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Abstract. A characterization of cubic subalgebra is established. The notion of
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1. INTRODUCTION

One of the important classes of logical algebras is BCI-algebra which was
introduced by Imai and Iséki for the first time in 1966 as a generalization of the
concept of set-theoretic difference and propositional calculi. In the same year, these
two Japanese mathematicians introduced the notion of a BC'K-algebra as a proper
subclass of the class of BClI-algebras. Recently BC K-algebra has been extensively
investigated by several researchers. They have been applied to many branches of
mathematics such as group theory, functional analysis, probability theory, fuzzy
set theory, topology, and so on. For more details please refer to [3] to [16].
Moreover, there are two important classes of BC' K-algebras: commutative BC K-
algebras and bounded commutative BCK-algebras. Furthermore, commutative
BC K-algebras have a close connection with compatible generalized difference posets.

In 2012, Jun et al. [21] combined the theory of the interval-valued fuzzy set
with the fuzzy set, and introduced the notion of cubic set. Further, they defined
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and studied some basic operations and their properties, and this notion is applied
to several algebraic structures (see [1], [2], [19], [20], [23], [24], [25], [27], [28], [29]).

In this paper, we establish a characterization of cubic subalgebra. we intro-
duce the notion of internal and external cubic subalgebra in BC'K/BCI-algebra,
and investigate several properties. We discuss the R-union (resp., R-intersection,
P-union, P-intersection) of internal and external cubic subalgebras in BCK/BC1I-
algebra.

2. PRELIMINARIES

A fuzzy setin a set X is defined to be a function p : X — [0,1]. For I = [0, 1],
denote by IX the collection of all fuzzy sets in a set X. Define a relation < on IX
as follows:

(VA € I¥) (1< A = (Ve € X)(u() < A(x))- (1)

For a family {u; | i € A} of fuzzy sets in X, we define the join (V) and meet
(M) operations as follows:

\/ wi: X = [0,1], = — sup{u;(x) | i€ A},
€A
/\ wi» X = [0,1] & — inf{p;(z) | i € A}
€A
Given two closed subintervals D; = [Dy, D{| and Dy = [D,, Df] of [0,1],
we define the order “<” as follows:
Dy < Dy & Dy <D and Df < Dj.
We also define the refined minimum (briefly, rmin) and refined maximum (briefly,
rmax) as follows:
rmin{ Dy, Dy} = [min{Df,DQ_},min{Di",D;}] ,
rmax{D1, D>} = [max{D;y, D; }, max{D}, D }].
For a family {D; = [D;, D] | i € A} of closed subintervals of [0, 1], we define
rinf (refined infimum) and rsup (refined supermum) as follows:

rinfD; = [inwa infD;“} and rsupD; = [supDi,suij] .
i€A i€A i€A i€A i€A i€A
Let X be a nonempty set. A function
A:X = D[0,1], z— [A" (z), AT(z)]

(
is called an interval-valued fuzzy set in X where D[0,1] is the set of all closed
subintervals of [0, 1],

A X = [0,1), 2+ A ()

and

AT X = [0,1], z+— At (z).
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For a family {4; | i € A} of interval-valued fuzzy sets in X, the union G = J 4;
i€EA
and the intersection H = [ A; are defined as follows:
i€

G = U/L : X — D[0,1], = — rsupA;(z)
[ISHN
i€EA

and

H:fM“X%DmmxH%Qm)
i€EA

respectively. By a cubic set in X we mean a structure
A={(z, A@), p()) | = € X}

in which A is an interval-valued fuzzy set in X and p is a fuzzy set in X. A cubic
set A = {(m, A(z), u(z)) |z e X} is simply denoted by A = (A, p).

An algebra (X;x*,0) of type (2,0) is called a BCI-algebra if it satisfies the
following axioms:

(D) (Va,y,z € X) (((z*y) * (zx2)) *
(ID) (Va,y € X) ((z* (zxy)) xy =0),
(IlI) (Vz € X) (z*xx =0),

(V) (Ve,ye X) (zxy=0,yxz=0 = =z =y).

(zxy) =0),

If a BCI-algebra X satisfies the following identity:
(V) VzeX) (0xx=0),

then X is called a BCK-algebra. We can define a partial ordering < on X by
x <y if and only if x x y = 0. Any BCK/BC1I-algebra X satisfies the following
conditions:

(Vz € X) (%0 =ux), (2)
(Vo,y,2€ X)) (z <= wx2<yx*xz, 2%y < z*x), (3)
(Vz,y,2 € X) ((zxy) * 2= (T *2) xy), (4)
(Ve,y,z € X) ((xx2) * (y*x2) <axy). (5)

A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X
ifxxye Sforal x,y € S.

We refer the reader to the books [17, 26] and the paper [?] for further infor-
mation regarding BC'K/BCI-algebras.
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3. CUBIC SUBALGEBRAS

Definition 3.1 ([22]). A cubic set A= (A, ) in X is called a cubic subalgebra of
X if

(Vz,y € X) (fl(x s y) > rmin{ A(z), fl(y)}) , (6)
(Vo,y € X) (u(@ = y) < max{p(z), u(y)}) . (7)

Theorem 3.2. A cubic set A= (A, p) in X is a cubic subalgebra of X if and only
if the nonempty sets

Als,t] == {x € X | A(z) > [s,1]} and ple] == {x € X | u(z) < e}

are subalgebras of X for all [s,t] € D[0,1] and € € [0,1].

Proof. Assume th@t A= </~1, p) is a cubic subalgebra of X. Let x,y,a,b € X be
such that z,y € Als,t] and a,b € ple] for all [s,#] € D[0,1] and € € [0,1]. Then
A(z) > [s,t], A(y) > [s,t], p(a) < e and p(b) < e. It follows from (6) and (7) that

Az y) > rmin{A(z), A(y)} > [s, 1],
(a xb) < max{u(a), u(b)} < <

and so that z xy € A[s,t] and a * b € ule]. Hence A[s,t] and pule] are subalgebras
of X.

Conversely, suppose that A[s, ] # 0 and ule] # 0 are subalgebras of X for all
[s,t] € D[0,1] and € € [0,1]. For any z,y,a,b € X, let rmin{A(z), A(y)} = [s4, t.]
and max{u(a),u(b)} = . Then A(z) > [s4,t.], A(y) > [52,ta], p(a) < e and
w(b) < e, that is, z,y € Als,,t,] and a,b € ple]. Since A[s,,t,] and ple] are
subalgebras of X, we have z xy € Als,,t,] and a * b € ple]. Hence A(z xy) >
[2,t2] = rmin{A(z), A(y)} and p(a *b) < e = max{u(a),u(b)}. Therefore A =
(A, ) is a cubic subalgebra of X. O

Theorem 3.3. If A= ~,/~1,> and B = (B, \) are cubic subalgebras of X, then their
R-intersection ANg B=(ANDB,uV \) is a cubic subalgebra of X.

Proof. For any x,y € X, we have

(AN B)(z*y) = rmin{A(z x y), B(x * y)}
> rmin{rmin{A(z), A(y)}, rmin{ B(z), B(y)}}

= rmin{rmin{A(z), B(z)},rmin{A(y), B(y)}}
= rmin{(AN B)(z), (AN B)(y)}
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and
(1 VA (@ * y) = max{p(z *y), Az * y)}
< max{max{pu(z), p(y) }, max{A(z), A(y) }}
= max{max{u(z), A(x)}, max{pn(y)), A(y)} }
= max{(p V A)(x), (0 V A)(y)}-
Therefore ANz B= (AN B,V \) is a cubic subalgebra of X. O

The R-union of two cubic subalgebras of X may not be a cubic subalgebra of
X as seen in the following example.

Example 3.4. Let X = {0,a,b,c} be a set with the following Cayley table:

*‘Oabc
0

QO o O
St O R
Q OO0 o
O N0

a
b
c

Then X is a BCI-algebra (see [17, 26]). Let A = (A, ) and B = (B, \) be cubic
sets in X defined by the tabular representation in the following table:

X | (A, B) | ()
0 | ([0.6,0.9],[0.4,0.7)) | (0.3,0.4)
a | ([0.3,0.4],[0.4,0.7)) | (0.9,0.5)
b | ([0.3,0.4],[0.2,0.3]) | (0.9,0.8)
¢ | ([0.5,0.8],[0.2,0.3]) | (0.7,0.8)
Then the R-union of A = <A,,u> and B = (B, A) is given by the following table:

X| AUB |pnA

0 [[0.6,0.9] | 0.3

a|[04,07] ] 05

b |[0.3,04] | 0.8

¢ |[0.5,08 | 0.7

We know that A= (A, ) and B = (B, \) are cubic subalgebras of X. Note that
(AUB)(a*c)= (AU B)(b) =[0.3,0.4]
% [0.4,0.7] = rmin{(A U B)(a), (AU B)(c)}

and/or (WA X)(a*c) = (pAXN)Db) = 0.8 £ 0.7 = max{(u A N)(a), (1A X)(c)}.
Therefore AUg B = <A UB, 1A A) is not a cubic subalgebra of X.

The P-union of two cubic subalgebras of X may not be a cubic subalgebra of
X as seen in the following example.



Internal and external cubic subalgebras of BC'K/BC'I-algebras 53

Example 3.5. Consider the cubic sets A :~</~1, wy and B = (B, A) in Example 3.4.
Then the P-union of A= (A, u) and B = (B, \) is given by the following table:

X| AuB |pva
0 |[0.6,0.9]| 0.4
a | [0.4,0.7] | 0.9
b |[0.3,04] | 0.9
¢ |[0.508 | 08

We can verify that AUp B = (AU B, uV \) is not a cubic subalgebra of X.

The P-intersection of two cubic subalgebras of X may not be a cubic subal-
gebra of X as seen in the following example.

Example 3.6. Consider the cubic sets A = (A, 1) and B :~<B, A) in Ezample 3.4.
Then the P-intersection ANp B=(ANB,u AN of A= (A,u) and B= (B, \) is
given by the following table:

X| AnB |pnx
0 |[0.4,07]] 0.3
a | [0.3,04] | 0.5
b |[02,03]| 0.8
c|[0.2,03 | 07

We can verify that ANp B = (AN B, u AN is not a cubic subalgebra of X.

Definition 3.7. Given two cubic sets A = (A, 1) and B = (B, \) in X, the Carte-
sian product of A = (A, ) and B = (B, ) is denoted by A®@ B = (AxB,u x \),
and is defined as follows:

(va,y € X) (A% B)(z,y) = rmin{A(2), B(y)}) . (8)
(v, € X) (1 x A, ) = max{p(z), Ay)}) (9)

Theorem 3.8. If A= (A, ) and B = (B, \) are_cubic subalgebras of X, then so
is the Cartesian product of A= (A, p) and B = (B, \).

Proof. For any (a,b), (z,y) € X x X, we have

(AxB)((a,b) * (z,y)) = (AXB)(a * x,b*y) = rmin{ A(a * ), B(b * y)}
> rmin{rmin{A(a), A(z)}, rmin{B(b), B(y)}}
= rmin{rmin{A(a), B(b)}, rmin{A(z), B(y)}}
= rmin{(AXB)(a,b), (AXB)(z,y)}
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and
(1 x A)((a,0) * (z,y)) = (nx A)(a*z,bxy) = max{p(ax ), A(b*y)}
< max{max{p(a), p(z)}, max{A(b), AM(y)}}
= max{max{zu(a), A(b)}, max{p(z), A(y)}}
— max{ (s x \)(a,5), (1 x Nz, )}
Therefore A ® B = (AXB, i x ) is a cubic subalgebra of X. O

Definition 3.9. By an internal cubic subalgebra of X, we mean a cubic subalgebra
A = (A, u) of X which satisfies:

(va,y € X) (A~ (2 5y) < plaxy) < A (@xy)). (10)

Example 3.10. Let X be a BCI-algebra in Example 3.4. Define a cubic set
A= (A, u) in X by the following table:

X ‘ A ‘ 1

0 | [0.5,0.9] | 0.55
a |[0.4,0.7] | 0.65
b | [0.4,0.7] | 0.65
¢ | 10.5,0.8] | 0.65

1t is routine to verify that A = <f~1,u> is an internal cubic subalgebra of X.

Definition 3.11. By an external cubic subalgebra of X, we mean a cubic subalgebra
A= (A, u) of X which satisfies:

(va,y € X) (a+y) < A~ (wey) or ploxy) = At (@sy)). (1)

Example 3.12. Let X be a BCI-algebra in Example 3.4. Define a cubic set
A= (A, u) in X by the following table:

X ‘ A ‘ I

0 |[0.7,0.88] | 0.9
a | [0.4,0.6] | 0.99
b | [0.4,0.6] | 0.99
¢ | [0.6,0.8 | 0.99

1t is routine to verify that A = <;1,u> is an external cubic subalgebra of X .

Theorem 3.13. If a cubic subalgebra A = </~1, wy of X is not external, then there
erist ¢,y € X such that

A (@ xy) < plzxy) < At (zxy).

Proof. Straightforward. O
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Theorem 3.14. If A = (A, ) is a cubic subalgebra of X which is both internal
and external, then

(Va,y € X) (e +y) € LA LU (A)) (12)
where L(A) :={A~(zxy) | z,y € X} and U(A) := {AT(z xy) | z,y € X}.
Proof. Assume that A = (A, u) is a cubic subalgebra of X which is both internal
and external. Using Definitions 3.9 and 3.11, we have
A (e xy) S plrxy) < AM(zxy)
and p(z xy) ¢ (A (z *y), A‘*‘(a::k y)) for all z,y € X. It follows that p(z xy) =
A= (zxy) € L(A) or u(xxy) = AT (x xy) € U(A). This completes the proof. O

Note that the R-intersection of two cubic subalgebras of X is a cubic sub-
algebra of X (see Theorem 3.3). But, the R-intersection of two internal cubic
subalgebras of X may not be internal as seen in the following example.

Example 3.15. Let X be a BCI-algebra in Ezample 5.4. Let A = </~1,/¢> and
B = (B, \) be cubic sets in X defined by the tabular representation in the following
table:

X | (4,B) ()
0 |([0.5,0.9],[0.4,0.8]) | (0.55,0.45)
a | ([0.4,0.7],[0.3,0.6]) | (0.65,0.50)
b | ([0.4,0.7),[0.4,0.8]) | (0.65,0.55)
¢ | ([0.5,0.8],[0.3,0.6]) | (0.65,0.55)
Then A = (A, p) and B = (B,)\) are internal cubic subalgebras of X. The R-

intersection of A = (A, w) and B = <B, A) is given by the following table:
X| AnB |pva

0 |[0.4,0.8] | 0.55
a | [0.3,0.6] | 0.65
b |[0.4,0.7] | 0.65
¢ |[0.3,0.6] | 0.65

We know that ANg B = </~1 NB,uV A) is a cubic subalgebra of X. But it is
not internal since (uV A)(b*c) = (uV A)(a) = 0.65 ¢ [0.3,0.6] = (AN B)(a) =
(AN B)(bxc).

Now, we give conditions for the R-intersection of two internal cubic subalge-
bras to be an internal cubic subalgebra.

Theorem 3.16. If two internal cubic subalgebras A = (A, ) and B = (B, \) of X
satisfy the condition

(Vz,y € X) ((u VA (zxy) < min{fl"‘(m * ), B+(gc * y)}) , (13)
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then their R-intersection ANp B = (jl NB,uV A) is an internal cubic subalgebra
of X.

Proof. By Theorem 3.3, we know that AN B = (AOB, 1V A) is a cubic subalgebra
of X. Since A= (A, pu) and B = (B, \) are internal, we have

A (e xy) < plexy) < AM(zxy)
and
B (zxy) < Nz xy) < Bt (z*y)
for all z,y € X. It follows from (13) that
(ANB)~(z5y) < (v Nz +y)
< min{A*(z *y), B (z*y)}
— (AN B)*(z+y)
for all z,y € X. Therefore ANr B = </1 N B, @V A) is an internal cubic subalgebra
of X. O

Note from Example 3.4 that the R-union of two cubic subalgebras may not
be a cubic subalgebra. We now have the following question.

Question 3.17. Consider two cubic subalgebras A = <Av~/~‘> and B = (B,~A> of X
for which their R-union is a cubic subalgebra. If A = (A, p) and B = (B, ) are
internal, then is the R-union of A= (A, p) and B = (B, \) internal?

The following example gives a negative answer to the question above.

Example 3.18. Let X be a BCI-algebra in Ezample 5.4. Let A = <f~1,u> and
B = (B, \) be cubic sets in X defined by the tabular representation in the following
table:

X | (4,B) N
0 | ([0.5,0.9],[0.3,0.8]) | (0.50,0.35)
a | ([0.3,0.7],[0.1,0.6]) | (0.65,0.55)
b | ([0.4,0.8],[0.2,0.7]) | (0.60,0.45)
¢ | ([0.3,0.7],[0.1,0.6]) | (0.65,0.55)
Then A = (A, ) and B = (B, \) are internal cubic subalgebras of X. The R-union

of A= (A, 1) and B = (B, \) is given by the following table:

X‘ AUB ‘u/\)\

0 |[0.5,0.9] | 0.35
a | [0.3,0.7] | 0.55
b |[0.4,0.8] | 0.45
¢ | [0.3,0.7] | 0.55
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We know that AUr B = (AU B, A \) is a cubic subalgebra of X which is not
internal.

We provide conditions for the R-union of two internal cubic subalgebras to
be an internal cubic subalgebra.

Theorem 3.19. Let A = (A, 1) and B = (B, \) be cubic subalgebras of X such
that AU B = (AU B, u A N) is a cubic subalgebra of X and
(Vz,y € X) ((u AN (z *y) > max{A™(z*y), B~ (z y)}) . (14)
IfA= (A, pu) and B = (B, \) are internal, then their R-union AUgB = (AUB, uA\)
is an internal cubic subalgebra of X.
Proof. 1t A= (A, u) and B = (B, )\) are internal, then
A7 (@ xy) S plaxy) < AT (zxy)
and
B~ (zxy) < Mz xy) < Bt (z*y)
for all z,y € X. Tt follows from (14) that
(AUB) (z*y) =max{A~ (zxy),B (z*y)}
< (WAN(z*y) < (AUB) (z*y)

for all z,y € X. Hence AUr B= (AU B, A \) is an internal cubic subalgebra of
X. O

Theorem 3.20. Let A = (A, 1) and B = (37 A) be cubic subalgebras of X' for which
AUpB = (AUB, uVA) (resp., ANpB = (ANB, uAN)) is a cubic subalgebra of X.
If A= (A, p) and B = (B, \) are internal, then the P-union AUpB = (AUB, uVA)
(resp., P-intersection ANp B = (AN B,uA X)) is an internal cubic subalgebra of
X.
Proof. If A= (A, u) and B = (B, \) are internal, then
A (zxy) <plrxy) < AT (zxy)
and
B (zxy) < Mz xy) < BY(z*y)
for all z,y € X. It follows that
(AU B) (2 +y) = max{A~ (2 5 ), B~ (z y)}
< (wVA)(z+y)
< max{At(zxy), B (z*y)}
= (AUB)"(z*y)



58 H. BORDBAR, M. M. ZAHEDI, AND Y. B. JUN

and
(ANB) (z*y) =min{A™ (z*y), B (zxy)}
< (uAN)(z *y)
< min{A*(z x y), B* (z x y)}
= (AQB)+(x*y)
for all z,y € X. This completes the proof. (I

Example 3.5 shows that the P-union of two cubic subalgebras of X is not a
cubic subalgebra of X in general. We now take two cubic subalgebras A = (A, p)
and B = (B, A) of X such that their P-union is a cubic subalgebra of X. We pose
a question.

Question 3.21. If A = (A, 1) and B = (B, \) are external, then is the P-union of
A= (A, u)y and B = (B, \) internal?

The following example shows that the answer to the question above is nega-
tive.
Example 3.22. Let X ={0,1,2} be a set with the following Cayley table:
* ‘ 2

0
1

N = OO
N O O~

0
1
2 0

Then X is a BCK -algebra (see [26]). Let A= (A, ) and B = (B, \) be cubic sets
in X defined by the tabular representation in the following table:

X | (4,B) | ()

0 | ([0.3,0.50],[0.5,0.8]) | (0.51,0.15)
1 | ([0.2,0.40],[0.3,0.6]) | (0.65,0.25)
2 1 (

(

0.3,0.45],[0.4,0.7]) | (0.53,0.35)

Then A = (A,u) and B = B, A) are external cubic subalgebras of X. The P-union
of A= (A, u) and B = (B, )\) is given by the following table:

X ‘ AUB ‘ JTAVAP

0 | [0.5,0.8] | 0.51

1 ]1[0.3,0.6] | 0.65
2 | [0.4,0.7] | 0.53

We know that AUp B = (AU B,V A) is a cubic subalgebra of X which is not
internal.

We consider conditions for the P-union of external cubic subalgebras to be
an internal cubic subalgebra.
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Theorem 3.23. Let A= (A, 1) and B = (B, \) be external cubic subalgebras of X
such that their P-union is a cubic subalgebra of X. If A* = (A, \) and B* = (B, j1)
satisfy the condition (10), then the P-union and P-intersection of A = (A, u) and
B = (B,\) are internal cubic subalgebras of X.

Proof. Assume that A* = (fl, A) and B* :~<B,u> satisfy the condition (10). Then
A= (zxy) < Mz xy) < At(zxy) and B~ (z xy) < p(r*xy) < BY(z xy) for
all z,y € X. Since A = (A, u) and B = (B, \) are external, we have p(z * y) ¢
(A‘(x xy), At (z y)) and Az x y) ¢ (E‘(x s« y), BT (% y)) for all z,y € X.
Hence we can consider four cases as follows:

N
+
8

{u(x*y)ﬁé‘(x*y)ék(fv*y)é (2 xy), (15)

Mz xy) < B (xxy) < p(r*y) < BY(z+y)

{ plxxy) < A= (zxy) < Naxy) < AT (zxy), (16)
B~ (zxy) < plzxy) < BF(zxy) < Mz *y)

{ A= (@ xy) < Mz xy) < At (zxy) < plz*y), (17)
Mz xy) < B (xxy) < p(r*y) < B (zxy)

{ A (zxy) < Mo xy) < At (zxy) < ple*y), (18)
B (zxy) < plrxy) < BT (zxy) < Mo *y)

for all z,y € X. The first case implies that u(zxy) = A~ (zxy) = B~ (zxy) = \(a*y)
for all z,y € X. It follows that

(AUB) (zxy) =max{A~(zxy), B (xxy)} = (uV ) (2 xy)
< max{A*(z*y), BT (z+y)} = (AU B)*(z *y).
for all 2,y € X. Fir the cases (16) and (17), it is clear that
(AUB) (zxy) < (pV )z *y) < (AUB)* (2 *y)

for all 2,57 € X. The case (18) induces p(z*y) = BT (zxy) = At (xxy) = Az *y),
and so

(AUB) (2 *y) = max{A™ (z+y), B (zxy)} < (nV A)(z *y)
= max{p(z *y), Az * y)}
= max{AT(z xy), B (zxy)} = (AUB)T(z x y).
for all 2,y € X. Therefore AUp B = (AU B,V \) is an internal cubic subalgebra

of X. Similarly, we can verify that ANp B = (AN B, A \) is an internal cubic
subalgebra of X. O

We consider conditions for the P-union of external cubic subalgebras to be
an external cubic subalgebra.

Theorem 3.24. Let A= (A, 1) and B = (B, \) be external cubic subalgebras of X
such that their P-union is a cubic subalgebra of X. If A* = (A, \) and B* = (B, u)
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satisfy the condition (11), then the P-union of A = (A, ) and B = (B,\) is an
external cubic subalgebra of X .

Proof. For any x,y € X we have

) (z*y)
xxy) or A(zx*xy) >
) or Alz*y)
< B (zxy) or ulzxy)> B (zxy).
It follows that

(1 VA (@ *y) <max{A™(z+y), B (v+y)} = (AUB) (zxy)
(VA (2 * y) > max{A* (z xy), B (z x y)} = (AU B) " (z  y)

for all 2,y € X. Therefore AUp B = (AU B, 1V \) is an external cubic subalgebra
of X. O

We provide conditions for the P-intersection of external cubic subalgebras to
be an external cubic subalgebra.

Theorem 3.25. Let A= (A, 1) and B = (B, \) be external cubic subalgebras of X
such that

(1) The P-union of A= (A, ) and B = (B, \) is a cubic subalgebra of X,
(2) The following assertion is valid.
min{max{A¥ (z xy), B~ (z *y)},max{A™ (z xy), BT (z xy)}}
= (LA XN)(@=y) (19)
> max{min{ At (z xy), B~ (z *y)}, min{A~ (z x y), B (z x y)}}
forallz,y € X.
Then ANp B= (ANB, AN is an external cubic subalgebra of X.

Proof. For any x,y € X, let
¢ := max{min{A* (z *y), B~ (z xy)},min{ A~ (z xy), BT (z *y)}},
¢ := min{max{A¥ (z *y), B~ (2 * y)}, max{A~ (x x y), BT (z x y)}},

in the condition (19). Then ¢ = At(zxy), o = Bt (x * y), 0 = fi_(gc * 1) or
0 = B~ (vxy). Assume that § = A*(zxy). Then B~ (z*y) < A (vxy) < B (vxy),
and so e = max{A~ (xxy), B (xxy)}. If e = A~ (z *xy), then

B (zxy) <A (zxy)=ec< (uAN(x*y) <d=AT(zxy) < BT (zxy), (20)
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which implies that (u A A)(z *y) = At (z xy) because if (uAN)(z*y) < At (zxy)
then p(z xy) < AT (zxy) or AM(x xy) < BT (z *y), a contradiction. It follows that

(LA N (@ *y) = AT (zxy) = (AN B)*(x*y)
and so that

(AN +y) ¢ ((ANB) (@ +y), (AN B)F (@ +y)).
If e = B~ (z % y), then
A (zxy) <B (zxy)=e< (uAN(xxy) <d=AT(zxy) < BT (zxy). (21)

If (uAN) (zxy) < A (zxy) in (21), then p(az*y) < A*(zxy) or Aw*y) < B (z*y),
a contradiction. Hence (u A A)(z xy) = AT (2 * y) in (21), which implies that

(
(AN @y ¢ (AN B) (z+y), (AN B)* (z+y)).

Suppose that § = A~ (z *y). Then
Bf(x*y) < B+(x*y) < fl*(x*y) < AJr(x*y),
and so € = BT (z % y). Thus

B_(at*y) = (AﬂB)‘(x*y) < (AﬁB)Jr(x*y) :B+(m*y) =e < (uAXN)(zx*y),

and hence

(AN @+y) ¢ (ANB) (@+y), (AN B)F(@+y)).

By the similarly way, we can have

(WAN@ ) ¢ (ANB) (@ +y), (AN B)* (2 +y))

for the cases d = Bt (x %) and 6 = B~ (z % y). Therefore ANp B = (ANB, uAN)
is an external cubic subalgebra of X. O

4. CONCLUSIONS

We have introduced the notion of internal and external cubic subalgebra
in BCK/BC1I-algebra. We have discussed the R-union (resp., R-intersection, P-
union, P-intersection) of internal and external cubic subalgebras in BCK/BCI-
algebra. We have provided conditions for

e the R-intersection of internal cubic subalgebras to be an internal cubic
subalgebra.

e the R-union of internal cubic subalgebras to be an internal cubic subalgebra.

e the P-intersection of internal cubic subalgebras to be an internal cubic
subalgebra.

e the P-union of internal cubic subalgebras to be an internal cubic subalgebra.

e the P-union of external cubic subalgebras to be an external cubic subalge-
bra.

e the P-union of external cubic subalgebras to be an internal cubic subalge-
bra.
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