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Abstract. The purpose of the present paper is to study some properties of
Projective curvature tensor with respect to Zamkovoy connection in Lorentzian
Para Sasakian manifold(briefly, LP-Sasakian manifold). We obtain some results
on Lorentzian Para-Sasakian manifold with the help of Zamkovoy connection and
Projective curvature tensor. Moreover, we study the LP-Sasakian manifold satisfy-
ing P* (§,U)oWj = 0and P* (§,U)oW5 = 0, where P*, W and W are Projective
curvature tensor, Wy— curvature tensor and Wa—curvature tensor with respect to
Zamkovoy connection respectively.
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1. INTRODUCTION

In 1989, K. Matsumoto [7] first introduced the notion of Lorentzian Para-
Sasakian manifolds. Also, in 1992, I. Mihai and R. Rosca [8] introduced inde-
pendently the notion of Lorentzian Para Sasakian manifolds(briefly, LP-Sasakian
Manifolds) in classical analysis. In an n— dimensional metric manifold the signa-
ture of the metric tensor is the number of positive and negative eigenvalues of the
metric. If the metric has s positive eigenvalues and ¢ negative eigenvalues then
the signature of the metric is (s,t). For a non-degerate metric tensor s + t = n.
A Lorentzian manifold is a special case of a semi Riemannian manifold, in which
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the signature of the metric is (I,n —1) or (n —1,1). And the metric g is called
here a Lorentzian metric, which is named after the physicist Hendrik Lorentz. The
LP-Sasakian manifold was further studied by several authors. We cite ([3], [9]) and
their references.

The notion of Projective curvature tensor was first introduced by K. Yano
and S. Bochner [13] in 1953. This curvature tensor was further studied by U. C.
De and J. Sengupta [4], S. Ghosh [5]. If there exists a one -one mapping between
each co-ordinate neighbourhood of a manifold M to a domain of R™ such that any
geodesic of M corresponds to a straight line in R™, then the manifold M is said to
be locally projectively flat. Due to [4], the Projective curvature tensor P of rank
four for an n-dimensional Riemannian Manifold M is given by

P(X,Y,Z,V)
= RGY,ZV)- L SV2)g(X,V) - S(X.2) (V)] (1)

for all X,Y,V & Z € x(M), set of all vector fields of the manifold M, where P
denotes the Projective curvature tensor of type (0,4) and R denotes the Riemannian
curvature tensor of type (0,4) defined by

P(X,Y,Z2,V) = g(P(X,Y)Z,V) (2)
R(X,Y,Z,V) = g(R(X,Y)ZV) (3)

where R is the Riemannian curvature tensor of type (0,3), P is the Projective
curvature tensor of type (0,3) and S denotes the Ricci tensor of type (0, 2).

In 2008, the notion of Zamkovoy connection on para contact manifold was
introduced by S. Zamkovoy [14]. Zamkovoy connection was defined as a canonical
paracontact connection whose torsion is the obstruction of paracontact manifold
to be a para sasakian manifold. This connection was further studied by many
researcher. For instance, we see ([2], [1], [6]). For an n-dimensional almost contact
metric manifold M equipped with an almost contact metric structure (¢, £, 1, g)
consisting of a (1, 1) tensor field ¢, a vector field £, a 1-form 7 and a Riemannian
metric g, the Zamkovoy connection (V*) in terms of Levi-Civita connection (V) is
given by

VXY =VxY + (Vxn) (Y)§ =n(Y) Vx4 n(X) oY (4)
for all X,Y € x (M).

In a LP-Sasakian manifold M of dimension (n > 2), the Projective curvature
tensor P, Wy Curvature tensor [10], Wa—Curvature tensor [12] with respect to the
Levi-Civita connection are given by

P(X,Y)Z=R(X,Y)Z—

—ISMX-S(X2)Y] ()

n —

Wo(X,¥)Z = R(X,Y)Z~ ——[S(V,2) X ~g(X,2)Q¥]  (6)

W (X,V)Z=R(XY)Z - ——[g(V,2)QX ~g(X,2)Q¥] ()
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The Projective curvature tensor, Wy-Curvature tensor and Ws-Curvature tensor
with respect to the Zamkovoy connection are given by,

P (X,Y)Z =R (X,Y)Z - ﬁ [S*(Y,Z) X — S* (X, 2)Y] (8)
Wi (X,Y)Z= R (V) Z - L[S (V)X g (X.2) QY] ()
Wi (X V) Z=R(XY)Z- g 2)QX (X, 2)QY]  (10)

where R*, S* and Q* are Riemannian curvature tensor, Ricci tensor and Ricci
operator with respect to Zamkovoy connection V* respectively.

Definition 1.1. An n-dimensional LP -Sasakian manifold M is said to be gener-
alized n— Einstein manifold if the Ricci tensor of type (0,2) is of the form

S(Y,2) =kig (Y, Z) + kon (Y) n (Z) + ksw (Y, Z) (11)

for allY,Z € x (M), set of all vector fields of the manifold M and ky , ko and ks
are scalars and w is a 2-form.

Definition 1.2. An n-dimensional LP-Sasakian manifold M is said to be Projec-
tively flat if P(X,Y)Z =0 for all X,Y,Z € x (M).

Definition 1.3. An n-dimensional LP-Sasakian manifold M is said to be £&— Pro-
jectively flat if P(X,Y)£ =0 for all XY, Z € x (M).

This paper is structured as follows: after introduction, a short description
of LP-Sasakian manifold is given in section (2). In section (3), we have discussed
LP-Sasakian manifold admitting Zamkovoy connection V* and obtain curvature
tensor R*, Ricci tensor S*, Scalar curvature tensor r*, in LP-Sasakian manifold.
Section (4) contains Projectively flat LP-Sasakian manifold with respect to the
connection V*. In section (5) we have discussed Locally Projectively ¢—symmetric
LP-Sasakian manifold M with respect to V*. In section (6) we have discussed a LP-
Sasakian manifold satisfying P* (£,U) o W = 0. In section (7) we have discussed
a LP-Sasakian manifold satisfying P* (£,U) o W5 = 0.

2. PRELIMINARIES

An n-dimensional differentiable manifold is called a LP-Sasakian manifold if
it admits a (1, 1) tensor field ¢, a vector field &, a 1-form 1 and a Lorentzian metric
g which satisfies

QY = Y+n(YV)EnE) =—-1n(¢X)=0, ¢£=0 (12)
9(eX,0Y) = g(X,Y)+n(X)nY) (13)
9g(X,0Y) = g(6X,Y),n(Y)=g(Y,§) (14)
Vxé = ¢X, g(X,§) =n(X) (15)
(Vx9)Y = g(X,Y)§+n(Y)X + 2n(X)n(Y)E (16)

VXY € y(M)
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where V denotes the operator of covariant differentiation with respect to the

Lorentzian metric g.

Let us introduced a symmetric (0,2) tensor field w such that w(X,Y) =
g(X, ¢Y). Also, since the vector field 7 is closed in LP- Sasakian manifold, we have

(Vxn)Y =w(X,Y),w(X,§) =0,VX,Y € x (M)

In LP- Sasakian manifold, the following relations also hold:

n(R(X,Y)Z) = g(Y,Z)n ( ) =9 (X, Z)n(Y)
R(X,)Y)¢ = n(Y)X —n(X)Y
REY)Z = g(YZ)€ n(2)Y
R Y)E = n(Y)E+Y

S(X,8§) = (n—1)n(X)
S (¢X,0Y) S(X,Y)+(n-1)n(X)n(Y)

QE=(n—-1)6Qb=9¢Q,5(X,Y)=g(QX,Y),5*(X,Y) = S (QX,Y)

3. SOME PROPERTIES OF LP-SASAKIAN MANIFOLDS WITH RESPECT TO

ZAMKOVOY CONNECTION
Using (15) and (17) in (4), we get
VY =VxY +9(X,0Y)E—n(Y)dX +1(X) oY
with torsion tensor
T*(X,Y) =2[n(X) oY —n(Y)¢X]
In view of (4) and (17), we have
(Vxg) (Y, 2) = =29 (Y, ¢Z) n (X)

Putting Y = ¢ in (25)

Vi€ = 20X
Using (14), (15) and (16) in (25), we obtain
Vx (¢Y) = ¢(VxY)+29(X,YV)E+n(YV)X
0 (X)Y +dn(X)n(Y)¢

Vg (Y, 2)=g(VxY,Z)+g(Y,VxZ)

Vg (Y,0Z) = g(VxY,0Z)+g(Y,6VxZ)+g(X,Z)n(Y)
+9(X,Y)n(Z) +2n(X)n (Y)n(Z)

(17)

(24)
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In view of (25), (29), (30) and (31), we have

VXVyZ = VxVyZ+g(X,¢VyZ)§—n(VyZ) X +n(X)¢VyZ
+g(VXY,¢Z)§+9(Y7¢VXZ)£+9(X,Z)77(Y)£
+9(X,Y)(Z2)E +2n (X)n (Y)n(2)E + 29 (Y, ¢Z) 9 X
—9(X,9Z)¢Y —n(VxZ) Y — o (VxY)n(Z) —29(X,Y)n(Z)¢
—n(Y)n(Z2) X —n(X)n(Z2)Y —4n(X)n(Y)n(Z)¢
+9(X,0Y)0Z +n(VxY)dZ + ¢ (VxZ)n(Y)+29(X, Z)n(Y)E
+n(Y)n(Z)X +n(X)n(Y) Z +4n(X)n(Y)n(2)§ (32)

Interchanging X and Y

VyVXZ = VyVxZ+g(Y,¢VxZ2)E—n(VxZ)dY +n(Y)dVxZ
+9(VyX,02)§+g(X,¢oVy Z)E+ g(Y, Z)n(X)E

+9(Y, X)n(Z)§ +2n (Y)n (X)n(Z)€ + 29 (X, ¢Z) oY

-9 (Y,0Z) X —n(VyZ) X — ¢ (Vy X)n(Z) —29(Y, X)n(2)§

(XM (2)Y =n(Y)n(Z2) X —4n(Y)n(X)n(Z)¢

+ ¢

+n ( (

(Y, X)¢Z+77(VYX)¢Z+¢(VYZ) (X) +29(Y, Z)n(X) €
X)n(2)Y +n(Y)n(X) Z+4n(Y)n(X)n(2)¢ (33)

I

Also we have

VixyiZ = Vixy1Z+9(VxY,02)§—g(VyX,0Z)§ —n(Z)¢VxY
+1(2) ¢Vy X +1(VxY) ¢Z —n(Vy X) ¢Z (34)

Let R* be the Riemannian curvature tensor with respect to Zamkovoy con-
nection and it is defined as

R (X,Y)Z =VyxVsZ — V3 ViZ — Vixy 2 (35)

Using (25), (32), (33) and (34) in (35), we get

R*(X,Y)Z
= R(X,)Y)Z+39(X,Z)n(Y)E—=3g(Y,Z)n(X)&+3g(Y,0Z) X
=39 (X,0Z) oY —n(X)n(2)Y +n(Y)n(2) X (36)

Consequently one can easily bring out the followings:
7Y, 2) = S, 2)+(n—-1)n)n(Z)+3bg(Y,¢Z) (37)
57(¢,2) 5°(2,§) =0 (38)
QY = QV+(m—-1)nl)E+3¢peY (39)
(40)
(41)

Q¢ 0
r* = r—n+1+3¢°



374 A. MANDAL AND A. DAS

R*(X,Y)¢ = 0 (42)
R ((Y)Z = 49(¢Y,0Z)¢ (43)
R (X,§)Z = —49(¢X,0Z)¢ (44)

for all X,Y,Z € x (M), where ¢ = trace (¢)
Thus we can state the followings:

Proposition 3.1. Let M be an n-dimensional LP-Sasakian manifold admitting
Zamkovoy connection V*, then

(i) The curvature tensor R* of V* is given by (36)
) The Ricci tensor S* of V* is given by (37)
ii) The scalar curvature r* of V* is given by (41)
) The Ricci tensor S* of V* is symmetric.
) R* satisfies: R* (X, Y)Z+R*(Y,Z) X+ R*(Z,X)Y =0.

4. PROJECTIVELY FLAT LP-SASAKIAN MANIFOLD WITH RESPECT TO THE
ZAMKOVOY CONNECTION

Theorem 4.1. If an n—dimensional LP-Sasakian manifold M is Projectively flat
with respect to Zamkovoy connection, then it is a generalized n— Einstein manifold.

Proof. In view of (8), (36) and (37), the Projective curvature tensor P* with respect
to the Zamkovoy connection V* on a LP-Sasakian manifold M of dimension (n > 2)
takes the form

P (X,)Y)Z = R(X,)Y)Z+3g(X,Z)n(Y)E—3g(Y,Z)n(X)&+3g(Y,02) pX
=39(X,02) Y —n(X)n(2)Y +n(Y)n(2) X

L S(M2) X 4 (- D (V)0 (2) X + 30 (V.02) X]
*ﬁ [S(X,2)Y +(n—=1)n(X)n(2)Y + 3¢g(X,9Z) Y] (45)

Let M be projectively flat with respect to Zamkovoy connection, then from
(45), we get

R(X,Y)Z

= 39(X.2)n(V)E+39 (Y, 2)n(X)€ ~ 39 (¥, 67) 6X
+39(X,02)6Y +u(X)n(2)Y ~n(¥)n(2) X
F L [S(V,2) X o+ (0= 1) (V) 1(2) X + 369 (Y,62) X]

1
n—1

[S(X,2)Y +(n=1)n(X)n(2)Y +3¢g (X,02) Y]  (46)
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Taking inner product of (46) with a vector field V, we have
R(X,Y,Z,V)
= 39X, 2)n(Y)n(V)+39 (Y, 2)n(X)n(V) =3¢ (Y,9Z) g (6X,V)

+39 (X, 02) g (oY, V) +n(X)n(2)g(Y,V) —n(Y)n(Z)g(X,V)

F L[S0, 2) 4 (0= 1) (Y)0(2) + 309 (Y, 62)) 9 (X,V)

L [S(X,2) + (- D)u(X)n(2) + 309 (X,02)]g(,V)  (47)

Setting X =V = ¢ and using (12), (22) in (47), we get
SY,2)=4(n-1)g((Y,2)+3(n—-1)n(Y)n(Z) - 3¢w (Y, 2)

where w (Y, Z) = g (¢Y, Z) .
which shows that M is an n—Einstein manifold. Hence the theorem is proved.
O

Corollary 4.2. An n— dimensional LP-Sasakian manifold M is &— Projectively
flat with respect to Zamkovoy connection iff it is so with respect to Levi-Civita
connection.

Proof. Using (5) in (45), we get
P (X,Y)Z = P(X,)Y)Z+39(X,Z)n(Y)§=3g(Y,Z)n(X)¢
+39 (Y, 9Z) 9X — 39 (X, 9Z) oY
3
—m[Q(Y@Z)XW(X,(bZ)Y] (48)
Setting Z = £ in (48), we get
Pr(X,)Y){=P(X,Y)¢
Therefore, M is &— Projectively flat with respect to Zamkovoy connection iff
it is so with respect to Levi-Civita connection. 0

5. LOCALLY PROJECTIVELY ¢—SYMMETRIC LP-SASAKIAN MANIFOLDS WITH
RESPECT TO ZAMKOVOY CONNECTION

In 1977, Takahashi [11] first studied the concept of locally ¢-symmetry on
Sasakian manifold. In this section we consider a locally projectively ¢-symmetric
LP-Sasakian manifolds with respect to the connection V*.

Definition 5.1. An n—dimensional LP-Sasakian manifold M is said to be locally
projectively ¢-symmetric with respect to Zamkovoy connection V* if the projective
curvature tensor P* with respect to the connection V* satisfies

6 (Viy P*) (X,Y) Z =0 (19)

where X,Y,Z and W are horizontal vector fields on M, i.e X,Y,Z and W are
orthonormal to £ on the manifold M.
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Theorem 5.2. An n—dimensional LP-Sasakian manifold M (n > 3) is locally pro-
jectively ¢-symmetric with respect to Zamkovoy connection if and only if it is so
with respect to the Levi-Civita connection, provided trace (¢) = 0.

Proof. In view of (25), we have
(Vi P)(XY)Z = (YwP")(X,Y)Z+g(W,6P* (X,Y) Z)¢
- (P (X,Y) Z) oW +n (W) oP* (X,Y) Z  (50)
Taking covariant differentiation of (48) in the direction of W and considering
trace (¢) = 0, we obtain
(VwP*)(X,Y)Z = (VWP) (X,Y)Z
+3[9 (X, 2) g (W,0Y) — g (Y, Z) g (W, ¢ X)]¢
+3[g(W, Z2)n(Y) + (Y, W)n(Z) + 2n(W)n(Y )n(2)] X
+39 (Y, 92) [g(W, X)€ + (X)W + 2n(W)n(X)¢]
=3 [g(W, 2)n(X) + g(X, W)n(Z) + 2n(W)n(X)n(Z)] oY
—3g (X, ¢Z)[ (WY)E+n(Y)W +29(W)n(Y)E]  (51)
In view of (12), (18) and (45), we obtain
n (P (X,Y)2)
= gV, 2)n(X) —g(X,2)n(Y) =39(X,Z)n(Y) +3¢ (Y, Z) n(X)

LS (Y.2) + (= ) (V)0 (2) + 30 (Y, 62)] 0 (X)

1

+o—7 [S(X,2) + (n = 1) 0 (X)n(2) + 3¢g (X, 92)]n (Y) (52)
Using (51) and (52) in (50), we get
(Vi P)(X,Y)Z = (VwP)(X,Y)Z+3g(X,2)g(W,0Y) — g (Y, 2) g (W,6X)] €
+3[gW, Z)n(Y) + g(Y, W)n(Z) + 2n(W)n(Y )n(2)] X

7
+3g (Y, 92) [g(W, X)§ + n(X)W + 2n(W)n(X)E]

=3[g(W, Z)n(X) + (X, W)n(Z) + 2n(W)n(X)n(Z)] Y
=39(X,02) [g(W,Y)§ +n(Y)W + 2n(W)n(Y)E]

+g(W, 0P (X,Y) Z)§ — g (Y, Z)n(X) oW + g (X, Z)n(Y) oW
+39 (X, Z)n(Y) oW =39 (Y, Z) n (X) oW

FL (S (Y, 2) 4 (= )0 (V) 0(2) + 30 (Y, 62)] 0 (X) 6

LS 2) 4 (= )0 (X) 0 (Z) + g (X, 62)]n (¥) oW

+oP (X,Y) Zn(W) + 39 (Y,9Z) Xn (W) — 39 (X, ¢Z) Y (W)
+3g (Y, 0Z)n(X)n(W) € =39 (X, 0Z)n(Y)n(W)¢ (53)
Applying ¢? on both sides of (53) and using (12), we obtain
¢* (Viy P*) (X,Y) Z = ¢* (VwP) (X,Y) Z (54)
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where XY, Z, W are horizontal vector fields and trace (¢) = 0. Hence the theorem
is proved. O

6. LP-SASAKIAN MANIFOLD SATISFYING P* (§,U)oW{=0

Theorem 6.1. In an n-dimensional (n > 3) LP-Sasakian manifold M admitting
Zamkovoy connection V*, if the condition P* (§,U) o Wi = 0 holds, then the equa-
tion

SP(X)Y) = 4(n-1)S(X,Y) 605 (9X,Y) +12(n —1)vg (X, ¢Y)
~9ug (X, Y) + [3(n = 1)® = 9] m(X)n ()
is satisfied on the manifold M, for all X,Y € x (M).

Proof. Tt can be easily seen from (8) and (9), that

PUEU)X = Ag(8U,0%)€ — ——8° (U, X)¢ (55)
W (X Y)E= () QY (EV)E= QY (0)

Let us consider a LP- Sasakian manifold M satisfying the condition
(P (U)o W) (X, Y)Z =0.
Then we have
0 = PEUW (X, Z-Wi (P (U)X, Y)Z

-Wo (X, PT(§,U)Y) Z - W5 (X,Y) P (§,U) Z (58)
Replacing Z by £ in (58), we get
Wi (X, P*(§U)Y)E - W5 (X, Y) P (§,U)¢ (59)

Using (55), (56) and (57) in (59), we have
0 = 45 (6U,0Y)n(X)§— 5" (U,QV)n(X)¢
g (U, 6X) QY — 5" (U, X) Q'Y (60)
The inner product of the equation (60) with vector field V' gives
0 = 45 (U, 6Y)n(X)n (V) ~ 8" (U, QY )0 (X)n (V)
+4g (U, ¢X) S* (Y, V) — ﬁS* (U, X)S*(Y,V) (61)
Let {e;} (1 <i < n) be an orthonormal basis of the tangent space at any point of

the manifold M. Setting U =V = ¢; and taking summation over i(1 < ¢ < n) and
using (23), (24), (37), (38) and (39) in (61), we get
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S?(X,Y) = 4(n—-1)8(X,Y) = 6yS (6X,Y) +12(n — 1) vog (X, ¢Y)
9329 (X,Y) + [3(n— 1)° = 9v2| 5 () (V) (62)
Hence the theorem is proved.
O
7. LP-SASAKIAN MANIFOLD SATISFYING P* (£§,U)oW3=0

Theorem 7.1. In an n—dimensional LP-Sasakain manifold M of dimension (n > 3)
if the condition P* (§,U) o W3 =0 holds, then the equation

S?(X,Z2) = 4(n-1)S(X,2Z) - 64S(X,6Z) +12(n — 1) ¢g (X, $Z)
~9u%g (X, 2) + [3(n = 1)* — 942]  (X) 1 (2)
is satisfied on M, for oll X, Z € x (M) .

Proof. Let us consider a LP- Sasakian manifold M satisfying the condition

(P*(&U)oW3)(X,Y)Z =0 (63)
Then we have
0 = P EUWS(X,)Y)Z-W5 (P (U)X, Y)Z
Wy (X, P*(&U)Y)Z-W5(X,Y)P*(&,U)Z (64)

Replacing Y by £ in (64), we get
0 = PEU)WS (X, Z-W5 (P (§U)X, ) Z

SWE (X, P (6 U)€) 2 - W5 (X,6) P (€,0) 2 (65)
It is seen that
Wi(X.07 = —dg(oX.02)6~ —n(2)Q"X (66)
1
WiEOZ = 0.Wi(X.06= QX (67)

Using (55), (56), (66) and (67) in (65), we get
0 = W29V X)E ~ —n(2) 5" (U,Q°X)¢
19 (60U, 67) Q°X — 5" (U, 2) Q"X (68)
The inner product of the equation (68) with vector field V' gives
0 = Jisevex) - st @@ x| n@n)

+ {49 (6U, 62) — %s* w, Z)] S* (X, V) (69)



Projective curvature tensor with Zamkovoy connection 379

Let {e;} (1 <i < n) be an orthonormal basis of the tangent space at any point of
the manifold M. Setting U =V = ¢; and taking summation over i(1 < ¢ < n) and
using (23), (24), (37), (38) and (39) in (69), we get

0 = 4(n—1)5(X,2) —6¢S (X, 0Z) +12(n — 1) g (X, $Z)
~9ug (X, 2) + [3(n—1)* = 902] y (X)n(2) - $* (X, 2)  (70)
Using (36) in (70), we have

S*(X,Z) = 4(n—-1)S(X,2) —64S(X,02) +12(n—1) g (X, ¢2)
~9u%g (X, 2) + [3(n = 1)* — 962]  (X) 1 (2) (71)
Hence the theorem is proved. O
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