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Abstract. This paper aims to introduce a new type of quasi (s, r)-contractive multi-
valued operator on b-complete metric space and to extend the results for the fixed
point theorems of quasi (s, r)-contractive multi-valued operator. As an application,

the existence of the solution for a type of differential equation is given.
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1. INTRODUCTION

The theory of multi-valued mappings plays an important role in several
branches of pure and applied mathematics because of its many applications, espe-
cially, not only in real and complex analysis but also in optimal control problems.
Czerwik [2, 3] introduced the notion of b-metric spaces and proved the fixed point
theorems for single-valued and multi-valued mappings in b-metric spaces. Ciric [9]
introduced the single-valued quasi contractive operator in metric space and investi-
gated the existence and uniqueness of the fixed point theorem for quasi contractive
operators in 1974. He also introduced quasi contractive multi-valued operator and
established some results for fixed point theorems. Harandi [12] extended the iri re-
sults in the multi-valued version. But he could only prove the fixed point theorem
for multi-valued quasi contraction where contractivity constant r € [0, %) Haghi
[13] proved it for r € [$,1). In 2013, Popescu [11] introduced (s,r)-contractive
multi-valued operator and established its related fixed point theorems. And then,
Lingjuan Ye [14] proved the results of weakly (s, r)-contractive multi-valued oper-
ator for fixed point theorems on b-metric space. Ei Ei Nyein [4] introduced the
quasi (s, r)-contractive multi-valued operator with contractivity constant r € [0, 1)
on metric space and established some results for the related fixed point theorems
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on complete metric space. This paper introduces the new type of quasi (s,r)-
contractive multi-valued operator and extends the results of Ei Ei Nyein [4] on
b-complete metric spaces. Some elementary definitions and results will be used
throughout this paper in ([1],[3],[6],[7],[14],[15]).

The following definitions and results from the contractive b-complete metric
space are useful to our study. Let RT denote the set of non-negative numbers and
N denote the set of positive integers and C'B(X) denote the collection of closed and
bounded set of the b-metric space X throughout this paper.

Definition 1.1. [5] Let X be a nonempty set and K > 1 be a given constant.
A function d : X x X — Rt is called a b-metric if the following conditions are
satisfied:

(1) d(z,y) =0 if and only if x = y;

(2) d(z,y) =d(y,z), forallz, ye X

(3) d(z,y) < K[d(z,2) +d(z,y)], foralz, y, z€ X
The pair (X, d) is called a b—metric space (with constant K ).

It is noted that a metric space is also a b—metric space with K = 1, but the
common is not generally true.

Example 1.2. Let X = RT endowed with a function d : X x X — RT defined by
d(z,y) := |z —vy|?, for all z, y € X. Then (X,d) is a b—metric space with constant
K =2, but it is not a metric space.

Definition 1.3. [16] Let (X, d) be a b-metric space and {x,} be a sequence of X
such that

(1) {zn} is covergent if there exists an x in X such that for any e > 0, there exists
an n(e) € N, such that n > n(e), d(xn, ) < €.

(2) {zn} is a Cauchy sequence if for any € > 0, there exists an n(e) € N, such that
for allm,n > n(e), d(xn, zm) < €.

(3) (X, d) is complete if and only if every Cauchy sequence in X is convergent.

Lemma 1.4. [7] Every sequence {x, }nen of elements from a b-metric space (X, d),
having the property that there exists r € [0,1) such that

d($n+1a xn) S T d(xn; xn71>
for every n € N, is Cauchy.
Nalder[10] introduced the Hausdorftf metric for multi-valued operator.

Definition 1.5. [14] Let (X, d) be a metric space and CB(X) be the class of all
nonempty closed and bounded subsets of X. For any A, B € CB(X), set

H(A, B) = max{sup d(z, B), supd(y, A)},
z€A yebB

where d(z, B) = in}fg d(z,y), then (CB(X),H) is a metric space and H(A, B) is
ye

called a Hausdorff metric between A and B.
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Similarly, if (X,d) is a b-metric space, then (CB(X), H) is a b-metric space.
H(A, B) is called a b-Hausdorff metric on CB(X). In the following, unless stated
in particular, H(A, B) will denote a b-Hausdorff metric.

Remark 1.6. Suppose that (X, d) is a metric space, then H(A, B)=0 iff A= B.

Lemma 1.7. [5] Let (X,d) be a b-metric space with the constant K > 1. For any
A,B,C € CB(X) and any x,y € X one has the following:

(z) d(:c B) < d(zx,b), for any b € B;

(i) d(z, B) < H(A, B), for any v € A;

(iii) H(A, A) = 0;

(iv) H(A, B) = H(B, A);

(v) H(A,C) < K(H(A,B) + H(B,C));

(vi) d(z, 4) < K(d(z,y) + d(y, 4)).

Definition 1.8. [8] Let (X,d) be a b-metric space. An element v € X is said to
be a fized point of d : X — 2% if x € Tx, where 2% denotes the collection of all
non-empty subset of X.

Ei Ei Nyein [4] introduced the notion of quasi (s, r)-constractive multi-valued
operator in metric space as follows:

Definition 1.9. [4] Let (X, d) be a complete metric space and T : X — CB(X) be
a multi-valued operator. If there exist r € [0,1) and s > r such that

dy,Tz) < s d(z,y) = H(Tz,Ty) < rM*(z,y), Vx,y € X,
where
M*(z,y) = max{ d(z,y), d(z,Tx), d(y,Ty), d(x,Ty), d(y,Tz)},
then T is called a quasi (s,r)-contractive multi-valued operator on X.
Now, we introduce the quasi (s, r)-contractive multi-valued operator on the

b-complete metric space and extend the results of Ei Ei Nyein [4] in these complete
metric space to the results on b-complete metric space.

2. MAIN RESULTS

In this section we introduce the notion of quasi (s, r)-contractive multi-valued
operator on b-metric apace as follows:

Definition 2.1. Let (X,d) be a b-metric space with the constant K > 1 and T :
X — CB(X) be a multi-valued operator. If there exists s, € R withr € [0,1),s > r
such that for all z,y € X

d(y, Tx) < Ksd(z,y) = H(Tz,Ty) < rMr k(z,y),

then T is said to be a quasi (s,r)—contmtz've multi-valued operator on X where

My i (z,y) = max{d(m,y)7 d(z,Tx), d(y, Ty), d(x Ty), d(y,Ta:)}.

2K 2K
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The following theorem is a generalization of quasi (s, r)-constractive multi-
valued operator on metric space.

Theorem 2.2. Suppose that (X,d) is a complete b-metric space and T : X —
CB(X) is a quasi (s,1)-contractive multi-valued operator with r € [0,1) such that
r < min{%, s}. Then T has a fized point.

Proof. Let ug € X and uy € Tug. If uy = ug, then ug € Tug. It implies that ug is
a fixed point of T'. If ug # wuq, then we take uy € T'uy such that

d(ul, Ug) S H(TUO, Tul)

Since d(uy, Tup) =0 < s d(u1,up). By hypothesis,
H(Tug, Tuy) < rmax{ d(ug,w1), d(ug, Tuo), 375z d(u1, Tur), 3757 d(uo, Tuy), d(uy, Tug)}

d(uy,ug) < H(Tug,Tuq)

1 1
< rmax{ d(ug,u1), d(ug, Tup), oK d(uy, Tuy), K d(ug, Tuy), d(ur,Tug)},
< rmax{ d(ug,u1), d(u,Tup), d(uo,w1) —;Kd(uhTUI)}v
< rmax{ d(up,u1), d(u,Tuq)}.

Case(i) : If max{ d(ug,u1), d(u1,Tu1)} = d(uy,Tuy), then d(uy, Tuy) < rd(uy, Tuy)
and it implies that uy € T'uy. So uy is a fixed point of T'.

Case(ii) : If max{ d(ug, u1), d(uy,Tu1)} = d(ug,u1), then d(uy, Tuy) < r d(ug, uy).
Then there exists ug € Tu; such that d(uy,us) < r d(ug,u1). So, one can construct
a sequence {u,} € X such that u,; € Tu, and

d(tnt1,Unt2) <71 d(Up,Unt), foralln=0,1,2,---.

Z A, uni1) < d(ug,ur) +r1 d(ug,uy) + 7% d(ug,ur) + - - -
n=1

1
1—T1
< 0.

<

d(UOa ul)

Therefore, {u,} is a Cauchy sequence and for the completeness of X, there is a
point u* € X such that lim u, = u*.
n—oo

Now we show that there exists a subsequence {u,,} of {u,} such that
d(u*, Tuy,,) < Ks d(u*, uy,,).
Assume that there exists a positive integer n; € N such that

d(u*, Tuy,,) > Ks d(u*,u,), ¥Yn>n;i.
By induction,
A, uptp) > (Ks)P d(u™,uy), ¥Yn>ng,p>1, (1).
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Moreover,
d(un’ un+p) < K[ d(un7 un—i—l) + d(un+1, un+p)]
< K d(up, unt1) + K[r1 d(tn, tnt1) + 71 d(Unt1, Untp—1)]
1—(Kr)P
< (1_(7[(,,}1)) d(unaun—i-l)a VnZTll,pz 1.
Set p — oo,
1
d(u*,Un) < 1_7}.(701 Cl(’u,n,?,bn_,_l)7 n=0,1,2,--- (2)
So
d(u™,u,) < Md(uu ), Vn>n;,p>1
U, Up s 17K7’1 ny Yn+1), Zny,p= 1.

By the equation (1) and (2), we have

()"

(KS)p d(u*,un) S (m

) d(un7 un—i—l)-

Set p — oo, we obtain

d(u*,u,) =0, Vn > nq,
which is contradict to (1). Therefore there exists a subsequence {uy,, } of {u,} such
that

d(u*, Tuy,,) < Ks d(u*, uy,,).

Thus,
d(Un, ., Tu*) < H(Tu*, Tuy,,)
< rmax {d(u*,u,,), d(u*,Tu*), 5% d(uy,,Tu,,)
Set p — oo, we have

s ore d(u*, Tuy,), d(uy,, Tu*)}.

d(u*,Tu*) < rdu*,Tu),

It implies u* € Tw* and the proof is completed. O

Corollary 2.3. Let (X,d) be a complete b—metric space and T : X — X be a
(s,r)—contractive single-valued operator with r < min{%,s}. Then T has a fized
point. Moreover, if Kr <1< Ks and r € [0,1), the fized point is unique.

Proof. f T : X — X is a single-valued contractive operator, using Theorem 2.3,
there exists a fixed point. Assume that there are two different fixed points u* and
w* such that Tw* = w* and Tu* = u*.

Then

d(u*, Tw*) = d(u*,w*) < Ksd(w*, Tu").

So,
d(Tu*, Tw*)
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< rmax{ d(u*,w*), d(u*,Tu*), 3% d(w*, Tw*), zzd(u*, Tw*), dw*,Tu*)}.
Thus

1 1
* * < * * * ®\ T * ®) * * * *
div*,w*) < rmax{ du*,w*), du*,Tu )72K d(w*, Tw ),2Kd(u S Tw*), d(w*, Tu*)}
* * 1 * *
= rmax{ d(u*,w ),ﬁd(u ,Tw*)}
< rd(ut,w®).
It is contradict to u* # w™* and this completes the proof. O

Theorem 2.4. Let (X,d) be a complete b-metric space and T : X — CB(X) be a
quasi (s,7)— contractive multi-valued operator. If there exist s,r € [0,1) such that
r<s< 4 with

< <
d(e,Tx) < d(w.y) < 1

T K d(z,Tx) = H(Tz,Ty) < rMr k(z,y), Ve,y € X
— Kr

where Mr g (z,y) = max{ d(z,y), d(z,Tx), 5% d(y,Ty), 7 d(z,Ty), d(y,Tz)} .
Then T has a fized point.

Proof. Let ug € X and uy € Tup such that d(ug,u;) < lf_fl((rsl d(ug, Tug), where
0<r<ry<s. Then we have

1
1 —|—K’I" d(uo,Tuo) S d(uo,Tuo)
< d(uo,ur)
1
< T Ks d(uo, Tug)
By our hypothesis, we have
d(ul,u2) S d(uo,Tul)
< H(Tuo,Tur)
1 1
< rmax{ d(ug,u1), d(ug, Tup), oK% d(ug, Tuy), Y4 d(uy, Tuy), d(uy, Tup)}
d d
< rmaae{ d(u ), dug, Tug), 2000 A0, 1),
< rmax{ d(ug,u1), d(uy,us)}.

Case(i) : If max{ d(ug,u1), d(ui,us)} = d(uy,uz), then d(uj,us) =0. It implies
uy is a fixed point of T'.
Case(ii) : If max{ d(ug,u1), d(u1,u2)} = d(ug,u1), then

d(uy,uz) <71 d(ug,uq),r < 1.

Then there exists us € Tu; such that d(ui,u2) < 1 d(ug,ur) and d(ui,ug) <

L=E11 d(uy, Tup). Therefore, one can construct the sequence {u,} in X such that

Uy € Tuy, 1 with
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1-Kr —
s d(up—1,Tun 1) , for n =

d(un;un+1) <n d(’unflaun) and d(unflaun) <

1,2,
i d(tn,upt1) = d(ug,ur)+ d(ug,us) + d(ug,uz) +---
n=0
< [L4r+rf 47+ d(ug,wr)
< 17717,161(%0,%1)
< oo

So, {u,} is a Cauchy sequence and there is a point «* € X such that lim, o u, =
u* since X is b-complete.

Again,
d(unfly unfler) < K[ d(unfly un) + d(un7 unfler)]
S K d(unfla un) + K[K d(una un+1) + K d(un+17 un71+p)]
< [Kry 4 (Kr)? + (Kr)? - 4+ (Kr)P Y d(un—1,un)
1-— (K’/‘l)p
< _ _ >1,n> .
>~ ( 1—KT1 )d(un 17“%)7 \V/p_ 7n_nleN
Letting p — o0, we get
1
* < > 0.
d(u* up—1) < T d(tup—1,u,), Yn >0

Since d(tp—1,u,) < 17_’?{; d(tup—1,Tun—1), it follows that

du* up—1) < d(up—1,Tup—1), ¥Yn>0.

1-Ks
Suppose that there is a positive integer ny such that
1
du* up—1) < T Kr d(up—1,Tup—1), VYn>ny €N.

Then we obtain

d(un-1,un) < Kld(up—1,u") +d(u”, uy)]

K
< 14+ K?"[ d(un—hTun—l) + d(Un,T’LLn)]
K
< 1+ K?"[ d(un—lyTun—l) +rK d(un_l,Tun)]_

It implies d(wp—1,un) < K d(up—1,Tu,—1) which is impossible. Thus, there is a
subsequence {u,—1,} of {u,_1} such that

1
1+ Kr

d(u* up—1,) > d(un—1,Tun-1,), ¥p>mnis €N.

Since
1

d(un—laTun—1)7 n Z 0.
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It follows that H (Tw*,Tun—1,)) < Mz (0, un—1,).

It implies

d(u*, un—1,)

< rmax {d(u*,un_lp), d(u*, Tu*), ﬁ d(un—1,,Tun-1,), ﬁ d(u*, Tup—1,), d(un_lp,Tu*)}
d(un—1,,Tun—1,, )+ d(tn_1,,,,u")

< rmax{d(u*,un_lp), d(u*, Tu*), 5 , d(un_lp,Tu*)}.
Letting p — oo, we obtain

d(u*, Tu*
d(u*,Tu*) < r max {d(u*,Tu*), (u,2u)} :

So, d(u*,Tu*) = 0 and hence u* € Tu*. O

Corollary 2.5. Let (X,d) be a complete b-metric space and T : X — X be a single
value operator. Assume that there exists r € [0,1) such that Kr < 1 with

1 1
Tr) < <
1 + KT' d(.’L‘7 x) — d(x’ y) — 1 _ KT

where My, (x,y) = max { d(z,y), d(z,Tx), 55 d(y, Ty), 5 d(z,Ty), d(y, Tx)}.
Then T has a fized point.

d(l‘,T.f) = H(Tvay) S TMT,K(xvy)a

Proof. One can easily prove that for ug € X, the sequence {u, } defined by u,11 €
Tu, satisfies the relationship d(t, 11, Unt2) <7 d(Uup,Npi1) for n=10,1,2,---. So
the sequence {uy,} is Cauchy and since X is b -complete. There is a v* in X such
that nhﬁn;o Uy, = u*. As in the proof of theorem 2.4, we can prove that

1
P
T 1-Kr
and there exists a subsequence {u,,, } of {u, } such that d(u*, u,,) > TlKr d(Un,,, Un, )
holds for every p > ny € N.

So, we have
d(tn,,,, Tu*)

d(u™, up) d(tp, Uupt1), forn=0,1,2,---

As p — o0, we obtain

d(u*, Tu*) <r d(u*,Tu")

and it implies u* = Tu*. O

3. APPLICATION

Fixed point theorems are useful to apply in differential equations and integral
equations.

Let X = {f|f : [a,b] — R is continuous}. Then (X,d) be a b-complete
metric space if we define

d(@,y) = max |o(t) - y(t)* Vr,y e X.
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Consider the differential equation

{ % = f(x,y))7
y(zo) = Yo-

It is equivalent to the integral equations

y(x) =yo + /r f(z,y(t))dt.

We choose a constant ¢ such that 0 < § < 1, and define the operator T' : C[a,b] — R
by
Ty(e) = o+ | Fy(e)dr
o

where Cla,b] C X.

Then the integral equations have a solution is equivalent to the operator T'
has a fixed point. Assume that there exist r € [0,1), s > 0 and r < {%,s}, such
that for all y1,y2 € X, we have

Iw—m+/f@MmMF§Mw—M2

It implies that |f(z,y1) — f(z,42)|* < rly1 — y2|*.

We have
ATy Ty) = max | | [f(t3(0) = F(t v (b))t
Tr—T0o x0
< max / Ty (t) — yo(t)[*dt
lz—zo|<d Sz,
< r8 max |yi(t) —y(t))?

|t7wo‘<5

= réd(yi(t), y2(t))

< TmaX{ d(y1,y2), d(yr, Ty1), ~ d(y2, Ty2), ~ d(y1, Ty2), d(yz,Tyl)}-

1=

1
4

Then the operator T satisfies the conditions of Theorem 2.3. Hence T has a fixed
point and there exists a continuous function yg(¢) such that

yo(t) = yo + /T f(z,yo(t))dt, Vo € [xg — 0, ¢ + 0].
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