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Abstract. In this paper, an attempt is made to study approximate reasoning

based on a Type-2 fuzzy set theory. In the process, we have examined the un-

derlying fuzzy logic structure on which the reasoning is formulated. We have seen

that the partial/incomplete/imprecise truth-values of elements of a type-2 fuzzy set

under consideration forms a lattice. We propose two new lattice operations which

ultimately help us to define a residual and thereby making the structure of truth-

values a residuated lattice. We have focused upon two typical rules of inference used

mostly in ordinary approximate reasoning methodology based on Type-1 fuzzy set

theory. The proposal is illustrated with typical artificial examples.
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1. INTRODUCTION

In 1965, the concept of a fuzzy set was introduced by Zadeh[16] and it has
already established its usefulness through successful applications in different fields.
Considering the importance of fuzzy logic as a basis for approximate reasoning,
a systematic development of fuzzy set theory, the deductive aspects and struc-
tures of the underlying fuzzy logics were extensively studied[2]. In dealing with
vagueness/impreciseness using fuzzy set theory we come across situations, where
it is difficult to find satisfactorily the degree of membership of an element of the
universal set in a particular fuzzy subset. This motivated Zadeh to introduce a
generalization of fuzzy set, a Type-2 fuzzy set, in 1975[17]. The key point in this
generalization is that membership degrees of elements in a Type-2 fuzzy set are
the traditional fuzzy sets in [0, 1], while that for ordinary fuzzy sets are real num-
bers in [0, 1]. Accordingly, any Type-2 fuzzy logic is a generalization of some fuzzy
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logic with Type-1 fuzzy set as proposed by Zadeh[2, 18]. The uncertainty in set-
ting membership degree of an element to belong to a fuzzy set makes the theory
of Type-2 fuzzy sets a convenient tool to handle higher degree of uncertainty in
practice.

Approximate reasoning methodology with Type-2 fuzzy set is developed to
formulate complex problems of human reasoning. The main motivation of the
theory of approximate reasoning with Type-2 fuzzy set is apparently, the desire
to build up a qualitative framework that will allow one to derive an approximate
conclusion from a collection of imprecise knowledge. Fuzzy logic is the basis of
approximate reasoning with Type-2 fuzzy set. Fuzzy sets and fuzzy relations are
used to represent, simple and complex fuzzy propositions in any Type-2 fuzzy logic.
Rules of inference are used to derive new propositions (fuzzy logical forms) from
an observed data and given knowledge on the same.

Derivation of an imprecise statement from a set of imprecise statements is
efficiently performed by humans. For a better understanding of how human beings
assess knowledge in problem-solving, categorization, information retrieval and rea-
soning we have studied different aspects of fuzzy reasoning for an adequate theory
of approximate reasoning with fuzzy sets of Type-2.

Based on the concept of fuzzy sets of Type 2 (or fuzzy-fuzzy sets) defined
by L. A. Zadeh, authors in [6, 7, 8] studied fuzzy automata and investigated some
of their properties. In a second research, the authors investigated the algebraic
structures of fuzzy grades under the operations of join ∪, meet ∩, and negation
∼ which were defined by using the extension principle. Moreover, the algebraic
properties of fuzzy grades under two new operations t and u which are slightly
different from ∪ and ∩, respectively, were briefly discussed. In another article, the
authors examined some algebraic properties of fuzzy grades (that is, fuzzy sets of
Type 2) under the operations of algebraic product and algebraic sum which could
be defined by using the concept of the extension principle and showed that fuzzy
grades under these operations do not form such algebraic structures as a lattice
and/or a semi-ring. Nilesh N. Karnik, Jerry M. Mendel and Qilian Liang [4] in-
troduced a Type-2 fuzzy logic system (FLS), which can handle rule uncertainties.
The implementation of this Type-2 FLS involves the operations of fuzzification,
inference, and output processing which, consists of type reduction and defuzzifica-
tion. They also applied a Type-2 FLS to time-varying channel equalization and
demonstrated that it provides better performance than a Type-1 FLS and nearest
neighbour classifier. In a research work[5], the authors established a small set of
terms that allowed us communicate with Type-2 fuzzy sets and also helped us define
such sets rather precisely. There they presented a new representation for Type-2
fuzzy sets, and used it to derive formulas for union, intersection and complement
of Type-2 fuzzy sets without having the use of extension principle. C.L.Walker and
E.A.Walker in [13, 14, 15], presented a straightforward mathematical treatment of
algebras of fuzzy truth values for Type-2 fuzzy sets. They investigated automor-
phisms of the algebra of truth values of Type-2 fuzzy sets. This algebra contains
isomorphic copies of the truth value algebras of Type-1 and of interval-valued fuzzy
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sets. It is shown that these subalgebras are characteristic; that is, are carried onto
themselves by automorphisms of the containing algebra of truth values of fuzzy sets.
The algebra of truth values of type-2 fuzzy sets consists of all mappings of the unit
interval to itself, with Type-2 operations that are convolutions of ordinary max and
min operations. Their work was concerned with a special subalgebra of this truth
value algebra, namely, the set of non-zero functions with values in the two-element
set {0, 1}. This algebra can be identified with the set of all non-empty subsets of
the unit-interval, but the operations are not the usual union and intersection.

This research work is organized into seven sections. In section 2, we define a
few terms in order to communicate with Type-2 fuzzy sets. Aspects of reasoning are
considered in the context of formation of a Type-2 fuzzy set theory. In section 3, we
have examined the existence of a lattice structure for the truth-values of elements
in a Type-2 fuzzy set. Section 4 of this paper examines basic definitions and their
use in the context of defining a methodology of reasoning with Type-2 fuzzy set. In
section 5, a computational procedure is presented to demonstrate the computations
involved in reasoning with Type-2 fuzzy sets. Two basic rules of inferences, CRI
and GMP, have been developed/formulated. Examples are considered to illustrate
the problem. The work is briefly concluded in section 6. This is followed by a list
of references in the last section.

2. MATHEMATICAL PRELIMINARIES

In this research, we attempt to study reasoning under Type-2 fuzzy logic.
Accordingly, a brief study on the theory of Type-2 fuzzy sets is presented at first.
We focus, in particular, on the study of operations on Type-2 fuzzy sets. The
concept of a Type-2 fuzzy relation and fuzzy connectives not (¬), and (∧) and
or (∨) are also studied. Appropriate interpretation of connectives is one of the basic
problems in any fuzzy logic and its application. Classes of negation functions (to
model complement operators), continuous triangular norms (to model conjunction)
and triangular co-norms ( to model disjunction) are also been examined extensively
[13, 14, 15]. These classes of operations are found to be mathematically sound and
contain a wide variety of particular members.

Let F be the set of all fuzzy subsets over [0, 1]. In order to make F a poset,
we define the relation ‘ ≤’ as ‘A ≤ B’ if and only if (∀j)[0,1] A(j) ≤ B(j) .
Defining 1(j) = 1 and 0(j) = 0 (∀j)[0,1], we propose F to be a bounded class. Now,
the t-norm, t-conorm and implication for a Type-2 fuzzy logical setting would be
characterised as in the following:

Definition 2.1. A binary operation T : F × F → F is called a Type-2 t-norm if
for every A1, A2, A3, A4 ∈ F.

i) T (1, A1) = A1,
ii) T (A1, A2) = T (A2, A1),
iii) T (A1, T (A2, A3)) = T (T (A1, A2), A3),
iv) if A1 ≤ A2 and A3 ≤ A4 then T (A1, A3) ≤ T (A2, A4).
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We note that condition i) implies T (1,1) = 1, condition i) and ii) imply
T (1, 0) = T (0,1) = 0 and from condition i) and iv) we get T (0, 0) = 0, which are
the basic properties for crisp intersection.

Example 2.2. Define T1, T2 : F × F → F by

T1(A1, A2) =
∑

j∈[0,1]

min(A1(j), A2(j))

j

and

T2(A1, A2) =
∑

j∈[0,1]

max(A1(j) + A2(j)− 1, 0)

j
,

where,

A1 =
∑

j∈[0,1]

A1(j)

j
; A2 =

∑
j∈[0,1]

A2(j)

j
.

It is easily noticeable that T1 and T2 are Type-2 t-norms. We note here that
T1(A1, A1) = A1 and T2(A1, A1) 6= A1 i.e., T1 is idempotent but T2 is not.
Again, we note that T1(A1, A1) ≮ A1 but T2(A1, A1) < A1 this means T2 is
Archimedean while T1 is not.

Definition 2.3. A binary operation S : F × F → F is called a Type-2 t-conorm
if for all A1, A2, A3, A4 ∈ F.

i) S(0, A1) = A1,
ii) S(A1, A2) = S(A2, A1),
iii) S(A1, S(A2, A3)) = S(S(A1, A2), A3),
iv) if A1 ≤ A2 and A3 ≤ A4 then S(A1, A3) ≤ S(A2, A4).

Similar to t-norm, we see that

S(1,1) = S(0,1) = S(1, 0) = 1 and; S(0, 0) = 0.

Example 2.4. Define S1, S2 : F × F → F by

S1(A1, A2) =
∑

j∈[0,1]

max(A1(j), A2(j))

j

and

S2(A1, A2) =
∑

j∈[0,1]

min(A1(j) + A2(j), 1)

j
.

Here, S1 and S2 are both examples of Type-2 t-conorm. Also, S1 is idempotent but
not Archimedean whereas S2 is Archimedean but not idempotent.

Definition 2.5. A mapping N : F → F is called a Type-2 negation operator which
satisfies

i) if A1 ≥ A2 then N(A1) ≤ N(A2),
ii) N(N(A1)) = A1,
iii) N(1) = 0,
iv) N(0) = 1.
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Example 2.6. For example N : F → F defined by N(A1) = 1− A1, where ′−′ is
taken argumentwise, is an obvious choice for negation.

Definition 2.7. The binary operations ∨, ∧ on F are defined

(∀A1, A2)F A1 ∨A2 = S(A1, A2)
and A1 ∧A2 = T (A1, A2).

Some other important properties for t-norm, t-conorm and negation are
stated as in the following

(A) Absorption law:

i) S(A1, T (A1, A2)) = A1,
ii) T (A1, S(A1, A2)) = A1;

(B) Distributive law:

i) T (S(A1, A2), S(A1, A3)) = S(A1, T (A2, A3)),
ii) S(T (A1, A2), T (A1, A3)) = T (A1, S(A2, A3));

(C) De Morgan’s law:

i) N(T (A1, A2)) = S(N(A1), N(A2)),
ii)N(S(A1, A2)) = T (N(A1), N(A2));

(D) Complementation law:

i) S(A1, N(A1)) = 1,
ii)T (A1, N(A1)) = 0.

It can be shown that T1 along with S1 and N satisfies absorption, distributive
and De Morgan’s laws but not complementation law, also T2 along with S2 and
N satisfies De Morgan’s law and complementation law but neither absorption nor
distributive laws.

Definition 2.8. For every A1, A2, A3 ∈ F ; a binary operation I : F × F → F is
called a Type-2 implication which satisfies

I1) if A1 ≤ A2 then I(A3, A2) ≥ I(A3, A1),
I2) if A1 ≤ A2 then I(A1, A3) ≥ I(A2, A3),
I3) I(0, A2) = 1,
I4) I(1, A2) = A2.

It can be seen that I(1,1) = I(0, 0) = I(0,1) = 1 and I(1, 0) = 0.

Example 2.9. Define I1, I2 : F × F → F by

I1(A1, A2) =
∑

j∈[0,1]

max(1−A1(j), A2(j))

j

and

I2(A1, A2) =
∑

j∈[0,1]

min(1−A1(j) + A2(j), 1)

j
.

It is easy to see that I1 and I2 are examples of two Type-2 implicators.

Some other important properties for implication operators are
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I5) I(A1, A2) ≥ A2;
I6) I(A1, A1) = 1;
I7) I(A1, I(A2, A3) = I(A2, I(A1, A3);
I8) I(A1, A2) = 1 if and only if A1 ≤ A2 and;
I9) I(A1, A2) = I(N(A2), N(A1)) for some negation operator N .

Implication operator, I1 satisfies I5,I7,I9 and I2 satisfies all of them.

3. Formation of Lattice

First we note that F together with ∧,∨, 1 and 0 defined as above, forms a
complete, distributive lattice. We define ∗ : F × F → F by

∗(A1, A2) = A1 ∗A2 =
∑

j∈[0,1]

max(A1(j) + A2(j)− 1, 0)

j
.

It is easy to see that (F, ∗) forms a commutative monoid [1, 9] . Now as Pavelka[10,
11, 12] said there must be an unique residual → given by

A1 → A2 = ∨{X : X ∗A1 ≤ A2}.

As for any X ∈ F

(∀j)[0,1], max(A1(j) + X(j)− 1, 0) ≤ A2(j)
⇔ X(j) ≤ 1−A1(j) + A2(j)
⇔ X(j) ≤ min(1, 1−A1(j) + A2(j)).

Obviously, the equality occurs for X = 1, which means

A1 → A2 = ∨{X : X ∗A1 ≤ A2} = min(1, 1−A1(j) + A2(j)) (1)

Now we have a complete residuated lattice 〈F,∨,∧, ∗,→〉 of truth values to develop
a Type-2 logic.

Now, if we set A =
∑
x∈U

Ax =
∑

j∈[0,1]

Ax(j)

j

x
and B =

∑
y∈V

By =
∑

j∈[0,1]

By(j)

j

y

then we have Ax ∗ (Ax → By)

=
∑
j

max[min(1−Ax(j) + By(j), 1) + Ax(j)− 1, 0]

j

=
∑
j

max[Ax(j)−max(Ax(j)−By(j), 0), 0]

j

=
∑
j

min(Ax(j), By(j)

j
≤ By (Fuzzy form of modus ponens).
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Similarly,

Bc
y ∗ (Ax → By) =

∑
j

min(Ac
x(j), Bc

y(j)

j
≤ Ac

x (Fuzzy form of modus tollens).

(2)
where Ac

x and Bc
y respectively denote the fuzzy compement of Ax and By. A detailed

discussion of the properties of ∗ and → can be found in [10, 11, 12].

4. Logical operations using Type-2 fuzzy set

In this section, we will examine the formation of a typical Type-2 fuzzy logic
with the help of the lattice of truth values as proposed in the previous section. The
procedure is the same as in the case of a logic with Type-1 (ordinary) fuzzy set.
Here, instead of a number from the unit interval we have to consider a Type-1 fuzzy
subset over [0,1]. Their composition have already been defined pointwise. We have
seen that the class of all linguistic truth values 〈F,∧,∨, 0,1〉 forms a complete,
distributive lattice like the unit interval under the usual operations max, min.
Accordingly, we are to state explicitly how reasoning can be made with typical
knowledge expressed using Type-2 fuzzy sets and fuzzy relations.

Definition 4.1. Let U={x1, x2, · · · , xn} be a finite universal set. A Type-2 fuzzy
set A over the universe of discourse U is characterized by a fuzzy membership
function i.e., an object having the form

A =
∑
x∈U

A(x) =
∑

j∈[0,1]

Ax(j)

j

x
.

Example 4.2. Let A = {Au1

u1
+

Au2

u2
+

Au3

u3
} and B = {Bv1

v1
+

Bv2

v2
+

Bv3

v3
} be two

Type-2 fuzzy sets defined on the universe U = {u1, u2, u3} and V = {v1, v2, v3}
respectively, where the fuzzy grades of A, B at u1, u2, u3 and v1, v2, v3 are given as
in the following:

Au1 =
1

0
+

.8

.2
+

.5

.4
+

.4

.6
+

.1

.8
+

0

1
,

Au2
=

.4

0
+

.8

.2
+

1

.4
+

.8

.6
+

.5

.8
+

.2

1
,

Au3
=

0

0
+

0

.2
+

.2

.4
+

.5

.6
+

.7

.8
+

.9

1
,

Bv1 =
0

0
+

0

.2
+

.2

.4
+

.5

.6
+

.7

.8
+

.9

1
,

Bv2 =
1

0
+

.8

.2
+

.5

.4
+

.4

.6
+

.1

.8
+

0

1
,

Bv3 =
.4

0
+

.8

.2
+

1

.4
+

.8

.6
+

.5

.8
+

.2

1
.
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Example 4.3. Let us consider U ={Chicoo, Litchie, Mango, Plum, Strawberry}
to be a set of fruits and that A is a fuzzy subset of type-2 of delicious fruit defined
over U . We then express the same in set theoretic notation as,

A = delicious fruit =
not so delicious

Chicoo
+

fairly delicious

Litchie

+
moderately delicious

P lum
+

very delicious

Strawberry
+

highly delicious

Mango
,

where, the fuzzy grades labelled moderately, fairly, highly are assumed to be fuzzy
sets in
J = 0, 0.1, · · · , 0.9, 1 ⊆ [0, 1] and, for example, are expressed as in the following:

moderately delicious =
0.5

0.3
+

0.75

0.4
+

1

0.5
+

0.75

0.6
+

0.5

0.7
;

fairly delicious =
1

0.0
+

0.75

0.1
+

0.5

0.2
+

0.25

0.3
;

highly delicious =
0.25

0.7
+

0.50

0.8
+

0.75

0.9
+

1

1
.

Moreover, fuzzy grades for elements that belong to fuzzy sets such as not so delicious
and very delicious are determined from fuzzy grades of the same as in delicious by
using the concept of linguistic hedges as in modification of ordinary fuzzy sets.
Thus,

delicious =
0.25

(0.3, 0.9)
+

0.5

(0.4, 0.8)
+

0.75

(0.5, 0.7)
+

1.0

0.6
;

not so delicious =
1.0

(0.1, 0.2, 1.0)
+

0.75

(0.3, 0.9)
+

0.5

(0.4, 0.8)
+

0.25

(0.5, 0.7)
;

very delicious =
0.0625

(0.3, 0.9)
+

0.25

(0.4, 0.8)
+

0.5625

(0.5, 0.7)
+

1.0

0.6
.

Let A and B be two fuzzy sets of Type-2 over the universe of discourse U and Ax(j)
and Bx(j) be the fuzzy grades of the point x in A and B respectively (that is, fuzzy
subsets of [0, 1]).

At each value of x, the plane section determined by x and Ax(j) for different
values of j is the vertical slice of A at x. Vertical slices represent secondary mem-
bership of x in A; it is a Type-1 fuzzy set over [0, 1][3]. The domain of secondary
membership function is regarded as the primary membership of x.

Now, for the operations on fuzzy sets of Type-2, let’s choose a logic system
and explore its several properties.
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Definition 4.4. The union of two Type-2 fuzzy sets A and B defined over X is
actually a logical disjunction between the truth values Ax and Bx for every x ∈ X,
denoted by A tB and is defined by

A tB =
∑
x∈X

Ax ∨Bx

x
.

where ∨ is an operation on the elements the class F .

Definition 4.5. The intersection of two Type-2 fuzzy sets A and B defined over
X is actually a logical conjunction between the truth values Ax and Bx for every
x ∈ X, denoted by A uB and is defined by

A uB =
∑
x∈X

Ax ∧Bx

x
.

where ∧ is interpreted as before.

Definition 4.6. The complement of a Type-2 fuzzy set A defined over X, denoted
by Ac and is defined by

Ac =
∑
x∈X

1−Ax

x
.

Definition 4.7. Let A and B be two Type-2 fuzzy sets over X, Y and whose
membership grade values at x ∈ X and y ∈ Y are Ax and By respectively. Then by
the conditional statement ‘A implies B’, we mean a Type-2 fuzzy relation between
X and Y whose membership grade at a point (x, y) ∈ X × Y is Ax → By where ,
→ is from the lattice F.

Thus,

A =⇒ B =
∑

(x,y)∈X×Y

(Ax → By)

(x, y)
.

where → is taken from the lattice F.

Example 4.8. Let J = {0, 0.1, · · · , 0.9, 1.0} and let fuzzy grades Ax and Bx be
given as

Ax =
0.5

0.0
+

0.7

0.1
+

0.3

0.2
,

Bx =
0.9

0.0
+

0.6

0.1
+

0.2

0.2
.

Then, we have

(A tB)x(j) = max{Ax(j), Bx(j)} =
0.9

0.0
+

0.7

0.1
+

0.3

0.2
. (3)

Similarly, we have

(A uB)x(j) = min{Ax(j), Bx(j)} =
0.5

0.0
+

0.6

0.1
+

0.2

0.2
; (4)

and

Ac
x(j) = {1−Ax(j)} =

0.5

0.0
+

0.3

0.1
+

0.7

0.2
+

1.0

(0.3, 0.4, · · · 1.0)
. (5)
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Example 4.9. The following table describes the relation A =⇒ B taking A and
B from Example 5.

Table 1. The Type-2 fuzzy relation A =⇒ B

v1 v2 v3

u1
0.0
0.0 + 0.2

0.2 + 0.7
0.4+ 1.0

0.6 + 1.0
0.8 + 1.0

1.0
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 1.0

0.6 + 1.0
0.8 + 1.0

1.0
0.4
0.0 + 1.0

0.2 + 1.0
0.4 + 1.0

0.6 + 1.0
0.8 + 1.0

1.0

u2
0.6
0.0 + 0.2

0.2 + 0.2
0.4 + 0.7

0.6 + 1.0
0.8 + 1.0

1.0
1.0
0.0 + 1.0

0.2 + 0.5
0.4 + 0.6

0.6 + 0.6
0.8 + 0.8

1.0
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 1.0

0.6 + 1.0
0.8 + 1.0

1.0

u3
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 1.0

0.6 + 1.0
0.8 + 1.0

1.0
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 0.9

0.6 + 0.4
0.8 + 0.1

1.0
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 1.0

0.6 + 0.8
0.8 + 0.3

1.0

Definition 4.10. Let R be a Type-2 fuzzy relation defined on U×V , and is explicitly
given by

R(x, y) =
∑

j∈[0,1]

R(x,y)(j)

j
.

The projection of R on U is a Type-2 fuzzy set A defined over U and is explicitly
given by

Ax(j) = max
y∈V
{R(x,y)(j)}.

Example 4.11. Let R be a Type-2 fuzzy relation over U ×V and let it be given by
the following table

Table 2. An artificial Type-2 fuzzy relation R

v1 v2 v3

u1
0.0
0.0 + 0.2

0.2 + 0.5
0.4 + 0.6

0.6 + 0.9
0.8 + 1.0

1.0
1.0
0.0 + 0.8

0.2 + 0.5
0.4 + 0.6

0.6 + 0.9
0.8 + 1.0

1.0
0.6
0.0 + 0.8

0.2 + 1.0
0.4 + 0.8

0.6 + 0.5
0.8 + 0.8

1.0

u2
0.6
0.0 + 0.2

0.2 + 0.2
0.4 + 0.5

0.6 + 0.7
0.8 + 0.9

1.0
1.0
0.0 + 0.8

0.2 + 0.5
0.4 + 0.4

0.6 + 0.5
0.8 + 0.8

1.0
0.6
0.0 + 0.8

0.2 + 0.1
0.4 + 0.8

0.6 + 0.5
0.8 + 0.8

1.0

u3
1.0
0.0 + 1.0

0.2 + 0.8
0.4 + 0.5

0.6 + 0.7
0.8 + 0.9

1.0
1.0
0.0 + 1.0

0.2 + 0.8
0.4 + 0.5

0.6 + 0.3
0.8 + 0.1

1.0
1.0
0.0 + 1.0

0.2 + 1.0
0.4 + 0.8

0.6 + 0.5
0.8 + 0.2

1.0
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Then, the projection of R over V is a Type-2 fuzzy set P where

P (v1) = max(R(u1, v1), R(u2, v1), R(u3, v1)) =
1.0

0.0
+

1.0

0.2
+

0.8

0.4
+

0.6

0.6
+

0.9

0.8
+

1.0

1.0
,

P (v2) =
1.0

0.0
+

1.0

0.2
+

0.8

0.4
+

0.6

0.6
+

0.9

0.8
+

1.0

1.0
,

and P (v3) =
1.0

0.0
+

1.0

0.2
+

1.0

0.4
+

0.8

0.6
+

0.5

0.8
+

0.8

1.0
.

Definition 4.12. Let U, V be two universes of discourses, and A =
∑
x∈U

Ax

x
be a

Type-2 fuzzy set defined over U. The cylindrical extension of A to U×V is a Type-2

fuzzy relation c̃e(A) defined by

c̃e(A) =
∑

(x,y)∈U×V

c̃e(A)(x, y)

(x, y)
, where x ∈ U, y ∈ V

and

c̃e(A)(x,y)(j) = Ax(j).

Thus, the cylindrical extension clearly produces the largest fuzzy relation that is
compatible with the given projection. Such a relation is the least specific of all
relations compatible with the projection.

Example 4.13. Let Au1 , Au2 , Au3 be the elements of a Type-2 fuzzy set over the
universe U where,

Au1
=

1.0

0.0
+

0.8

0.2
+

0.5

0.4
+

0.4

0.6
+

0.1

0.8
+

0.0

1.0,

Au2 =
0.4

0.0
+

0.8

0.2
+

1.0

0.4
+

0.8

0.6
+

0.5

0.8
+

0.2

1.0
,

Au3
=

0.0

0.0
+

0.0

0.2
+

0.2

0.4
+

0.5

0.6
+

0.7

0.8
+

0.9

1.0
,

and

A =

3∑
i=1

Aui

ui
.

Then, its cylindrical extension over U × V where, V = {v1, v2, v3}, is given by

Ã(u1, v1) = Au1 =
1.0

0.0
+

0.8

0.2
+

0.5

0.4
+

0.4

0.6
+

0.1

0.8
+

0.0

1.0
,

Ã(u2, v1) = Au2 =
0.4

0.0
+

0.8

0.2
+

1.0

0.4
+

0.8

0.6
+

0.5

0.8
+

0.2

1.0
,

Ã(u3, v1) = Au3
=

0.0

0.0
+

0.0

0.2
+

0.2

0.4
+

0.5

0.6
+

0.7

0.8
+

0.9

1.0
,

Ã(u1, v2) = Au1
=

1.0

0.0
+

0.8

0.2
+

0.5

0.4
+

0.4

0.6
+

0.1

0.8
+

0.0

1.0
,
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Ã(u2, v2) = Au2 =
0.4

0.0
+

0.8

0.2
+

1.0

0.4
+

0.8

0.6
+

0.5

0.8
+

0.2

1.0
,

Ã(u3, v2) = Au3
=

0.0

0.0
+

0.0

0.2
+

0.2

0.4
+

0.5

0.6
+

0.7

0.8
+

0.9

1.0
,

Ã(u1, v3) = Au1
=

1.0

0.0
+

0.8

0.2
+

0.5

0.4
+

0.4

0.6
+

0.1

0.8
+

0.0

1.0
,

Ã(u2, v3) = Au2
=

0.4

0.0
+

0.8

0.2
+

1.0

0.4
+

0.8

0.6
+

0.5

0.8
+

0.2

1.0
,

Ã(u3, v3) = Au3
=

0.0

0.0
+

0.0

0.2
+

0.2

0.4
+

0.5

0.6
+

0.7

0.8
+

0.9

1.0
.

5. Approximate reasoning

In this section, we demonstrate how conclusions can be obtained from given
premises with the help of Type-2 fuzzy set theory. For that let A and B be two fuzzy
sets of Type-2 over the universe of discourse U and V respectively. We consider
the following interpretation of the logical connectives.

A or B translates to
∑

(x,y)∈U×V

S(A(x), B(y))

(x, y)
; S is a t-conorm,

A and B translates to
∑

(x,y)∈U×V

T (A(x), B(y))

(x, y)
; T is a t-norm,

A implies B translates to
∑

(x,y)∈U×V

I(A(x), B(y))

(x, y)
; I is a fuzzy implication

and not A translates to
∑
x∈U

1−A(x)

x
.

According to Zadeh, approximate reasoning using the scheme

from ‘X is A’ and ‘(X,Y) is R’ infer ‘Y is B’

is termed as the compositional rule of inference(as given in Table3).

Table 3. Compositional Rule of Inference

p : X is A
q : (X,Y) is R
r : Y is B.

Here, A is a type-2 fuzzy subset of U , R is a type-2 fuzzy subset of U × V
and B is a fuzzy subset of V. We now present computations involved in the above
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inference mechanism in the following algorithm.

ALGORITHM OAR : Ordinary Approximate Reasoning based on CRI
Input : A and R
Output : B

Step 1. Represent A as a Type-2 fuzzy subset over U and R as a Type-2 fuzzy
relation over the universe of discourse U × V.

Step 2. Compute c̃e(A), the cylindrical extension of A over U × V.

Step 3. Compose c̃e(A) and R to form S, a fuzzy relation of Type-2 using some
conjunction operation meant for fuzzy sets of Type-2.

Step 4. Compute B = ProjV S, i.e., B =
∑
y∈V

B(y)

y
where,

B(y) =
∑

j∈[0,1]

max
x∈U

Sj(x, y)

j
.

Example 5.1. Let us consider U ={Aditi, Bidisha, Camellia} to be a set of women
and that A be a fuzzy subset of Type-2 of incredible women in U. Then, we may
have

A =
more or less

Aditi
+

highly

Bidisha
+

not at all

Camellia

=
0.6
0.4 + 1

0.5 + 0.5
0.6 + 0.2

0.7

Aditi
+

0.3
0.7 + 0.6

0.8 + 0.8
0.9 + 1

1

Bidisha
+

1
0.1 + 0.8

0.2 + 0.5
0.3 + 0.2

0.4

Camellia
.

Let V ={Priti, Rina, Sarmishtha} be another set of women and that B be the fuzzy
set of Type-2 of smart woman defined on V.
Then,

B =
highly

Priti
+

more or less

Rina
+

not at all

Sarmishtha

=
0.2
0.7 + 0.5

0.8 + 0.8
0.9 + 1

1

Priti
+

0.3
0.4 + 0.8

0.5 + 1
0.6 + 0.4

0.7

Rina
+

1
0 + 0.8

0.1 + 0.5
0.2 + 0.2

0.3

Sarmishtha
.

R : a fuzzy relation on U × V
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Table 4. The relation R

Priti Rina Sarmishtha

Aditi 0.2
0.7

0.3
0.4 + 0.8

0.5 + 0.5
0.6 + 0.2

0.7 0.0

Bidisha 0.2
0.7 + 0.5

0.8 + 0.8
0.9 + 1.0

1.0
0.3
0.7 0.0

Camellia 0.0 0.2
0.4

0.8
0.1 + 0.5

0.2 + 0.2
0.3

Let A′ (highly incredible women) be an observation and represented by a fuzzy set
of Type-2 over the set U as

A′ =
0.36
0.4 + 1

0.5 + 0.25
0.6 + 0.04

0.7

Aditi
+

0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1.0

1.0

Bidisha
+

1.0
0.1 + 0.64

0.2 + 0.25
0.3 + 0.04

0.4

Camellia
.

Now, we find the cylindrical extension of A′ and let us set S : the cylindrical
extension of A′, a fuzzy relation on U × V.

Table 5. S, the cylindrical extension of A′

Priti Rina Sarmishtha

Aditi 0.36
0.4 + 1

0.5 + 0.25
0.6 + 0.04

0.7
0.36
0.4 + 1

0.5 + 0.25
0.6 + 0.04

0.7
0.36
0.4 + 1

0.5 + 0.25
0.6 + 0.04

0.7

Bidisha 0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1.0

1.0
0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1.0

1.0
0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1.0

1.0

Camellia 1.0
0.1 + 0.64

0.2 + 0.25
0.3 + 0.04

0.4
1.0
0.1 + 0.64

0.2 + 0.25
0.3 + 0.04

0.4
1.0
0.1 + 0.64

0.2 + 0.25
0.3 + 0.04

0.4

Next, let R1 = R ◦ S = R u S and we obtain
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Table 6. The composite relation R1 = R ◦ S

Priti Rina Sarmishtha

Aditi 0.04
0.7

0.3
0.4 + 0.8

0.5 + 0.25
0.6 + 0.04

0.7 0.0

Bidisha 0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1.0

1.0
0.09
0.7 0.0

Camellia 0.0 0.04
0.4

0.8
0.1 + 0.5

0.2 + 0.2
0.3

Now the projection of R1 on V is

B′ =
0.09
0.7 + 0.36

0.8 + 0.64
0.9 + 1

1

Priti
+

0.3
0.4 + 0.8

0.5 + 0.20
0.6 + 0.09

0.7

Rina
+

0.8
0.1 + 0.5

0.2 + 0.2
0.3

Sarmishtha
.

Defuzzification of B′ is 1.0
Priti + 0.5

Rina + 0.1
Sarmishtha .

We conclude that Priti is a very highly smart girl, Rina is a more or less
smart girl and Sarmishtha is not at all a smart girl.

Approximate reasoning using the scheme

from ‘X is A∗’ and ‘if X is A then Y is B’ infer ‘Y is B∗’

is termed as the Generalized Modus Ponens. Here, A, A′ are fuzzy subsets of
Type-2 defined over the universe of discourse U ; B and B′ are these defined over
the universe of discourse V . Interpreting (A =⇒ B) as a Type-2 binary fuzzy
relation R,
i.e., (A =⇒ B) = R(A,B) and using Compositional rule of inference, we have
deduced A′ ◦R = B′. The scheme can be best described in Table 7.

Table 7. Generalized Modus Ponens

p : if X is A then Y is B
q : X is A′

r : Y is B′.

Example 5.2. Consider two Type-2 fuzzy sets A and B as given in Example 8..
Taking A′, same as A, by the equation we have the consequent B′ as in the following

B′v1 =
0

0
+

0

.2
+

0

.4
+

.5

.6
+

.7

.8
+

.9

1
,

B′v2 =
1

0
+

.8

.2
+

.5

.4
+

.4

.6
+

.1

.8
+

0

1
,

B′v3 =
.4

0
+

.8

.2
+

1

.4
+

.8

.6
+

.5

.8
+

.2

1
.
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and this is a graphical comparison between antecedents and corresponding conse-
quent.

 0

 0.2

 0.4

 0.6

 0.8

 1  0

 0.5

 1

 1.5

 2

 0

 0.2

 0.4

 0.6

 0.8

 1

B1
B2
B3

Bp1
Bp2
Bp3

Universe of discourse

Figure 1. B and B′

Considering A′ = {A
′
u1

u1
+

A′
u2

u2
+

A′
u3

u3
} as

A′u1
=

1

0
+

.9

.2
+

.7

.4
+

.63

.6
+

0.32

.8
+

0

1
,

A′u2
=

.63

0
+

.95

.2
+

1

.4
+

.95

.6
+

.7

.8
+

.45

1
,

A′u3
=

0

0
+

0

.2
+

.45

.4
+

.7

.6
+

.84

.8
+

.95

1
.

we have B = {Bv1

v1
+

Bv2

v2
+

Bv3

v3
} as follows

B′v1 =
.23

0
+

.1

.2
+

.45

.4
+

.7

.6
+

.84

.8
+

.95

1
,

B′v2 =
1

0
+

.9

.2
+

.7

.4
+

.63

.6
+

.32

.8
+

.25

1
,

B′v3 =
.63

0
+

.9

.2
+

1

.4
+

.9

.6
+

.7

.8
+

.45

1
.

and a graphical comparison between antecedents and corresponding consequent is as
given in the following Figure 2. and Figure 3. respectively.
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 0
 0.2

 0.4
 0.6

 0.8
 1  0

 0.5

 1

 1.5

 2 0

 0.2

 0.4

 0.6

 0.8

 1

A1
A2
A3

srA1
srA2
srA3

Universe of discourse

Figure 2. A and
√
A

 0

 0.2

 0.4

 0.6

 0.8

 1  0

 0.5

 1

 1.5

 2 0

 0.2

 0.4

 0.6

 0.8

 1

B1
B2
B3

srB1
srB2
srB3

Universe of discourse

Figure 3. B and
√
B

and

A′u1
=

1

0
+

.64

.2
+

.25

.4
+

.16

.6
+

.01

.8
+

0

1
,

A′u2
=

.16

0
+

.64

.2
+

1

.4
+

.64

.6
+

.25

.8
+

.04

1
,

A′u3
=

0

0
+

0

.2
+

.04

.4
+

.25

.6
+

.49

.8
+

.81

1
,

(6)
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as A′ = {A
′
u1

u1
+

A′
u2

u2
+

A′
u3

u3
} gives B = {Bv1

v1
+

Bv2

v2
+

Bv3

v3
} as

B′v1 =
0

0
+

0

.2
+

.2

.4
+

.34

.6
+

.49

.8
+

.81

1
,

B′v2 =
1

0
+

.64

.2
+

.5

.4
+

.24

.6
+

.01

.8
+

0

1
,

B′v3 =
.4

0
+

.64

.2
+

1

.4
+

.64

.6
+

.29

.8
+

.11

1
.

(7)

and a graphical comparison between antecedents and corresponding consequent is
given in Figure 4. and Figure 5 .respectively.
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Universe of discourse

Figure 4. A and A2
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Figure 5. B and B2
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ALGORITHM RBAR : Rule-based Approximate Reasoning (GMP)

Input : A′ and A → B
Output : B′

Step 1. Represent A, A′ as Type-2 fuzzy subsets of U and B as a Type-2 fuzzy
subset of V.
Step 2. Compute I as a Type-2 fuzzy relation over the universe of discourse U×V.
Step 3. Compose A′ and I to obtain B′ using some conjunction operation meant
for fuzzy sets of Type-2, as in the following.
Let A and B be defined as earlier then

I =
∑

(x,y)∈X×Y

I(x, y) =
∑

j∈[0,1]

I(x,y)(j)

j

(x, y)
.

If now,

A′ =
∑
x∈X

A′(x) =
∑

j∈[0,1]

A′x(j)

j

x

then

B′ = A′ ◦ I =
∑
y∈Y

B′(y)

y
,

where,

B′(y) = sup
x∈X

(A′(x) ∗ I(x, y)),

(here A′(x) and I(x, y) both identify fuzzy subsets of [0,1])

i.e., B′(y) = sup
x∈X
{(A′(x) ∗ I(x, y))},

where ∗ is taken as the conjunction operation from the lattice F.

6. CONCLUDING REMARKS

Any attempt to study Type-2 fuzzy logic and the corresponding theory of
Type-2 fuzzy sets is still considered to be difficult. Moreover, any study on the
possibility of using Type-2 fuzzy logic in handling uncertainties in rule-based sys-
tems is interesting and important. It has already been established that approximate
reasoning is an important topic of research because of its scope of applications in
different fields of research particularly, in fuzzy control. This research on modelling
approximate reasoning using Type-2 fuzzy set theory will definitely help the re-
search community. It is hoped that with modelling of Generalized Modus Ponens
and Compositional Rule of Inference using Type-2 fuzzy set theory, approximate
reasoning methodology can be made more versatile in so far as decision-making
under uncertainty is concerned.
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