u")dt
0
m+1/°c ds /x ds [T ,
= = D(t,u,u)dt
i ) ey w Sy PO
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and from Lemma (3.7) we have

p(x) %Tr(u) ()| < Tr(u) (z), for all z >0
then 5
nglgop(sc) a—xTT(u) ()| = JJli_>171(>1cT,,(u) (z) = 0.

2. We show that M, g is relatively compact.
In first, we show that the set M, g is bounded. Let u € €2, g and let ¥, p be the
integrable function given in (6). We have from Assertion (3) of Lemma (3.3) that
plw'| < w then
(u—w,pu’ —w)) € [¥(z)(r—w"),r x [~ (R+w"), R+ w].

By using Lemma (3.4) we have that for all z > 0

“+o0
T.(u) (x) < G(z,x) i D(t,u,u’)dt
+oo s +oo
< (m + 1)[) hcés) /(; \IIT7R(t)dt = NT,R

and from Lemma (3.7) we deduce that
1T ()]l < 21T (w)llg < 2Nr.R

proving the boundeness of M, .
Let I = [n,¢] be a compact interval in R* and let t1,t5 € [,¢] C RT, such that
t1 < to. For all u € €) we have

“+oo
|Tru (t2) — Tru (t1)| < /0 |G(t2,8) — G(t1,5)| U, r(s)ds

and by Assertion 2 of Lemma (3.3)

—+oo
|TT’LL (tg) — TT’LL (t1)| § <Co/ \I/rﬁR(S)dS> ‘tg — t1| s
0

where
co = (m+1)sup{h(1t), tzO}.
Moreover
0 0 oo 0 0
p(t2)%TrU (t2) —p(h)afxTru (t1)] < /o ’p(t2)(%G(t2’ s) —p(tl)%G(tl, 5)| U, r(s)ds
+o0 o
< ol o)l [ [5G0 (el
o z
+p(t )/+°° 2G(t s) — ﬁG(t $)| U, gr(s)ds
Pll2 0 833 2 ax 1 R .
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As
‘h(@) h(t1 N hcf:) t2>11 28
O Gltas) - LG, s)| = ML fs ds .y LR dr oy < g <y
gz 2 T N S e ity Jo it ) h(“loo L
h(tz) —mlls e t1 <tz <s
‘ 11 to > 11 > s or
< (m+1) h(?) h(fl) t1 <t2 <s
ey T D 1 <s<ty
and
9 Gltys)| = { ’1&1’ &Oﬁ? hes
Oz Jo s | m Je wm Brss
< (m+1)sup (1>
x>0 h(ilf)
then
o) d 1 1 f2
(02 T (02) = plt) Ty (1) < 1 pte) = plt) e s = s s [ s
where
1 +oo +o00
aa=(m+1) iglg <h($)> /0 U, g(s)ds, ca =2(m+1) Zl[lp (p(x))/ U, g(s)ds
2 z€[n,C] 0
and

¢ =2(m+1) sup (p())sup (h(lx)) |

z€[n,(] x>0

Because that p,+ and ¢ — fot U, r(s)ds are uniformly continuous on com-

pact intervals, the above estimates prove that M, r is equicontinuous on compact
intervals.
Finally, let u € ©, g. By using Lemma (3.7) we have for > 0

+o00
) T 0) (0)] < T0) ()] < Glo) [ W n(o).

With the fact that
lim G(z,x) =0

r—+00
the equiconvergence of M, g holds. By Lemma (2.3), we deduce that M, g is rela-
tively compact.
3. We show that T;. is continuous in €2, g.

Let (u,),, be a sequence in €2, g such that

lim u, =u € Q, g.
n—oo

For all ¢t > 0, we have
u®) —w@)=>5).(r—w*) >0
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and

T (un) (8) = Tr(w) (2)]

IN

“+oo
| s 1Dt~ Do) ds
0

IA

400
c/ |D (s, up,ul) — D(s,u,u)| ds
0

where

T ds
c:(m—i-l)/o WS)

and by using Assertion (3) of Lemma (3.3) we obtain

0 0

+oo o
e 9 < o A /
p(t) 8tTT(un> (t) (’9tTT(u) (t)‘ < p(t)/o atG (t,8)||D(8ytn,u,) — D(s,u,u’)| ds
+oo
< G (t,8) |D(s,un,ul) — D(s,u,u’)| ds
0
“+o0
< c/ |D(s,up,ul,) — D(s,u,u’)|ds
0
leading to

“+oo
1T () — T ()] < 2 / D5, tn, 1) — D(s,u, )| ds.
0

Let t > 0. Because of f € C'(RT x RT\ {0} x R),p € C* (R*\ {0}) and
A(B)r > F(Hw* = w(t) >0,
we have that the function (z,y) — D(t,,y) defined by
D(t,x,y) = a(t)(y —w'(t))p'(z — w(t) +b(t) (p*(x — w(t)) — p* ¥ (x — w(?)))
+f(t plz —w(t)), (y — w'(t) p'(x — w(?t)))
is continuous in [yr, +00) X R, and then
Jim. |D(t, wn (t),ul,(t)) — D(t,u(t),u'(t))] =0 a.e. in RT.
Moreover, we have

[D(t, un(t), uy, (1) = D¢, u(t), o' (t))] < 2%, r()

i n

where U,z € L' (RT) is the function given in (6). Then the Lebesgue dominated
convergence theorem guarantees that

lim ||T5(uy) — Tr(w)|| =0

n— o0

which shows the continuity of 7.
4. Finally, we prove that T, (K\B (0,7)) C C.
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Set v =T,u, u € K\B(0,r), and let 7 € RT. Assertion 1 of Lemma (3.3) gives
+oo
o(r) = / G(7,8)H (s,u,u)ds
0

+oo
> / v(7).G(z,8)H(s,u(s))ds
0
= y(M)v(z)
this is for all z € R", then
o(r) =y (1) [lvlly
and with Lemma (3.7) holds
v(r) =y (1) Ipv'll
leading to
o(r) =5 (7) [[o]|
then T, (K\B (0,7)) C K, and with Lemma (3.7) it follows that
T, (K\B(0,r)) Cc C
completing the proof. O O

Lemma 3.9. For ¢ € L' (RT,R"), let L, : E — E be a linear operator defined as

+oo
Lou(t) = ; G(t, s)p(s)u(s)ds. 9)
Then Ly is compact and L, (ET\ {0}) C C\ {0}. Moreover
r(Ly,) > 0.

Proof. First, it’s clear that L, is compact and L, (E) C E, and from Assertion (1)
of Lemma (3.3), we have that for all u € E*\ {0},

Lou 2 7 |[Loull,
and from Assertion (3) of Lemma (3.3) that
Lou =7 |[Lou|

then L, (ET\ {0}) € K\ {0}, and Lemma (3.7) leads L, (E*\ {0}) C C\ {0}.
Now we show that 7(L,) > 0. Let u = 4. Since L, (E™) C K, we have
Lou > u.||Lyul| >0
then from Lemma (2.2) we deduce that L, has a positive eigenvalue A > M~! =
|LoAl. Thus
FLy) = A > Ly ()] > 0.
O

O
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Let n: Rt x RT x R — R¥ be a function defined as
n(t,z,y) = a(t)y + b(t)z* (1 —27).
In what follows, we consider the following Hypothesis ;

there exist Ry > w*, 0 < f; < 0 and 01,02 € L' (R*) such that
s { fy? Glt,5) (04 (3) (3 () = 02 (5) = b(s) ) ds } > 1

10
and for all (t,z,y) € [01,02] X [Ro,00) x R (10)
F(tp (@), 5850 (@) + hit) > o ()2 — oo (1) [y
where
N = max {1, M} .
m+1
Lemma 3.10. Assume that Hypothesis (10) holds true and let r > w*.
Then there exists R > max {r, Ry} such that for alluw € C\B (0, R),
[Trullg > flullg -
Proof. In the contrary, we suppose that for all n > [max (m + w*, 7‘)} +
4 1.2
1, there exists u, € C\B (0,n), t, > 0 such that
un (tn) = lunllo 2 [[Trunlly (11)
+oo
> Teuy, (t) = G(t,s)D(s,up,ul,)ds (12)
0
02
> G(t,s)D(s,upn,ul,)ds, YVt > 0. (13)
01

As u, —w > mingepg, 6,17 () (0 —w*) > Ry for all t € [0, 0], then we have from
Hypothesis (10) that for s € [0, 05]

D(s,1un,11}) > (5, p (un — w), (u)y—w')p/ (un—w)) 401 (5) (un — w)¥ =02 () (p(s) [uf, — w'])™
with
(s, p (un —w), (uy, —w')p'(un —w)) = D(s,un,up,) — f(s,p(un —w), (u, —w)p (un —w)) — h(s)

From Assertion (3) of Lemma (3.3) we have p|w’| < w, then
—(w+up) < p(s)(u), —w') <up, +w

and so

IS
—~

s)
(s

05 p (1t —w) , (=)o (=) = = 2wt ) (=) +b(s)p” (1 — w) (1 = p* (up — w)).

i~
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By dividing in (11) by [|u,||™ we obtain for ¢ > 0
U (tn) _ Un (tn)

Uy, (tn) >
lunll = JJun ||V
02 B AV o o N N
> / G(t’s)n(s,p(un w), (u, —w')p'(un w))+§1 (8) (un —w)™ — 02 (s) (un +w) ™
61 [l ]|
62 _als) w4 un)p (U, — w
> G(t, s) 2(e) ( )N ( )ds
61 [|lwn |
02 b & (1, — 1= 58 " —
Y e (s)p™ (un — w) ( — (un —w)) .
0, [
0, w \N w \N
+ G(t, n — — n+ — ds.
00016 (=) —ex @ (v i)

As 1> v, >4, we have

0 w N w N ) w N
G(t,s)o1 (s (w—) — 0y (s (vn+) ds > Gt s)or (s (&—) ds
L G971 () (v =) =2 () (ot , 97T
(723 w N
- G(t,s)os (s <1—|— > ds
[, e (15
and then

lim " G(t,s)oq (s) (vn v )N—02 (s) (vn + ”uu;”) 3 ds > " G(t,s) (01 (s) )N = oy (s)) ds.

Since N = max {1, %ﬁ} , then

plun —w) o (up — )T ()W

im ———— im —%5%—
no lug||N e g | o g |V

)

(Wt un)p(n —w) _ () (i) ™

im p* (un_w> o (un_w)%“ _
noo |, | |
and
P —w)  (uy —w) 0 ifaE<l
N - N - ot ;
nroe |l 1t (va) ™71 if S8 >1
< 1

Then we have

1> lim v, () > / " ets) (02 (5 ()" = 02 (5) = b(s)) s

n—oo 01
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this is for all ¢ > 0, and with (10) we obtain the following contradiction

1= sup {/; G(t, s) (01 (s) ()N — oz (5) — b(s)) ds} > 1.

Then there exists R > Ry such that for all w € 9B (0, R) N C,
[ Trullo > llully-

This completes the proof. O ([

4. MAIN RESULTS

4.1. Existence results.

Theorem 4.1. Assume that Hypothesis (2), (3), (4) and (10) hold true.
If there exist r > w*, A1, Ao > 0 and ¢1, ¢ € L' (RY) such that for all t > 0 and
all (Z‘,y) € [:Y (t) (7" - w*),r] X [_T - ’U)*,T + ’U)*]

Fltsp (@), 50 (@) +alt) < M1 (2 -+ Xad (O = lts (@), 50 (@), (14)
and there exists i € {1,2} such that

1
O< N < ——
7(Ly)

Ap1 + 220
s

where

P =

then bup (1) admits at least one positive solution.

Proof. Fisrt, we show that for all u € 9B (0,7)NC
Tru # u.
Suppose in the contrary that there exist u € 9B (0,7) N C and ¢t > 0 such that
Tou>u
then for ¢ > 0
u(t) < Tou(t) = /+OO G(t,s)D(s,u,u’)ds.
We have pw’ > —w and ’
(u—w,p (o — ) € [7(t) (r —w"), ] x [=r — w7 + ]
and from the condition (14) follows that for all s > 0,
F(sp(u—w), @ —w) o (u—w)) +qt) < Mg (5) (u—w) + Dot (5) p(s) (' — w)
—n(s,p(u—w), (U —w)p (u—w))
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leading to
D (s,u,u’) < A (s) (u— w) + Ao (s) p(s) (v — '),
then
—+o0
ut) < G(t,5) [Mo1 (s) (u —w) + Aaga (s) p(s) (v —w')] ds
0
+oo
< G(t,5) [(Ao1 (s) + A2z (s)) u = (M1 (s) — A2 (s)) w] ds
0
+oo
< G(t,s) (A1 (8) + 2202 (5)) u (s) ds.
0
Let ¢ € {1,2} such that 0 < \; < T(%w)’ with
_ A1o1 + 2X0¢0
Y= N
We have for t > 0
u(t) < A\ o G(t,s)¥ (s)u(s)ds = Lyu

0

leading from Lemma (2.2) for M = ), to the following contradiction
A< o <r(Ly) < AL

Then for all w € 9B (0,7) N C
Tru # u.

Moreover, as Hypothesis (10) is verified, then Lemma (3.10) guarantees that there
exists R > r such that for all w € 0B (0, R) N C

ITrully > llully

which means that

Tru % u.
Thus, it follows from Theorem (2.1) that T, admits a fixed point v € C such that
1
r < |lv|| < R. Hence by Lemma (3.6) , u = (v —w)™ + 1 is a positive solution to
the bvp (1). O O

Let A be the following positive value

Z|
|

1
A:

25up, f ™ Gla,s) | (61 (s) +2V65 (5)) + 220 0 4 p(s) | ds
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Theorem 4.2. Assume that Hypothesis (2), (3), (4) and (10) hold true.
If there exist ro > w* + 1 and 61,02 € L* (RT,RT)\ {0} such that

m

+oo

a(s)y~ m+ 1
su G(z,s 81 (s) + 20685 (s)) + 2 +b(s) |ds < ————
(15)
and for allt > 0, and all (z,y) € [ (t),ro] X [-10 — w*, 70 + w*]
Pt (), s (@) +alt) < 61 () 2™ 8 () |yl ™ (16)
where
o'
NO = maX{l, 777/-’—]_} .
then bup (1) admits at least one positive solution.
Proof. Let r € [1 +w*, 1] be a real number such that
r <A, (17)
where
MooT
A= !

25Up, > f0+00 G(z,s) [ (01 (s) +2Nody (s)) + 2% 1 b(s)| ds

We show that for all w € 9B (0,7) N C
Tru # u.
In the contrary, we assume that there exists v € 9B (0,7) N C such that T,u > u

and let t > 0. We have

w(t) < Tru(t) = o G(t, s)D(s,u,u’)ds. (18)
0

We have

1

(u=w,p (u' —w)) € [§ (t) (r—w"), r]x[=r—w”, r+w"] C [ (£) , ro] x[~ro—w", ro+w"]

and from the condition (16) follows that for all s > 0,

01 (s) (u—w)™ 462 (s) (p(s) [u/
61 (5) (= )™ + 85 (5) (u + w)
(61 (s) +2MN055 (s)) ulo.

fs,p(u—w), (u' —w')p' (u—w))+q(t)

[VANVAN VAN

— /)™
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and

(s, p(w—w), (W —w)p (u—w) = a(s)(u —w)p (u—w)+bs)p™ (u—1w) (1 - p° (u—w))
< ZEZ;<u+w>p'<u—w>+b<s>p“<u—w (1= (w—w)
< a(si;zs)m+1 (2u) p’ (r — w*) + b(s)p™ (1)

(s, p(u—w), (W —w')p (u—-w)) <

leading to

D (s,0,u) < (61 () + 2% (s)) o 4 2T

—~
»
~

p

and by dividing (18) by r™° we obtain

m

o0 e o
S [ 60 019+ 208 9) + 28T ()1 () ()7 s
reo 0 p(s)
and with the fact that Ny = max {17 mLH} we have

this is for all ¢ > 0, then

rNo x>0

1
2AN071 :

+o00o
,l:'NO < sup ( ; G(z, s) [(61 (s) +2N068, (s)) + 2

o sup(om%,w [(51(8)+QN052<S>>+2WW+b<s>

m

a(s)y~ w1
p(s)

+ b(s)

d8>

Since ||ull, > |lpu']|, , we have

giving

r 1
2rNo — 2ANo—1

r>A

which contradicts (17). Then for all uw € 9B (0,r) N C

Moreover, Lemma (3.10)
u€edB(0,R)NC

which means that

Tru # u.

guarantees that there exists R > r such that for all
ITrullg > flullg

Tru % u,
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and Theorem (2.1) guarantees that 7, admits a fixed point v € C such that r <
1

|lv]| < R. Hence by Lemma (3.6) , u = (v —w)™ + 1 is a positive solution to the
bvp (1). O O

4.2. Uniqueness results. For 0 <0 < ¢, ¢ € L* (RT) and r > 0, let

’ —1
Mo (6,0) = (f‘iﬁ /6 G(t, s)v (s))
1

and >, =< (u—w)m+1 uwe K\B(0,r)

Theorem 4.3. Assume that Hypothesis (2), (3) and (4) hold true.
If there exist r,0,0' >0, ¢ >0, and ¢ € L' (RT) such that

c< 1
r(Lg)’
for all (z,p(t)y) € ¥ (t) r,+00) x [—r,7]
D (t,z,y) > Ay (0,0") ¢ (¢) z, forte[6,0] (19)
and for all x1,z2 € [ (t) 7, +00)%, y1,y2 € R and all t > 0
|D (t,x1,y1) — D (t,22,92)| < c¢ (t) |z1 — 22| . (20)

Then bup (1) has a unique positive solution in Y, .

Proof. The case ¢ = 0 is obvious, so we suppose that ¢ > 0 :

Existence. Let v € KN 9B (0,r) and consider the sequence (u,),, defined
by

Up+1 = Trun
{ Ug = .

We show that (u,),, C C\B (0,7).
Let u € P\B (0,r). We have from Lemma (3.8) that 7, (C\B (0,r)) C C\ {0}. For
t >0, we have u > 4 (t) r, p(t) |u'| < r and from the condition (19)

Tru > )\(9)/9 G(t,s)Y (s)u(s)ds

v

A (0) /9 Glt, s) (5) 7 (5) ds

this is for all ¢ > 0, then

| Toul] > 72 (6) sup ( /0 Gt 5)0 (5)7 (s) ds> —

>0

Then T, (C\B (0,7)) C C\B (0,7), which means that (u,),, C C\B (0,7).
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Now, by (20) we have for all n > 1
“+oo
[tni1 —un| = |[Touy — Trug 1| < G(t,s) |D (s,un,ul,) — D (8, tn-1,u),_)| ds
0
< cLg|up — up—1].
Then, for all n > 0
\un_,_l — un\ S Can |U1 — U0|

and from Lemma (3.3) we have

+o00
plul — u’n| = p ’(Trun)/ — (Trun,l)/’ < p(t)/ %G(t,s) ’D (s, un,ul,) — D (s7un,1,u;71)’d8
0
+oo
< G(t, s) |D(5,un,u;)—D(s,un,l,u;%lﬂds
0

< cLy Jup — tp—1].

leads
Py — up| < LY |ug — gl

then

[tnt1 — unl| < 27 HLg |ug — u0|||0.
Therefore, for m >n > 1,

um —unll < flum = w1l 4+ [um—1 = wm—2ll + .. + [[unt1 — unl|

< 2cm7t HLZJ*1 |up — uo|HO +2¢m2 HL;’J*Q |uy — uol ’0 26" || LY Jur — wol||,
= 2 (Smfl - Snfl) ;
where
n=+4oo
S, = Z "’ HngHO, with w = |u; — ug) .
n=0

Since ¢ < (r(L¢))71 , we have that

M n T n < M n n — X
nh_)nolo tle L‘wao < cnh_{gO 1/ ‘Ld) cr(Ly) <1,

then (S,), converges and

lim ||ty — up] <2 lim (Sp—1 — Sp—1) =0.
n— 00 n—oo
Therefore, the sequence (uy,),, is also a cauchy sequence and the completeness of F
leads to limy, o0 Uy, = u € C, with
lu]| > > 0.

At the end, passing to the limit in w,+1 = T,u,, and by continuity of 7, in
C\B (0,r), we obtain u = T,u, and v € C\B(0,r) is a fixed point of T, and
1

so, v = (u—w)M+1 is a positive solution to the bvp (1) in 3.
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Uniqueness. If u;, ug € K\B(0,r) are two solutions of (1) with u; # us, then
u1, ug are fixed points of T;. where

r=min {|ju1]], |||} .

For all t € R,
u; (t) >4 (t).r, for i € {1,2}
and so
+oo
lug —us| = |Trup — Trus| < G(t,s)|D (s,u1,u}) — D (s,ug,ub)| dg(21)
0
+oo
< ¢ G(t,8)d (8)|ur — usgl| ds.
0

Let Ly be the operator defined in Lemma (3.9) by

+oo

Lyu (t) = G(t,s)¢ (s)u(s)ds
0

and let w = Ly |us — ug|. The inequality (21) leads
w < cLgw.
As |ug —us| € ET\ {0}, then by Lemma (3.9) we have w € K\ {0}. Then by
Theorem (2.2) we deduce that Ly admits a positive eigenvalue Ao such that
Ao > ¢!
leading to the following contradiction
7 (Ly) > Xo >c ' >r(Ly).
The proof is complete. O O

In what follows, we assume that

a+B<m+1, aeCRYRY), at) < min (f; 45, 7 45)
e(t) = max (b(t), ey |a’(t)\) €Ll (R*,R*) and
there exists a function F' sucth that for all (t,z,y) € RT x RT\ {0} x R
F(t,2,9) = F(t,2) and
c(t)x +b(t)z™ (1 —2P) + F(t,z) +q(t) > 0

(22)
where

—a(t) /
c(t) = ; =y Y0
(e min (fg 75, 17 )

and

+oo
L,lyfl (RT,R) = {u : Rt — R such that / lu(s)| v (s)ds < oo}
0
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and consider the Banach space Fy = {u € C(RT), lim;_ o u(t) = 0} equipped
with its sup-norm || ||, and the cone

Ko ={u € Ey, u(0) =0 and u > v |lul,}.

Let T, : Ky — E, be an operator defined by

~ +oo Foo
Tru(t) = /0 J(t,s)p(u—w)ds + ; G(t,s)Do(s,u)ds

where for ¢t,s € RT, z > 0,

and
Do(s,2) = b(s)p” (& —w) (1= p° (& = w)) + Fls. p(a - w)) + q(s).

Lemma 4.4. Assume that the condition (22) holds true.
The function J : RT x RT is continuous and verifies for all x,t € RT,

| (2, 8)] < p(t)G(x, 1),

and

where

u(t) = ﬁ 1)

Moreover, for all u € C* (R*) N Ko, T,u = T,u.

Proof. Beacause that a, d/, % € L' (RY*), J is continuous. Moreover, for z,t €

R*\ {0}
+00 ds t ds .
J(a’,‘ t) m+1 h%s) () a f h%s):| lfIZt
) +OO ds +oo .
a7 ] e st
leading to
t ds .
m+1 SRS+l )] fy ] e
|J(l‘,t)| = +oo ds () , oo gs )
We have from the condition (22) that a(t) < min ( g hdz) t+<><> ds ) then
+oo S t s .
()| < —mtl iy Jo wy |mi HlA O] x>t
) —_ JrOO ds +OO ds 1 .
0 h(s) Jo h(@) ne |rm Tl @] e <t
1 /

()
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and
a(t) .
J(z,t) " W) et
G(z,t) o0 )] e

h(t) [ R(s)
) alt) o
. t ds +oo ds ’

h(t) min (fo R(s)? Jt h(s))

Now, let u € C* (RT) N K. By integrating by parts we obtain

+o0 , o0 o
Glt.9)a(s) (p(u—w)) ds = (G0l (u—wly = [ 5 (G(t.s)a(s) pu—w)ds
0 0
+o00
= / J(t,8)p (u—w)ds,
0
then
~ Foo oo
Tru(t) = /0 J(t,8)p(u—w)ds + ; G(t,8)Do(s,u)ds
+oo +oo
= ; G(t,s)a(s) (p(u—w)) ds + | G(t,8)Do(s,u)ds
= o G(t,s)D(s,u,u’)ds
0
hence T,u = T, u. ] O

Theorem 4.5. Assume that Hypothesis (4), (10) and (22) hold true.
If there exist r > w* +1, A > 0 and 0 € L'lrl (RT,R*)\ {0} such that for all

(t, ) € RF\{0} x [y () r, 7]

|F(t, p(x) = F(t,p(y)] < Ao(t) |z —yl, (23)
and
A< o (24)
r(Ls)
where

then bup (1) admits a unique positive solution in Yy, .

Proof. The case ¢ = 0 is obvious, so we suppose that ¢ > 0 :

Existence. From Hypothesis (10) and Lemma (3.10) we have that there
exists R > r such that for all u € C, if ||u|]| > R then

[ Trullo > llully-
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Let v € C such that |[v||, > R and consider the sequence (uy,),, defined by

Up+1 = Trun
Ug = .

For all n > 1, u,, € C*' (R") , then u,1; = Tou, = Tou, € C and since [lv]] >
llv]l, = R, we have

ltnsally = [ Trwnlly > unlly > B> 7, ¥n > 1

then (un), C Ko\B (0,7).

Now, by (23) we have for all n > 1

[Unt1 —un| = |Trun — TT“n—1’ < G(t,s)u(s) [p (un —w) — p (un—1 — wiPB3
0
+oo
+/ G(t,s)|Do (s,un) — Do (8, un—1)| ds. (26)
0
Let v, = u, — w, n > 1. We have
1 —m
_ B < - _ A )T o
o) = p(n) S — (7= 50" 7 fu =

IN
2
L
/N
=
|
N |
g
*

IN
2
A
=
3
|
S
3
I
i

IN A
2
AR
=
3
|
S
S
=

A

Ip” (vn) = p* (va—1)| <

)
O I ;w*><,;+1_1> H—
)

a+ 3 <T—1w*

< g = vp|
leading to

+oo
G(t,s) (u(s) + 2b(s) + Ao (s)) |vn — vp—1]ds  (27)

IN

|Un+1 - Un|
0

ALs (Jup — vp—1|)

Then, for all n > 0

Upt1 — Up| < A" L |ug — o] .
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Therefore, for m >n > 1,

|um _un‘ < ‘um_um—l|+|um—1 _um—2|+-~-+ ‘un-i-l _un‘
< NTIL™ T luy — w4+ NPT g — ug| + .+ ALY |ug — ug

then
et — wnlly < AU ZE Nl AR L2l 4 4 A L]l
= Sm—l - Sn—17
where
n=-+o0o
Sp = Z c"||Lswly, with w = |u; — ug] .
n=0

Since A < (r(Ls))~", we have that

i nfen || < 3 n LAl —
lim /¢ HLéw”ofcnlLHOloW/HLé” cr(Ls) <1,

n—oo

then (S,),, converges and

lm [ty — un|lg = lim Sy — Sp—1 =0.
n—oo n—oo

Therefore, the sequence (u,,),, is also a cauchy sequence and the completeness of £
leads to lim,,_soo u,, = u € C, with

July > > 0.

At the end, passing to the limit in wu,41 = T, u,, and by continuity of 7, in
C\B (0,r), we obtain

u= TTu =T

1

and u is a fixed point of 7, in C'\B (0,r), which means that v = (u —w)m +1 is
a positive solution of bvp (1) in ), .
Uniqueness. If uy, ug € Ko\B (0,r) are two solutions of (1) with u; # ug, then
u1, ug are fixed points of 7.
Then uy, us € C* (R*) and by Lemma (4.4) we have that u;, uy are fixed points

of T,.
For all t € R,
u; (£) >~ (¢) .r, for i € {1,2}

and so

sl = [T To| < [ Gl s)uls) o () — p (2 — w)] )

0
+oo
+ G(t, s) | Do (s,u1) — Do (s, us2)| ds. (29)

0
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Let v; = u; —w, i € {1,2}. We have

o) = ploa)] < —— (r = 30) T [y — 0o
)
< A7 v — g
o7 (o) =% ()] < =S (= 5u) Y oy — g
< 7o — v
o 1) = o ()] 5 SR (e 5 R oy
S el

leading to

+oo
ol < [ G 6) () + 26(5) 4 Aas)) o — exl s (30)
0
= )\L(s (|U1 - ’U2|)
where L is the operator defined in Lemma (3.9) by

“+oo
Lsu (t) = /o G(t,s)d (s)u(s)ds

where o
(9= (o) (M52 o)
and let w = L |u; — ug|. The inequality (30) leads

w < ALsw.
As |ug —uz| € ET\ {0}, then by Lemma (3.9) we have w € Ko\ {0}. Then by
Theorem (2.2) we deduce that Ls admits a positive eigenvalue Ag such that
Ao > A7t
leading to the following contradiction
r(L) > X > A1 > ().
This completes the proof. 0 ([
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