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Abstract. The purpose of this study is to initiate the concept of anti fuzzy left
(resp. right, bi-, generalized bi-, (1,2)-) ideals in ordered AG-groupoids. We char-
acterize the different classes of ordered AG-groupoids in terms of such ideals. Par-
ticularl, we prove that in regular (resp. left weakly regular) ordered AG-groupoids,
the concept of anti fuzzy (right, two-sided) ideals coincides.
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1. INTRODUCTION

In 1972, a generalization of abelian semigroups has been recognized by Kazim
et. al [12]. In ternary commutative law: abc = cba, they introduced the braces
on the left side of this law and initiated a new pseudo associative law, that is
(ab)e = (cb)a. This they called the left invertive law. A groupoid S is left
almost semigroup ( abbreviated as LA-semigroup), if it satisfies the left invertive
law: (ab)e = (¢b)a. This structure is also known as Abel-Grassmann’s groupoid
( abbreviated as AG-groupoid).

A groupoid S is said to be medial ( resp. paramedial) if (ab)(cd) = (ac)(bd)
( resp. (ab)(cd) = (db)(ca)). In [12], an AG-groupoid is medial, but in general
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an AG-groupoid needs not be paramedial. Every AG-groupoid with left identity is
paramedial, and also satisfies a(bc) = b(ac), (ab)(cd) = (dc)(ba).

Algebraic structures play a prominent role in mathematics with wide rang-
ing applications in many disciplines such as theoretical physics, computer sciences,
control engineering, information sciences, coding theory, topological spaces and the
like. Although semigroups concentrate on theoretical aspects, they also include ap-
plications in error-correcting codes, control engineering, formal language, computer
science and information science. Algebraic structures especially ordered semigroups
play a prominent role in mathematics with wide ranging applications in many disci-
plines such as control engineering, computer arithmetics, coding theory, sequential
machines and formal languages. In [13], if (S,-, <) is an ordered semigroup and
£ ACS, defined as follows: (Al ={s € S:s<a for some a € A}. A non-
empty subset A of S is a subsemigroup of S if A2 C A. Ais a left ( resp. right)
ideal of S if following hold: (1) SAC A (resp. ASC A). (2) Ifac Aandbe S
such that b < a implies b € A (or (4] C A). A subsemigroup ( A non-empty
subset) A of S is called a bi- ( generalized bi-) ideal of S if (1) ASA C A.
(2) fae A and b € S such that b < a implies b € A. Every bi-ideal of S is
generalized bi-ideal of S. A subsemigroup A of S is called a (1,2) -ideal of S if
(1) ASA2C A. (2) Ifae A and b € S such that b < a implies b € A. In [13],
an ordered semigroup S is regular, if for every a € S there exists an element x € §
such that a < axa. Equivalent definitions are as follows: (1) A C (ASA] for every
ACS. (2) a€(aSa] for every a € S. An ordered semigroup S is (2,2) -regular,
if for every a € S there exists an element € S such that a < a?za?. Equivalent
definitions are as follows: (1) A C (425A?] for every A C S. (2) a € (a®Sa?] for
every a € S. In [13], an ordered semigroup S is an intra-regular, if for every a € S
there exist elements 2,y € S such that a < ra?y. Equivalent definitions are as
follows: (1) A C (SA2S] for every A C S. (2) a € (Sa?S] for every a € S. In this
paper, we define the concept of anti fuzzy left ( resp. right, bi-, generalized bi-,
(1,2) -) ideals in ordered AG-groupoids. We establish the study of regular ( resp.
left regular, right regular, (2,2) -regular, left weakly regular, right weakly regular,
intra-regular) ordered AG-groupoids in terms of anti fuzzy left ( resp. right, bi-,
generalized bi-, (1,2) -) ideals. In this regard, we prove that in regular ( resp. left
weakly regular) ordered AG-groupoids, the concept of anti fuzzy ( right, two-sided)
ideals coincides. We also show that, in right regular ( resp. (2,2) -regular, right
weakly regular, intra-regular) ordered AG-groupoids, the concept of anti fuzzy (
left, right, two-sided) ideals coincides. Also in left regular ordered AG-groupoids
with left identity, the concept of anti fuzzy ( left, right, two-sided) ideals coincides.
We also characterize the left weakly regular ordered AG-groupoids in terms of anti
fuzzy right ( two-sided, bi-, generalized bi-) ideals.

2. FUNDAMENTAL DEFINITIONS AND RESULTS

An ordered AG-groupoid S, is a partially ordered set, at the same time an
AG-groupoid such that a < b, implies ac < bc and ca < ¢b for all a,b,c € S.
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For ) # A C S, we define a subset (A] ={s€ S:s<a for some a € A} of
S and obviously A C (A]. If A = {a}, then we write (a] instead of ({a}].

For ) # A C S. A is an AG-subgroupoid of S if A2 C A. A is a left ( resp.
right) ideal of S if (1) SAC A (resp. ASCA). (2) ifae A andbe S such
that b < a implies b € A. Equivalent definition: A is a left ( resp. right) ideal
of S if (AJ]C A and SAC A (resp. AS C A). A is an ideal of S, if A is both
a left and a right ideal of S.

An AG-subgroupoid A of S is a bi-ideal of S if (AS)A C A and (A] C A. A
non empty subset A of S is a generalized bi-ideal of S if (AS)A C A and
(A] C A. Every bi-ideal of S is generalized bi-ideal of S.

An AG-subgroupoid A of S is a (1,2) -ideal of S if (45)4%? C A and
(4] C A.

Example 2.1. Let S = {a,b,c,d,e}. Define multiplication “” in S as follows :

QL Q2 2 g|e
Q@ Qe o«
0O QL 0O Q@ 20
QL O O & |
O 0 Qe e

o QO R

and <: = {(a,a), (b,b),(c,c),(d,d),(e,e)}. Then S is an ordered AG-groupoid.
A ={c,d, e} is an AG-subgroupoid of S and I ={a,c,d,e} is an ideal of S.

Every ideal ( whether left, right, two-sided) is an AG-subgroupoid but the
converse is not true in general.

Now we give some important classes of ordered AG-groupoid.

An ordered AG-groupoid S is regular if for every a € S, there exists an
element z € S such that ¢ < (ax)a. Equivalent definitions are as follows:

(1) AC ((AS)4] for every A C S.

(2) a € ((aS)a] for every a € S.

An ordered AG-groupoid S is left ( resp. right) regular, if for every a € S,
there exists an element z € S such that a < za? (resp. a < azx). Equivalent
definitions are as follows:

(1) AC (SA?] (resp. AC (A4%9]) for every A C S.

(2) a € (Sa?] ( resp. a € (a%9]) for every a € S.

An ordered AG-groupoid S is completely regular, if it is regular, left regular
and right regular.

An ordered AG-groupoid S is (2,2) -regular, if for every a € S, there exists
an element = € S such that a < (a?z)a?. Equivalent definitions are as follows:
(1) AC ((A%8)A?] for every AC S.

(2) a € ((a®S)a?] for every a € S.
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An ordered AG-groupoid S is left ( resp. right) weakly regular, if for every
a € S, there exist elements x,y € S such that a < (za)(ya) (resp. a < (ax)(ay)).
Equivalent definitions are as follows:

(1) AC((SA)(SA)] (resp. AC ((AS)(AS)]) for every A C S.

(2) a € ((Sa)(Sa)] (resp. a € ((aS)(aS)]) for every a € S.

An ordered AG-groupoid S is intra-regular, if for every a € S, there exist
elements x,y € S such that a < (za?)y. Equivalent definitions are as follows:

(1) AC ((SA?)S] for every A C S.

(2) a € ((Sa?)S] for every a € S.

We denote by L(a), R(a),I(a) the left ideal, the right ideal and the ideal of
S, respectively generated by a. We have L(a) = {s € S :s5<a or s < za for
some x € S} = (aU Sa|, R(a) = (aUal], I(a) = (aU SaUaSU (Sa)S].

An ordered AG-groupoid S is locally associative if (a.a).a = a.(a.a) for all
a€es.

Example 2.2. Let S ={a,b,c} and define multiplication “” in S as follows :

and <: ={(a,a),(b,b),(c,c)}. Then (S,-, <) is a locally associative ordered
AG-groupoid.

In a locally associative ordered AG-groupoids S, we define powers of an
element as follow: a' = a, a"™' = a"a. If S has a left identity e, we define
a’ = e, as left identity is unique in an AG-groupoid. A locally associative ordered
AG-groupoid S with left identity e has associative powers.

The notion of fuzzy set initiated by Zadeh in his classical paper [27] of 1965,
which gives a natural framework for the generalizations of some basic notions of
algebra, for example ( set, group, semigroup, ring, semiring, near-ring) theory,
groupoids, real analysis, topology, differential equations and so forth. The study
of fuzzy set in semigroups investigated by Kuroki [15]. He studied fuzzy ideals
and fuzzy ( bi-, generalized bi-, quasi-, semiprime, semiprime quasi-) ideals of
semigroups. A systematic exposition of fuzzy semigroups by Mordeson et. al ap-
peared in [22], where one can find the theoretical results on fuzzy semigroups and
their use in fuzzy finite state machines and languages. Fuzzy sets in ordered semi-
groups/ordered groupoids established by Kehayopulu et. al [14]. They also studied
the concept of fuzzy ideals and fuzzy ( bi-, generalized bi-, quasi-) ideals in ordered
semigroups [14].

Akram et al [1], studied the anti fuzzy left h-ideals in hemirings. Sardar
et al [16], discussed the some properties of anti fuzzy subgroups. Kausar et al
[26], initiated fuzzy bi-ideals on ordered AG-groupoids and also characterized the
ordered AG-groupoids by using fuzzy bi-ideals. Kausar [3], characterized the or-
dered AG-groupoids by using the fuzzy ideals with thresholds («, 8]. Kausar et al
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[8], established the anti fuzzy interior ideals on ordered AG-groupoids. Recently,
Salahuddin et al [9], studied the characterizations of non-associative ordered semi-
groups in terms of intuitionistic fuzzy bi-ideals.

Shah et al [25], originated the studied of intuitionistic fuzzy normal LA-
subrings over left almost-ring. Islam et al [6] initiated the intuitionistics fuzzy
ideals with thresholds (a, 8] in left almost ring. Javaid et al [5], also studied the
left almost rings by fuzzy ideals. Waqar et al [2], studied the left almost rings by
using the intuitionistic fuzzy bi-ideals. Kausar et al [4], explored the direct product
of finite intuitionistic anti fuzzy normal LA-subrings over LA-rings. Waqar et al [7],
investigated the direct product of finite fuzzy normal LA-subrings on Left Almost-
rings.

Kaviyarasu et al [11], studied the direct product of intuitionistic fuzzy K-
Ideals of INK-Algebras. Ahmad et al [17], initiated the m-Polar fuzzy ideals of
BCK/BCl-algebras. Masarwah et al [18], reviewed the complete normality of m-pF
subalgebras in BCK/BCI-algebras. Ahmad et al [19], evaluated the some proper-
ties of doubt bipolar fuzzy H-ideals in BCK/BCI-algebras. Masarwah et al [20],
studied the doubt bipolar fuzzy subalgebras and ideals in BCK/BCI-algebras. Ah-
mad et al [21], determined the novel concepts of doubt bipolar fuzzy H-ideals of
BCK/BClI-algebras. Hassan [23], approached toward a Q-neutrosophic soft set and
its application in decision making. Qamar [24], studied the Q-neutrosophic soft
relation and its application in decision making.

By a fuzzy subset p of an ordered AG-groupoid S, we mean a function
w8 —[0,1], the complement of i is denoted by 1/ and defined as p/(z) = 1—pu(z)
for all x € S is also a fuzzy subset of S.

A fuzzy subset p of S is an anti fuzzy AG-subgroupoid of S if p(zy) <
max{p(z), u(y)} for all x,y € S. p is an anti fuzzy left ( resp. right) ideal of S
if (1) p(zy) < ply) (resp. p(zy) < p(x)), (2) = <y, implies p(z) < p(y) for all
x,y € S. p is an anti fuzzy ideal of S, if p is both an anti fuzzy left and an anti
fuzzy right ideal of S. Every anti fuzzy ideal ( whether left, right, two-sided) of S
is an anti fuzzy AG-subgroupoid of S but the converse is not true in general.

An anti fuzzy AG-subgroupoid p of S is an anti fuzzy bi-ideal of S if (1)
p((za)y) < maz{p(z),n(y)}, (2) « <y, implies u(x) < p(y) for all z,a,y € S.
A fuzzy subset p of S is an anti fuzzy generalized bi-ideal of S if (1) u((za)y) <
max{p(z), u(y)}, (2) x <y, implies p(r) < p(y) for all z,a,y € S. Every
anti fuzzy bi-ideal of S is an anti fuzzy generalized bi-ideal of S. An anti fuzzy
AG-subgroupoid p of S is an anti fuzzy (1,2)- ideal of S if (1) p((za)(yz)) <
max{p(z), p(y), u(2)}, (2) = <y, implies pu(x) < u(y) for all z,a,y,z € S.

We denote by F(S), the set of all fuzzy subsets of S. We define an order
relation ”C ” on F(S) such that f C g if and only if f(z) < g(x) for all z € S.
Then (F(S),0,C) is an ordered AG-groupoid.

By the symbols 4 Ay and gV ~, we mean the following fuzzy subsets
(1 Ay) () = min{p(z),v(x)} and (uV7y)(z) = maz{p(z),v(z)}.

Let a € S, we define a set A, = {(y,2) € Sx S |a <yz}. Let p and vy
be two fuzzy subsets of S, then anti product of p and « is denoted by p o~ and
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defined as:

peate) :{ | Nwoeamartu(y). () ifi?fi N

Let ) # A C S. Then the anti characteristic function of A is denoted by x§
and defined as
C( ) . 0 fac A
XAY =9 1ifa ¢ A

An ordered AG-groupoid S can be considered a fuzzy subset of itself and we
write S = x§, ie., S(z)=x§(z) =0 for all z € S, this implies that S(x) = 0
forall z € S.

For ) # A,B C S, A C B if and only if x§ > x4, x4 Nx§ = xG~p and

Cy+C _ A C
XA °XB = X(aB]

Let 1 be a fuzzy subset of S, then for all ¢ € (0,1], we define a set
L(u;t) ={x € S| p(x) <t}, which is called a lower ¢ -level of . Now we discuss
some fundamental crucial properties of ordered AG-groupoids, which will be very
helpful for next section.

Lemma 2.3. FEvery anti fuzzy left ( resp. right, two-sided) ideal of an ordered
AG-groupoid S is an anti fuzzy bi-ideal of S.

Proof. Let i be an anti fuzzy right ideal of S and x,a,y € S. Thus

p((za)y) < plza) < p(z)
and p((za)y) = u((ya) )S p(ya) < ply )
= l(za)y) < maz{p(z), u(y)}-
Hence p is an anti fuzzy bi-ideal of S. ]

Lemma 2.4. Every anti fuzzy bi-ideal of an ordered AG-groupoid S is an anti fuzzy
(1,2) -ideal of S.

Proof. Suppose that p is an anti fuzzy bi-ideal of S and a,z,y,z € S. Thus

p((za)(yz)) < maw{pu(x), u(yz)} < max{u(x), u(y), p(z)}-
Therefore p is an anti fuzzy (1,2)-ideal of S. O

remark 2.5. Every anti fuzzy left ( right, two-sided) ideal of an ordered AG-
groupoid S is an anti fuzzy (1,2) -ideal of S.

Proposition 2.6. Let S be an ordered AG-groupoid having the property a < a?
for all a € S. Then every anti fuzzy (1,2) -ideal of S is an anti fuzzy bi-ideal of
S.

Proof. Assume that p is an anti fuzzy (1,2)-ideal of S and a,z,y € S. Now
(ra)y < (xa)y?, because y < y?. Thus
p((za)y) < pl(za)y?) = p((za)(yy))
< maz{p(a), u(y), p(y)} = maz{pu(z), p(y)}-
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So p is an anti fuzzy bi-ideal of S. O

remark 2.7. The concept of anti fuzzy ( bi-, (1,2)-) ideals coincides in ordered
AG-groupoids S having the property a < a® for all a € S.

Example 2.8. Let S ={a,b,c,d} . Define multiplication “” in S as follows :

d

QU O SR
QU T 0OR
Q o0 ol
o o
0O QLo o

and <: = {(a,a),(b,b),(c,c),(d,d)}. Then S is an ordered AG-groupoid.
Let pn be a fuzzy subset of S. We define p(a) = p(c) = 0, p(b) = p(d) = 0.7.
Then i is an anti fuzzy AG-subgroupoid of S.

Example 2.9. Let S ={a,b,c,d} . Define multiplication “ 7 in S as follows :

d

QU O o2
QL2 Q Q|2
QL |
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and <: = {(a,a),(a,b),(b,a),(d,d)}. Then S is an ordered AG-groupoid.
Let pv be a fuzzy subset of S. We define p(a) = p(c) = u(d) =0, pu(b) = 0.7. Then
W is an anti fuzzy right ideal of S. w is also an anti fuzzy bi- (resp. (1,2) -) ideal
by Lemma 2.3 ( resp. 2.4).

Lemma 2.10. Let S be an ordered AG-groupoid and ) # A C S. Then the anti
characteristic function X(CA] of (A] is a fuzzy subset of S satisfying the condition

w <y = x(y(x) < xfyy) forallzyes.

Proposition 2.11. Let S be an ordered AG-groupoid and ) # A C S. Then
A = (A] if and only if the fuzzy subset X§ of S has the property x < y =
X5 (@) < xXG(y) for all z,y € 8.

Lemma 2.12. Let S be an ordered AG-groupoid and ) # A C S. Then A is an
AG-subgroupoid ( resp. ( left, right, bi-, (1,2) -) ideal) of S if and only if the
anti characteristic function xa of A is an anti fuzzy AG-subgroupoid ( resp. ( left,
right, bi-, (1,2) -) ideal) of S.

Lemma 2.13. Let p be a fuzzy subset of an ordered AG-groupoid S. Then u s
an anti fuzzy AG-subgroupoid (resp. ( left, right, bi-, (1,2) -) ideal) of S if and
only if upper t-level U(p;t) of p is an AG-subgroupoid ( resp. ( left, right, bi-,
(1,2) -) ideal) of S for allt e (0,1].
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3. ANTI Fuzzy IDEALS ON ORDERED AG-GROUPOIDS

In this section, we extend the study of anti fuzzy ideals in ordered AG-
groupoids and some results of characterizations of ordered AG-groupoids by using
anti fuzzy left ( resp. right, bi-, generalized bi-) ideals.

Lemma 3.1. Every anti fuzzy right ideal of an ordered AG-groupoid S with left
identity e, 1is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy right ideal of S and z,y € S. Thus p(xy) =
w((ex)y) = p((yx)e) < p(yzr) < p(y). Hence p is an anti fuzzy ideal of S. O

remark 3.2. The concept of anti fuzzy ( right, two-sided) ideals coincides in
ordered AG-groupoids with left identity.

Lemma 3.3. Let S be an ordered AG-groupoid. Then po~ D pU-~, for every
anti fuzzy right ideal p and every anti fuzzy left ideal v of S.

Proof. Let p be an anti fuzzy right ideal and -y be an anti fuzzy left ideal of S and
x€S. If A, =0, then obviously o~y D pU~, otherwise we have

(o) (x) = Agea.max{u(y),v(2)}

> Ay,mea.maz{pn(yz),v(yz)}

= Awmeadnlyz) V(y2)}

= Agaea U (yz)} = (puy)(z).
= poy2puUny.

d

Lemma 3.4. Every anti fuzzy right ideal of a reqular ordered AG-groupoid S, is
an anti fuzzy ideal of S.

Proof. Suppose that p is an anti fuzzy right ideal of S and z,y € S, this im-
plies that there exists a € S such that z < (za)x. Thus p(zy) < p(((ra)z)y) =
w((yx)(za)) < p(yz) < p(y). Therefore p is an anti fuzzy ideal of S. O

remark 3.5. The concept of anti fuzzy ( right, two-sided) ideals coincides in
reqular ordered AG-groupoids.

Proposition 3.6. Let S be a reqular ordered AG-groupoid having the property
a < a? for all a € S, with left identity e. Then every anti fuzzy generalized
bi-ideal of S is an anti fuzzy bi-ideal of S.

Proof. Assume that p is an anti fuzzy generalized bi-ideal of S and z,y € S, this
means that there exists ¢ € S such that < (za)z. We have to show that p is
an anti fuzzy AG-subgroupoid of S. Thus

way) < p(((za)e)y) < p((za)z?)y) = p(((za)(zz))y))
p((x((za)z))y) < maz{p(z), p(y)}-

So p is an anti fuzzy AG-subgroupoid of S. O
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Lemma 3.7. Let S be an odered AG-groupoid with left identity e and a € S.
Then Sa s the smallest left ideal of S containing a.

Proof. Let x € Sa and s € S, this implies that z = s1a, s; € S. Thus
st = s(s1a) = (es)(s1a) = ((s1a)s)e = ((s1a)(es))e
= ((s1€)(as))e = (e(as))(s1e) = (as)(s1e) = ((s1€)s)a € Sa.
Hence sz € Sa and (Sa] C Sa. Now a = ea € Sa, so Sa is a left ideal of S
containing a. Let I be another left ideal of S containing a. Since sa € I, because

I is a left ideal of S. But sa € Sa, this means that Sa C I. Therefore Sa is a
smallest left ideal of S containing a. O

Proposition 3.8. Let S be an ordered AG-groupoid with left identity e and a € S.
Then aS U Sa is the smallest right ideal of S containing a.

Proof. Let x € aS'U Sa. We have to show that (aS U Sa)S C aS U Sa. Now
(aSUSa)S = (aS)SU(Sa)S = (SS)aU (Sa)(eS)
C SaU(Se)(aS) = SauUS(als)
SaUa(SS) C SaUaS =aSUSa.
Thus (aSUSa)S C aSUSa and (aSU Sa] C aS U Sa. Therefore aSU Sa is a
right ideal of S. Since a € Sa, i.e., a € aSU Sa. Let I be another right ideal of

S containing a. Now aS € IS C I and Sa = (5S)a = (aS)S € (IS)S C IS C 1,
ie.,, aSUSa CI. Hence aSUSa is a smallest right ideal of S containing a. O

Theorem 3.9. Let S be an ordered AG-groupoid with left identity e, such that
(ze)S =S for allx € S. Then the following conditions are equivalent.

(1) R is a regular.
(2) pU~y=poy for every anti fuzzy right ideal u and every anti fuzzy left
ideal v of S.

Proof. Suppose that (1) holds. Since p U~y C po-y, for every anti fuzzy right
ideal ¢ and every anti fuzzy left ideal v of S by the Lemma 3.3. Let z € S, this
implies that there exists an element a € S such that < (za)z. Thus
(hoy) (@) = Ag,zea,maz{uly),y(z)}
< maz{p(za), ()} < max{u(x),v(x)}
(LV)(z) = (pU7)(@).
= poySpUny.

Hence pU~vy = poxy, ie., (1) = (2). Assume that (2) is true and a € S.
Then Sa is a left ideal of S containing a by the Lemma 3.7 and aS U Sa is a
right ideal of S containing a by the Proposition 3.8. So xg, is an anti fuzzy left
ideal and xgsuse is an anti fuzzy right ideal of S, by the Lemma 2.12. By our

assumption Xasusa U Xsa = XaSUSa © XSas 1€ X(aSuSa)uSa = X((aSUSa)Sal* Thus
(aSUSa)USa = ((aSUSa)Sa). Since a € (aSUSa)USa, ie., ac ((aSUSa)Sal,
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so a € ((aS)(Sa) U (Sa)(Sa)]. Now (Sa)(Sa) = ((Se)a)(Sa) = ((ae)S)(Sa) =
(aS)(Sa). This implies that
((a5)(Sa) U (Sa)(Sa)] = ((aS)(Sa) U (aS)(Sa)] = ((aS)(Sa)].
Thus a € ((aS)(Sa)]. Then

(
a < (ax)(ya) = ((ya)r)a = (((ey)a)r)a = (((ay)e)z)a
((ze)(ay))a = (a((ze)y))a € (aS)a, for any z,y € S.

This means that a € ((aS)a], i.e., a isregular. Hence S is a regular, i.e.,
(2) = (1). O

Theorem 3.10. Let S be a reqular locally associative ordered AG-groupoid having
the property a < a® for all a € S. Then for every anti fuzzy bi-ideal p  of S,
wu(a™) = p(a®) for all a € S, where n is any positive integer.

Proof. For n = 1. Let a € S, this implies that there exists x € S such that
a < (ax)a. Now a < (ax)a < (a®r)a®, a < a?. Thus

@ < p((ae)a?) < marfu () . (a?)} = i (a?)
— y(aa) < maz{u(a) 1 (a)} = pi(a).
= p(a) =pn(a®).

Now a? = aa < ((a®x)a?)((a’z)a?®) = (a*z?)a?, then the result is true for
n = 2. Suppose that the result is true for n = k, ie., u(a®) = u (azk). Now
aktl = gka < ((a2kxk)a2k)((a2x)a2) _ (az(k+1)xk+1)a2(k+1). Thus

p(a ) < g ((a2(k+1)xk+1)a2(k+1)> < maz{u(a®* D), (az(k+1)>}
= 4 (az(k+1)> —u (ak+1ak+1))
< max{p (ak“)) " (ak“))} = p(a® ).
= u(ak+1) _ /‘(a2(k+1))~
Hence by induction method, the result is true for all positive integers. O

Lemma 3.11. Every anti fuzzy left ( resp. right) ideal of (2,2) -regular ordered
AG-groupoid S, is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy left ideal of S and z,y € S, this implies that there ex-
ists @ € S such that < (z%a)2?. Thus u(zy) < p(((z2a)2?)y) = u((yx?)(22a)) <
w((zx)a) = p((ax)x) < p(x). Hence p is an anti fuzzy ideal of S. O

remark 3.12. The concept of anti fuzzy ( left, right, two-sided) ideals coincides in
(2,2) -regular ordered AG-groupoids.

Proposition 3.13. Every anti fuzzy generalized bi-ideal of (2,2)-regular ordered
AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.
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Proof. Suppose that p is an anti fuzzy generalized bi-ideal of S and z,y € S, this

means that there exists a € S such that z < (z%a)x?. We have to show that u is

an anti fuzzy AG-subgroupoid of S. Thus

p(ry) < p(((@%a)z®)y) = p(((2*a)(z))y)
= u((z((z*a)x))y) < max{u(z), u(y)}-

Therefore p is an anti fuzzy AG-subgroupoid of S. O
Theorem 3.14. Let S be a (2,2)- regular locally associative ordered AG-groupoid.
Then for every anti fuzzy bi-ideal p of S, p(a™) = u(a®®) for all a € S, where n
18 any positive integer.

Proof. Same as Theorem 3.10. (]

Lemma 3.15. Let S be a right reqular ordered AG-groupoid. Then every anti
fuzzy left ( resp. right) ideal of S is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy left ideal of S and z,y € S, this implies that there
exists a € S such that z < z%a. Thus
pley) < p((Pa)y) = p(((zx)a)y) = p(((ax)z)y)
= u((yz)(az)) < plaz) < p(z).
Hence p is an anti fuzzy ideal of S. ]

remark 3.16. The concept of anti fuzzy ( left, right, two-sided) ideals coincides in
right reqular ordered AG-groupoids.

Proposition 3.17. FEvery anti fuzzy generalized bi-ideal of a right reqular ordered
AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.

Proof. Suppose that p is an anti fuzzy generalized bi-ideal of S and z,y € S, this
means that there exists a € S such that z < z2a. We have to show that wis an
anti fuzzy AG-subgroupoid of S. Thus

wlay) < p((@®a)y) = p((zz)(ea))y) = p(((ae)(zz))y)
= p((z((ae)r))y) < maz{u(x), n(y)}.

Therefore p is an anti fuzzy AG-subgroupoid of S. (]

Theorem 3.18. Let S be a right regular locally associative ordered AG-groupoid
with left identity e. Then for every anti fuzzy right ideal . of S, u(a™) = p(a®")
for all a € S, where n is any positive integer.

Proof. For n = 1. Let a € S, this means that there exists x € S such that
a < a?z. Thus

pa) < p(a’z) < pla®) = plaa)
< maz{p(e), 4 (@)} = 1 (a).
= p(a)=p(a®).
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Now a? = aa < (a’r)(a’r) = a'z?, then the result is true for n = 2.

Assume that the result is true for n = k, i.e., u (ak) =pu (a%) . Now a**! = a¥a <
(a®*2%)(a’x) = a?FHD k41 Thus

@) < u (a2(k+1)xk+1) < M(a2(k+1)) = p(ab*tak )

< max{p (akH) ) (akH)} =pu (akﬂ) .
= (a1 = p(@®* ).

Therefore by induction method, the result is true for all positive integers.
O

Lemma 3.19. Let S be a right regular locally associative ordered AG-groupoid
with left identity e. Then for every anti fuzzy right ideal p of S, p(ab) = p(ba)
for all a,b € S.

Proof. Let a,b € S. By using Theorem 3.18 ( for n = 1). Now p(ab) = pu((ab)?) =
p((ab)(ab)) = u((ba) (ba)) = u((ba)?) = pu(ba). 0

Theorem 3.20. Let S be a regular and right reqular locally associative ordered
AG-groupoid. Then for every anti fuzzy right ideal i of S, p(a™) = p(a®) for
all a € S, where n is any positive integer.

Proof. For n = 1. Let a € S, this implies that there exists x € S such that

a < (ax)a and a < a’x. Now a < (ar)a < (ax)(a’r) = a®z?. Thus

ua) < pla®s?) < p(a®) = plaa?) < mazfyi(a) (o))
< max{u(a),p(a), pa)} = p(a).
p(a) = p(a).
Now a? = aa < (a32?)(a2?) = az*, then the result is true for n = 2.

Suppose that the result is true for n = k, i.e., u(a®) = p(a®*). Now a**! = aFa <
(@3 22%)(a32?) = a®*+D) g2+ Thys

p(a+ly < u(a3(k+1)x2(k+1)) < M(a3(1f+1)) = (a3 +3)
= u(@*1a®*?) < maz{u (ak+1) i (a2k+2)}
< max{,u(ak"'l),u(ak+1),u(ak+1)}:,u(ak"'l).
= (") = M(GS(kH))-

Hence by induction method, the result is true for all positive integers. O

4

Lemma 3.21. Let S be a left reqular ordered AG-groupoid with left identity e.
Then every anti fuzzy left ( resp. right) ideal of S is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy left ideal of S and z,y € S, this implies that there

exists a € S such that < az?. Thus

wlzy) < pllaz?)y) = p((alzz))y) = p((z(az))y)
1((y(az))z) < p((ax)z) < p(=).
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Hence p is an anti fuzzy ideal of S. (I

remark 3.22. The concept of anti fuzzy ( left, right, two-sided) ideals coincides in
left reqular ordered AG-groupoids with left identity.

Proposition 3.23. Fvery anti fuzzy generalized bi-ideal of a left reqular ordered
AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.

Proof. Suppose that p is an anti fuzzy generalized bi-ideal of S and x,y € S,
this means that there exists @ € S such that x < az?. We have to show that s
is an anti fuzzy AG-subgroupoid of S. Thus p(xy) < u((az?)y) = p((a(zr))y) =
w((z(ax))y) < maz{p(x),u(y)}. Therefore v is an anti fuzzy AG-subgroupoid of
S. O

remark 3.24. It is easy to see that, if S is a left reqular locally associative ordered
AG-groupoid with left identity e. Then for every anti fuzzy left ideal p of S,
wu(a™) = p(a®v) for all a € S, where n is any positive integer. And also for every
anti fuzzy left ideal pw of S, wu(ab) = p(ba) for all a,b e S.

Lemma 3.25. Let S be a right weakly regular ordered AG-groupoid. Then every
anti fuzzy left ( resp. right) ideal is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy left ideal of S and x,y € S, this implies that there
exist a,b € S such that z < (za)(xb). Thus

mwzy) < p(((za)(zb))y) = p((((zb)a)z)y)
= u((((ab)z)z)y) = p((yz)((ab)x))
= pl(yz)(nx)) say ab =n
< plnz) < p().
Hence p is an anti fuzzy ideal of S. O

remark 3.26. The concept of anti fuzzy ( left, right, two-sided) ideals coincides in
right weakly reqular ordered AG-groupoids.

Proposition 3.27. Every anti fuzzy generalized bi-ideal of a right weakly reqular
ordered AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.

Proof. Suppose that p is an anti fuzzy generalized bi-ideal of S and x,y € S,
this means that there exist a,b € S such that z < (xa)(zb). We have to show
that p is an anti fuzzy AG-subgroupoid of S. Thus u(zy) < u(((xa)(xbd))y) =
w((z((xa)d))y) < maz{p(x), u(y)}. Therefore p is an anti fuzzy AG-subgroupoid
of S. ]

Lemma 3.28. Let S be a left weakly reqular ordered AG-groupoid. Then every
anti fuzzy right ideal of S is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy right ideal of S and z,y € .S, this implies that there
exist a,b € S such that = < (az)(bx). Thus

w(zy) < p(((ax)(bz))y) = ply(bz))(az) < p(y(dr)) < p(y).
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Hence p is an anti fuzzy ideal of S. (I

Lemma 3.29. Let S be a left weakly regular ordered AG-groupoid with left identity
e. Then every anti fuzzy left ideal of S is an anti fuzzy ideal of S.

Proof. Suppose that p is an anti fuzzy left ideal of S and z,y € S, this means
that there exist a,b € S such that x < (ax)(bx). Thus

p(zy) < p((az)(bz))y) = p(((ad)(z1))y)
p(z((ab)z))y) = p((y((ab)z))z) < p(z).
Therefore 11 is an anti fuzzy ideal of S. O

A

Proposition 3.30. Every anti fuzzy generalized bi-ideal of a left weakly regular
ordered AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.

Proof. Assume that ;1 is an anti fuzzy generalized bi-ideal of S and z,y € S, then
there exist elements a,b € S such that © < (ax)(bz). We have to show that p is
an anti fuzzy AG-subgroupoid of S. Thus

mwzy) < p(((ax)(bx))y) = p(((ab)(zz))y)
= p((z((ab)x))y) < minfu(z), p(y)}.
So p is an anti fuzzy AG-subgroupoid of S. O

remark 3.31. It is easy to see that, if S is a left ( resp. right) weakly regular
locally associative ordered AG-groupoid. Then for every anti fuzzy left ( resp. right)
ideal p of S, p(a™) = u(a®v) for all a € S, where n is any positive integer.

Theorem 3.32. Let S be an ordered AG-groupoid with left identity e, such that
(ze)S = xS for all x € S. Then the following conditions are equivalent.

(1) S is a left weakly regular.

(2) pU~y =poy for every anti fuzzy right ideal 11 and every anti fuzzy left
ideal v of S.

Proof. Suppose that (1) holds. Since poy D pU+y, for every anti fuzzy right ideal
1 and every anti fuzzy left ideal v of S by the Lemma 3.3. Let x € S, this implies
th at there exist elements a,b € S such that z < (az)(bz) = (ab)(zx) = z((ab)x).
Thus

(o) (x) = Awzea,maz{u(y),(2)}
maz{p(x),y((ab)z)} < max{u(r),y(x)}
= (wVv)()=(pUuy)().
= poyCpUy.

IN

Hence pU~y = po~y, ie, (1) = (2). Assume that (2) is true and a € S.
Then Sa is aleft ideal of S containing a by the Lemma 3.7 and aSUSa is a right
ideal of S containing a by the Proposition 3.8. Therefore xs, is an anti fuzzy left
ideal and xgsuse is an anti fuzzy right ideal of S by the Lemma 2.12. Then by our

assumption Xasusa U Xsa = XaSUSa © XSas 1€ X(aSuSa)uSa = X((aSUSa)Sal* Thus
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(aSUSa)USa = ((aSUSa)Sa). Since a € (aSUSa)USa, ie., ac ((aSUSa)Sal,
so a € ((aS)(Sa) U (Sa)(Sa)]. Now
(@S)(Sa) = ((ea)(55))(Sa) = ((55)(ae))(Sa)
(((ae)$)5)(Sa) = ((a$5)S5)(Sa)
S)

= ((55)a)(Sa) = (Sa)(Sa).
This implies that ((a5)(Sa)U(Sa)(Sa)] = ((Sa)(Sa)U(Sa)(Sa) = ((Sa)(Sa)],
thus a € ((Sa)(Sa)]. Hence S is a left weakly regular, i.e., (2) = (1). O

Theorem 3.33. Let S be an ordered AG-groupoid with left identity e, such that
(ze)S =S for allx € S. Then the following conditions are equivalent.

(1) S is a left weakly regular.

(2) pUv D pow, for every anti fuzzy bi-ideal i1 and every anti fuzzy ideal
vofS.

(3) YUv Dyouw, for every anti fuzzy generalized bi-ideal v and every anti
fuzzy ideal v of S.

Proof. Assume that (1) holds. Let v be an anti fuzzy generalized bi-ideal and v be
an anti fuzzy ideal of S. Let x € S, this means that there exist elements a,b € S
such that x < (az)(bx) = (ab)(zz) = z((ab)z). Thus

(yov)(z) = Agzea,maz{y(y)v(2)}
< min{y(a), v((ab)a)} < maa{y(x),v(z)}
= (V@)= Uv)(z).
= yUv2o~yor.

So (1) = (3). It is clear that (3) = (2). Suppose that (2) holds. Then
pUv D pov, where p is an anti fuzzy right ideal of S. Since pov 2 pUv,
so pov = puUv, Therefore S is a left weakly regular by the Theorem 3.32, i.e.,
(2)=(1). O

Theorem 3.34. Let S be an ordered AG-groupoid with left identity e, such that
(ze)S =S for allx € S. Then the following conditions are equivalent.

(1) S is a left weakly regular.

(2) pUVvUAXD (nov)ol, for every anti fuzzy bi-ideal p, every anti fuzzy
ideal v and every anti fuzzy right ideal A of S.

(3) YUrUAXD (yov)o A, for every anti fuzzy generalized bi-ideal 7y, every
anti fuzzy ideal v and every anti fuzzy right ideal A of S.

Proof. Suppose that (1) holds. Let v be an anti fuzzy generalized bi-ideal, v be
an anti fuzzy ideal and A be an anti fuzzy right ideal of S. Let € S, then there
exist elements a,b € S such that « < (az)(bx). Now

(az)(bz) = (2b)(xa)
((az)(bx))b = ((zx)(ba))b
(b(ba))(zz) = c(xx) = x(cx) say ¢ = b(ba)

x

<
zh <
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Thus
(Yor)oA)(x) = Aw.zyea,maz{(yov)(y), \(2)}
< maz{(yov)(zb), \N(za)}
= maz{(Asnea,maz{y(s),v(t)}), Nza)}
< maz{(max{y(x),v(cx)}), N xa)}
< maz{(maz{y(z),v(z)}), A(2)}

= maz{y(z),v(z), A(z)}
= (yVrVvA(z) = (VUVUA)( )-
= HUVUAD (yor)o
Hence (1) = (3). It is clear that (3) = (2), every anti fuzzy bi-ideal of
S is an anti fuzzy generalized bi-ideal of S. Assume that (2) is true. Then
pUrUS D (pov)oS, where p is an anti fuzzy right ideal of S, ie., pUv D pow.

Since pov D pUwv, so pov =puUwv. Therefore S is a left weakly regular by the
Theorem 3.32, i.e., (2) = (1). O

Lemma 3.35. Fvery anti fuzzy right ideal of an intra-reqular ordered AG-groupoid
S is an anti fuzzy ideal of S.

Proof. Let p be an anti fuzzy right ideal of S and z,y € S, this implies that there
exist a,b € S such that x < (ax?)b. Thus u(zy) < u(((az?)b)y) = u((yd)(az?)) <
u(yb) < p(y). Hence p is an anti fuzzy ideal of S. O

remark 3.36. The concept of anti fuzzy ( right, two-sided) ideals coincides in
intra-reqular ordered AG-groupoids.

Proposition 3.37. Fvery anti fuzzy generalized bi-ideal of an intra-reqular ordered
AG-groupoid S with left identity e, is an anti fuzzy bi-ideal of S.

Proof. Suppose that p is an anti fuzzy generalized bi-ideal of S and z,y € S, this
means that there exist a,b € S such that z < (az?)b. We have to show that u is
an anti fuzzy AG-subgroupoid of S. Now

v < (az®)b= (az®)(ed) = (ac)

(ae)((bx)z) = (2(bz))(ea) = (x(bx))a = (a(bz))z

= (a(bx))(ex) = (ze)((br)a) = (bx)((ze)a) = (bx)((ac)z)
(x(ae))(2b) = ((x(ae))b) = xn, say n = (x(ae))b

Thus p(zy) < p((zn)y) < mazx{u(z), u(y)}. Therefore p is an anti fuzzy

AG-subgroupoid of S. g

Theorem 3.38. Let S be an ordered AG-groupoid with left identity e, such that
(ze)S =S for allx € S. Then the following conditions are equivalent.

(2%b) = (ae)((zz)b)

(1) S is an intra-regular.
(2) pUy Doy for every anti fuzzy right ideal v and every anti fuzzy left
ideal p of S.
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Proof. Assume that (1) holds. Let « € S, then there exist elements a,b € S such
that z < (ax?)b. Now
r = (az®)b= (a(xx))b = (x(azx))(eb)

(ze)((ax)b) = (ax)((we)b).

Thus

(o) (z) = Ageyeasmaz{u(y),v(2)}
maz{p(azx),v((ze)b)} < max{p(x),y(z)}
= (V@)= (pU7)(z).
= poyCpUy.

Hence (1) = (2). Suppose that (2) is true. Let a € S, then Sa is a left
ideal of S containing ¢ by the Lemma 3.7 and aS U Sa is a right ideal of §
containing a by the Proposition 3.8. This means that xg, is an anti fuzzy left
ideal and x,sus. is an anti fuzzy right ideal of S, by the Lemma 2.12. By our
supposition XasusaUXsa € XSa©XaSuSas 1-€-; X(aSUSa)USa S X((Sa)(aSuSa)]- Lhus
(aSUSa)USa C (Sa(aSUSa)]. Since a € (aSUSa)USa, ie., a € (Sa(aSUSa)] =
((Sa)(aS) U (Sa)(Sa)]. Now

(Sa)(aS) = (Sa)((ea)(S5)) = (Sa)((55)(ac))
= (50)(((ae)9)S) = (Sa)(
= (5a)((§5)a) = (Sa)(Sa)

IN

This implies that
((Sa)(aS) U (Sa)(Sa)] =

Thus a € (Sa?)S, i.e., a is an intra regular. Therefore S is an intra-regular,
ie, (2)=(1). O

Theorem 3.39. Let S be an intra-regular locally associative ordered AG-groupoid.
Then for every anti fuzzy right ideal i of S, p(a™) = u(a®®) for all a € S, where
n s any positive integer.

Proof. For n = 1. Let a € S, this implies that there exist x,y € S such that
a < (za?)y. Thus

pla) < p

= p(a) = p(a®)
Now a? = aa < ((wa®)y)((za®)y) = (z%a*)y?, then the result is true for
n = 2. Suppose that the result is true for n = k, ie., u(a®) = p(a®). Now



316 KAUSAR, N., MUNIR, M., GULZAR, M., ADDIS, G. M., AND ANJUM, R.

a1l = gkq < ((mka2k)yk)((a:a2)y) — (mk+1a2(k+1))yk+1. Thus

1 (ak+1) < u ((xk+1a2(k+1))yk+1) <u (xk+1a2(k+1)>
< u(a2(k+1)) _ M(a(k+1)a(1€+1))
< maz{p (a(k“)) 1 (a(k“))} =pu (a(k“)) :
= ) = p(@®*).
Hence by induction method, the result is true for all positive integers. ([

Lemma 3.40. Let S be an intra-reqular locally associative ordered AG-groupoid
with left identity e. Then for every anti fuzzy right ideal p of S, p(ab) = p(ba)
for all a,b € S.

Proof. Same as Lemma 3.19. (]

Proposition 3.41. Let (S,- <) be an ordered AG-groupoid with left identity e
such that

(1) a<a® forallacS.

(2) ab € ((ba)S] N ((Sb)a] for all a,b € S.

Then for every anti fuzzy bi-ideal p of S, p(ab) = u(ba) for all a,b € S.

Proof. Since ab € ((ba)S] N ((Sb)a], we have ab € ((ba)S] and so ab < (ba)x for
some x € S. Using (2), we get (ba)x € ((z(ba))S] N ((Sz)(ba)], this implies that
(ba)x < (yx)(ba) for some y € S. Now

Thus p(ab) < p((ba)(yz))(ba) < max{u(ba),n(ba)} = w(ba). The reverse
inequality is obvious. Hence pu(ab) = p(ba) for all a,b € S. O

4. CONCLUSION

Our purpose is to encourage the study and maturity of non associative alge-
braic structure (ordered AG-groupoid). The objective is to explain original method-
ological developments on ordered AG-groupoid, which will be very helpful for up-
coming theory of algebraic structure. The ideal of fuzzy set is to characterize of
ordered AG-groupoid are captivating a great attention of algebraist. The aim of
this paper is to investigate, the study of ordered AG-groupoids by using the anti
fuzzy left ( resp. right, bi-, generalized bi-, (1,2) -) ideals.
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