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Abstract. Let G = (V(G), E(G)) be a graph and k be a positive integer. A total
k-labeling of G isamap f : V(G)UE(G) — {1,2,--- ,k}. The edge weight uv under
the labeling f is denoted by wy(uv) and defined by w¢(uv) = f(u) + f(uv) + f(v).
The vertex weight v under the labeling f is denoted by w¢(v) and defined by wy(v) =
FW) + Xuver(q) f(uv). A total k-labeling of G is called an edge irregular total
k-labeling of G if ws(e1) # wy(e2) for every two distinct edges e1 and ez in E(G).
The total edge irregularity strength of G, denoted by tes(G), is the minimum k for
which G has an edge irregular total k-labeling. A total k-labeling of G is called
a vertex irregular total k-labeling of G if wy(v1) # wy(v2) for every two distinct
vertices v1 and v in V(G). The total vertex irregularity strength of G, denoted by
tvs(G), is the minimum k for which G has a vertex irregular total k-labeling. In
this paper, we determine the total edge irregularity strength and the total vertex
irregularity strength of some graphs obtained from star, which are gear, fungus, and

some copies of stars.
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Abstrak. Misalkan G = (V(G), E(G)) adalah suatu graf dan k adalah suatu bi-
langan bulat positif. Suatu pelabelan-k total pada graf G adalah suatu pemetaan
f:V(G)UE(G) —{1,2,--- ,k}. Bobot dari sisi uv berdasarkan pelabelan f dino-
tasikan dengan wy(uv) dan didefinisikan sebagai wy(uv) = f(u) + f(uv) + f(v).
Bobot dari titik v berdasarkan pelabelan f dinotasikan dengan wy¢(v) dan didefi-
nisikan dengan wy(v) = f(v) + 3, p(g) f(uv). Suatu pelabelan-k total pada G
dikatakan pelabelan-k total tak teratur sisi di G jika wg(e1) # wy(e2) untuk se-
tiap dua sisi yang berbeda e; dan e2 di E(G). Nilai total ketakteraturan sisi dari
G, dinotasikan dengan tes(G), adalah nilai k terkecil sehingga G memiliki suatu
pelabelan-k total tak teratur sisi. Suatu pelabelan-k pada graf G dikatakan suatu
pelabelan-k total tak teratur titik pada G jika wy(v1) # wy(v2) untuk setiap dua
titik yang berbeda v1 dan v2 di V(G). Nilai total ketakteraturan titik dari G, dino-
tasikan dengan tvs(G), adalah nilai k terkecil sehingga G memiliki suatu pelabelan-k
total tak teratur titik. Pada makalah ini, ditentukan nilai total ketakteraturan sisi
maupun titik dari beberapa graf yang dibentuk dari graf bintang, yaitu graf gerigi,
graf jamur, dan beberapa salinan dari graf bintang.

Kata kunci: graf jamur, graf gerigi, nilai total ketakteraturan sisi, nilai total ketak-
teraturan titik, graf bintang

1. INTRODUCTION

Let G = (V(G), E(G)) be a graph and k be a positive integer. A total k-
labeling of G is a map f : V(G) U E(G) — {1,2,--- ,k}. A total k-labeling of G
is called an edge irregular total k-labeling of G if for every two distinct edges uv
and wz in E(G), satisfy wy(uv) # wy(wz) where wy(uv) = f(u) + f(uv) + f(v).
The total edge irregularity strength of G, denoted by tes(G), is the minimum & for
which G has an edge irregular total k-labeling.

A research about determining the total edge irregularity strength was started
by Baca et al. [1]. In the paper, they gave a lower bound and an upper bound on
tes(G) for arbitrary graph G. The result is given by Theorem 1.1.

Theorem 1.1. [1] Let G = (V, E) be a graph with the vertex set V and the edge
set E. Then, PElTH—‘ < tes(G) < |E|.

In the same paper, Baca et al. [1] gave the exact value of tes(G) for some
graphs, two of them are path and cycle.The results are given in two theorems below.

Theorem 1.2. [1] Let n be a positif integer and P, be a path with order n. Then,
tes(P,) = [+,
Theorem 1.3. [1] Let n be a positif integer and C,, be a cycle with order n. Then,
tes(Cp) = {"T“]

Another result about tes(G) was given by Siddiqui et al. in [9]. In the paper,
they gave the exact value of tes(G) where G is a disjoint union of sun graphs.
Nurdin et al. in [3] gave the total edge irregularity strength of disjoint union of
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complete bipartite graphs Ks,. The total edge irregularity strength of corona
product of path with other graph was given by Nurdin et al. in [4].

Another labeling was introduced by Baca et al. [1] is total vertex irregular
labeling. A total k-labeling of G is called a vertex irregular total k-labeling of
G if wy(v1) # wy(vs) for every two distinct vertices v; and vy in V(G) where
wy(v1) = f(v1) + Xy, ep(e) f(uv1). The total vertex irregularity strength of G,
denoted by tvs(G), is the minimum k for which G has a vertex irregular total k-
labeling. In the paper [1], Baca et al gave tvs(G) for some graphs G, one of them
is complete graph with order p, denoted by K.

A lower bound on tvs(G) related to the minimum degree of G was given by
Nurdin et al in [2]. The result is given in Theorem 1.4.

Theorem 1.4. [2] Let G be a graph with the minimum degree §. Then,

A
tvs(G) > max 0+ ns 0+ ns + non 7i§5
- S+1 |’ o+ 2 T A+ ’
where n; be the number of vertices with degree i fori=0,6+1,---,A.

In the different paper, Nurdin et al. [5] gave the total vertex irregularity
strength of banana tree and quadrat tree. In [6], Nurdin et al. also gave the total
vertex irregularity strength of caterpillar. In [7], Nurdin et al. determined the
total vertex irregularity strength of disjoint union of paths. On the other hand,
Wijaya et al. in [11] determined the total vertex irregularity strength of wheel, fan,
sun, and friendship. In [8], Przybylo gave bounds of tvs(G) with provided order,
minimum degree, and maximum degree of the graph. The total vertex irregularity
strength of torodial grid C,,,[JC,, was given by Tong et al. in [10].

2. MAIN RESULTS

In this section, we determine the total edge and vertex irregularity strength
of some graphs obtained from star, which are gear, fungus, and some copies of star.
Those graphs have a vertex with the degree is far greater than other vertices. It is
interesting to determine the total vertex irregular labeling of the graphs.

2.1. On The Total Edge and Vertex Irregularity Strength of Gear

In this subsection, we determine the exact value of the total edge and vertex
irregularity strength of gear.

Let n > 3. Gear G,, is a graph with the vertex set
V(Grn) = {u,v1,v2, + ,Up, w1, Wa, -+ ,wp}
and the edge set
E(G,) = {uv,vywi|i = 1,2, - - n} U{wvip1|i = 1,2, -n — 1} U {wpv1 }.
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The theorem below gives the total edge irregularity strength of gear.

Theorem 2.1. Letn > 3 and G,, be a gear with order 2n + 1. Then,
tes(Gn) =n+ 1.

Proof. Gear G,, has 3n edges.
tes(Gr) is [282] =n + 1.

317

From Theorem 1.1, we have a lower bound on

Next, we will show that an upper bound on tes(G,,) is n+ 1. Define a total labeling
f:V(G,)UE(G,) —»{1,2,...,n+ 1} of G, as follows.

fw) = f
Flv) =
f(wnz{
f(viwn:{;

Flwsvis) = {;
fwaen) =2

It can be seen that the maximum label used in the labeling above is n + 1.
Next, from the labeling f, we have the weight of edges of G,, as follows.

fori=1 or [
for 2 <i<|Z]+1;
J

4i—1
wﬂ”W):{qn—n+6

43

21 -1

2(n—i)+2

(uv;)) =n+1 forl<i<mn;

fori=1
f0r2<z<t J—I—l
for L§J+2§z§n

for1<i<(g]

for {%—|+ <i<n

Fl+2<i<n

for1<i<|%
for {%JJrlﬁz n—1;

)
1
{2i2
2(n—1)+3

wyi(wiviyr) = {4(71 — i) +5

wy(w,v1) = 5;

2n+3
wy(uv;) = 2n + 20
2n+2(n—1i)+5

The weight of the edges are adalah 3,4, .- |
with the same weight. So, we can conclude that tes(G,,) = n + 1.

for
for

for
for

1<i<[g]
(2] +1<i<m;
1<i<[3]

( 1+1§z§n—1;

|3

fori=1
for2<z<L J—|—1

for L§J+2§z§n.

3n + 2 with there are no two edges

The exact value of tvs(G,,) is given in the theorem below.

Theorem 2.2. Letn > 3 and G, be a gear with order 2n + 1. Then,

tvs(Gy)

{

3,

[

n+1
2

forn =3;
forn > 4.

O
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Proof. Gear G,, has 2n + 1 vertices, which are n vertices with degree 2, n vertices
with degree 3, and 1 vertex with degree n. So, by using Theorem 1.4, we have

24 n 24n+n 24n+n+1
>
(@ 2 mas | 528 [552] [F

co{127] [147] o

Since max{{"T"'Q] , {"T'H] 73} = {3 1 forn =3 we have

{"7] for n > 4,

3 forn =3
1
{"—11 for n > 4. (1)

forn=3

3
1 Define a total labeling f
[”—W for n > 4.

Next, we will show that tvs(G,) < {
of G,, as follows.
e For n =3,
fu)=3; flv;))=2; flw;) =1"forie{1,2,3}

florwn) = flwrvg) = fwgvn) = 1;
fvows) = f(vsws) = f(wevz) = f(uv;) =2 for i € {1,2,3}.

e Forn >4,

flu) = f(w;) =1for 1 <i<mn;
fv) = fluwy;) = [nl—‘ for 1 <i<mn;
{i for 1<i<[2]

ViWw;) = -
K ) n—i+2 for [2]4+1<i<m

£ ) 7 forl1 <:<

Wity ) =

i n—i+1 for {%] 1<

The labeling above gives the weight of vertices of G,, as follows.
e For n = 3,

wy(u) =9; wr(vi) = 6; wy(v2) =75 wy(vs) =8;

wi(wr) =3; wp(we) =5; wy(ws) =4
e For n > 4 and n is odd,

n?+n+2
wplu) =
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n+3 fori=1
wy(v) = ¢ n+2i for 2 <i < [2]
3n—2i+5 for [2]+1<i<n;
20+ 1 forl <i< |2
wy(w;) = , n {Qw
2n —2i+4 for [§]+1§z§n.
e For n > 4 and n is even,
n?+2n+2
wy(w) =
n+4 fori=1

wy(v)) =qn+2i+1 for2<i<f+1
n—2t+6 fOI‘%—‘rZSiSn;

(w;) 2t +1 forlgigg
wrlw;) = . .
f 2n —2i+4 for 2 +1<i<n.

From the labeling f, there are no two vertices with the same weight. The maximum
label used by the labeling f is 3, for n = 3, and ["T'H], for n > 4. So that, f is a
vertex irregular total 3-labeling of G'3 and a vertex irregular total [%‘H]—labeling
of G,, for n > 4. So, we have an inequality

3 forn =3
tvs(Gy) < 2
vs(Gn) < {[";rw for n > 4. 2)

From inequality (1) and (2), we have an equality

3 forn=3
ts(Gn) = {["'{W for n > 4. O

2.2. On The Total Edge and Vertex Irregularity Strength of Fungus

The results on this subsection give the total edge irregularity strength and
the total vertex irregularity strength of fungus.

Let n > 3, fungus Fg, is a graph with the vertex set V(Fg,) = {u,v1,vs, -+ ,van}
and the edge set E(Fg,) = {uv|l < i < 2n} U{vuqin+1 <i<2n-1}U
{v2nUnt1}-

The theorem below gives the total edge irregularity strength of fungus.

Theorem 2.3. Letn > 3 and Fg, be a fungus with order 2n + 1. Then,

tes(Fgp,) =n+ 1.

Proof. Fungus Fg,, is a graph with 3n edges. Theorem 1.1 gives that a lower bound
on tes(Fgy) is [2%2] =n+ 1.
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Let f:V(Fg,) UE(Fgyn) — {1,2,--- ,n+ 1} be a total labeling of Fg,, such that
flu) =1

f(vi)z{l for1<i<n

n+1 forn+1<4i<2n;
7 for1<i<n
fluvy) = 4 . .
i+1—n forn+1<i<2n;
flovir)=2n+2—ifor, n+1<i<2n-1;
f(v2n,vn+1) =2

The weight of edges of F'g,, under the labeling f above is as follows.

wy(uy;) = {

w(vivip1) =4dn+4 —iforn+1<i<2n—1;

244 forl<i<n
341 forn+1<i<2n;

Wi (VopUpt1) = 2n + 4.

Every two distinct edges have two distinct weights. So, f is an edge irregular total
(n + 1)-labeling of Fg,, and we can conclude that tes(Fg,) =n+ 1. O

The next theorem gives the total vertex irregularity strength of fungus.

Theorem 2.4. Letn > 3 and Fg, be a fungus with order 2n + 1. Then,

mw(an)::{"'%lw.

2

Proof. Fungus Fg, has 2n + 1 vertices, which are n vertices with degree 1, n
vertices with degree 3, and 1 vertex with degree 2n. By using Theorem 1.4, we

have tvs(G) > max { (4o, P‘gi‘g"—‘ ; [1‘*‘271”‘:"1‘*‘1—‘} = [2H]. So, we have an

inequality
n+1

ts(Fgn) > |

Next, we will show that tvs(Fg,) < {"7'*1] for n > 3. Define a total labeling f of
Fg, as follows.

w,brn>3. (3)

flu) =1;
B] for1<i<n
{"7“]—1 fori=n+1
["TH] fori=n+ L%J 4+ 1 and
flvi) = (n = 1(mod 4) or n =2 (mod 4))

{"T“w -1 fori:n—i—L%J—klamd
(n =3(mod 4) or n =0 (mod 4))
{"+1-| for others;
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fuv;) = {

f(vivigr) =

g

+

L] for 1<i<n
1 for n+1 <1< 2n;

w ‘

n

—
M‘+

[52] -1 forn+1<i<n+|%]
—L%J fori:n—i—L%J—i—landnodd
["T“-‘—l fori=mn+ 5 +1 and n even

2n—i+1 forn+L%J+2§i§2n—1;
f(v2nvn41) = 1.

The labeling above gives the weight of vertices of F'g, as follows.

wf(u) = {(TL—QH) (nT_H +n+ 1) for n odd

OSSN

(”T“) ("7% + n) for n even;

i+ 1 for1<i<n

n+2 fori=n+1 and n odd

n+3 for i =n+1 and n even

2t —n—1 forn+2§i§n+[%w and n odd

2i—n forn+2§i§n+%andneven
wy(v) =< 2n+2 fori=n+ % +1and n =2 (mod 4)

2n+1 fori=n+ % +1and n =0 (mod 4)

2n+1 fori=n+ % +2 andn =2 (mod 4)

2n +2 fori=n+%+2 and n =0 (mod 4)

22n—i)+n+4 forn+ [%]+1<i<2nandnodd

22n —i)+n+5 forn+ 5 +3 <i<2nand n odd;

It can be seen that under the labeling f, there are no two vertices with the same
weight. The maximum label of f is ("JQFIW So that, f is a vertex irregular total
[2+L]-labeling of Fg,. So, we can conclude that tvs(Fg,) < [241] for n > 3.

So that, we have an exact value of tes(Fg,) as follows.

n+1

tvs(Fgn) = { w for n > 3. O

2.3. On The Total Edge and Vertex Irregularity Strength of of Some
Copies of Star

In this section, we give the total edge irregularity strength and the total
vertex irregularity strength of m copies of star.

Theorem 2.5. Let mS,, be m copies of star S,. Then, for n,m > 2,

tes(mS,) = {m” + 2} .

3

Proof. Let S,,, n > 2, be a star with order n+1 and m.S,,, m > 2, denotes m copies
of Sp. Let V(mS,) = {vi;]1 <i<n,1<j<m}U{vg; |1 <j<m} bea vertex
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set of mS,, and E(mS,) = {e;; = vo v ;|1 <1 <n,1 <j<m} be an edge set of
mS,,.

The graph m.S,, has mn edges. By using Theorem 1.1, we have tes(mS,,) > [%‘ﬂ .
Next, we will show that tes(G,) < [2%E2]. Define a total [™2+2]-labeling

£ V(mS,) U E(mS,) — {1’2,... ’ [mn;—ﬂ}

of mS,, as follows.
(1) For j =1,

fvo1) =1; fvip) = P—;l-‘ 0 flein) = V—;lJ , 1 <ie<n.
(2) For 2 <j <m,
(a) Fori=0,
flvig) = Fn; 2—‘ ;

(b) For 1 < i < n, the labeling is partitioned to some cases as follows.
e For n =0 (mod 6),

v _[in] n-2 Ti-1],
f(vlg.]) - 3 2 2 ’
L _jj_ n-=2 i—1
fleig) = 3 2 + L 2 |
e For n =3 (mod 6),
_jn_ n—3 1—1
s =[5 -+ |5
[in n—3 i—2
flew) = |5 =52+ | ]
e For n =1 (mod 6) or n =5 (mod 6),
fo) [{] — o=l 2 for 4 odd
v ) =24 ,
i [2] — 253 + =2 for i even;
Fews) = [2] — sl 4 2L for 7 odd
ij) = [{l] — nol 4 22 for § even.
e For n = 2(mod 6) or n =4 (mod 6),
Fon) = (2] —n52 4 =L for i odd
ij) = {J’ﬂg‘f‘l n-2 4 22 for j even;
Flews) = {jngrl -2+ foriodd
T[] - 252 4+ 52 for i even.
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From the formula of labeling above, it can be checked that the maximum label used
in the labeling f is [ww
The labeling f above gives the weight of edges of mS,, as follows.
(1) For j =1,
wyr(ej1) =1i+2, for 1 <i<n.
(2) For 2 < j <m and 1 <i <mn, the weight of edges e; ; is as follows.
e For n =0 (mod 6) or n =3 (mod 6),
wele; ;) =n(j—1)+i+2.
e For n =1 (mod 6), n =2 (mod 6), n =4 (mod 6) or n =5 (mod 6),
in+2 n+1 in .
ot =[] [ 5] oo
From the formula above, it can be checked that there are no two edges with the

same weight. So, f is an edge irregular total {m’?ﬂ—labeling of mS,, for m > 2
and n > 2. So that, tes(mS,) = [22E2]. O

The last theorem below gives the total vertex irregularity strength of m copies
of star.
Theorem 2.6. Let m.S, be m copies of star Sy, n,m > 2. Then,

mn + 1
5 .

tvs(mSy,) = {

Proof. The graph mS,, with order (n+1)m has mn vertices with degree 6(mS,) =1
and m vertices with degree A(mS,,) = n. By using Theorem 1.4, we have

tvs(mSy) > max {[(1 +mn)/2],[1+mn+m)/(n+1)]} = [(mn+1)/2].
Define k = [(1 +mn)/2]. To show that k is an upper bound on tvs(mS,), define

a total k-labeling f : V(mS,)U E(mS,) — {1,2,...,k} such that for every j =
1,2,...,m as follows:

fvo;) = k;
N [%WJFW for 7 odd
flvig) = {L%J + {M} + w for i even;
1 4 l= 1)m+1 for i odd
fleig) = {[J'I ( W %, for 7 even.

From the labeling f above, we have the weight of vertices of m.S,, as follows.
w(vi;)=7+14+GE—-1m,for 1 <i<n,1<j<m

b (352) (o m o+ [3] 4 1)+ [§] + 14 2=y

wp(vy ;) = for n odd
T R (3) (G4 5] 1) ¢ e
for n even
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It can be checked that the maximum label used in the labeling f of mS, is k.
Beside that, there are no two vertices with the same weight. So that, tvs(mS,) =
kE=1(1+mn)/2]. O

[1]
2]
[3]

[4]

6

7

=

[9]

(10]

(11]
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