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Abstract. In this paper, it used the notions of soft ω-open sets to introduce

and study the concepts of soft b-ω-open sets. Moreover, some of their properties

are shown. Furthermore, the concepts of soft b-T1 and soft b-T2 spaces are defined.

Also, it studies the relationships between the b-ω-open sets of a given indexed family

of topological spaces and the soft b-ω-open sets of their generated soft topological

space. Besides, With these concepts it might study new notions related to this such

as soft Lindelof or soft weakly Lindelof in soft topological spaces.
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1. Introduction

The notion of soft set was introduced by Molodtsov in 1999 [16], this concept
is applied in several fields such that engineering, medical science, social science, etc.
Besides, the concept of soft set has been grown by several researchers (see [15, 14]),
Chen is ones of those authors who had studied this concept, they introduced the
notion of semi-open soft set [7]. For a soft topological space (X, τ,A) and (F,A) ∈
SS(X)A, then (F,A) is called semi-open soft set if (F,A)⊆̃Cl(Int(F,A)). Besides,
they proved some of their properties. On the other hand, Hdeib [13] introduced
the notion of ω-closed sets as a weaker notion of closed set by: Let (X, τ) be a
topological space and B ⊂ X. A point x ∈ X is called a condensation point of
B if for each open set V with x ∈ V , the set V ∩ B is uncountable. B is said to
be ω-closed if it contains all its condensation points. Many mathematicians have
studied the concept of ω-closed sets in different fields of the general topology (see
[12, 6]). Recently, Al Ghour and Hamed introduced and studied the notion of soft
ω-open sets and they proved some of their properties.

In this paper, motivated by the authors mentioned above, we define the con-
cepts of soft b-ω-open sets by using the notion of soft ω-open sets. Besides, we show
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some of their properties. Furthermore, we define the concepts of soft b-T1 and soft
b-T2 spaces.

2. Soft b-ω-open sets

In this section, we introduce and study the notions of soft b-ω-open sets by
using the concept of ω-set.

Definition 2.1. [8] Let G ∈ SS(X,A). Then G is said to be a countable soft set
if for all a ∈ A, the set G(a) is countable. The collection of all countable soft sets
from SS(X,A) will be denoted by CSS(X,A).

Definition 2.2. [8] Let F ∈ SS(X,A). F is called a soft point over X relative to
A if there exit e ∈ A and x ∈ X such that

F (a) =

{
{x} if a = e
∅ if a 6= e

We denote F by ex. The family of all soft points over X relative to A is denoted
by SP (X,A).

Definition 2.3. Let (X, τ,A) be a soft topological space and let G ∈ SS(Xτ).
Then, G is said to be soft b-ω-open if for all ax∈̃G, there exits a b-open F ∈ τ and
H ∈ CSS(X,A) such that ax∈̃F −H⊆̃G. The collection of all soft b-ω-open sets
in (X, τ,A) will be denoted by τbω.

Theorem 2.4. Let (X, τ,A) be a soft topological space and let G ∈ SS(X,A).
Then, G is soft b-ω-open if and only if for every ax∈̃G there exits a b-open F ∈ τ
such that axF̃ and F −G ∈ CSS(X,A).

Proof. Necessary: Suppose that G is soft b-ω-open and let ax∈̃G, then there exits
a b-open F ∈ τ and H ∈ CSS(X,A) such that ax∈̃F −H⊆̃G. Hence, ax∈̃F ∈ τ .
Besides, since F −H⊆̃G, we have that F −G⊆̃H and so F −G ∈ CSS(X,A).
Sufficiency: Suppose that for every ax∈̃G, then there exits a b-open F ∈ τ such
that ax∈̃F and F −G ∈ CSS(X,A). Let ax∈̃G. Then, there exits a b-open F ∈ τ
such that ax∈̃F and F − G ∈ CSS(X,A). Choose H = F − (G∪̃ax). Therefore,
H ∈ CSS(X,A) and ax∈̃F −H⊆̃G. Indeed, G is soft b-ω-open. �

Remark 2.5. For a soft topological space (X, τ,A), we will denote the collection
of {F −H : F ∈ τ , where F is a b-open and H ∈ CSS(X,A)} by τbc.

Definition 2.6. [15] Let F ∈ SS(X,A). Then, the following statements hold:

(1) F is called null soft set over X relative to A, denoted by 0A, if F (a) = ∅
for each a ∈ A.

(2) F is called an absolute soft over X relative to A, denoted by 1A, if F (a) = X
for each a ∈ A.

Theorem 2.7. Let (X, τ,A) be a soft topological space. Then, the following state-
ments hold:
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(1) τ ⊆ τbc ⊆ τbω.
(2) (X, τbω, A) is a soft topological space.
(3) τbc is a base for τbω.
(4) Countable soft sets are soft semi-closed in (X, τbc, A)

Proof. The following are details of the proof.

(1) Since 0A ∈ CSS(X,A), then τ = {F − 0A : F ∈ τ and F is b-open } ⊆ τbc.
Now, τbc ⊆ τbω is clear.

(2) We will proof that (X, τbω, A) is a soft topological space, then:
(a) Since 0A, 1A ∈ τ and by part (1) of this Theorem, 0A, 1A ∈ τbω.
(b) Let F,G ∈ τbω and let ax∈̃F ∩̃G. Then, we have that ax∈̃F and ax∈̃G.

Then, by the Theorem 2.4, there exist b-open sets H,W ∈ τ such that
ax∈̃H∩̃W ∈ τ and H − F,W −G ∈ CSS(X,A). So, we can see that
(H∩̃W )− (F ∩̃G). In consequence, by the Theorem 2.4, F ∩̃G ∈ τbω.

(c) Let {Gδ : δ ∈ ∆} ⊆ τbω and let ax∈̃
⋃̃
δ∈∆

Gδ. Then, there is α ∈ ∆ such

that ax∈̃Gα. Indeed, there exist b-open F ∈ τ and H ∈ CSS(X,A)

such that ax∈̃F −H⊆̃Gα⊆̃
⋃̃
δ∈∆

Gδ. Therefore,
⋃̃
δ∈∆

Gδ ∈ τbω.

(3) This proof is clear.
(4) The proof is followed by part (1) of this theorem by the fact τbc ⊆ τbω.

�

Definition 2.8. [2] Let (X, τ,A) be a soft topological space. Then, {0A}∪{1A−H :
H ∈ CSS(X,A)} is called the cocountable soft topology and is denoted by coc(X,A).

Proposition 2.9. For any soft topological space (X, τ,A), coc(X,A) ⊆ τbc.

Proof. The proof is followed by the Remark 2.5 and Definition 2.8. �

Theorem 2.10. Let (X, τ,A) be a soft topological space. Then, the following state-
ments are equivalent:

(1) coc(X,A) ⊆ τ .
(2) τ = τbc.
(3) τ = τbω.

Proof. (1)⇒ (2): Suppose that coc(X,A)⊆̃τ . We have to show that τbc ⊆ τ . Now,
let G ∈ τ a b-open and H ∈ CSS(X,A). Then, G − H = G∩̃(1A − H). Since
coc(X,A) ⊆ τ this implies that 1A −H ∈ τ , where 1A is b-open and so G−H ∈ τ .
Hence, τbc ⊆ τ .
(2)⇒ (3): Suppose that τ = τbc. Then, τbc is a soft topology. Now, by the Theorem
2.7 part (3), we have that τbc = τbω and then τ = τbω.
(3) ⇒ (1): Suppose that τ = τbω. Then by the Proposition 2.9 and Theorem 2.7
part (1), we have that coc(X,A) ⊆ τbc ⊆ τbω = τ . �

Proposition 2.11. Let X be an initial universe and A be a set of parameters.
Then, (coc(X,A))bω = coc(X,A).
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Proof. The proof follows. �

Theorem 2.12. For any soft topological space (X, τ,A), τbω = (τbω)bω.

Proof. By the Proposition 2.9 and Theorem 2.7 part (1), coc(X,A) ⊆ τbc ⊆ τbω.
Then, by the Theorem 2.10, we have that τbω = (τbω)bω. �

Theorem 2.13. Let (X, τ,A) and (X,σ,A) be two soft topological spaces. If τ ∪
coc(X,A) ⊆ σ, then τbc ⊆ σ.

Proof. Let F −H ∈ τbc, where F ∈ τ is a b-open set and H is a countable soft set.
Now, since F ∈ τ, 1A−H ∈ coc(X,A) and τ∪coc(X,A) ⊆ σ. Indeed, F, 1A−H ∈ σ
and then F ∩̃(1A −H) = F −H ∈ σ. �

Lemma 2.14. Let (X, τ,A) and (X,σ,A) be two soft topological spaces. If τ ∪
coc(X,A) ⊆ σ, then τbω ⊆ σ.

Proof. The proof is followed by the Theorems 2.13 and 2.7 part (3). �

Lemma 2.15. [17] Let (X, τ,A) be a soft topological space and let β be a soft base
for τ . Then, for every a ∈ A, the family {F (a) : F ∈ β} forms a base for the
topology τa on X.

Theorem 2.16. Let (X, τ,A) be a soft topological space. Then, for all a ∈ A,
(τa)bω = (τbω)a.

Proof. Let a ∈ A. We have to show that (τa)bω ⊆ (τbω)a, it will be enough if we
show that U − C ∈ (τbω)a for all U ∈ τa and a countable subset C ⊆ X. Now, let
U ∈ τa and let C be a countable subset of X. Since U ∈ τa, then there is a b-open
F ∈ τ such that F (a) = U . Let H = aC , then H ∈ CSS(X,A). So, we have that
F −H ∈ τbω, and then (F −H)(a) = F (a)−H(a) = U − C ∈ (τbω)a.
Now, we have to show that (τbω)a ⊆ (τa)bω. By the Theorem 2.7 and Lemma
2.15, we only have to prove that {(F − H)(a) : F ∈ τ , where F is b-open and
H ∈ CSS(X,A)} ⊆ (τa)bω. Let F ∈ τ , where F is b-open and H ∈ CSS(X,A),
then (F −H)(a) = F (a)−H(a) with F (a) ∈ τa and H(a) is a countable set of X
and this implies that (F −H)(a) ∈ (τa)bω. �

Proposition 2.17. Let (X, τ,A) be a soft topological space. If G ∈ τbω, then for
all a ∈ A, G(a) ∈ (τa)bω.

Proof. Let G ∈ τbω and let a ∈ A. Then, G(a) ∈ (τbω)a and by the Theorem 2.16,
G(a) ∈ (τa)bω. �

Definition 2.18. [1] Let X be an initial universe and let A be a set of parameters.
Let {Fa : a ∈ A} be an indexed family of topologies on X. Then the soft topology

{F ∈ SS(X,A) : F (a) ∈ Fa for all a ∈ A} will be denoted by
⊕
a∈A

(Fa).
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Lemma 2.19. [1] Let X be an initial universe and let A be a set of parameters.
Let {Fa : a ∈ A} be an indexed family of topologies on X. If βa is a base for Fa

for all a ∈ A. Then, {aY : a ∈ A and Y ∈ βa} is a soft base of
⊕
a∈A

Fa.

Theorem 2.20. Let X be an initial universe and let A be a set of parameters.

Let {Fa : a ∈ A} be an indexed family of topologies on X. Then, (
⊕
a∈A

Fa)bω =⊕
a∈A

(Fa)bω.

Proof. We begin proving that (
⊕
a∈A

Fa)bω ⊆
⊕
a∈A

(Fa)bω. By the Theorem 2.7 part

(3), it will be enough showing (
⊕
a∈A

Fa)bc ⊆
⊕
a∈A

(Fa)bω. Now, let F ∈
⊕
a∈A

Fa, where

f is b-open and H is a countable soft set. Then, for every a ∈ A, f(a) ∈ Fa and
H(a) is a countable subset of X and then (f − H)(a) = f(a) − H(a) ∈ (Fa)bω.

Indeed, F −H ∈
⊕
a∈A

(Fa)bω for every a ∈ A, {U −C : U ∈ Fa and C is a countable

subset of X} is a base for (Fa)bω, by the Lemma 2.19, {aU−C : a ∈ A,U ∈ Fa and

C is countable subset of X} is a soft base for
⊕
a∈A

(Fa)bω. Hence, if we will prove

that
⊕
a∈A

(Fa)bω ⊆ (
⊕
a∈A

Fa)bω, it is sufficient to show that {aU−C : a ∈ A,U ∈ Fa

and C is a countable subset of X} ⊆ (
⊕
a∈A

(Fa)bω. Now, we can see that {aU−C :

a ∈ A,U ∈ Fa and C is a countable subset of X} = {aU−C − aC : a ∈ A,U ∈ Fa
and C is a countable subset of X}, and so, this ends the proof. �

Lemma 2.21. [1] If (X,F ) is a topological space and A is any set of parameters,
then (τ(F ))a = F for all a ∈ A.

Proposition 2.22. If (X,F ) is a topological space and A is any set of parameters,
then (τ(F ))bω = τ(Fbω) for all a ∈ A.

Proof. For each a ∈ A, the set Fa = F . Then, τ(F ) =
⊕
a∈A

Fa and by the Theorem

2.20, we have that:

(τ(F ))bω = (
⊕
a∈A

Fa)bω

=
⊕
a∈A

(Fa)bω

= τ(Fbω).

�
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Definition 2.23. Let (X, τ,A) be a soft topological space. Then, (X, τ,A) is said
to be soft b-p-space if the countable intersection of soft b-open sets is soft b-open.

Definition 2.24. Let (X, τ,A) be a soft topological space. Then, (X, τ,A) is said
to be soft b-T1 if for any two soft points ax, ay ∈ SP (X,A) with x 6= y, there exist
b-open sets G,F ∈ τ such that ax∈̃G− F and ay∈̃F −G.

Lemma 2.25. A soft topological space (X, τ,A) is soft b-T1 if for every soft point
ax ∈ SP (X,A) is soft b-closed.

Proof. The proof is followed by the Definition 2.24 �

Theorem 2.26. If (X, τ,A) is soft b-T1 and soft b-p-space, then τ = τbω.

Proof. By the Theorem 2.7 part (1), τ ⊆ τbω. Now, to show that taubω ⊆ τ , by
the Theorem 2.7 part (3), it is enough to show that τbc ⊆ τ . Let F ∈ τ , where
F is b-open and let HCSS(X,A). Since (X, τ,A) is soft b-T1, then by the Lemma
2.25, ax soft closed for all ax∈̃H, and so F − ax ∈ τ for all ax∈̃H, where F − ax
is b-open. Since (X, τ,A) is soft b-T1, then

⋂̃
ax∈H

(F − ax) ∈ τ is b-open. Therefore,

F −H =
⋂̃
ax∈H

(F − ax). �

Lemma 2.27. For any soft topological space (X, τ,A). (X, τbω, A) is soft b-T1.

Proof. The proof is followed by the Theorem 2.7 part (4) and Lemma 2.25. �

Definition 2.28. Let (X, τ,A) be a soft topological space. Then, (X, τ,A) is said
to be soft b-T2 if for two soft points ax, ay ∈ SP (X,A) with x 6= y, there exit b-open
sets G,F ∈ τ such that ax∈̃G, ay∈̃F and G∩̃F = 0A.

Theorem 2.29. If (X, τ,A) is a soft topological space and b-T2. Then, (X, τbω, A)
is soft b-T2.

Proof. Let ax, ay ∈ SP (X,A) with x 6= y. Since (X, τ,A) is soft b-T2, then there
exist b-open sets G,F ∈ τ such that ax∈̃G, ay∈̃F and G∩̃F = 0A. Now, by
the Theorem 2.7 part (1), τ ⊆ τbω and hence G,F ∈ τbω an this ends the proof.
Therefore, (X, τbω, A) is soft b-T2. �
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