J. Indones. Math. Soc.
Vol. 26, No. 02 (2020), pp. 202-212.

LONG TIME EXISTENCE OF HYPERBOLIC
RICCI-BOURGUIGNON FLOW ON RIEMANNIAN
SURFACES

MEHRAD MOHAMMADI! AND SHAHROUD AZAMI?

!Department of pure Mathematics, Faculty of Science, Imam Khomeini
International University, Qazvin, Iran, mehrad76@gmail.com
2 Department of pure Mathematics, Faculty of Science, Imam Khomeini
International University, Qazvin, Iran, azami@sci.ikiu.ac.ir

Abstract. We consider the hyperbolic Ricci-Bourguignon flow(HRBF') equation
on Riemannian surfaces and we find a sufficient and necessary condition to this flow
has global classical solution. Also, we show that the scalar curvature of the solution

metric g;; convergence to the flat curvature.
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1. INTRODUCTION

Let (M,g) be an n-dimensional complete Riemannian manifold with Rie-
mannian metric g;;. The general variation equation
329ij 9g

5 2R+ F(9,5) =0, (1)

was introduced by Kong and Liu ([4]) and called the generalized hyperbolic geomet-
ric flow (denoted by HGF'). Here F are some smooth functions of the Riemannian
metric and its first derivative with respect to ¢, and we consider R;; as the com-
ponents of Ricci curvature tensor. Liu and Zhang in ([8]) have shown that the
hyperbolic geometric flow (HGF) has global classical solution on Riemannian sur-
faces. In this paper, we would like to prove that the global solution of hyperbolic
Ricci-Bourguignon flow (HRBF) exists on Riemannian surfaces.

The present work investigates the variation of a Riemannian metric g;; on a Rie-
mannian surface M by its Ricci curvature tensor R;; and scalar curvature R under
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the following equation

829ij

ot?
where p is a real constant. When p = 0, this equation is hyperbolic geometric
flow and the global existence and blowup phenomenon of smooth solutions to this
flow on Riemannian surface have been investigated in [8]. The Ricci-Bourguignon
flow is ag;j = —2R;; + 2pRg;; and the short time existence and uniqueness for
solution to the Ricci-Bourguignon flow on [0,7") were showed by Catino et al ([1])

1

forp< m

This study regards the initial metric as follows

ds® = ug(z)(dz? + dy?) att =0 (3)

= —2R;j + 2pRyi; (2)

on a surface of topological type R?, where ug(x) is a function from C? class with
bounded C? norm and the following inequality is hold

0<k<u(z)<m< oo (4)

where k£ and m are positive constants.

Since all the information about curvature is contained in the scalar curvature
function R, we can simplify the HRBF equation on this surface. According to our
notation, R = 2K, where K denotes Gauss curvature and also the Ricci curvature
is given by R;; = %Rgij, so the (HRBF) equation simplifies to

8291‘3‘
ot?

At least locally the metric for a surface can be written as g;; = u(t, x,y)d;;, where
u(t,z,y) > 0, and d;; is Kronecker’s symbol. Hence, we have

Alnu
U

= —R(1 - 2p)g,;. (5)

R=- (6)

as a result, the aforementioned equation (5) reduces to uy — (1 — 2p)Alnwu = 0.
The initial data ug(z) depends only on z and not y; thus, we can consider the
Cauchy problem as below

uge — (1 = 2p)(Inu)ze =0,
u = ug(x), at t =0 (7)
uy = uqp(x), att =20
where u;(z) € C! with bounded C* norm. By using the transformation
¢ =1Inu, (8)

Kong and Liu in ([5]) proved a theorem as follows

Theorem 1.1. Suppose that ui(xz) > |ug(z)|/+/uo(x) for all x € R. Then, the
Cauchy problem (7) admits a unique global solution for allt € R.
Moreover, if ui(x) = uy(z)/\/uo(x), and there exists a point xo € R such
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that uy(zg) < 0, then the Cauchy problem (7) admits a unique classical solution
only in [0,T) x R, where
2
T=— . (9)
in fo{up (2)ug > ()}
The following theorem will proven without using (6) in our investigate.

Theorem 1.2. Let

/
u(z) + 4 (@) >0 at all z € R, (10)
uo ()
and b ()
uy () — —2 >0 at all © € R. (11)
uo(z)

Hence, the Cauchy problem (7) has a unique global solution for all t € R.
Theorem 1.3. If a point xo € R exists, which satisfy

/
w () + 0@ (12)
UO(J?o)
or there exists a point xg € R, such that
/
() — 0@ (13)
’LLQ(ZL’())

thus, the Cauchy problem (7) has a unique classical solution only in [0,T) x R.

Note. Based on Theorem 1.2, we can conclude the Cauchy problem

8;;;2,;j = —2R;j + 2pRgij, fori,7=1,2
gij = uo(x)dij, for t =0
% = u1(x)ds;, fort=0andi,j=1,2.

has a unique smooth solution for all ¢t € R. Besides we can consider the solution
metric g;; as below
gij = u(x,t)0;; fori,j =1,2. (14)
We will prove the above mentioned Theorems 1.2 and 1.3, in the subsequent
sections (3 and 4, respectively). Moreover, using Theorem 1.2, the following theo-
rem will be proven in Section 5.

Theorem 1.4. Let be

! I
infy{ui(x) + (@) }>0 and  infy{ui(z) — Uo(2)
uo(x) uo ()
Hence, a unique classical solution of (1) is exist as the form (14) for all time.
Furthermore, the scalar curvature R(x,t) relates to the solution metric g;; admits
R(z,t) — 0 ast — 400,

and R(z,t) < ki for all (t,z) € Rt x R, where ki is a positive constant and
independent of t and x.

}>0. (15)
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2. PRELIMINARIES

In this section we require only to discuss the classical solution on ¢ > 0. The
result for ¢ < 0 can be easily obtained.
Suppose that
U = v and Uy = W. (16)
Thus, from the above equations and Cauchy problem (7) we have
1—2p w?
Jwe = (20— 1), (7)

u

U = v, wy — vy = 0, and v — (

Eigenvalues of equations (17) can be easily calculated as follows

1-2
A=\, Ao = 0, A3 = A, )\:\/7 (18)

and we have the matrices L(U) and R(U)(where U = (u,w,v)) of left and right
eigenvectors, respectively as below

1L(U) 0 1
L) =L | =1 0)
15(U) 0 —)\ 1
0 1
R(U):(Tl( )7“2 ()\ 0 —
1 0

Equation system (17) is a linear degenerate strict hyperbolic system because of
VA U)r(U)=0fori=1,2,3.
Define p and ¢ as follows

p=v+ Aw and qg=v—\w. (19)

Lemma 2.1. p and q satisfy the following equations:

- /\pw = MAQ(Q - p)p, (20)
w = 5(0+a), (21)
Gt + Az = MAQ(P -q)q. (22)

Proof. By differentiating of the function A with respect to t and =, A\; and A, can
easily be obtained as,

and
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Therefore,
Dt — Ape = (V4 Aw)y — AM(v + Aw),
= v — Az + AMwp — Awy) + w(he — AAg)
= v — Nwy — Mg — wy) +w(he — Ag)

_ b s b e,
- )\w(v+)\w)—4(172p)>\(q p)p-

2(1—2p)
We can prove (22) in the same way as above, and it is obvious that (21) is hold. O

For the next lemma, consider

1
= 7A d = — 7}\ .
T =ps+ Sa_zp) e an 5= 0 = g
Lemma 2.2. r and s satisfy
2 3 23 _
p(g—p)
—Arp=——(2g-3 —(2p—3 — 5q),
(23)
A? A3 Ap(q —p)
ASy = ——(2¢—3 —(2p-3 — 5q).
st + As 4(1_2p)( q—3p)r+ 32(1_2/))( p — 3q)pq + 32(1_2p)2(p+ q)
(24)
Proof. Suppose
0 0 0 g
Li=——\— d Lo=—+A—.
Ta e TR
Hence, by a direct computation we can get
1
Lip, = ———A*((2¢ — 3 Np(q —p)?
P = T 0y ((2q = 3p)ps + pga) + ST =22 p(q — )%,
Loge = = 2((2p - 30)as + ap2) — =53\ q(p — )?
2T 41— 2p) v TR(1 — 2p)2 '
Now we can easily prove (23) and (23). O

Notice from Cauchy problem (7), (16) and (19), we can write following equa-
tions at ¢ = 0.

p=po(x) = ui(@) + Xo(@)ug(z),  u=wuo(x) (25)
q = qo(x) = u1(x) — Ao(@)ug(2), (26)
where \o(z) = io_(%c’; . Now in following theorem we show that the Cauchy problem

(7) has a unique global solution under some conditions.
Theorem 2.3. Let M, be a positive constant satisfying
0<p(x,t) <M and  0<q(a,t) <M, (27)
then, on D(T),
u(z, )] < M(T),  |ug(2, )| < M(T),  |us(z,t)] < M(T),
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r(z,t)] < M(T),  |s(z,t)] < M(T),

where M(T) is a positive constant, and

D(T)={(z,t)|]zeR,0<t<T, T>0}.
Hence, the Cauchy problem (7) has a unique global classical solution on t > 0, by
the local existence theorem of the classical solution to quasilinear hyperbolic systems.
Proof. Consider any point (t,z), and let

x=x1(t,51), x = x2(t, B2), x = x3(t, B3)
be the A1, A2 and A3 characteristics, respectively, that satisfy
(1)t = A1 = =X, (x2)r = A2 =0, (x3)t =A3 = A
z1(0, B1) = B, 22(0, B2) = fa, z3(0, B3) = fBs.

By integrating (21) along the A2 characteristics we can obtain

) = w(Ba) + 5 [ 0+ @)as(r. p). 7Y (28)

Thus, as a result of (21), (27) and (28) we have
lue| < My (T) and 0 < infrup(z) <ulx,t) < My(T).
Using a same method, by integrating (23) along the \; characteristics x = 21 (¢, 81)
t
Ir(z,t)| < Ma(T) + Mg(T)/ R(7)dr, where R(t) = sup, |r(z,1t)].
0
Therefore, we have |r(z,t)] < M4(T) by the Bellman lemma. As a similar way,
holds [s(z,t)| < M5(T). Since (ug); = (r + s), it is obvious that
|ug (2, )| < Ms(T),
which M;(t) for i = 1,2,3, ... denote positive constants. O

3. PROOF OF THEOREM 1.2

On the basis of the local existence and uniqueness theorems of the classical
solutions to the quasilinear hyperbolic systems ([7]), to prove Theorem (1.2) it
suffices to establish uniform a priori estimates of the C'' norms of p, ¢ and u. We
have following lemma from |2, 3].

Lemma 3.1. Suppose
us + A (z, t)u, = Az, t)(u — v),
v + AQ(x7t)’Ux = B(xvt)(v - u)a

where A1, Ao, A and B are continuous functions, and \y < Ao. If A and B are both
non positive, then

min(ug(x),vo(x)) < u(z,t),v(z,t) < maz(ug(x),vo(x)).

For prove Theorem 1.2 we need the following lemma.
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Lemma 3.2. On the existence domain of the classical solution to the Cauchy prob-
lem (7) and (25), if (10) and (11) hold, then

0 < p(z,t) < supzerpo(z), (29)
0 < q(z,t) < supzerqo(z), (30)
0 < infreruo(z) < u(z,t) < supyup(x) + Ct, (31)

where C > 0 is a constant.

Proof. Along \; characteristics, we can obtain

plat) = mo(r)een( | gy N = p)ar(r ). 7)),

By (25) and (10), po(x) > 0 for all z € R. Therefore, we have p(x,t) > 0. In a
similar way we can prove g(x,t) > 0. As a result of these inequalities, we have

1
Ap > d — Y )
p>0 an (1= 2p) q>0

1
11— 2p)
Hence, by Lemma 3.1 we can easily see that
p(x,t) < supgpo(z)  and  q(z,t) < supyqo().

Also, we can get following equality by integrating (21)
1 t
u(et) = wo(B2) + 5 [ o+ )laalr, po), )
0
Thus, we can get to result since p(z,t) > 0 and ¢(x,t) > 0. O

Proof of Theorem 1.2. Now from aforementioned Lemma 3.2 and Theorem 2.3,
Theorem 1.2 is obvious. i

Note. By (6) and (29), and based on the hypotheses of Theorem 1.2, we
have

|R(z, )] < My(T).

4. PROOF OF THEOREM 1.3

The blow-up phenomena of the hyperbolic geometric flow will be discussed in
this section.

Suppose
m=VAp and n=+V\g (32)
We have
1 1-2 1 1-2
1)\2q =7 p((lnu)t — AMInw),) and Z)\Zp =~ p((lnu)t + A(Inw),).

By the use of (16), (19) and Lemma 2.1 the following lemma can be proven



LONG TIME EXISTENCE OF HYPERBOLIC RICCI-BOURGUIGNON FLOW 209

Lemma 4.1. m and n satisfy

1 2,2
my —)\mx = —m)\S/ m-, (33)
ng — Ang = 74(1%2”)\3/2712. (34)
Observe that at t = 0, set

i @)
m=mofe) = ([ S + ) (3)

n=n xf4172pu x) — Uo(?)
o(@) = [y )~ T2) (36)

Proof of Theorem 1.3. Without loss of generality, we assume that (12) holds; in
the same way we can proceed if (13) holds.

As a result of (33) and (34) we have m; — Am, < 0 and ny — Any < 0. Thus,
we can easily see that

m(z,t) + n(z,t) < My and My = supmg(x) + supng(z). (37)

Notice that ug(xz) > k > 0, and also from (12) and (35) we have mg(z) < 0.
Next, the get following equation is obtained from (33) by integrating along \;
characteristics. That is,

m(xo,t) = mo(zo)/F(t,x0), (38)

where

t
F(t, o) = 1+ mg(xo)/4(1 — 2p)/ N2 (21 (20, 7), T)dr and X3/? = (L)*B/‘*.
0

1-2p
(39)
By (21) and (32), it is easy to see that ((1f2p)_3/4)t = 8(13%) (m+n). Hence,
we have
¢
U \3/4 _( Yo \3/4 3 /
—_— t) =(——7 —_— dr. (4
(1) nt) = (25 a0) + g [ (m o+ e, ), ). (40

By (4), (37) and (40), we get
3

3/4 < 1.3/4 3/4 S pp3/4
u’*(x,0) > k and u*(x,t) > +78(1—2p)

Mot.  (41)

We consider three cases.

Case(i). If My < 0, then there exists 7o = 8(1 — 2p)M3/*/(3(—M,)) > 0, such that
u(z,t) <0 and t> 7.

This imply the system in (7) is meaningless for ¢ > 79, that is, it admits a unique
local classical solution.
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Case(ii). If My = 0, then, by (39) and (41), following inequality can be easily
obtained
Flxo,t) <1+ 1_472”m0(xo)M*3/4t.
When F(x0,0) = 1 > 0 and mq(zg) < 0, we can find tg = 4M3/*/(1—2p)(—=mq(z0)) >
0, such that
F(zo,t) > 07 ast—t,. (42)
Thus, the finite time T' = T'(xo) > 0 exists such that

F(zo,t) = —00 ast— 1. (43)
Case(iii). If My > 0, then, by (39) and (41) we can get

2mg (o) 3 My 0

3M, 8(1 — 2p) M3/
Therefore, since, F(xp,0) = 1 > 0 and mg(zo) < 0, there exists t, > 0 such that
F(zg,t) = 0" as t — ¢, , and then (43) follows. O

F(zo,t) <1+ In(1+

5. PROOF OF THEOREM 1.4

In this section, we will study the asymptotic behaviour of the scalar curvature
R(z,t).

Proof of Theorem 1.4. We assume that (15) holds. Using Lemmas 3.1 and 3.2, we
have

K <p(z,t) < Ky and K <q(z,t) < Ko,
where here after C; for ¢ = 1,2, ... denote positive constants independent of ¢ and
x. Therefore, we can obtain the following inequality as a result of (4) and (28)

K3(1+1t) <u(zt) < Ky(1+41), (44)
and then
R R R C ) I A C S ) K S )
1-2p - 1-2p = 1-2p - 1-2p
It follows from(40) and (44) that
Ks(1+In(141)) < F(x,t) < Ke(1+ (1 +t)Y/4).
Thus, by (15) and (38), we get

K K
0< m < m(z,t) < HTSH) (45)
Similarly, we can obtain
K K,
0< m < mz,t) < HT(?H) (46)
Hence, m(z,t) — 0 and n(z,t) — 0 as t — +oo. Noting (44), (45) and (46), we get
R _Pma L,
p= ﬁm— =2, m, q= \/Xn— 172pn, Us = 53— = U (m —mn),



LONG TIME EXISTENCE OF HYPERBOLIC RICCI-BOURGUIGNON FLOW 211

and % %
8 8
—_ < t) — )< ——— . 4
1+1n(1+t)—m(m’) n(w’)—1+ln(1+t) (47)
Then, we can easily obtain
(1+1)3/4
2 < Kg——7F+———. 4
el < Ko a1 (48)
Next an easy derivation gives
Pe—qo 1 1 1
Urz =~y + 5)\2u§ = §u1/2(px —qz) + %ui (49)

Let p = p u and § = ¢ u. Thus, based on [5] we have

Lipy = —Aipy — Bidy,
LoG, = —Aop, — Bogy,

where
1 3 3 1
Av=702q+39),  Bi=7q  A2=7q  Ba=(2p+30)
Therefore, by [5] holds
‘ﬁm(xat” ) |(jz($7t>‘ < Kio. (50)
Noting that p, — ¢z = uz(p — ¢)/u + u(pz — ¢z ), and from (6) and (49), we have
_ 1 2 _ u925 pw_q:r_ ui ﬁm_q; uz(m_n)
B=ale ) =05~ pm 23 2a2 2@~ OV
Thus, from (41), (47), (48), (50) and (51) we conclude that
Kll K12 K13(1+t)3/4
|R(z,t)] < 2 a2 T 1/2 3 2°
(I14+In(1+1¢))2(1+1) (1+1) 1+t +1in(1+1))
Hence, R(x,t) — 0 as t = +o0. O
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