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Abstract. The motivation behind this paper is to use hybrid method for searching
a typical component of the set of fixed points of an infinite family of nonexpan-
sive mappings and the set of monotone, Lipschtiz continuous variational inequality
problem. The contemplated method is combination of two method one is extragra-
dient method and the other one is DQ method. Also, we demonstrate the strong
convergence of the designed iterative technique, under some warm conditions.
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1. INTRODUCTION

Throughout this paper, let H be a real Hilbert Space with norm || - || and
inner product < -,- >. Let D be a non empty closed convex subset of H. Let
A : D — H be a non linear mapping then the problem of the variational inequality
is to find a point = € D such that

<Ar,y—x>2> 0, VyeD. (1)

The solution set of the variational inequality is represented by €.

A point z € D is said to be a fixed point if Tz = . We adopt F(T) to represent
the set of fixed points of T. A self mapping T on D is said to be nonexpansive if
[Tz = Tyl < ||z — y|,Va,y € D.

In 1964, Stampacchia [15] introduced and studied Variational inequality prob-
lem. It is notable that a wide classes of issue emerging in pure and applied sciences
can be illuminated with the assistance of variational inequality problem or in other
words we say that many problems are proved equivalent to variational inequality
problem such as optimization problem, maximisation problem. Several researcher
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works on common solution of the variational inequality and the optimization prob-
lem. In fact, there are different approach to study variational inequality problems.
Based on distinct approaches, many algorithms for solving variational inequality
problem is considered and proposed ( [3], [5], [6], [7], [8], [13], [I7], [16]) Let us start
with one of the method which is used in our paper, i.e., Korpelevich’s extragradi-
ent method which was popularized by Korpelevich [9] in 1976 and which initiate a
sequence {a,} defined as:

b, = Pp(a, — Ma,,)
an+1 = Pp(a, — AAb,),n >0

where Pp is the metric projection from R™ onto D, A : D — H is a monotone
operator and A is a constant. Korpelelevich [9] proved that the sequence {a,}
converges strongly to a solution of VI(D,A).

Korpelevich’s extragradient technique has widely been read for the solution
of finding common point which belong to the solution set of fixed points of a non-
expansive mapping and variational inequality. In 2006, Nadezhkina and Takahashi
[10] introduced the following method:

ro=z €D,

Yn = PD(an - AnAxn)7

Zn = any + (1 — an)TPp(xn — A\ Ayn),

Dy ={z€ D :||zp — 2|| < ||z — 2|[},

Qn={2€D: <z, —z,2—x, >> 0},
Tpy1 = PDannx,n >0,

where Pp is the metric projection from H onto D and T': D — D be a non-
expansive mapping with A : D — H monotone k-Lipschitz continuous mapping
having two sequences {«a;,} and {\,}. They established the strong convergence of
the sequences, {x,}, {yn} and {z,} to the same element of F(T) N .

Influenced from the work of Ceng. et al. [I], in which they proved the weak
convergence of the iterative method to N F(T;)N2 while considering finite family
of nonexpansive mapping, Ceng. et al. [2], discovered hybrid extragradient like
approximation method for proving strong convergence of this method to Pr(1)nq,
Yao. et al. [19], suggested a hybrid method for variational inequality and fixed
point of infinite family of nonexpansive mapping and prove its strong convergence to
N>, F(T,)N<, in this paper, we use hybrid method for finding a typical component
of the arrangement of fixed points of an infinite family of nonexpansive mapping
and the set of monotone, Lipschtiz continuous variational inequalities problem. The
planned method is combination of two methods, one is the extragradient method
and the other one is DQ method. Also, we demonstrated the strong convergence
of the designed iterative technique, under some warm conditions.
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2. PRELIMINARIES

In this section, we recall some basics definitions and lemmas which are further
used in our proof. Let D be a nonempty closed convex subset of a real Hilbert space
H. A mapping A: D — H is called monotone if < Au — Av,u —v >> 0,Vu,v € D
and a mapping T : D — D is said to be nonexpansive if || Tz—Ty|| < ||z—yl||,Va,y €
D. F(T) denote the set of fixed points of T, that is, F(T) = {x € D : Ta = z}.
For every point « € H, Pp(x) represent the unique nearest point in D and Pp is
called the metric projection of H onto convex subset D and also, a nonexpansive
mapping from H onto D. It has the following properties:

(i) Pp(z) € D
1Pp(x) = Pp)l| < |z —yll, Vo,ye H
(ii) <z — Pp(z),y— Pp(z) >< 0, Ve e HyeD

(iii) The property (ii) is equivalent to
Iz — Po(@)| + Iy — Po@)|* < [lz—yll, VoeHyeD
(iv) In the variational inequality problem, projection implies that

u€, < u=Pp(u—AAu), V> 0.

As Opial’s condition [I1], implies for, any sequence {z,} with z,, converges weakly
to & and the inequality

lim inf ||z, — || < lim inf||z, —y||
n— oo n—o0

holds V y € H with y # .

As D be a nonempty closed and convex subset of H. Let {T;}52, be infinite
family of nonexpansive mappings of D into itself and {yu;}$2; be a real number
sequence such that 0 < p; <1 for every i € N.

Here, we use the mapping W,, [12] defined as

Unny1 =1,
Unin = pinTnUpny1 + (1 - Nn)Ia
Unn-1=pin-1Tn-1Upnn + (1 — pn—1)1,
Unk = e TkUn k1 + (1 — pg) 1,
Un k-1 = tk—1Th—1Un i + (1 — p—1)1,
Un2 = pToUp s+ (1 — p2)l,
Wy =Up1 =mTiUp2+ (1 — )i,
where g1, 2, -+ are real numbers such that 0 < p, < 1 for each n > 0 and
Ty,T5,--- are nonexpansive mappings from D into itself. Non expansivity of T;

gives us the non expansivity of W,,. We have the following pivotal lemmas related
to W,, [12] which are stated as:
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Lemma 2.1. [I1] Let D be a non empty closed convex subset of real Hilbert space H .
Let Ty, Ts,T5, - -+ are nonexpansive mappings of D into itself such that NS, F(T,)
is nonempty. Let pi1, pa, i3, -+ are real numbers such that 0 < p; < 1 for every
1 € N. Then for every x € D and k € N, the limit lim,, o U, k2 exists.

Lemma 2.2. [11] Let D be a nonempty closed convex subset of H. Let Ty, To, T3, - - -
are nonexpansive mappings of D into itself such that NS, F(T,,) is nonempty. Let

W1, 2, 3, - - are real numbers such that 0 < p; < 1 for every ¢ € N. Then,
FW) =N, F(T,).

Lemma 2.3. [I4] Using the above two lemmas, W is defined from D to itself as:
W =limy, oo Wyx = limy,yoo Up 12,V @ € D. If {x,} is bounded sequence in D,
then

lim ||[Wx, — Wyz,|| = 0.
n— 00

Lemma 2.4. [I§] Let D be a nonempty closed convex subset of H. Let T : D — D
be a nonexpansive mapping with F(T) # ¢. Then T is demiclosed on D, i.e., if
Yn — 2 € D weakly and y, — Ty, — y strongly then (I —T)z =y.

Lemma 2.5. [4] Let D be nonempty closed and convex subset of H. Let {x,} be
a sequence in H andw € H. Let s = Pp(u). If {z,} is such that wy(x,) C D and
satisfy the equation

[|zn —ull < fu— s, ¥ n.

Then {x,} — s.

Here w,, (x,) respresents the weak convergence of sequence x,.

3. MAIN RESULT

Theorem 3.1. Let H be real Hilbert Space and D be its nonempty closed and convez
subset. Let A : D — H be a k- Lipschitz continuous, monotone, nonexpansive

mapping and {T,)52, be an infinite family of nonexpansive mappings of D into

itself such that NS F(T,,) NQ # ¢. Let ag = ag € D. For Dy = D, let {t,}, {cn},
{bn}, and {a,} be sequences generated by:

t, = Pp(a, — A\, Aay)
en = Bnan + (1 — Bn)Wy,Pp(an, — A\ Aty)
by, = anan + (1 — an) Wy Pp(an — AnAcy),
Dp ={s € D:|[bn —s[| < |lan = sl|,[cn — s[| < [lan — s][},
Qn={seD:<a, —s,a —a, >> 0},
an+1 = Pp,nq, a0,n > 0,
where W, is mapping defined above. Assume the following conditions hold:
(i) {\n} C [l,m] for somel,m € (0,1/k)
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(i1) {an},{Bn} C [0,c] for some c € [0,1).
Then the sequences {t,}, {cn}, {bn}, and {a,} converges strongly to the same point
Proe  p(r,)ne(ao)-
ProoOF. We divide the proof into several parts while proving the main result. We
assume that all the assumptions of theorem are satisfied.
Step 1: Firstly, we prove that D, NQ,, is closed and convex for every n € N U{0}.
As it is obvious that D,, is closed and @, is closed and convex . We only need to
prove that D, is convex.
Since, ||bn, — || < ||an — s is equivalent to ||b, — an|[* +2 < by, — an,a, —s >< 0
it gives us that D, is convex . Hence, D, N @, is a closed convex subset of H for
any n € N
Step 2: We show that NS>, F'(T,,) N Q2 C D, N Qp.
For this purpose, set u, = Pp(a, — A\, At,) and v, = Pp(a, — A\, Acy,) for all n > 1.
Choose a € N2, F(T,,) N . From property (iii) of Pp, we have

lun = al* < |lan = Antn = al* = [Jan — AnAtn — un||?
= |lan — a||* = ||an — un||® + 2Xn < Atn,a — u, >
= |lan —aH2 —|lan —un||2—|—2/\n < Atp,a —ty > 42X\, < Atp,tn — up >

AsaeQandt, € D, CD, we get 8
< Au,t, —a>>0.
From the monotonicity of A, we have
< Atp,t, —a>>0. (4)
Combining and , we get
l[un — al|® < ||an — al|® = |Jan — un|]® + 220 < At tn — up >
= |lan — a||* = ||an — ta|]* =2 < @n — tn, tn — Un > —||tn — un|?
+ 2X\n < At tn — up > (5)
= |lan — a||” = |lan = ta||* = [[tn — unl|” +2 < an — tn — AnAtn, un — tn >
as t, = Pp(a, — A\, Aa,) and u,, € D,. Then by the property (iii) of Pp, we have
< ap— AMAay, —tn,uy, —t, ><0.
Hence,
< ap — AMAt, —tn, Uy — ty, >
=< ay — AAay, — ty,up — by >+ < MyAay, — M ALy, up — t, >
<< AnAan — A Aty Uy, — ty >< Ankllan — tal]|Jun — tal|.  (6)
From and @, we have
l|un — al|? < [lan — al|* = ||an — tal|* = ||tn — unl|®* + 2 < an — tn — A Aty uy — t, >
<lan = all? = llan = ta|[* = [[tn = wal® + 2X0kl|an — to|-|[un — tnl|
<lan = al|? = llan = ta|[* = [[tn — unll® + /\ik’2||an — tal* + [Jup =t |?
<llan — aH2 + ()‘ikQ = Dllan — thQ
< llay — all*. (7)
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In a similar manner, we can show that
[lon = all® < [lan — al* + (\A* = 1)llan — cnl|? (3)
< llan — CL||2'
From @ together with ¢, = Bha, + (1 — Bn)Whu, and a = W,a, we get
llen — a||2 = ||Bnlan —a) + (1 = Bp)(Wnun — a)||2
< Bnllan — CL||2 + (1 = Bu)[[Whun — CL||2
< Ballan — all? + (1 — Ba)lJun — al|?
< Ballan — a||2 + (1= Bn)(llan — a||2 + ()‘ikz = Dllan — un||2)
< lan = all* + (1 = Ba) A0k = 1)llan — unl|?
< llan — all*. 9)
Again, from together with b,, = aya, + (1 — ay,)Wyov, and a = Wya, we obtain
[br, = al* = [Jan (an — @) + (1 = ) Wy, — a)||”
< llan — aH2 +(1- O‘n)()‘ikQ = Dllan — Cn“2
< |layn — all*. (10)

Thus, a € D,, for {b,}.

From, @D and , we get
a€D,
and hence
Mo F(T,)NQC D, VneN. (11)
Next, we show that
N F(T,)NQCD,NQ, ¥neN.
We prove this by induction. For n = 1, we have
N2 F(T,) N C Dy and Q1 = H,
and we get
N F(T,) N C D1 NQs.

Assume ay, is defined and N2, F(T,,) N C D NQy for some k > 0. Then Dy and
Q. is closed and convex due to well defined nature of ¢; and by as elements of D.
Thus Dy N Qy is closed and convex subset, which is nonempty since by assumption
of NS, F(T,,) N Q2. Consequently, a,1+1 € D, N Q,, such that

an+1 = Pp,ng, 00,
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then
< py1 — 2,00 — Gpt1 > > 0 for each z € D, N Q.
As especial

< Apt1 — 2,00 — Gpy1 > > 0 for each z € NS, F(S,) NQ
and hence z € Qp4+1. It follows that NS, F(T,,) N C Qn41. This together with
gives
Mo F(T,)NQC Dy NQp,y V.
Thus {a,} is well-defined.
Step 3: Now, we show that {a,} is bounded.
Since N2, F(T},) N £ is a nonempty closed convex subset of H, then there exist
a unique zop € NS, F(T,) N Q such that zy = Pre  r(1,)n0ao. From a1 =
Pp, nq, a0, we have
[lant+1 — aol| < ||z — agl| for every z € D,, N @Q,, and for every n € N.
Since zgp € NS, F(T,) N Q C D, N @y, we have
llan+1 = aoll < [lz0 — aoll, ¥V n € N. (12)
Thus, we obtain {a,} is bounded.
As apy1 € D, NQ, and a,, = Py, ap, we have
< g — QpyGp — Gprq >>0 (13)
0 < —[lao — anHz + llao — an|l-|lao — an+1ll,

and therefore

llant1 — aoll = |lan — aol|-
This together with the boundedness of the sequence {a,,} imply that lim ||a, —ao]|
n—oo

exists.
Step 4: Now, we obtain the following equalities

lim ||ant1 — anl|| = lim |lay, — || = lim ||a, —t,]| =0
n—oo n— 00 n— 00
and
lim ||a, — Whay|| = lim [|b, — Wyb,|| = 0.
n— oo n—oo
Consider
llant1 = anl® = [[(an41 — ao) — (an — ao)||*

= ||an+t1 faOHQ —|lan fa0||2 —2< apy1 — ag,an —ag >

< lan+1 — aol* = [lan — aol|*.
As lim, 00 ||an — apl| exists, we get

l|ant1 — aol|® — ||lan — aol|* — 0.
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Therefore, lim ||ap+1 — anl| = 0.
n—oo

Since a1 € D,,, we have
|16, — ant1]] < |lan — ant1l|
and

lan = ball < |lan — antal] + [|ant1 — ball
< 2||ans1 — anl] — 0.
Similarly, we get ||a, — ¢,|| — 0.
Now, for each u € N3, F(T,,) N Q from (8), we have
1
= B (22— 1)
< 1
T (1= Bn)(ARR - 1)

Since ||a, — ¢n|| = 0, sequence {a,} and {c,} are bounded, we obtain

llan = tal* < (lan —all* = llen — al*)

(llan = all +[len = al([lan = enl])-

llan — tnl| — 0.
By the same idea as in , we obtain that

llun — al* < [lan — all* + (AL&? = 1)[[tn — ||
Hence,

ch - CL||2 < ﬁn“an —a||2 +(1 _ﬁn)Hun _aH2

97

< Bullan — a||2 + (1 = Bn)(|lan — a||2 + ()‘ik2 = 1)|[tn — un||2)

= llan = all* + (1 = Bu) ALK = Dltn — unll*.

It follows that
1

(1= Bn)(A3k* = 1)
— 0.

[t — a2 < (llan — al| = llen — all)llan — call
From the k-Lipschitz continuity of A, we have ||Ab,, — At,|| — 0, from
lan = unl| < |lan = ta|| + [[tn — uall,
we get
[lan — un|] — 0.
In a similar manner and from the idea as in , we get

llon = all* < llan —all* + (AZ5 = )[[tn — vall.
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Hence,

1 = all® < anllan = al* + (1 = an)(llan = all* + (A2K* = 1)[[tn — val*)

< llan = all? + (1 = an) (Aik2 = Dlftn = val[*.

It follows that

1
|[tn — val* < (1_an)()\2k2_1)(”‘1717‘1”2* ||bn — all?)
1
< — — —
_(l—an)()\%k2—1)(”a" all + |[bn = al])|larn — byl
— 0,

and from

llan — vnll < [lan = bull + [|bn — vall,
we have

[lan, — vn|] — 0.

Since ¢, = Bran + (1 — Bn) Wy,
we find

(1 - Bn)(Wnun - un) = /Bn(un - an) + (Cn - Un)

and
(1 = [Whatn — un|l < (1 = Bo)|[[Whntn — ua|
< Ballun = an|| + [len — unl|
< (L + B)llun — anl| + [len — anl]-
Hence,

[lwn — Whug|| — 0.
In a similar way, as
b, = apan + (1 — an)vp,
we have
(1 — apn)(Whun) = an (v, — ap) + (b — vy)
and

(1= )|[Whvp — vn|| < (1 = an)|[Whvn — vy]|

< anl|vn = an|| + [|br — ay]|

< (14 an)l|vn = anl| + [|bn — anl]-
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Hence,
[|v, — Whvp|| — 0. (15)
To conclude
l|an — Whan|| < ||an — un|| + [[un — Watn|| + [[Wntt, — Wyan||
< flan = unl| 4 [|un = Whun|| + [[un — anl|
< 2[|an — up|| + [|un — Whun||
SO

llan, — Whan|| — 0.

Similarly, from 7 we get
[|bn, — Wybn|| — 0.
As, ||lan, — Whay|| and ||b, — Wyby|| — 0

On the other hand, since {a,} and {b,} are bounded and from lemma (2.3), we
have

lim (|[Wya, — Way|| =0
n—oo
and
lim ||W,b, — Wb,|| =0
n—oo
Therefore, we have
lim ||a, — Way|| =0
n— oo
and
lim ||b, — Wb,|| = 0.
n—roo

Step 5: Strong convergence of {t,,}, {bs}, {c.} and {an} to Pre  p(1,)n0do0-
Furthermore, since {a,} and {b,} is bounded and has a subsequence {a,,} and
{bn,} which converges weakly to some a € D, hence we have

lim ||an, — Wap,||=0and lim [|b,, — Wb, || =0.

j—o0 j—o0
From lemma ([2.4]), which gives that I — W is demiclosed at zero. Thus, a € F(W).
Since u, = Pp, (an, — A\, At,) and v, = Pp, (an — A\nAcy,), for every € D,,, we
have

< Gp — AMAty — Up, Uy —x >>0and < a, — A\yAc, — Vp, vy — 2 >>0

hence,

ap — U an —
< T — Uy, Aty >2<x—un,%>and < T — vy, Ac, >2<x—vn,%>
n n
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Combinig with monotonicity of A and consider s,, = u,, + v,, we have
<X — Sp, Ax > =<2 — (Up +vy), Ax >
=< & — Up, AT > + < T — vy, Az >
><x—Up, Aup >+ < x — v, Av, >
><x — Up, AUy — Ay >+ < T — Uy, Ac, >
+ <z — vy, Av, — Ab, > + < x — vy, Ab, >
><x — Up, Au, — Acy >+ < T — vy, Av, — Ab, >

Qp — Up Qp — Up

L st <r—uy, —T >
Moo "

Since limy, o0 (G —ty) = limy, 00 (cn—uy) = 0 and limy, oo (@n—vy,) = limy, o0 (by—

vp) = 0, A is Lipschitz continuous and A,, > > 0, we deduce that

+ <X — Up,

<z—a,Ar >= lim <z—s,,,Ar>>0
n; —>0o0
This implies that a € 2. Consequently, a € NS F(T,,) N Q2 that is
wy(an) C NS F(T,) NQ.
In (12)), if we assume u = Pre  p(1,)n0d0, we get

llao — an+1ll < llao — Pre | r(1,)n0a0l| (16)

n=1
Notice that wy(a,) C N, F(T,) N Q. Then, and lemma ensure the
strong convergence of {an11} to Pre  r(1,)n0do0-
Consequently, {t,,},{b,} and {c,} also converges strongly to Phe  p(1,)n000-
Hence the result.
Remark 1: We obtain the result of [9], if infinite family of mappings reduces to
single mapping with 3, =0 and W,, = I.
Remark 2: If ), = 0 and equation reduces to two step iteration, then we
obtain Theorem 3.1 of [19].

4. NUMERICAL EXAMPLE

In this part, we give an example which supports our result.
Example: Let H = R and D = [0,2]. Let oy, = n/(n + 2), B, = n/(n + 3),
An=1+4+1/n, Az =1/3(x — 1) and W, (x) = 2z/n.
For {a,} defined in (2), we divide this procedure into 3 steps:
Setp 1: Find D,,. Since D,, = {s € D : ||b, — s|| < ||an = s||, llcn — s|| < ||an —s]|},
we obtain (2s — (an + bp))(an — bn) < 0 and (25 — (a, + ¢n))(an — ¢n) < 0. We
have the different cases:
Casel: If a, — b, =0, then D, =DV n > 1.
Case 2: If a,, — b, > 0 then s < %. Thus D,, = [0, @] ,Vn > 1.
Case 3: If a,, — b, < 0 then s > % Thus D,, = [%1’",2] ,Vn > 1.
Similarly, we have D,, = [0, %] for a, —c, > 0and D,, = [%, 2] for a, —c, <
0Vn>1.



Convergence of Hybrid Method 101

Thus D,, is intersection of possible cases generated due to {b,} and {c,}.

Step 2: Find @, = {s € Q :< ap—s,x—a, >> 0} ={s € Q: (ap,—s)(x—ay,) > 0}.
We obtain the following cases:

Case 1: If xt —a, =0=Q, = D.

Case2: 2 —ap,>0—>a,—s>0=s<a,=Q,=DNJ[0,a,]

Case3: 2 —a, <0—=a,—s<0=s5>a, = Qn=DNJan, 2.

Step 3: Calculate the numerical result of a,1 = Pp,ng, a1. Take a; = 0.19, we
obtain the Table 1 and we observe that 0 is the solution of our iteration.

TABLE 1. Numerical result of iteration when a; = 0.19

n An Qn Bn tn Cn by D,NQy, Qnp

1 2 0.333 0.25 0.73 0.6025 0.67 [0.24,2] 0.19
2 1.5 0.5 0.4 0.62 0.354 0.4015 [0.08075,2] 0.24
3 1.33 0.6 0.5 0.489 0.143 0.172 [0.0454,0.10925] 0.08075
4 1.25 0.67 0.5714 0.443 0.085 0.101 [0.028,0.145] 0.0454
5 1.2 0.714 0.625 0.417 0.0567 0.066 [0.0192,0.162] 0.028
6 1.167 0.75 0.67  0.4006 0.0408 0.047 [0.0139,0.171] 0.019

12 1.083 0.852 0.8 0.364  0.012 0.013 [0.0039,0.1853] 0.005
16 1.0625 0.89 0.84 0.35 0.006 0.007 [0.0023,0.187] 0.002
19 1.053 0904 086  0.352 0.0048 0.0052 [0.0017,0.188] 0.0018

28 1.035 0.93 0.903 0.346 0.00234 0.00244 [0.00079,0.00081] 0.00086
29 1.034 0.935 0.906 0.345 0.00218 0.0022 [0.00058,0.00066] 0.00079

0.3

0.25

02 ,\

0.15

Value of an

01

1 3 5 7 5 11131517 15 21 23 25 27 25 31 33 35 37

Iteration Number

FIGURE 1. Convergence of {a,}

5. CONCLUSION

In this paper, we proposed an algorithm to obtain its strong convergence and
calculate the common solution of the infinite family of nonexpansive mappings with



102

SAVITA AND MONIKA

the variational inequality problem under some imposed conditions over algorithm.
The efficiency of the proposed algorithm has also been illustrated by numerical
example.
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