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1. Introduction

Because of their applications in biology, the study of Fisher’s differential
equations have received a great deal of attention during the latter two decades; see
[11], [12], [13], [15], [16] and [14], and references therein. It was derived in 1937 and
takes the form

∂u

∂t
= u (1− u) +

∂2u

∂x2
.

The generalized Fisher’s equation .

∂u

∂t
= uα

(
1− uβ

)
+

∂

∂x

(
um

du

dx

)
describes one-dimensional diffusion models for insect and animal dispersal and in-
vasion, where t is time, x is a spatial coordinate, u is a population density, ∂u

∂t
represents the growth of a population and the factor um characterizes the diffusion
process.
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In this paper, we consider the following singular boundary value problem of
the weighted and generalized Fisher’s type differential equation{

∂
∂x

(
h.um∂u

∂x

)
+ a (x) .∂u∂x + b(x).uα

(
1− uβ

)
+ f(x, u, u′) = 0, x > 0,

u(0) = 0 = limx→+∞ u(x),
(1)

where α, β ≥ 1, m ≥ 0, h ∈ C (R+,R+), f ∈ C (R+ × (0,+∞)× R,R) , a and b
are the measurable and positive functions such that for all x ≥ 0, h(x) 6= 0∫ +∞

0

max

{
1

h (x)
,
a (x) γ

−m
m+1 (x)

p(x)
, b (x)

}
dx <∞, (2)

p (x) = min

{
h(x)

∫ ∞
x

ds

h(s)
, h(x)

∫ x

0

ds

h(s)

}
and

γ(x) = min

{ ∫ x
0

ds
h(s)∫∞

0
ds
h(s)

,

∫∞
x

ds
h(s)∫∞

0
ds
h(s)

}
.

By using the Krein Rutman Theorem [17] and the homotopy method in the fixed
point index theory [1, 6, 7, 10], existence and uniqueness results for the problem
(1) are given.

In all this paper, we assume that
there exists a continuous function q : R+ → R+ such that∫ +∞
0

q(t)dt <∞ and for all (t, x, y) ∈ R+\ {0} × R+\ {0} × R
a(t).y + b(t).

(
xα − xα+β

)
+ f (t, x, y) + q (t) ≥ 0

(3)


for all r,R > 0 with r ≤ R, there exists a continuous function gr,R : R+ → R+ such that∫ +∞

0
gr,R(t)dt <∞ and

for all (t, x, y) ∈ R+\ {0} × [γ̃ (t) (r − w∗) , R]× [−R− w∗, R+ w∗]

f
(
t, ρ (x) , ρ′ (x) y

p(t)

)
≤ gr,R (t)

(4)
where

w∗ = sup
x≥0

{
w(x)

γ̃(x)

}
, γ̃(x) =

1

2
γ(x),

with

w(x) =

∫ +∞

0

G(x, t)q(t)dt, ρ (x) = x
1

m+1

and

G (x, t) =
(m+ 1)∫ +∞
0

ds

h (s)

.


∫ +∞
x

ds

h (s)

∫ t
0

ds

h (s)
x ≥ t∫ +∞

t

ds

h (s)

∫ x
0

ds

h (s)
x ≤ t.

.
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2. Preliminaries

For sake of completeness let us recall some basic facts needed in this paper.
Let E be a real Banach space equipped with its norm noted ‖.‖. A nonempty closed
convex subset P of E is said to be a cone if P ∩ (−P ) = 0 and (tP ) ⊂ P for all
t ≥ 0. It is well known that a cone P induces a partial order in the Banach space
E. We write for all x; y:∈ E; x ≤ y if y − x ∈ P.

The mapping L : E → E is said to be positive in P if L(P ) ⊂ P , and
compact if it is continuous and L (B) is relatively compact in E for all bounded
subset B of E. The real value

r (L) = sup {|λ| : λ ∈ Sp(L)}
denotes the spectral radius of a linear and bounded operator L, where Sp(L) is the
spectrum of L, and we have

r (L) = lim
n→∞

‖Ln‖
1
n .

The main tool of this work is the following Guo-Krasnoselskii’s version of
fixed point theorems in a Banach space [10] .

Theorem 2.1. Let Ω1,Ω2 be open bounded subsets of E such that 0 ∈ Ω1 ⊂ Ω1 ⊂
Ω2. If T : P ∩ (Ω2\Ω1)→ P is a compact operator such that either:

(1) Tu � u for u ∈ P ∩ ∂Ω1 and Tu � u for u ∈ P ∩ ∂Ω2, or
(2) Tu � u for u ∈ P ∩ ∂Ω1 and Tu � u for u ∈ P ∩ ∂Ω2,

Then T has a fixed point in P ∩ (Ω2\Ω2).

The following Krein Rutman Theorem has been established in [17]:

Theorem 2.2. Let K be a cone in E and L : E → E be a linear, positive, and
compact operator. Suppose that for some non-zero element u ∈ K∗, the following
relation is satisfied:

MLu ≥ u, for some M > 0.

Then L has a non-zero eigenvector v ∈ K∗ :

Lv = λ0v,

where the positive eigenvalue λ0 satisfies the inequality λ0 ≥M−1.

In what follows, we let E be a Banach space defined as

E =
{
u ∈ C1(R+,R) : lim

x→∞
u(x) = lim

x→∞
p (x) .u′ (x) = 0

}
equipped with the norm

‖u‖ = ‖u‖0 + ‖p.u′‖0 , u ∈ E
where ‖u‖0 = supx≥0 |u (x)| and

p (x) = min

{
h(x)

∫ ∞
x

ds

h(s)
, h(x)

∫ x

0

ds

h(s)

}
.
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Lemma 2.3. [7] A non empty subset M of E is relatively compact if the following
conditions hold :

(1) M is bounded in E,
(2) M is locally equicontinuous on [0,+∞), and
(3) M is equiconvergent at ∞

3. Related Lemmas

Let

E+ = {u ∈ E : u ≥ 0} ,
P =

{
u ∈ E+ : u(0) = 0

}
and

K = {u ∈ P : u ≥ γ̃ ‖u‖}
and

C = {u ∈ K : p |u′| ≤ u}
be the cones in E.

For r > 0, we consider the operator Tr : K\B (0, r)→ E defined by

Tru (x) =

∫ +∞

0

G (x, t)D (s, u, u′) dt,

where for (t, x, y) ∈ R+ × R+\ {0} × R

D (t, x, y) = H (t, ρ (x− w) , (y − w′) ρ′ (x− w))

with

H (t, x, y) = a (t) .y + b (t) .xα(1− xβ) + f (t, x, y) + q(t)

and

ρ (x) = x
1

m+1 , for all x > 0

and for (t, x) ∈ R+ × R+

G (x, t) =
(m+ 1)∫ +∞
0

ds

h (s)

.


∫ +∞
x

ds

h (s)

∫ t
0

ds

h (s)
x ≥ t∫ +∞

t

ds

h (s)

∫ x
0

ds

h (s)
x ≤ t.

We remark that Tr can be written as

Tru (x) =

∫ +∞

x

m+ 1

h(t)

(
−π (u) +

∫ t

0

D (s, u, u′) ds

)
dt

where

π (u) =

∫ +∞
0

(
1
h(t)

∫ t
0
D (s, u, u′) ds

)
dt∫ +∞

0
dt
h(t)

. (5)
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Lemma 3.1. Let w : R+ → R+ be the function defined by

w(x) =

∫ +∞

0

G (x, t) q(t)dt.

Then

sup
t≥0

w(t)

γ̃ (t)
= w∗ <∞.

Proof. Let x0 > 0 such that ∫ +∞

x0

ds

h(s)
=

∫ x0

0

ds

h(s)
.

For all t ≥ 0,

w(x)

γ̃ (x)
= 2


∫ +∞
0

ds
h(s)∫ x

0
ds
h(s)

∫ +∞
0

G (x, t) q(t)dt if x ≤ x0∫ +∞
0

ds
h(s)∫ +∞

x
ds
h(s)

∫ +∞
0

G (x, t) q(t)dt if x ≥ x0

≤ 2 (m+ 1)


∫ +∞
x

ds
h(s)

∫ x
0
q(t)dt+

∫ +∞
x

(∫ +∞
t

ds
h(s)

)
q(t)dt if x ≤ x0∫ x

0

(∫ t
0

ds
h(s)

)
q(t)dt+

∫ x
0

ds
h(s)

∫ +∞
x

q(t)dt if x ≥ x0

≤ 2 (m+ 1)

∫ +∞

0

ds

h(s)

∫ +∞

0

q(t)dt <∞.

This completes the proof. � �

Remark 3.2. The positive function G : R+ × R+ → R+ is continuous and for all
(x, t) ∈ R+ × R+

0 ≤ G (x, t) ≤ G (x, x) ≤ g1 (x) = 2γ̃ (x) . (m+ 1)

∫ +∞

0

ds

h (s)
.

Lemma 3.3. The function G has the following properties:

1: For all x, τ, t ∈ R+

G(τ, t) ≥ γ (τ) .G(x, t),

where

γ (τ) = min

{ ∫ τ
0

ds
h(s)∫∞

0
ds
h(s)

,

∫∞
τ

ds
h(s)∫∞

0
ds
h(s)

}
.

2: For all t, x, y ∈ R+,

|G (x, t)−G (y, t)| ≤ c0 |x− y|

where c0 = (m+ 1) sup
{

1
h(t) , t ≥ 0

}
.

3: For all x, t ∈ R+,

p (x)

∣∣∣∣ ∂∂xG (x, t)

∣∣∣∣ ≤ G (x, t) .
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Proof. 1. For x, τ, t ∈ R+

G(τ, t)

G(x, t)
=



∫ +∞
τ

ds

h (s)∫ +∞
x

ds

h (s)

≥

∫ +∞
τ

ds

h (s)∫ +∞
0

ds

h (s)

≥ γ (τ)
if τ ≥ t,
x ≥ t

∫ +∞
τ

ds

h (s)
∫ t
0

ds

h (s)∫ +∞
t

ds

h (s)
∫ x
0

ds

h (s)

≥

∫ +∞
τ

ds

h (s)∫ +∞
0

ds

h (s)

≥ γ (τ)
if τ ≥ t,
x ≤ t

∫ +∞
t

ds

h (s)
∫ τ
0

ds

h (s)∫ +∞
x

ds

h (s)
∫ t
0

ds

h (s)

≥

∫ τ
0

ds

h (s)∫∞
0

ds

h (s)

≥ γ (τ)
if τ ≤ t,
x ≥ t

∫ τ
0

ds

h (s)∫ x
0

ds

h (s)

≥

∫ τ
0

ds

h (s)∫∞
0

ds

h (s)

≥ γ (τ)
if τ ≤ t,
x ≤ t

Consequently, G(τ,t)
G(x,t) ≥ γ (τ) .

2. For x, y, t ∈ R+, assume that x > y. We have

|G(x, t)−G(y, t)| = (m+ 1)∫∞
0

ds
h(s)


∫ t
0

ds
h(s)

(∫ x
y

ds
h(s)

)
if x > y ≥ t∣∣∣∫∞x ds

h(s)

∫ t
0

ds
h(s) −

∫ y
0

ds
h(s)

∫∞
t

ds
h(s)

∣∣∣ if x ≥ t ≥ y∫∞
t

ds
h(s)

(∫ x
y

ds
h(s)

)
if t ≥ x > y

.

In the case x ≥ t ≥ y, if
∫∞
x

ds
h(s)

∫ t
0

ds
h(s) ≥

∫ y
0

ds
h(s)

∫∞
t

ds
h(s) then

|G(x, t)−G(y, t)| =

∫ ∞
x

ds

h(s)

∫ t

0

ds

h(s)
−
∫ y

0

ds

h(s)

∫ ∞
t

ds

h(s)

≤
∫ ∞
t

ds

h(s)

(∫ x

y

ds

h(s)

)
≤
∫ ∞
0

ds

h(s)

(∫ x

y

ds

h(s)

)
and if

∫∞
x

ds
h(s)

∫ t
0

ds
h(s) ≤

∫ y
0

ds
h(s)

∫∞
t

ds
h(s) then

|G(x, t)−G(y, t)| =

∫ y

0

ds

h(s)

∫ ∞
t

ds

h(s)
−
∫ ∞
x

ds

h(s)

∫ t

0

ds

h(s)

≤
∫ t

0

ds

h(s)

(∫ x

y

ds

h(s)

)
≤
∫ ∞
0

ds

h(s)

(∫ x

y

ds

h(s)

)
then for x, y, t ∈ R+

|G(x, t)−G(y, t)| ≤ (m+ 1)

∫ x

y

ds

h(s)

≤ c0 |x− y| .
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3. For all x, t ∈ R+,

p (x)
∣∣ ∂
∂xG (x, t)

∣∣
G (x, t)

=


p(x)

h(x)
∫∞
x

ds
h(s)

if x ≥ t,
p(x)

h(x)
∫ x
0

ds
h(s)

if x ≤ t,

≤ 1

thus

p (x)

∣∣∣∣ ∂∂xG (x, t)

∣∣∣∣ ≤ G (x, t)

completing the proof. � �

Let r,R > 0, where r ≤ R. We denote by Θr,R and Ψr,R the functions defined
in R+ as

Θr,R(t) = Ra(t)
p(t) +

(
Rα +Rα+β

)
b (t) + gr,R(t) + q(t),

Ψr,R(t) = a(t)
p(t) .

R+w∗

m+1 (γ̃ (r − w∗))
−m
m+1 + b (t)

(
R

α
m+1 − (γ̃ (r − w∗))

α+β
m+1

)
+gr,R (t) + q(t)

(6)

where gr,R is the function given in (4). We have from (2) that∫ +∞

0

Θr,R(t)dt <∞ and

∫ +∞

0

Ψr,R(t)dt <∞.

Lemma 3.4. Assume that Hypothesis (2), (3) and (4) hold true and let R > r >
w∗. Then for all u ∈ K ∩ ∂B (0, r)

H (t, u, u′) ≤ Θr,r(t), for all t ≥ 0

and for all u ∈ K ∩ B̄ (0, R) \B (0, r)

D (t, u, u′) ≤ Ψr,R(t), for all t ≥ 0.

Proof. Let u ∈ K\ {0} and r = ‖u‖. For t > 0, we have u (t) ≥ γr > 0, and from
(4) it follows that for all t > 0, H (t, u, u′) ≥ 0 and

H (t, u, u′) ≤ a(t).u′ (t) + b (t)
(
uα + uα+β

)
+ f (t, u, u′) + q(t)

≤ ‖u‖ a(t)

p(t)
+
(
‖u‖α + ‖u‖α+β

)
b (t)

+gr,r(t) + q(t)

= Θr,r (t) .

Now, for v ∈ K ∩ B̄ (0, R) \B (0, r) , let u = v − w.
We have from Assertion (3) of Lemma (3.3) that p |w′| ≤ w ≤ w∗ and then

0 < γ̃. (r − w∗) ≤ u ≤ R

and

− (R+ w∗) ≤ p.u′ ≤ R+ w∗.
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Thus, for all t > 0

D (t, v, v′) = H

(
t, (v − w)

1
m+1 ,

(v′ − w′)
m+ 1

(v − w)
−m
m+1

)
≤ a(t)

p(t)
.
R+ w∗

m+ 1
(γ̃ (r − w∗))

−m
m+1 + b (t)

(
R

α
m+1 − (γ̃ (r − w∗))

α+β
m+1

)
+gr,R (t) + q(t)

= Ψr,R(t).

This completes the proof. � �

Let Ar : E+ → E be an operator defined as

Aru (x) =

∫ +∞

x

m+ 1

h(t)

(
−π (u) +

∫ t

0

g (s, u, u′) ds

)
dt

where

πg (u) =

∫ +∞
0

(
1
h(t)

∫ t
0
g (s, u, u′) ds

)
dt∫ +∞

0
dt
h(t)

(7)

and

g (s, u, u′) = H (t, u, u′)− q(t).

Remark 3.5. We have from Lemma (3.4) that g (., u, u′) ∈ L1 (R+) for all u ∈
E+\ {0}.

Lemma 3.6. Assume that Hypothesis (2), (3) and (4) hold true and let r ≥ w∗

and v ∈ K\B (0, r) . If v is a fixed point of Tr then u = (v − w)

1

m+ 1 is a positive
solution to the bvp (1).

Proof. Let r ≥ w∗ and assume that v ∈ K\B (0, r) is a fixed point of Tr. We have

v (x) =

∫ +∞

0

G (x, t)D (t, v, v′) dt

where for t > 0

D (t, v, v′) = H

(
t, (v − w)

1
m+1 ,

(v′ − w′)
m+ 1

(v − w)
−m
m+1

)
.

Let u = (v − w)

1

m+ 1 . We have for x ≥ 0

um+1 (x) = v (x)− w(x) =

∫ +∞

0

G (x, t) (H (t, u, u′)− q(t)) dt

= Aru(x),

where

Aru(x) =

∫ +∞

x

m+ 1

h(t)

(∫ t

0

g (s, u, u′) ds− πg (u)

)
dt
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πg (u) =

∫ +∞
0

(
1
h(t)

∫ t
0
g (s, u, u′) ds

)
dt∫ +∞

0
dt
h(t)

and

g(t, u, u′) = a (t) .u′ + b (t)uα(1− uβ) + f (t, u, u′) .

We have from Lemma (3.4) that

g(., u, u′) ∈ L1
(
R+
)
.

Then

πg (u) <∞
and so ∫ +∞

0

∣∣∣∣m+ 1

h(t)

(∫ t

0

g (s, u, u′) ds− πg (u)

)∣∣∣∣ <∞.
Furthermore, the relation

um+1 = Aru (8)

is equivalent to

∂
∂x

(
h(x)
m+1

∂
∂x

(
um+1

))
= ∂

∂x

(
h(x)
m+1

∂
∂xAru(x)

)
= −g (x, u, u′) , x > 0,

limx→+∞ u(x)m+1 = limx→+∞Aru (x) = 0. and

um+1(0) =
∫ +∞
0

m+1
h(t)

(∫ t
0
g (s, u, u′) ds− πg (u)

)
=
∫ +∞
0

m+1
h(t)

(∫ t
0
g (s, u, u′) ds− πg (u)

)
= 0.

This completes the proof. � �

Lemma 3.7. Assume that Hypothesis (2) and (4) hold true. Let r > w∗. Then for
all and u ∈ K\B (0, r) , Tru ≥ 0 and for all x ≥ 0

p (x)
∣∣(Tru)

′
(x)
∣∣ ≤ Tru (x) ,

and

p (x)
∣∣(Tru)

′
(x)− w′(x)

∣∣ ≤ ‖Tru‖+ w∗,

where

p (x) = min

{
h(x)

∫ ∞
x

ds

h(s)
, h(x)

∫ x

0

ds

h(s)

}
.

Proof. Let u ∈ K\B (0, r) and let v be a function defined as

v = Tru =

∫ ∞
0

G (x, t)H

(
t, (u− w)

1
m+1 ,

(u′ − w′)
m+ 1

(u− w)
−m
m+1

)
dt.

we have from (4) that D (t, u, u′) ≥ 0 for all t ≥ 0. For x ≥ 0,

|v′ (x)| =
∣∣∣∣∫ ∞

0

∂

∂x
G (x, t) .D (t, u, u′) dt

∣∣∣∣ ≤ ∫ ∞
0

∣∣∣∣ ∂∂xG (x, t)

∣∣∣∣D (t, u, u′) dt
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with

p (x)
∣∣ ∂
∂xG (x, t)

∣∣
G (x, t)

=


p(x)

h(x)
∫∞
x

ds
h(s)

if x ≥ t,
p(x)

h(x)
∫ x
0

ds
h(s)

if x ≤ t,

≤ 1.

Hence, for all x ≥ 0,

p (x) |v′ (x)| ≤ p (x)

∫ ∞
0

∣∣∣∣ ∂∂xG (x, t)

∣∣∣∣D (t, u, u′)

≤
∫ ∞
0

G (x, t)D (t, u, u′) = v(x),

and

p (x) |v′ (x)− w′(x)| ≤ p (x) |v′ (x)|+ p(x) |w′(x)|
≤ ‖v‖+ w(x)

≤ ‖v‖+ w∗.

� �

Lemma 3.8. Let r > w∗ and assume that Hypothesis (2) and (4) hold true.
Then the operator Tr : K\B (0, r)→ C is compact.

Proof. For R ≥ r, let Mr,R = Tr (Ωr,R) , with Ωr,R = K ∩ B̄ (0, R) \B (0, r) .
1. In fact we show that the set Mr,R is a subset of.E.
We have f ∈ C (R+ × R+\ {0} × R+) and we see from continuity of the functions
1
h and G and so for

∂

∂x
Tru(x) = −m+ 1

h(x)

(
−π (u) +

∫ x

0

D (s, u, u′) ds

)
thatMr,R ⊂ C1 (R+,R) .Moreover, we have from from Hypothesis (3) thatD(., u, u′) ≥
0, and from Assertion (3) of Lemma (3.3) that p |w′| ≤ w, and from Lemma (3.4)
follows that for all u ∈ Ωr,R

D(., u, u′) ≤ Ψr,R ∈ L1
(
R+
)

where Ψr,R is the integrable function given in (6).
For x ∈ R+

Tr(u) (x) =

∫ +∞

0

G(x, t)D(t, u, u′)dt

≤ G(x, x)

∫ +∞

0

D(t, u, u′)dt

=
m+ 1∫∞
0

ds
h(s)

∫ ∞
x

ds

h(s)

∫ x

0

ds

h(s)

∫ +∞

0

D(t, u, u′)dt
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and from Lemma (3.7) we have

p(x)

∣∣∣∣ ∂∂xTr(u) (x)

∣∣∣∣ ≤ Tr(u) (x) , for all x ≥ 0

then

lim
x→∞

p(x)

∣∣∣∣ ∂∂xTr(u) (x)

∣∣∣∣ = lim
x→∞

Tr(u) (x) = 0.

2. We show that Mr,R is relatively compact.
In first, we show that the set Mr,R is bounded. Let u ∈ Ωr,R and let Ψr,R be the
integrable function given in (6). We have from Assertion (3) of Lemma (3.3) that
p |w′| ≤ w then

(u− w, p(u′ − w′)) ∈ [γ̃ (x) (r − w∗) , r]× [− (R+ w∗) , R+ w∗] .

By using Lemma (3.4) we have that for all x ≥ 0

Tr(u) (x) ≤ G(x, x)

∫ +∞

0

D(t, u, u′)dt

≤ (m+ 1)

∫ +∞

0

ds

h(s)

∫ +∞

0

Ψr,R(t)dt = Nr,R

and from Lemma (3.7) we deduce that

‖Tr(u)‖ ≤ 2 ‖Tr(u)‖0 ≤ 2Nr,R

proving the boundeness of Mr,R.
Let I = [η, ζ] be a compact interval in R+ and let t1, t2 ∈ [η, ζ] ⊂ R+, such that
t1 < t2. For all u ∈ Ω we have

|Tru (t2)− Tru (t1)| ≤
∫ +∞

0

|G(t2, s)−G(t1, s)|Ψr,R(s)ds

and by Assertion 2 of Lemma (3.3)

|Tru (t2)− Tru (t1)| ≤
(
c0

∫ +∞

0

Ψr,R(s)ds

)
|t2 − t1| ,

where

c0 = (m+ 1) sup

{
1

h(t)
, t ≥ 0

}
.

Moreover∣∣∣∣p(t2)
∂

∂x
Tru (t2)− p(t1)

∂

∂x
Tru (t1)

∣∣∣∣ ≤ ∫ +∞

0

∣∣∣∣p(t2)
∂

∂x
G(t2, s)− p(t1)

∂

∂x
G(t1, s)

∣∣∣∣Ψr,R(s)ds

≤ |p(t2)− p(t1)|
∫ +∞

0

∣∣∣∣ ∂∂xG(t1, s)

∣∣∣∣Ψr,R(s)ds

+p(t2)

∫ +∞

0

∣∣∣∣ ∂∂xG(t2, s)−
∂

∂x
G(t1, s)

∣∣∣∣Ψr,R(s)ds.
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As

∣∣∣∣ ∂∂xG(t2, s)−
∂

∂x
G(t1, s)

∣∣∣∣ =
m+ 1∫ +∞
0

dτ
h(τ)


∣∣∣ 1
h(t2)

− 1
h(t1)

∣∣∣ ∫ s0 dτ
h(τ) t2 > t1 ≥ s

1
h(t2)

∫ s
0

ds
h(s) + 1

h(t1)

∫ +∞
s

dτ
h(τ) t1 ≤ s ≤ t2∣∣∣ 1

h(t2)
− 1

h(t1)

∣∣∣ ∫ +∞
s

dτ
h(τ) t1 < t2 ≤ s

≤ (m+ 1)


∣∣∣ 1
h(t2)

− 1
h(t1)

∣∣∣ t2 > t1 ≥ s or
t1 < t2 ≤ s

1
h(t2)

+ 1
h(t1)

t1 ≤ s ≤ t2
and ∣∣∣∣ ∂∂xG(t1, s)

∣∣∣∣ =
m+ 1∫ +∞
0

dτ
h(τ)

{
1

h(t1)

∫ s
0

dτ
h(τ) t1 ≥ s

1
h(t1)

∫ +∞
s

dτ
h(τ) t1 ≤ s

≤ (m+ 1) sup
x≥0

(
1

h(x)

)
then∣∣∣∣p(t2)

∂

∂x
Tru (t2)− p(t1)

∂

∂x
Tru (t1)

∣∣∣∣ ≤ c1 |p(t2)− p(t1)|+c2
∣∣∣∣ 1

h(t2)
− 1

h(t1)

∣∣∣∣+c3 ∫ t2

t1

Ψr,R(s)ds

where

c1 = (m+ 1) sup
x≥0

(
1

h(x)

)∫ +∞

0

Ψr,R(s)ds, c2 = 2 (m+ 1) sup
x∈[η,ζ]

(p(x))

∫ +∞

0

Ψr,R(s)ds

and

c3 = 2 (m+ 1) sup
x∈[η,ζ]

(p(x)) sup
x≥0

(
1

h(x)

)
.

Because that p, 1h and t →
∫ t
0

Ψr,R(s)ds are uniformly continuous on com-
pact intervals, the above estimates prove that Mr,R is equicontinuous on compact
intervals.
Finally, let u ∈ Ωr,R. By using Lemma (3.7) we have for x ≥ 0∣∣∣∣p(x)

∂

∂x
Tr(u) (x)

∣∣∣∣ ≤ |Tr(u) (x)| ≤ G(x, x)

∫ +∞

0

Ψr,R(s)ds.

With the fact that
lim

x→+∞
G(x, x) = 0

the equiconvergence of Mr,R holds. By Lemma (2.3), we deduce that Mr,R is rela-
tively compact.
3. We show that Tr is continuous in Ωr,R.

Let (un)n be a sequence in Ωr,R such that

lim
n→∞

un = u ∈ Ωr,R.

For all t > 0, we have

u (t)− w (t) ≥ γ̃ (t) . (r − w∗) > 0



182 N. Benkaci-Ali

and

|Tr(un) (t)− Tr(u) (t)| ≤
∫ +∞

0

G (t, s) |D(s, un, u
′
n)−D(s, u, u′)| ds

≤ c

∫ +∞

0

|D(s, un, u
′
n)−D(s, u, u′)| ds

where

c = (m+ 1)

∫ +∞

0

ds

h(s)

and by using Assertion (3) of Lemma (3.3) we obtain

p(t)

∣∣∣∣ ∂∂tTr(un) (t)− ∂

∂t
Tr(u) (t)

∣∣∣∣ ≤ p(t)

∫ +∞

0

∣∣∣∣ ∂∂tG (t, s)

∣∣∣∣ |D(s, un, u
′
n)−D(s, u, u′)| ds

≤
∫ +∞

0

G (t, s) |D(s, un, u
′
n)−D(s, u, u′)| ds

≤ c

∫ +∞

0

|D(s, un, u
′
n)−D(s, u, u′)| ds

leading to

‖Tr(un)− Tr(u)‖ ≤ 2c

∫ +∞

0

|D(s, un, u
′
n)−D(s, u, u′)| ds.

Let t > 0. Because of f ∈ C (R+ × R+\ {0} × R),ρ ∈ C1 (R+\ {0}) and

γ̃(t)r > γ̃(t)w∗ ≥ w(t) > 0,

we have that the function (x, y)→ D(t, x, y) defined by

D(t, x, y) = a(t) (y − w′(t)) ρ′(x− w(t)) + b(t)
(
ρα(x− w(t))− ρα+β(x− w(t))

)
+f(t, ρ(x− w(t)), (y − w′(t)) ρ′(x− w(t)))

is continuous in [γ̃r,+∞)× R, and then

lim
n→∞

|D(t, un(t), u′n(t))−D(t, u(t), u′(t))| = 0 a.e. in R+.

Moreover, we have

|D(t, un(t), u′n(t))−D(t, u(t), u′(t))| ≤ 2Ψr,R(t)

where Ψr,R ∈ L1 (R+) is the function given in (6). Then the Lebesgue dominated
convergence theorem guarantees that

lim
n→∞

‖Tr(un)− Tr(u)‖ = 0

which shows the continuity of Tr.
4. Finally, we prove that Tr (K\B (0, r)) ⊂ C.
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Set v = Tru, u ∈ K\B (0, r) , and let τ ∈ R+. Assertion 1 of Lemma (3.3) gives

v(τ) =

∫ +∞

0

G(τ, s)H(s, u, u′)ds

≥
∫ +∞

0

γ (τ) .G(x, s)H(s, u(s))ds

= γ (τ) v (x)

this is for all x ∈ R+, then

v(τ) ≥ γ (τ) ‖v‖0
and with Lemma (3.7) holds

v(τ) ≥ γ (τ) ‖p.v′‖0
leading to

v(τ) ≥ γ̃ (τ) ‖v‖
then Tr (K\B (0, r)) ⊂ K, and with Lemma (3.7) it follows that

Tr (K\B (0, r)) ⊂ C

completing the proof. � �

Lemma 3.9. For ϕ ∈ L1 (R+,R+) , let Lϕ : E → E be a linear operator defined as

Lϕu(t) =

∫ +∞

0

G(t, s)ϕ(s)u(s)ds. (9)

Then Lϕ is compact and Lϕ (E+\ {0}) ⊂ C\ {0} . Moreover

r(Lϕ) > 0.

Proof. First, it’s clear that Lϕ is compact and Lϕ (E) ⊂ E, and from Assertion (1)
of Lemma (3.3), we have that for all u ∈ E+\ {0} ,

Lϕu ≥ γ ‖Lϕu‖0
and from Assertion (3) of Lemma (3.3) that

Lϕu ≥ γ̃ ‖Lϕu‖

then Lϕ (E+\ {0}) ⊂ K\ {0} , and Lemma (3.7) leads Lϕ (E+\ {0}) ⊂ C\ {0}.
Now we show that r(Lϕ) > 0. Let u = γ̃. Since Lϕ (E+) ⊂ K, we have

Lϕu ≥ u. ‖Lϕu‖ > 0

then from Lemma (2.2) we deduce that Lϕ has a positive eigenvalue λ ≥ M−1 =
‖Lϕγ̃‖. Thus

r(Lϕ) ≥ λ ≥ ‖Lϕ (γ̃)‖ > 0.

� �
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Let η : R+ × R+ × R→ R+ be a function defined as

η(t, x, y) = a(t)y + b(t)xα
(
1− xβ

)
.

In what follows, we consider the following Hypothesis ;
there exist R0 > w∗, 0 < θ1 < θ2 and σ1, σ2 ∈ L1 (R+) such that

supt≥0

{∫ θ2
θ1
G(t, s)

(
σ1 (s) (γ̃ (s))

N − σ2 (s)− b(s)
)
ds
}
> 1

and for all (t, x, y) ∈ [θ1, θ2]× [R0,∞)× R
f(t, ρ (x) , y

p(t)ρ
′ (x)) + h(t) ≥ σ1 (t)xN − σ2 (t) |y|N

(10)

where

N = max

{
1,
α+ β

m+ 1

}
.

Lemma 3.10. Assume that Hypothesis (10) holds true and let r > w∗.
Then there exists R > max {r,R0} such that for all u ∈ C\B (0, R) ,

‖Tru‖0 > ‖u‖0 .

Proof. In the contrary, we suppose that for all n ≥
[
max

(
R0

mint∈[θ1,θ2] γ̃(t)
+ w∗, r

)]
+

1, there exists un ∈ C\B (0, n) , tn ≥ 0 such that

un (tn) = ‖un‖0 ≥ ‖Trun‖0 (11)

≥ Trun (t) =

∫ +∞

0

G(t, s)D(s, un, u
′
n)ds (12)

≥
∫ θ2

θ1

G(t, s)D(s, un, u
′
n)ds, ∀t ≥ 0. (13)

As un − w ≥ mint∈[θ1,θ2] γ̃ (t) (n− w∗) ≥ R0 for all t ∈ [θ1, θ2] , then we have from
Hypothesis (10) that for s ∈ [θ1, θ2]

D(s, un, u
′
n) ≥ η(s, ρ (un − w) , (u′n−w′)ρ′(un−w))+σ1 (s) (un − w)

N−σ2 (s) (p(s) |u′n − w′|)
N

with

η(s, ρ (un − w) , (u′n − w′)ρ′(un − w)) = D(s, un, u
′
n)− f (s, ρ (un − w) , (u′n − w′)ρ′(un − w))− h(s)

=
a(s)

p(s)
p (s) (u′n − w′)ρ′(un − w) + b(s)ρα (un − w)

(
1− ρβ (un − w)

)
.

From Assertion (3) of Lemma (3.3) we have p |w′| ≤ w, then

− (w + un) ≤ p(s)(u′n − w′) ≤ un + w

and so

η(s, ρ (un − w) , (u′n−w′)ρ′(un−w)) ≥ −a(s)

p(s)
(w+un)ρ′(un−w)+b(s)ρα (un − w)

(
1− ρβ (un − w)

)
.
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By dividing in (11) by ‖un‖N we obtain for t ≥ 0

vn (tn) =
un (tn)

‖un‖
≥ un (tn)

‖un‖N

≥
∫ θ2

θ1

G(t, s)
η(s, ρ (un − w) , (u′n − w′)ρ′(un − w)) + σ1 (s) (un − w)

N − σ2 (s) (un + w)
N

‖un‖N
ds

≥
∫ θ2

θ1

G(t, s)
−a(s)p(s) (w + un)ρ′(un − w)

‖un‖N
ds

+

∫ θ2

θ1

G(t, s)
b(s)ρα (un − w)

(
1− ρβ (un − w)

)
‖un‖N

ds

+

∫ θ2

θ1

G(t, s)σ1 (s)

(
vn −

w

‖un‖

)N
− σ2 (s)

(
vn +

w

‖un‖

)N
ds.

As 1 ≥ vn ≥ γ̃, we have∫ θ2

θ1

G(t, s)σ1 (s)

(
vn −

w

‖un‖

)N
− σ2 (s)

(
vn +

w

‖un‖

)N
ds ≥

∫ θ2

θ1

G(t, s)σ1 (s)

(
γ̃ − w

‖un‖

)N
ds

−
∫ θ2

θ1

G(t, s)σ2 (s)

(
1 +

w

‖un‖

)N
ds

and then

lim
n→∞

∫ θ2

θ1

G(t, s)σ1 (s)

(
vn −

w

‖un‖

)N
−σ2 (s)

(
vn +

w

‖un‖

)N
ds ≥

∫ θ2

θ1

G(t, s)
(
σ1 (s) (γ̃)

N − σ2 (s)
)
ds.

Since N = max
{

1, α+βm+1

}
, then

lim
n→∞

ρ(un − w)

‖un‖N
= lim
n→∞

(un − w)
1

m+1

‖un‖N
= lim
n→∞

(un)
1

m+1

‖un‖N
= 0,

lim
n→∞

(w + un)ρ′(un − w)

‖un‖N
= lim
n→∞

( un
‖un‖N

)( un
‖un‖ )

−m
m+1

(m+ 1) ‖un‖
m
m+1

= 0,

lim
n→∞

ρα (un − w)

‖un‖N
=

(un − w)
α

m+1

‖un‖N
= 0

and

lim
n→∞

ρα+β (un − w)

‖un‖N
=

(un − w)
α+β
m+1

‖un‖N
=

{
0 if α+β

m+1 < 1

(vn)
α+β
m+1 if α+β

m+1 ≥ 1

≤ 1.

Then we have

1 ≥ lim
n→∞

vn (tn) ≥
∫ θ2

θ1

G(t, s)
(
σ1 (s) (γ̃)

N − σ2 (s)− b(s)
)
ds
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this is for all t ≥ 0, and with (10) we obtain the following contradiction

1 ≥ sup
t≥0

{∫ θ2

θ1

G(t, s)
(
σ1 (s) (γ̃)

N − σ2 (s)− b(s)
)
ds

}
> 1.

Then there exists R > R0 such that for all u ∈ ∂B (0, R) ∩ C,

‖Tru‖0 > ‖u‖0 .

This completes the proof. � �

4. Main results

4.1. Existence results.

Theorem 4.1. Assume that Hypothesis (2), (3), (4) and (10) hold true.
If there exist r > w∗, λ1, λ2 ≥ 0 and φ1, φ2 ∈ L1 (R+) such that for all t > 0 and
all (x, y) ∈ [γ̃ (t) (r − w∗), r]× [−r − w∗, r + w∗]

f(t, ρ (x) ,
y

p(t)
ρ′ (x)) + q(t) ≤ λ1φ1 (t)x+ λ2φ2 (t) y − η(t, ρ (x) ,

y

p(t)
ρ′ (x)), (14)

and there exists i ∈ {1, 2} such that

0 < λi <
1

r(Lψ)

where

ψ =
λ1φ1 + 2λ2φ2

λi

then bvp (1) admits at least one positive solution.

Proof. Fisrt, we show that for all u ∈ ∂B (0, r) ∩ C

Tru � u.

Suppose in the contrary that there exist u ∈ ∂B (0, r) ∩ C and t > 0 such that

Tru ≥ u

then for t ≥ 0

u(t) ≤ Tru (t) =

∫ +∞

0

G(t, s)D(s, u, u′)ds.

We have pw′ ≥ −w and

(u− w, p (u′ − w′)) ∈ [γ̃ (t) (r − w∗), r]× [−r − w∗, r + w∗]

and from the condition (14) follows that for all s > 0,

f(s, ρ (u− w) , (u′ − w′) ρ′ (u− w)) + q(t) ≤ λ1φ1 (s) (u− w) + λ2φ2 (s) p(s) (u′ − w′)
−η(s, ρ (u− w) , (u′ − w′) ρ′ (u− w))
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leading to

D (s, u, u′) ≤ λ1φ1 (s) (u− w) + λ2φ2 (s) p(s) (u′ − w′) ,

then

u(t) ≤
∫ +∞

0

G(t, s) [λ1φ1 (s) (u− w) + λ2φ2 (s) p(s) (u′ − w′)] ds

≤
∫ +∞

0

G(t, s) [(λ1φ1 (s) + λ2φ2 (s))u− (λ1φ1 (s)− λ2φ2 (s))w] ds

≤
∫ +∞

0

G(t, s) (λ1φ1 (s) + 2λ2φ2 (s))u (s) ds.

Let i ∈ {1, 2} such that 0 < λi <
1

r(Lψ)
, with

ψ =
λ1φ1 + 2λ2φ2

λi
.

We have for t ≥ 0

u(t) ≤ λi
∫ +∞

0

G(t, s)ψ (s)u (s) ds = Lψu

leading from Lemma (2.2) for M = λ, to the following contradiction

λ−1i ≤ λ0 ≤ r(Lψ) < λ−1i .

Then for all u ∈ ∂B (0, r) ∩ C
Tru � u.

Moreover, as Hypothesis (10) is verified, then Lemma (3.10) guarantees that there
exists R > r such that for all u ∈ ∂B (0, R) ∩ C

‖Tru‖0 > ‖u‖0 ,

which means that

Tru � u.

Thus, it follows from Theorem (2.1) that Tr admits a fixed point v ∈ C such that

r ≤ ‖v‖ ≤ R. Hence by Lemma (3.6) , u = (v − w)

1

m+ 1 is a positive solution to
the bvp (1). � �

Let Λ be the following positive value

Λ =

 1

2 supx≥0
∫ +∞
0

G(x, s)

[
(δ1 (s) + 2Nδ2 (s)) + 2a(s)γ̃

− m
m+1

p(s) + b(s)

]
ds


1

N−1

.
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Theorem 4.2. Assume that Hypothesis (2), (3), (4) and (10) hold true.
If there exist r0 ≥ w∗ + 1 and δ1, δ2 ∈ L1 (R+,R+) \ {0} such that

sup
x≥0

∫ +∞

0

G (x, s)

((
δ1 (s) + 2NOδ2 (s)

)
+ 2

a(s)γ̃−
m
m+1

p(s)
+ b(s)

)
ds <

1

2 (1 + w∗)
N0−1

(15)

and for all t > 0, and all (x, y) ∈ [γ̃ (t) , r0]× [−r0 − w∗, r0 + w∗]

f(t, ρ (x) ,
y

p(t)
ρ′ (x)) + q(t) ≤ δ1 (t)xN0 + δ2 (t) |y|N0 , (16)

where

N0 = max

{
1,

α

m+ 1

}
.

then bvp (1) admits at least one positive solution.

Proof. Let r ∈ [1 + w∗, r0] be a real number such that

r < Λ, (17)

where

Λ =

 1

2 supx≥0
∫ +∞
0

G(x, s)

[
(δ1 (s) + 2N0δ2 (s)) + 2a(s)γ̃

− m
m+1

p(s) + b(s)

]
ds


1

N0−1

.

We show that for all u ∈ ∂B (0, r) ∩ C

Tru � u.

In the contrary, we assume that there exists u ∈ ∂B (0, r) ∩ C such that Tru ≥ u
and let t ≥ 0. We have

u(t) ≤ Tru (t) =

∫ +∞

0

G(t, s)D(s, u, u′)ds. (18)

We have

(u−w, p (u′ − w′)) ∈ [γ̃ (t) (r−w∗), r]×[−r−w∗, r+w∗] ⊂ [γ̃ (t) , r0]×[−r0−w∗, r0+w∗]

and from the condition (16) follows that for all s > 0,

f(s, ρ (u− w) , (u′ − w′) ρ′ (u− w)) + q(t) ≤ δ1 (s) (u− w)
N0 + δ2 (s) (p(s) |u′ − w′|)N0

≤ δ1 (s) (u− w)
N0 + δ2 (s) (u+ w)

N0

≤
(
δ1 (s) + 2N0δ2 (s)

)
uN0 .
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and

η(s, ρ (u− w) , (u′ − w′) ρ′ (u− w)) = a(s) (u′ − w′) ρ′ (u− w) + b(s)ρα (u− w)
(
1− ρβ (u− w)

)
≤ a(s)

p(s)
(u+ w) ρ′ (u− w) + b(s)ρα (u− w)

(
1− ρβ (u− w)

)
≤ a(s)γ̃−

m
m+1

p(s)
(2u) ρ′ (r − w∗) + b(s)ρα (r) .

As r ≥ 1 + w∗, we have ρ′ (r − w∗) ≤ 1. Then

η(s, ρ (u− w) , (u′ − w′) ρ′ (u− w)) ≤ a(s)γ̃−
m
m+1

p(s)
(2r) + b(s)ρα (r) ,

leading to

D (s, u, u′) ≤
(
δ1 (s) + 2N0δ2 (s)

)
rN0 +

a(s)γ̃−
m
m+1

p(s)
(2r) + b(s)ρα (r) ,

and by dividing (18) by rN0 we obtain

u (t)

rN0
≤
∫ +∞

0

G(t, s)

[(
δ1 (s) + 2N0δ2 (s)

)
+ 2

a(s)γ̃−
m
m+1

p(s)
(r)

1−N0 + b(s) (r)
α

m+1−N0

]
ds

and with the fact that N0 = max
{

1, α
m+1

}
we have

u (t)

rN0
≤ sup

x≥0

(∫ +∞

0

G(x, s)

[(
δ1 (s) + 2N0δ2 (s)

)
+ 2

a(s)γ̃−
m
m+1

p(s)
+ b(s)

]
ds

)
this is for all t ≥ 0, then

‖u‖0
rN0

≤ sup
x≥0

(∫ +∞

0

G(x, s)

[(
δ1 (s) + 2N0δ2 (s)

)
+ 2

a(s)γ̃−
m
m+1

p(s)
+ b(s)

]
ds

)

=
1

2ΛN0−1
.

Since ‖u‖0 ≥ ‖pu′‖0 , we have

r

2rN0
≤ 1

2ΛN0−1

giving

r ≥ Λ

which contradicts (17). Then for all u ∈ ∂B (0, r) ∩ C
Tru � u.

Moreover, Lemma (3.10) guarantees that there exists R > r such that for all
u ∈ ∂B (0, R) ∩ C

‖Tru‖0 > ‖u‖0 ,
which means that

Tru � u,
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and Theorem (2.1) guarantees that Tr admits a fixed point v ∈ C such that r ≤

‖v‖ ≤ R. Hence by Lemma (3.6) , u = (v − w)

1

m+ 1 is a positive solution to the
bvp (1). � �

4.2. Uniqueness results. For 0 < θ < θ′, ψ ∈ L1 (R+) and r > 0, let

λψ (θ, θ′) =

(
sup
t≥0

∫ θ′

θ

G(t, s)ψ (s)

)−1

and
∑
r =

(u− w)

1

m+ 1 , u ∈ K\B (0, r)

 .

Theorem 4.3. Assume that Hypothesis (2), (3) and (4) hold true.
If there exist r, θ, θ′ > 0, c ≥ 0, and φ ∈ L1 (R+) such that

c <
1

r (Lφ)
,

for all (x, p(t)y) ∈ [γ̃ (t) r,+∞)× [−r, r]
D (t, x, y) ≥ λψ (θ, θ′)ψ (t)x, for t ∈ [θ, θ′] (19)

and for all x1, x2 ∈ [γ̃ (t) r,+∞)2, y1, y2 ∈ R and all t > 0

|D (t, x1, y1)−D (t, x2, y2)| ≤ cφ (t) |x1 − x2| . (20)

Then bvp (1) has a unique positive solution in
∑
r .

Proof. The case c = 0 is obvious, so we suppose that c > 0 :

Existence. Let v ∈ K ∩ ∂B (0, r) and consider the sequence (un)n defined
by {

un+1 = Trun
u0 = v.

We show that (un)n ⊂ C\B (0, r) .
Let u ∈ P\B (0, r) . We have from Lemma (3.8) that Tr (C\B (0, r)) ⊂ C\ {0} . For
t ≥ 0, we have u ≥ γ̃ (t) r, p(t) |u′| ≤ r and from the condition (19)

Tru ≥ λ (θ)

∫ θ′

θ

G(t, s)ψ (s)u (s) ds

≥ r.λ (θ)

∫ θ′

θ

G(t, s)ψ (s) γ̃ (s) ds

this is for all t ≥ 0, then

‖Tru‖ ≥ r.λ (θ) sup
t≥0

(∫ θ′

θ

G(t, s)ψ (s) γ̃ (s) ds

)
= r.

Then Tr (C\B (0, r)) ⊂ C\B (0, r) , which means that (un)n ⊂ C\B (0, r) .
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Now, by (20) we have for all n ≥ 1

|un+1 − un| = |Trun − Trun−1| ≤
∫ +∞

0

G(t, s)
∣∣D (s, un, u

′
n)−D

(
s, un−1, u

′
n−1
)∣∣ ds

≤ cLφ |un − un−1| .

Then, for all n ≥ 0

|un+1 − un| ≤ cnLnφ |u1 − u0|
and from Lemma (3.3) we have

p
∣∣u′n+1 − u′n

∣∣ = p
∣∣(Trun)

′ − (Trun−1)
′∣∣ ≤ p(t)∫ +∞

0

∣∣∣∣ ∂∂tG(t, s)

∣∣∣∣ ∣∣D (s, un, u
′
n)−D

(
s, un−1, u

′
n−1
)∣∣ ds

≤
∫ +∞

0

G(t, s)
∣∣D (s, un, u

′
n)−D

(
s, un−1, u

′
n−1
)∣∣ ds

≤ cLφ |un − un−1| .

leads

p
∣∣u′n+1 − u′n

∣∣ ≤ cnLnφ |u1 − u0|
then

‖un+1 − un‖ ≤ 2cn
∥∥Lnφ |u1 − u0|∥∥0 .

Therefore, for m > n ≥ 1,

‖um − un‖ ≤ ‖um − um−1‖+ ‖um−1 − um−2‖+ ...+ ‖un+1 − un‖

≤ 2cm−1
∥∥∥Lm−1φ |u1 − u0|

∥∥∥
0

+ 2cm−2
∥∥∥Lm−2φ |u1 − u0|

∥∥∥
0

+ ...+ 2cn
∥∥Lnφ |u1 − u0|∥∥0

= 2 (Sm−1 − Sn−1) ,

where

Sn =

n=+∞∑
n=0

cn
∥∥Lnφw∥∥0 , with w = |u1 − u0| .

Since c < (r(Lφ))
−1
, we have that

lim
n→∞

n

√
cn
∥∥∥Lnφw∥∥∥

0
≤ c lim

n→∞
n

√∥∥∥Lnφ∥∥∥ = c.r(Lφ) < 1,

then (Sn)n converges and

lim
n→∞

‖um − un‖ ≤ 2 lim
n→∞

(Sm−1 − Sn−1) = 0.

Therefore, the sequence (un)n is also a cauchy sequence and the completeness of E
leads to limn→∞ un = u ∈ C, with

‖u‖ ≥ r > 0.

At the end, passing to the limit in un+1 = Trun, and by continuity of Tr in
C\B (0, r), we obtain u = Tru, and u ∈ C\B (0, r) is a fixed point of Tr, and

so, v = (u− w)

1

m+ 1 is a positive solution to the bvp (1) in
∑
r.
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Uniqueness. If u1, u2 ∈ K\B (0, r) are two solutions of (1) with u1 6= u2, then
u1, u2 are fixed points of Tr where

r = min {‖u1‖ , ‖u2‖} .

For all t ∈ R,
ui (t) ≥ γ̃ (t) .r, for i ∈ {1, 2}

and so

|u1 − u2| = |Tru1 − Tru2| ≤
∫ +∞

0

G(t, s) |D (s, u1, u
′
1)−D (s, u2, u

′
2)| ds(21)

≤ c

∫ +∞

0

G(t, s)φ (s) |u1 − u2| ds.

Let Lφ be the operator defined in Lemma (3.9) by

Lφu (t) =

∫ +∞

0

G(t, s)φ (s)u(s)ds

and let w = Lφ |u1 − u2| . The inequality (21) leads

w ≤ cLφw.

As |u1 − u2| ∈ E+\ {0} , then by Lemma (3.9) we have w ∈ K\ {0} . Then by
Theorem (2.2) we deduce that Lφ admits a positive eigenvalue λ0 such that

λ0 ≥ c−1

leading to the following contradiction

r (Lφ) ≥ λ0 ≥ c−1 > r(Lφ).

The proof is complete. � �

In what follows, we assume that

α+ β ≤ m+ 1, a ∈ C1 (R+,R+) , a(t) ≤ min
(∫ t

0
ds
h(s) ,

∫ +∞
t

ds
h(s)

)
e(t) = max

(
b(t), 1

h(t) , |a
′(t)|

)
∈ L1

γ−1 (R+,R+) and

there exists a function F sucth that for all (t, x, y) ∈ R+ × R+\ {0} × R
f(t, x, y) = F (t, x) and

c(t)x+ b(t)xα
(
1− xβ

)
+ F (t, x) + q(t) ≥ 0

(22)
where

c(t) =
−a(t)

h(t) min
(∫ t

0
ds
h(s) ,

∫ +∞
t

ds
h(s)

) − a′(t)
and

L1
γ−1

(
R+,R

)
=

{
u : R+ → R such that

∫ +∞

0

|u(s)| γ−1(s)ds <∞
}



Existence and uniqueness results for singular boundary ... 193

and consider the Banach space E0 = {u ∈ C (R+) , limt→∞ u(t) = 0} equipped
with its sup-norm ‖.‖0 and the cone

K0 = {u ∈ E0, u(0) = 0 and u ≥ γ ‖u‖0} .

Let T̃r : K0 → E0 be an operator defined by

T̃ru(t) =

∫ +∞

0

J(t, s)ρ (u− w) ds+

∫ +∞

0

G(t, s)D0(s, u)ds

where for t, s ∈ R+, x > 0,

J(t, s) = − ∂

∂s
(G(t, s).a (s))

and

D0(s, x) = b(s)ρα (x− w)
(
1− ρβ (x− w)

)
+ F (s, ρ (x− w)) + q(s).

Lemma 4.4. Assume that the condition (22) holds true.
The function J : R+ × R+ is continuous and verifies for all x, t ∈ R+,

|J(x, t)| ≤ µ(t)G(x, t),

and
J(t, s)

G(t, s)
≥ c(t)

where

µ(t) =
1

h(t)
+ |a′(t)| .

Moreover, for all u ∈ C1 (R+) ∩K0, T̃ru = Tru.

Proof. Beacause that a, a′, 1
h ∈ L1 (R+) , J is continuous. Moreover, for x, t ∈

R+\ {0}

J(x, t) = − m+ 1∫ +∞
0

ds
h(s)


∫ +∞
x

ds
h(s)

[
a(t)
h(t) + a′(t)

∫ t
0

ds
h(s)

]
if x ≥ t∫ x

0
ds
h(s)

[
− a(t)
h(t) + a′(t)

∫ +∞
t

ds
h(s)

]
if x ≤ t

leading to

|J(x, t)| ≤ m+ 1∫ +∞
0

ds
h(s)


∫ +∞
x

ds
h(s)

[
a(t)
h(t) + |a′(t)|

∫ t
0

ds
h(s)

]
if x ≥ t∫ x

0
ds
h(s)

[
a(t)
h(t) + |a′(t)|

∫ +∞
t

ds
h(s)

]
if x ≤ t

.

We have from the condition (22) that a(t) ≤ min
(∫ t

0
ds
h(s) ,

∫ +∞
t

ds
h(s)

)
, then

|J(x, t)| ≤ m+ 1∫ +∞
0

ds
h(s)


∫ +∞
x

ds
h(s)

∫ t
0

ds
h(s)

[
1
h(t) + |a′(t)|

]
if x ≥ t∫ x

0
ds
h(s)

∫ +∞
t

ds
h(s)

[
1
h(t) + |a′(t)|

]
if x ≤ t

= G(x, t)

[
1

h(t)
+ |a′(t)|

]
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and

J(x, t)

G(x, t)
=


[
− a(t)

h(t)
∫ t
0

ds
h(s)

− a′(t)
]

if x ≥ t[
a(t)

h(t)
∫ +∞
t

ds
h(s)

− a′(t)
]

if x ≤ t

≥ − a(t)

h(t) min
(∫ t

0
ds
h(s) ,

∫ +∞
t

ds
h(s)

) − a′(t).
Now, let u ∈ C1 (R+) ∩K0. By integrating by parts we obtain∫ +∞

0

G(t, s)a(s) (ρ (u− w))
′
ds = [G(t, s)a(s)ρ (u− w)]

∞
0 −

∫ +∞

0

∂

∂s
(G(t, s)a(s)) ρ (u− w) ds

=

∫ +∞

0

J(t, s)ρ (u− w) ds,

then

T̃ru(t) =

∫ +∞

0

J(t, s)ρ (u− w) ds+

∫ +∞

0

G(t, s)D0(s, u)ds

=

∫ +∞

0

G(t, s)a(s) (ρ (u− w))
′
ds+

∫ +∞

0

G(t, s)D0(s, u)ds

=

∫ +∞

0

G(t, s)D(s, u, u′)ds

hence T̃ru = Tru. � �

Theorem 4.5. Assume that Hypothesis (4), (10) and (22) hold true.
If there exist r ≥ w∗ + 1, λ > 0 and σ ∈ L1

γ−1 (R+,R+) \ {0} such that for all

(t, x) ∈ R+\ {0} × [γ (t) r, r]

|F (t, ρ (x))− F (t, ρ (y))| ≤ λσ(t) |x− y| , (23)

and

λ <
1

r(Lδ)
(24)

where

δ = γ−1 (s)

(
µ(s) + 2b(s)

λ
+ σ(s)

)
then bvp (1) admits a unique positive solution in

∑
r.

Proof. The case c = 0 is obvious, so we suppose that c > 0 :

Existence. From Hypothesis (10) and Lemma (3.10) we have that there
exists R > r such that for all u ∈ C, if ‖u‖ ≥ R then

‖Tru‖0 > ‖u‖0 .
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Let v ∈ C such that ‖v‖0 ≥ R and consider the sequence (un)n defined by{
un+1 = T̃run
u0 = v.

For all n ≥ 1, un ∈ C1 (R+) , then un+1 = T̃run = Trun ∈ C and since ‖v‖ ≥
‖v‖0 ≥ R, we have

‖un+1‖0 = ‖Trun‖0 > ‖un‖0 ≥ R > r, ∀n ≥ 1

.
then (un)n ⊂ K0\B (0, r) .

Now, by (23) we have for all n ≥ 1

|un+1 − un| =
∣∣∣T̃run − T̃run−1∣∣∣ ≤ ∫ +∞

0

G(t, s)µ(s) |ρ (un − w)− ρ (un−1 − w)| ds(25)

+

∫ +∞

0

G(t, s) |D0 (s, un)−D0 (s, un−1)| ds. (26)

Let vn = un − w, n ≥ 1. We have

|ρ (vn)− ρ (vn−1)| ≤ 1

m+ 1
(γr − γ̃w∗)

−m
m+1 |vn − vn−1|

≤ γ−1

m+ 1

(
r − 1

2
w∗
) −m
m+1

|vn − vn−1|

≤ γ−1 |vn − vn−1|

|ρα (vn)− ρα (vn−1)| ≤ α

m+ 1

(
r − 1

2
w∗
)( α

m+1−1)
|vn − vn−1|

≤ γ−1 |vn − vn−1|

|ρα (vn)− ρα (vn−1)| ≤ α+ β

m+ 1

(
r − 1

2
w∗
)( α+β

m+1−1)
|vn − vn−1|

≤ γ−1 |vn − vn−1|

leading to

|vn+1 − vn| ≤
∫ +∞

0

G(t, s) (µ(s) + 2b(s) + λσ(s)) |vn − vn−1| ds (27)

= λLδ (|vn − vn−1|)

Then, for all n ≥ 0

|un+1 − un| ≤ λnLδ |u1 − u0| .
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Therefore, for m > n ≥ 1,

|um − un| ≤ |um − um−1|+ |um−1 − um−2|+ ...+ |un+1 − un|
≤ λm−1Lδ

m−1 |u1 − u0|+ λm−2Lδ
m−2 |u1 − u0|+ ...+ λnLnδ |u1 − u0|

then

‖um − un‖0 ≤ λm−1
∥∥Lm−1δ w

∥∥
0

+ λm−2
∥∥Lm−2δ w

∥∥
0

+ ...+ λn ‖Lnδw‖0
= Sm−1 − Sn−1,

where

Sn =

n=+∞∑
n=0

cn ‖Lnδw‖0 , with w = |u1 − u0| .

Since λ < (r(Lδ))
−1
, we have that

lim
n→∞

n

√
cn ‖Lnδw‖0 ≤ c lim

n→∞
n

√
‖Lnδ ‖ = c.r(Lδ) < 1,

then (Sn)n converges and

lim
n→∞

‖um − un‖0 = lim
n→∞

Sm−1 − Sn−1 = 0.

Therefore, the sequence (un)n is also a cauchy sequence and the completeness of E
leads to limn→∞ un = u ∈ C, with

‖u‖0 ≥ r > 0.

At the end, passing to the limit in un+1 = T̃run, and by continuity of Tr in
C\B (0, r), we obtain

u = T̃ru = Tru

and u is a fixed point of Tr in C\B (0, r), which means that v = (u− w)

1

m+ 1 is
a positive solution of bvp (1) in

∑
r.

Uniqueness. If u1, u2 ∈ K0\B (0, r) are two solutions of (1) with u1 6= u2, then
u1, u2 are fixed points of Tr.
Then u1, u2 ∈ C1 (R+) and by Lemma (4.4) we have that u1, u2 are fixed points

of T̃r.
For all t ∈ R,

ui (t) ≥ γ (t) .r, for i ∈ {1, 2}

and so

|u1 − u2| =
∣∣∣T̃ru1 − T̃ru2∣∣∣ ≤ ∫ +∞

0

G(t, s)µ(s) |ρ (u1 − w)− ρ (u2 − w)| ds(28)

+

∫ +∞

0

G(t, s) |D0 (s, u1)−D0 (s, u2)| ds. (29)
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Let vi = ui − w, i ∈ {1, 2} . We have

|ρ (v1)− ρ (v2)| ≤ 1

m+ 1
(γr − γ̃w∗)

−m
m+1 |v1 − v2|

≤ γ−1

m+ 1

(
r − 1

2
w∗
) −m
m+1

|v1 − v2|

≤ γ−1 |v1 − v2|

|ρα (v1)− ρα (v2)| ≤ α

m+ 1
(γr − γ̃w∗)(

α
m+1−1) |v1 − v2|

≤ γ−1 |v1 − v2|∣∣ρα+β (v1)− ρα+β (v2)
∣∣ ≤ α+ β

m+ 1
(γr − γ̃w∗)(

α+β
m+1−1) |v1 − v2|

≤ γ−1 |v1 − v2|
leading to

|v1 − v2| ≤
∫ +∞

0

G(t, s)γ−1 (s) (µ(s) + 2b(s) + λσ(s)) |v1 − v2| ds (30)

= λLδ (|v1 − v2|)
where Lδ is the operator defined in Lemma (3.9) by

Lδu (t) =

∫ +∞

0

G(t, s)δ (s)u(s)ds

where

δ (s) = γ−1 (s)

(
µ(s) + 2b(s)

λ
+ σ(s)

)
and let w = L |u1 − u2| . The inequality (30) leads

w ≤ λLδw.
As |u1 − u2| ∈ E+\ {0} , then by Lemma (3.9) we have w ∈ K0\ {0} . Then by
Theorem (2.2) we deduce that Lδ admits a positive eigenvalue λ0 such that

λ0 ≥ λ−1

leading to the following contradiction

r (L) ≥ λ0 ≥ λ−1 > r(L).

This completes the proof. � �
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