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Abstract. Consider M as a 3-homogeneous manifold. In this paper, we are going to
study the behavior of the first eigenvalue of p-Laplace operator in a case of Bianchi
classes along the normalized Ricci flow. Also we will give some upper and lower

bounds for a such eigenvalue.
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1. INTRODUCTION

Over the last few years, studying the geometric flows, specially the Ricci flow
have become a topic of active research in both mathematics and physics. Gener-
ally, a geometric flow is an evolution of a geometric structure under a differential
equation related to a functional usually associated with a curvature in a manifold.
Although, the Ricci flow was introduced first by Hamilton [10] in mathematics and
in the work of Friedan [9] in the context of string theory, Perelman has made a
current wide interests by the proof of Poincare’ conjecture using the Ricci flow in
[16].

Consider M as a manifold with Riemannian metric go, the family g(¢) of Riemann-
ian metrics on M have been called as an un-normalized Ricci flow when it satisfies
the equation

d

S9(8) = —2Ric(g(t))  9(0) = go. (1)
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where Ric is known Ricci tensor of g(t).
And also one can consider the normalized Ricci flow as follow

2r

(t) = ~2Ric (g(1) + 2g 9(0) = g 2

Sy Rd

where r = d: is the average of scalar curvature.

Hamilton in [10], has shown that there is a unique solution for the Ricci flow (1),
on the interval [0, T') for a sufficient 7. Now consider ¢(¢) as a solution of the Ricci
flow (1), the customary normalization on 3-manifolds is setting

t
90 = ver). = [ v
with i%—f = % where n = 3 and r is as same as what mentioned above is average
of scalar curvature. In this case g(¢) will be the solution of normalized Ricci flow
(2).
In [16], Perelman has shown that the first eigenvalue of —A + £ is nondecreasing
under the Ricci flow. Later Cao [4] has shown the similar result for the eigenvalues
of —A + % on a manifolds with non-negative curvature operator. Also similar
results hold for the first eigenvalue of —A 4+ aR (a > i) along the Ricci flow, for
more details see [5, 14].
There are some other published work in monotonicity of eigenvalues of geometric
operators under some geometric flows. For example second author in [2], has studied
the evolution for the first eigenvalue of p-Laplacian along the Yamabe flow and also
in [3] shown the monotonicity of eigenvalues of Witten-Laplace operator along the
Ricci-Bourguignon flow. Also for more details in a case of p-Laplacian operator,
Wang in [17], has shown the eigenvalue estimate for the weighted p-Laplacian and
later in [18] shown the gradient estimate on the weighted p-Laplace heat equation.
Beside what mentioned before A. Abolarinwa in [1], has studied the evolution and
monotonicity of the first eigenvalue of p-Laplacian under the Ricci-harmonic flow
and also you can find some useful results in eigenvalue monotonicity of the p-Laplace
operator under the Ricci flow in [20], also Cao and Songbo Hou have worked on
monotonicity of the first eigenvalue under Ricci flow and you can see their results
in [8, 12]. Finally we will use some results of [19] in this work.
In this paper we will investigate the evolution of the first eigenvalue of p-Laplacian
operator and then we will find some bounds in a case of Bianchi classes.

2. PRELIMINARIES AND EVOLUTION EQUATION

Let (M, g) be a locally homogeneous closed 3-manifold, there are nine classes
of such manifolds. They are divided into two groups, the first consists of H(3),
H(2)xR! and So(3)xR! and the other one includes R?, SU(2), SL(2,R), Heisenberyg,
E(1,1) and E(2) which are called Bianchi classes. Milnor [15], has provided a frame
{X;}?_, where both the metric and Ricci tensors are diagonalized and this property
is preserved by the Ricci flow (1). Now let {#}?_; be a dual to Milnor’s frame, we



382 M. HABIBI AND S. AzZAMI

consider the metric g(t) as
g(t) = A(t) (6:)° + B(1) (62)" + C(1) (6a)°,

then the Ricci flow becomes a system of ODE with three variables { A(t), B(t), C(¢)}.
Consider M as a compact Riemannian manifold and v : M — R be a smooth func-
tion on M or we can consider u € WP (M) the Sobolev space. The p-Laplacian
of u for 1 < p < oo is defined as

Apu = div (|VulP V)
= |Vu|P72Au + (p — 2) |[VulP~* (Hess u) (Vu, Vu),
where
(Hessu) (X, V)=V (Vu) (X,)Y)=X.(Yu) — (VxY)u XY € x(M).

In this case we say that A is an eigenvalue of p-Laplace operator whenever there
exist a function v on M such that

Apu= —Aul ", (3)

A1) = inf{ /M VP dplu € W (M) \ {0}, /M =1},

The theorem below from [19] gives us the continuity of the first eigenvalue of p-
Laplace operator.

Theorem 2.1. If g1 and g2 are two metrics which satisfy
(1+e) g <g<(1+2)a,
then for any p > 1, we have
(142) ") Ag2) < Mgn) < (1+6) ) Aga).
In particular \(g(t)) is a continuous function in a t-variable.

Discussing about the monotonicity of the first eigenvalue of the p-Laplace
operator powerfully is dependent to the differentiability of the eigenvalue function.
In this section we are following the X. Cao’s argument [4], where we introduce
the smooth eigenvalue function A(u,t) which is smooth then we can write the

monotonicity of A\(t). We assume at time tg, ugp = u(tg) is eigenfunction for the
first eigenvalue A(tg) of p-Laplacian. Then we have

/ u(to)[Pdpg(y) = 1.
M

We consider the following smooth function

det (gi;(to)) 1 2e-0
1) 1= ug | 0
and normalize this smooth function as

u(t) =

)

©(t)
(far le@®)|Pdp)®

)
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under the Ricci flow. Now we define a general smooth function as

Au,t) = — /M Apu(t).u(t)dp

= / [VulPdp,
M
where u is any smooth function satisfying
/ |ulPdp =1 and / |u[P~2udy = 0. (4)
M M

In general A(u,t) is not equal to A(t). But at time ¢y, we conclude that
A(u(to), to) = A(to)-

Now we are ready to give an evolution formula for A(u,t)|;=¢, along the normalized
Ricci flow in a case of 3-homogeneous manifold. In this case it is not hard to see
R = r where R is scalar curvature and r is as same as what explained in the
definition of the normalized Ricci flow (2).

Proposition 2.2. Let (M, g(t)) be a solution of the normalized Ricci flow (2),
on a locally homogeneous 3-manifold. If A1 ,(t) denotes the first eigenvalue of the
p-Laplacian (3), then

d o R

— (U, t)]t=t, :p/ |Vu|P~2 R;ju'u! dp — p—)\(to),

dt 3
where u' = Viu and v’ = Viu.
Proof. By the direct computation it will be easy to see that under the normalized
Ricei flow (2) we have

§|Vu|p = p|VulP~?2 (Rij — Cgij) Uy + u% (5)

ot 3 ot )

and also

& () = — (R~ ) du. (6)

The function A(u,t) is smooth so it concludes that

d 0
Gl = [ SivuPau [ 9up (R ) d
M M

dt
_ p—2 ij _ T ij o p—2 .aui
—p/ |Vl ((R 39 )’U/Z’LL]) dﬂ+p/ |VulP~2u, 5 dp

—/ |Vul? (R —r)du.
M

As we mentioned before in homogeneous manifold R = r also the condition [}, [u[Pdu =
1 results that

ou;
VulP~2u;—du = 0.
/M| u| Ui i 0
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Hence
d s R
—)\(u, t)lt:to = p/ |Vu|p_2R”uiujdu — ]L)\(to)
dt M ' 3
-2 i g pR
=p [VulP72R;u'v’ du — — A(to),
M 3
which implies what we looking for. O

3. ESTIMATE OF A(¢) ON BIANCHI CLASSES

In this section we are going to give some useful bounds for A(t) separately
in Bianchi classes. Before Hou in [11] has given bounds for the first eigenvalue
of A in a case of u > 0 under the backward Ricci flow and also he proved the
eigenvalue evolves toward zero in a case that the backward Ricci flow converges to
a sub-Riemannian geometry by a proper rescaling. Later Razavi and Korouki in
[13] have done similar work for the first eigenvalue of (—A — R) under the Ricci
flow.

Remark 3.1. In homogeneous condition and in a case of the un-normalized Ricci
flow we get that

%)\(u,tﬂt:to = p/M \VulP~2 R;juu;dp.
Now we study the behavior of the first eigenvalue of p-Laplacian in each

classes separately.

Case 1: R?

In this case all metrics are flat, so for all ¢ > 0 we have g(t) = go where g is initial

metric, therefore A(t) is constant.

Case 2: Heisenberg

This class is isomorphic to the set of upper-triangular 3 x 3 matrices endowed with

the usual matrix multiplication. Under the metric gy we choose a frame {X;}?_,

in which

[X27X3} - Xla [X37X1} - 07 [XlaXQ] - 07

also under the normalization AqgBoCy = 1 we have

1 1 1
=_A3 = ——A’B =—_A?
R 547 Ras 3 , Rs3 5 C,
1
R=——A%
2

Theorem 3.2. Let A(t) be the first eigenvalue of p-Laplace operator on
Heisenberg Riemannian manifold (7—[3, go) and also assume that By > Cy. Then in

a sufficient neighborhood as [0,t], the quantities /\(t)efot(_%pAz)dT is nondecreasing

and )\(t)efot(%pAQ)dT is nonincreasing along the normalized Ricci flow (2), where

1 d 2
—gpAz)\(tg) < %/\(u, )=ty < §pA?A(tO).
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Proof. Under the proposition 2.2 and Ricci coordinates in Hiesenberg case, we get

d
%A(u, ) |e=t, :/ (VulP~2[g11 V'uV u — g2o VuV3u (7)
H3

— g3sVuViu]dy — gRA(tO)

< %pAz AB (VP2 [g11 V' uV u + 920V uV2u
+ g33V3uViu] dp — %)R)\(to)

_ %pAz)\(to) - LRagto)

By substituting R into formula (7) we obtain

d 2
— M, V) |eer, < ZpA2A(to).
dt (u, )|e=to < 3P (o)

Since A(f,t) is smooth function with respect to time ¢, hence in any sufficiently

small neighborhood of ¢y, we have

d 2
Since tq is arbitrary then for any ¢t € [0,T) the inequality (8) holds and it implies
d t 2 2
“ . (7—pA )d‘l’ >
= ()\(t)e o (=3 ) > 0. (9)

Therefore the quantity )\(t)eff)t(fgpAz)dT is nondecreasing. Also in a similar way
we have

d 1
— AU, t)]t=ty > prQ/ \Vu|p_2 [ — g1 ViuViu — go ViuV3u
dt 2P |
— 33V uVu] dp — gR)\(tO)
1
> —3pAA(to) - gm(to)
1

Which implies what we are looking for. O

Remark 3.3. In this case by [11], for the tensors A,B and C we have

1
1

1
16 T2 16
A=A, <1—|—3R0t> , B=D5Bg <1+3R0t> s

Bl

C = C() (]. + 136R()t> 5
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where Ry = —%Ag. Now by substituting these formulas into the formula (7) which
is hold for arbitrary to, and integrating from both sides in [to,t], we get

1 pA2 16
InA(t) < =.———=—In |1+ —Rpt
n ()_21+§R0n + 3 0 )
and similarly
1 pA3 16
InA(t) > ——.———=—I 14+ —Rot ).
A2 g g, (M g

Case 3: E(2)

Manifold E(2) is the group of isometries of Euclidian plane. In this case we have an
Einstein metric and Ricci flow converges exponentially to flat metrics. Dependent
to the metric gy we choose the frame {X;}3_, such that

(X2, X3] = X1, [X3,X1] =Xy, [X1,X2]=0,

In this case under the normalization AyBoCy = 1 we have
1 1
Ry = 5A (A2 = B?), Ryp= 53 (B? — A%,
1 1
R33:—§C(A—B)2, R:—i(A—B)Z.

X. Cao in [7] has proved that for initial tensors Ay and By

e If Ay = By then A = B, in this case g(t) = go where gy is constant.
e If Ay > By then A > B in this case we have

Theorem 3.4. Consider A(t) as a first eigenvalue of p-Laplace operator on
3-homogeneous Riemannian manifold (E (2),g0) and also let Ay > By then in a

sufficient neighborhood as [0,t], the quantities /\(t)efot —3p((4?=B%)=3(4-B)*)dr g
)\(t)efot 3p((4°=B%)=5(A-B)%)dr .0 non-decreasing and non-increasing along the
normalized Ricci flow (2), respectively, where

1

()

_ % (A— B)2> Ato) < %A(w )]e=to

1 1
< g0 (4= 5 - £ (4 B)*) At
Proof. Since by [6] we have A > B and also under the proposition 2.2, we get

1 1
ix(u,tnt:to = p/ |VulP~2[5A (A% = B*) V'uV'u — B (A* — B?) V*uV?u

- %C’ (A— B)? ViuViudy — gR,



The first eigenvalue of p-Laplacian 387

where by the assumption Ay > By we have

%A(u,mt:to > p/m) |VulP~2[ - %A (A*> - B*) V'uV'u — %B (A% — B?) V*uV2u
- %c (47 = B?) V*uVPu]du — L RA(to)
> f%p (A% = B2) A(to) — gRA(tO).

In a similar way

d 1 P

%A(u,t)\t:to < 5p (A* = B*) A(to) — gRA(tO),
now apply R from above, since ¢ is arbitrary it implies what mentioned before in
the theorem. O

Case 4: E(1,1)

Manifold E(1,1) is the group of isometries of the plane with flat Lorentz metric,
there is no Einstein metric here and Ricci flow fails to converge, they all are asymp-
totically cigar degeneracies. For a given metric g similarly by a frame {X;}3_, we
have

(X1, X2] =0, [Xo, X3]=-X1, [X3,Xi]=Xo.

Also under the normalization AqgByCy = 1 we obtain
1 1
Riy = 5A(A* = C%), Rp=-3B(4+0),
1 1
Ry = 5C (C* — 4), R:—i(AnLC’)Z.

Theorem 3.5. Let A(t) denotes the first eigenvalue of p-Laplace operator on
3-homogeneous Riemannian manifold (E (1,1),g0) then in a sufficient neighbor-
hood [0,t] we get
o If Ay = Cy then A(t)efg<_%p(A+C)2)dT and /\(t)ef(;(%p(A‘”'C)z)dT are momn-
decreasing and non-increasing along the normalized Ricci flow (2), respec-
tively, where

(—;p (A+ c>2) Mto) < A, sy < (;p (A+ 0)2) Alto)-

o If Ay > Cy then )\(t)ef(’t7%”((A2702)7%(A+C)2)dt and /\(t)eff;(%p(A+C)2)dt
are non-decreasing and non-increasing respectively, where

1

! LAy cf) Ato) € E\(wBlicr, < (;p <A+0>2) At).

(i

Proof. In the case of Ay = Cy by [6] we get that A = C, it is easy to see
Ry1 = R33 =0,
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which means

d 1
ZAW D)ty < 5P (A+C)* Alto) = ERA(to)-

Similarly in a case of Ay > Cj it is easy to get

%A(u,mt:to > p/E(M) |VulP~2[ - %A (A? = C?) V'uV'u — %B (A% — C?) V2uV?u
— 50 (47 = C°) VPuVPuldy — SRA(to),

and in a similar way

d 1
M Dlmry < 50 (A+0)* Alto) = ERA(t).

now similar to the above theorems, the proof is completed. [l

Case 5: SU(2)
Similarly in this class we have Einstein metrics and Ricci flow converges exponen-
tially in to these metrics, also by the frame {X;}?_, we have

(X2, X3] = X1, [X3,X1]=X,, [X1,Xo]=X;.

In this case under the normalization AqgBoCy = 1, we have

1 1
Ry = 514[A2 —(B-0C)’], Rp= 53[32 —(A-0),

Rys = 50107 — (4~ B,
where
R= %[/P ~(B-0)?] +%[B2 —(A-0)?] +%[C2 —-(A-B)*].
Theorem 3.6. Consider A(t) as a first eigenvalue of p-Laplace operator on 3-

homogeneous Riemannian manifold (SU (2),go) then there is a time t and the
interval [t,t] in which we have

° If AQ = BO = OO then )\(t) = )\(0)
° IfAQ = By > Cy then

)\(t)ef;(p(ch)27%p(A2+C2))dT and )\(t)ef{t(%pA2((ch)2+1))dT
are non-decreasing and non-increasing respectively, where
(p (B-C)* - %p (A* + 02)> Ato) < %)\(u, )]i=t, < (;pAQ ((B -0+ 1)) A(to).
e If Ag > By > Cy then
Aol 3((C -0 ~(4B-CP)ar g A(pyelt (A (B-C) (0P (a-CP))ir

are non-decreasing and non-increasing along the normalized Ricci flow (2)
respectively, where

%/\(u,tﬂt:to > %p ((02 —(A- 0)2) - (A2 —(B- 0)2)) A(to),
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and
C‘;t (0, )|ty < p ((A2 (B - 0)2) - (02 —(A- 0)2)) A(to)-

Proof. By X. Cao [7], the proof of first and second section will be easy and similarly
for the third section we have

d

1
— < YulP—2 2 2 1,71 2 2 2 2
ltk(u,t)luo _p/s . |Vl [2 (A (B-0C) )V uV-ou + 2B(A (A-0C) ) VeuVou

1 P

+5C (A2 —(A-B) ) VP uVtuldy — £ RA(to)

< p/ Va2 [L (A2 (B — 0)2) ViuViu+ B (A2 _(B- 0)2) Vvt
SU(2) 2

+C (A2 —(B- 0)2) V3uViu)dp — gRA(to)

1 P
< — 42 — (B — 2 ——R
Also in a similar way

d |
T p/ VP~ 2[ A (02 (B - 0)2) ViaVliu + =B (02 (A 0)2) V2uv2y
dt SU@) 2

+ %C (02 —(A- 3)2) V3uvtu] dp — gRA(to)

> p/ Va2 [2 (02 (A 0)2) ViaV'u+ 1B (02 (A 0)2) V2uvtu
SU(2) 2 2

+ %C (02 —(A- 0)2) V3uVAu] dp — gRA(to)

1 D
> — 2 _ — 2 — =
> 2p (¢2 = (A= C)) Atto) £RA(to),
which if you substitute R, it is completed the proof. O

Case 6: SL(2,R)
On SL (2,R) there is no Einstein metric and the Ricci flow doesn’t converge and
develops a pancake degeneracy, also by the frame {X;}3_,, we get

[X2, X53] = —X1, [X3,X1]=Xs, [X1,Xs]=Xj;,

in this case we also have
Riv= A4~ (B~ O, Rp= BB’ —(A+C)
Rys = 5C[C7 — (A + BY].

In which

= %[AQ—(B—C)Q] +%[B2—(A+C)2] +%[02—(A+B)2].
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Theorem 3.7. Let A(t) be the first eigenvalue of p-Laplace operator on 3-homogeneous
Riemannian manifold (SL (2,R), go) and also let there is a time t and interval [t, ]
we get

o I[fA> B =C then

Ap)eli 3((CP=(A+B)?)=A2)dr g \(p)eli 3p(4%=(C*—(a+B)?))ar

)

are non-decreasing and non-increasing along the normalized Ricci flow (2),

where

%A(u,t)\t:to > %p ((02 (A4 3)2) - A2) Ato),
and

%)\(u,t)\t:to < %p (A2 - (02 (At B)2)> A(to)-

o If A< B—C then
)\(t)efEt —3p((B=CY=A’+B%)dr (g )\(t)efft_%pCQdT,

are non-decreasing and non-increasing along the normalized Ricci flow (2),
where

1 2 9 9 d 1 9
—5p ((B 0P - A2+ B ) Alto) < A, B)]i—i, < —5pC%.

Proof. By X. Cao [6, 7] we can easily calculate that

e for the first section we have

d 1 1
Ny ) ]eegy > p/ VulP~2[= A (02 (A 0)2) ViuVlu + =B (02 (A 0)2) V2uv2u
dt SL(2E) 2 2

1
+ §C (02 —(A+ 0)2) VAuViuldp — gr)\(to)
1 P
S = 2 2 P
> =p (€ = (A+0)°) Alto) — ErA(to).
also similarly we get

I\ ety < g (47 = (B =€) Ato) ~ ERA)

e For the second section also we get

d 1 1
= = p=27 _ = —_ )2 2 1,71 2 2\ o2, 2
lt)\(u’t”t—t" p/SL(2,]R) |Vl [ 2A ((B ) A )V uV u + 2B (B (A+¢) )V uVou

1

- 5C ((A + B’ - 02) Vuvu)dp — gR/\(to)
1

S §pB2A(t0)a

also under consideration A < B — C we have

(A+B)* > (B-C)?,
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now we can get

d 1 1
— — > VulP2[ = ZA((B-C)* =A%) ViuViu— =B ((B — 0)* — A%) V?uV?
ltk(u,t)lt to p/SL(Z )\ ul [ 5 (( ) ) uV- u 5 (( ) ) uVou

1 p
- 5C ((B o) - A2) VAUV dp — £ RA(to)

> —%p ((B e) L A2) Ato) — ‘gR)\(to),

now we should substitute R, this is making the proof complete. (]
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