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Abstract. Morrey spaces can complement the boundedness properties of operators
that Lebesgue spaces can not handle. Morrey spaces which we have been handling
are called classical Morrey spaces. However, classical Morrey spaces are not totally
enough to describe the boundedness properties. To this end, we need to generalize

parameters p and ¢, among others p.
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Abstrak. Ruang Morrey dapat menggenapi sifat keterbatasan operator yang tidak
dipenuhi di ruang Lebesgue. Ruang Morrey yang telah dikaji adalah ruang Morrey
klasik. Namun, ruang Morrey klasik tidak cukup lengkap untuk mengungkapkan
sifat keterbatasan. Untuk itu, kita perlu memperumum parameter p dan ¢, terutama
p.

Kata kunci: Ruang Morrey, ruang Morrey diperumum, sifat keterbatasan operator.

1. INTRODUCTION

This note studies the function spaces which Guliyev, Mizuhara and Nakai
defined in [28, 69, 73]. Let 0 < ¢ < p < co. We define the classical Morrey space
MPE(R™) to be the set of all measurable functions f for which the quantity
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is finite, where Q(z,7) = {y € R™ : |z1 — w1, |z2 — y2l,- -, |20 —yn| < 7} To
describe the endpoint case or to describe the intersection space, sometimes it is
useful to generalize the parameter p: let us suppose that p comes from the function
v, So, we envisage the situation where tr is replaced by a general function ¢.
More precisely, it is known as the Adams theorem that I, maps M7 (R™) to M;(R")
whenever 1 < ¢ <p<ooand1l<t<s < oo satisfy

1 1 « q t

s p n p s
Here I, is the fractional integral operator given by (12) for a nonnegative measur-
able function f : R™ — [0, 00]. However, it is known that we can not take s = co.
In fact, I,, fails to be bounded from MZ/Q(R”) to L*(R™) for all 1 < ¢ < 2. To
compensate for this failure, we can use generalized Morrey spaces. We will define
the generalized Morrey norm by

1 1 '
floe = sup 7/ f|?dy < 00.
Iz =, 2220 o) \1@@ ] Joen )

Here ¢ : (0,00) — [0,00) is a function which does not vanish at least at some
point. Another advantage of generalized Morrey spaces is that we can cover many
function spaces related to Lebesgue spaces.

Although we do not consider the direct applications of generalized Morrey
spaces to PDEs, generalized Morrey spaces can be applied to PDEs. Applications
to the divergence elliptic differential equations can be found in [59]. Applications
to the nondivergence elliptic differential equations can be found in [35, 114, 123].
Applications to the parabolic differential equations can be found in [112, 128]. See
[30, 42, 113] for the parabolic oblique derivative problem. See [61] for applicatitons
to Schrodinger equations. We refer to [64] for the application to singular integral
equations.

This note is organized as follows: We will collect some preliminary facts in
Section 2 In Section 3, we define generalized Morrey spaces and then discuss the
structure of generalized Morrey spaces. The conditions on ¢ will be important. So
we discuss them quite carefully. Section 4 is a detailed discusssion of the bounded-
ness properties of the operators. Here we handle the Hardy—Littlewood maximal
operators, the Riesz potentails, the Riesz transforms and the fractional maximal
operators as well as their generalizations. Section 5 is a survey of other related
function spaces.

Here we list a series of (somewhat standard) notation we use in this note.

o Let (X, d) be a metric space. We denote by B(x,r) the ball centered at x
of radius r. Namely, we write
B(z,r) ={y e R" : d(z,y) <r}

when x € R™ and r > 0. Given a ball B, we denote by ¢(B) its center and
by r(B) its radius. In the Euclidean space R"™, we write B(r) instead of
B(o,r), where 0 = (0,0,...,0).
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e A metric measure space is a pair of a metric space (X, d) and a measure y
such that any open set is measurable.

e By a “cube” we mean a compact cube in R” whose edges are parallel to
the coordinate axes. The metric closed ball defined by £°° is called a cube.
If a cube has center x and radius r, we denote it by Q(z,r). Namely, we

write
Qz,r) = {y = (y1,92,---,Yn) €ER" : ;_nax n|zj -yl < r}
when © = (z1,22,...,2,) € R” and r > 0. From the definition of Q(x,r),

its volume is (2r)". We write Q(r) instead of Q(o,r). Given a cube Q, we
denote by ¢(Q) the center of Q and by £(Q) the sidelength of Q: £(Q) =
|Q|"/™, where |Q| denotes the volume of the cube Q.

e Given a cube @ and k > 0, k@ means the cube concentric to Q) with
sidelength k£(Q). Given a ball B and k > 0, we denote by k B the ball
concentric to B with radius kr(B).

e Let A,B > 0. Then A < B and B 2 A mean that there exists a constant
C > 0 such that A < CB, where C depends only on the parameters of
importance. The symbol A ~ B means that A < B and B < A happen
simultaneously, while A ~ B means that there exists a constant C' > 0 such
that A = CB.

e When we need to emphasize or keep in mind that the constant C' depends
on the parameters «, 8,7 etc Instead of A S B, we write A Sq.5.4,... B.

2. PRELIMINARIES

2.1. Lebesgue spaces and integral inequalities. Here we recall Lebesgue spaces
and the integral inequalities.

Definition 2.1 (Lebesgue space). Let (X, B, i) be a measure space and 0 < p < 0o.

e The Lebesgue norm LP(u)-(quasi-)norm of a measurable function f is given
by

11 = Wlzro = ([ @Pduta)) " < o0
I flloe = Il 2oy = sup{A >0 : [f(z)] < A for p-a.e. x € X }, p= oo.
e Define
LP(p) ={f: X =K : f is measurable and | f|, < oo}/ ~ .
Here the equivalence relation ~ is defined by:
f~g<= f=gae (1)
and below omit this equivalence in defining function spaces.

As usual if (X, B, 1) is the Lebesgue measure, then we write LP(R™) = LP(u) and
I llwee = 1 lwee -
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1 1
Theorem 2.2 (Holder’s inequality). Let 0 < p,q,r < 0o satzsfy - == + —. Then

q
for f e LP(u) and g € L), |f9llerqy < N flleeqollgllzagy. See [1 Theorem 2.4]
for example.

In addition to LP(u) with 0 < p < oo, it is convenient to define L°(u): The
space L°(u) denotes the set of all measurable functions considered modulo the
difference on the set of measure zero.

2.2. Integral operators. We will study the Hardy-Littlewood maximal opera-
tors, the Riesz potentails, the Riesz transforms and the fractional maximal op-
erators. So we recall the definition together with the boundedness properties on
LP(R™). For Theorems 2.4, 2.5, 2.9, 2.10, 2.11 we refer to [24, 92, 116, 115].

Definition 2.3 (Hardy-Littlewood maximal operator). For f € LO(R"™), define a
function M f by

Mo = s X5 [ iy (@R 2

The mapping M : f — M f is called the Hardy-Littlewood maximal operator.
We have the weak-(1, 1) boundedness of M.
Theorem 2.4 (Hardy-Littlewood maximal inequality). For f € L*(R"™),\ > 0,
AM S > A3 <3 £]]a-
For 1 < p < oo we have the strong-(p, p) boundedness.

Theorem 2.5 (LP(R™)-inequality). Let 1 < p < co. Then

1
p2P.3n\ 7
sl < (2223) el

for all f € LO(R™).

We move on to the singular integral operators. Among others we consider
the Calderén—Zygmund operators.
Here we are interested in the following type of the singular integral operators:

Definition 2.6 (Singular integral operator). A singular integral operator is an
L?(R™)-bounded linear operator T that comes with a function K € C*(R™\ {0})
satisfying the following conditions:

o (Size condition) For all x € R™,
K ()] < [ 3)
o (Gradient condition) For all z € R",
VK (2)] < |77 (4)



214 Y. SAWANO
e Let f be an L*(R™)-function. For almost all x ¢ supp(f),

Tf(z)= | K(z—y)f(y)dy. ()

]Rn
The function K is called the integral kernel of T'.
More generally we consider the following type of singular integral operators:

Definition 2.7. A (generalized) Calderdén-Zygmund operator is an L?(R™)-bounded
linear operator T, if it satisfies the following conditions:

e There exists a measurable function K such that for all L>°(R"™)-functions
f with compact support we have

Ti@) = | K@ y)f)dy for all z ¢ supp . (6)

e The kernel function K satisfies the following estimates.
(K (z,y)| S e —y|™", (7)
if x £y and

[K(2,2) = K(y,2)| + |[K(2,2) - K(2,9)] S
if 0 <2z —y| < |z — x|

As a typical example we consider the Riesz transform:

Example 2.8. Let j = 1,2,...,n. The singular integral operators, which are
represented by the j-th Riesz transform given by,
1 Ti—Yj
R;f(r) = lim 5 f(y)dy, 9)

10 Jrm\ B(a,e) |7 — y["T?

are integral operators with singularity.

We have the weak-(1, 1) boundedness as before.

Theorem 2.9. Suppose that T is a CZ-operator. Then T is weak-(1,1) bounded,
that is

A >N £ 5 [ If@lde (>0 (10)

n

for all f € LY(R™) N L3(R").
We have the strong boundedness for 1 < p < 0.

Theorem 2.10. Let 1 <p < oo and T be a generalized singular integral operator,
which is initially defined on L*(R™). Then T can be extended to LP(R™) for all
1 <p< oo so that

1Ty <p If1p (11)
for all f € LP(R™).
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As a different type of singular integral operators, we consider the fractional
integral operators. Let 0 < a < n. Let I, be the fractional maximal operator given
by

I.f(z) = / Ady (x € R™) (12)

x =y

for a nonnegative measurable function f : R™ — [0, co].
The following theorem is known as the Hardy—Littlewood—Sobolev theorem.
Generalized Morrey spaces can be used to refine this theorem.

Theorem 2.11 (Hardy-Littlewood—Sobolev). [54, 55, 111] Let 0 < a < m.
o We have
A=E {z € R™ ¢ L f(2)] > M S 1 f] (13)
for all f € LY(R™) and X > 0.
o Assume that the parameters 1 < p < g and 1 =

1_
q p
HIoszq S Hf”p for all f € LP(R™).

Let 0 < a < n. The fractional maximal operator M,, of order « is defined by

Then we have

3Ie

Mo () = s1p HQ)" "o ) /Q @) dy

for a measurable function f. Note that M, maps M?/ “(R™) boundedly to L>°(R™).
As an opposite endpoint case, we have the following boundedness:

Theorem 2.12. Let 0 < o < n. Then
s [z € R™ 2 Mof(z) > M S Il (14)
for all f € L*(R™).

Using the boundedness of M, we can prove the boundedness of M,,. Here for
the sake of convenience for readers we supply the proof.

Theorem 2.13. Let 1 < p < g < 00 and 0 < a < n satisfy % =
[Mafllze S fllce for all f € LP(R™).

L_a Thep
p n

Proof. By the monotone convergence theorem we may assume that f € L°(R™).
For A > 0 we let Q) = {M,f > A}. We observe that

(I3 f1)? =g [ 3l an < g [N 2 (o) 5

We choose u > 0 so that n(1 — u) = pa. Then we have

Ixasller < (Ixeall, 2 ) (I lles)' "
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Thus, we have

(IMafln)? S [ 27177 (ke )

0

nuw
n—a

n(1—u)

(Ifl[ee) == dA

12

nl—wu) nu o
(1 flle) == / | (2)| 725 M f ()T 7% da.
Rn

n (n—a)p ' _qlp—1)n
q- x - .
n—auo nu (p _ 1)n
By the Holder inequality, we obtain
/ |f(@)|7=8 Mo f(x)™ 7= du(x) < (|fllze) e (| Mo fllpa)? 7=,

As a result,

Observe that

(1M o) S (1 120) 727 (1M 1) 55

If we arrange this inequality, we obtain

[Mafllza S 1 fllze-
O

In addition to the linear operators above we sometimes consider the commu-
tator generated by BMO and these operators. Here we recall the BMO (bounded
mean oscillation) as follows:

Definition 2.14 (BMO(R") (space)). Define
1 leso = sup = / F) — ma(Dldy = sup ma(|f — ma(f)])
QeQ ‘Q| Q QeQ

for f € LL _(R™). The “norm” || - |smo is called the BMO(R™) norm. The space

loc

BMO(R") collects all f € LL (R™) such that ||f||Bmo is finite. Usually BMO(R™)

loc
is considered modulo the constant functions.

As the following theorem shows, the BMO functions have high local integra-
bility.

Theorem 2.15 (John—Nirenberg inequality). For any A > 0, a cube Q and a
nonconstant BMO(R™)-function b,

DX
0 € Qs ) — o) > AHl S exp (~ )
([l BMmo

where D depends only on the dimension.

We will consider the commutators generated by BMO and these operators.
For the properties of these commutators we refer to [25]. Let a € BMO(R™). Then
the we can consider the operators

feELXRY) = [a,T)f=a-Tf=Tla-f], [a,la]f=a Iof—I.[a- f]
despite the ambiguity which the definition of BMO(R™) causes.
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Thanks to the following theorem, we can extend our results of generalized
Morrey spaces by mimicking the proof of the boundedness for the similar opera-
tors. However, due to the similarity we do not consider the boundedness and the
definition of these operators. Instead, we give some references when needed.

Theorem 2.16. Let 0 < oo < n, a € BMO(R"™) and T be a generalized Calderén—
Zygmund operator.
o Letl < p<oo. We have ||[a,T)fllze S |lallsmoll fllze for all f € L (R™).
o Let 1 < p < q < oo satisfy % =1 2 Then we have ||[a, 1] f|lze <

p n ~

lallsmoll fllLe for all f € LE(R™).

For the proof of Theorem 2.16 we refer to [25].

3. GENERALIZED MORREY SPACES

Likewise we can replace ¢ by a function &.

3.1. Definition of generalized Morrey spaces. From the observation above,
we are led to the following definition:

Definition 3.1. Let 0 < ¢ < 0o and ¢ : (0,00) — [0,00) be a function which does
not satisfy ¢ = 0.

e [73] Define the generalized Morrey space M#(R™) to be the set of all mea-
surable functions f such that

Hf”/\/lf = Ieﬂzl;’l,lz>0 90(71) <|Q($,T)| Q) |f(y)| dy) < oo. (15)

e [28] Define the weak generalized Morrey space wMZ(R™) to be the set of
all measurable functions f such that

[1f lwatg = sup [[AX (00 ([ DIl ag < 00
A>0

Although we torelate the case where ¢(t) = 0 for some ¢ > 0, it turns out
that there is no need to consider such possibility.

Before we go into more details, clarifying remarks may be in order.

Remark 3.2. In [73] Nakai defined the generalized Morrey space M$(R™) to be
the set of all measurable functions f such that

1flas = sup 1<|Q(1 If(y)lqdy>q<oo7 (16)

z€R™,r>0 (p(r) $,7’)| Q(z,r)

or more generally

| fllme = sup ! ( L : |f(y)]? dy> < 0.

z€R™ r>0 (p("E,’I’) |Q(1.77,.)| Q(x,r
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See also [19, 29, 33, 60, 76, 120, 123]. Here we follow the notation by Sawano,
Sugano and Tanaka [100, 101, 102], for example. See also [T1]. See [3, 12, 86, 88,
89, 109] for another notation of generalized Morrey spaces, for example. Despite
the difference of the notation, the idea of defining the predual space depends on
[60, 109].

Remark 3.3. Some prefer to call ¢ the weight (see [26] for example), while some
prefer to call || - xwl| pq2 the weighted generalized Morrey norm (see [41] for ezam-

ple).

We can recover the Lebesgue space L(R™) by letting () =t for t > 0 as
we have mentioned. To compare Morrey spaces with generalized Morrey spaces, we
sometimes call Morrey spaces classical Morrey spaces. In addition to the function
o(t) = 7, we consider the following typical functions:

Example 3.4.

e The function ¢ = 1 generates L>°(R™) thanks to the Lebesgue convergence
theorem.

o Let 0 < g < 0o and a € R. Define p(t) = t7 (log(e + t))* for t > 0. We
remark that M$(R™) # {0} if and only if a < 0. In fact, we have

[fllame = sup  (log(e + )| flla(@ea.r))-
zeR™ r>0

Thus, if f is a measurable function such that ||f| s < 0o and if a > 0,
then we have | f|lLo(Q(eryy = 0 for any cube Q(x,r). Thus, f = 0 a.c..
Convesely if a <0, then LY(R") C MZ(R™).

o Let 0 < ¢ < p1 < p2 < oo. Then o(t) = 71 —l—t%, t > 0 can be used to
express the intersection of MF(R™)NMPB2(R™). In general, for 0 < q < oo
and 1,2 : (0,00) — [0,00) satisfying p1(t1) # 0 and p(t2) # 0 for some
t1,t2 > 0 MZH(R") N ME2(R™) = M2 92 (R™) with equivalence of norms.

e Let 0 < g < p1 < p2 <o00. Let p(t) = Xon(0,00)()E71 + X(0,000\0()E72
fort > 0. Then we have M¥(R") = MP(R") N ME2(R™) and for any
f e IR

171tz = max{ F g 1L agge )
e We can consider the norm

1
q

=

1
sw Q) (g [ @)y
zeR™,re(0,1) |Q({E77’)‘ Q(z,r)
for 0 < q < p<oo. In fact, we take o(t) = t%X[o,u (t) fort > 0.
o Likewise we can consider the norm

sp Q)| (1 If(y)lqdy>q

zER™,re(l,00) |Q($,7’)| Q(x,r)

for0 < g <p<oo. In fact, we take ©(t) = t%X[l,oo) (t) fort > 0.
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e Let 0 < g < oo The uniformly locally L9-integrable space L% (R™) is the

uloc
set of all measurable functions f for which
1

sup (/ If(y)lqdy> - sup (/ If(y)lqdy>
z€R™,re(0,1) Q(z,r) zER™ Q(z,1)

is finite. As before, if we let p(t) = t%X(o,u (t) for t > 0, then we ob-
tain LY (R™) = M®(R™). We can define the weak uniformly locally L?-
integrable space wL%  (R™) similarly. For f € L°(R"), the norm is given
by

[ fllwes

uloc

= sup Al x(x00) (If Dl
A>0

uloc

The fifth example deserves a name. We define the small Morrey space as
follows:

Definition 3.5. Let 0 < ¢ < p < co. The small Morrey space mfl’(R") is the set
of all measurable functions f for which the quantity

1
1 q
fllwr= sup  |Q(z,r 1 F)|*dy
|| qu wER",7'€(O,1)| ( )‘ |Q(I,7’)| Q(w,r)‘ ( )|

is finite. The weak small Morrey space wmb(R") is defined similarly. For f €
L°(R™), the norm is given by

=

Hf”wrn';‘lj = Sup)‘“X(A,oo](‘fD”mg
A>0
Example 3.6. [14, Proposition A] Let x € R™ and r > 0. Then

IX@@.n g = supe(t) min(t™ 4,77 %).

In fact, simply observe that

Q(x, R) m@<z,r>|>é
Q(x, R)]

= supp(t) min(t 7, r ),
>0

IXQ(z,r) | pmg = sup (R) (
R>0

The following min(1, ¢)-triangle inequality holds:
Lemma 3.7. Let 0 < g < 00 and ¢ : (0,00) — (0,00) be a function. Then
1+ gllaag ™™D < Fllagg ™D + gl pag ™™
for all f,g € MZ(R™).
Proof. This is similar to classical Morrey spaces: Use the min(1, ¢)-triangle inequal-

ity for the Lebesgue space L1(R™). O

Proposition 3.8. Let 0 < ¢ < oo, and let ¢ : (0,00) — [0,00) be a function
satisfying ¢(to) # 0 for some to > 0. Then M (R") is a quasi-Banach space and
if ¢ > 1, then MZ(R™) is a Banach space.
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Proof. The norm inequality follows from Lemma 3.7. The proof of the completeness
is a routine, which we omit. O

Proposition 3.8 guarantees that the (quasi-)norm of M (R™) is complete.
However, it may happen that M#(R") = {0} as is seen from Example 3.10. We
check that this extraordinary thing never happens if ¢ satisfies a mild condition.

Proposition 3.9. [80, Lemma 2.2(2)] Let 0 < ¢ < oo, and let ¢ : (0,00) —
[0,00) be a function satisfying ©(to) # 0 for some tg > 0. Then the following are
equivalent:
(a) LZ(R™) € MP(R™).
(b) Mg (R") # {0}
(c) supp(t) min(t™ «,1) < co.
>0

Proof. Tt is clear that (a) implies (b).
Assume (b). Then there exists f € M¥(R")\ {0}. We may assume that
f(0) # 0 and that = = 0 is the Lebesgue point of |f|?. Then since f € L{ (R™), by
the Lebesgue differential theorem,
1

Q)| Jow

for all 0 < r < 1. Here the implicit constants depend on f. Thus,

[f ()| dy ~1

1

sup () ~ sup (t) (@ /Q . f(y)lqdy> < [ fllaeg < 0.

0<t<1 0<t<1

Here the implicit constants depend on f again. Meanwhile

Q=

n 1
supt™ a(t) < sup p(t) |f ()] dy
t>1 t>1 |Q((t + 17 07 07 v 7O)a t)| Q((t+1,0,0,...,0),t)

< llaag < o0
Thus we conclude (c).
Finally, if (c) holds, then xq(,,1) € M#(R") for any x € R". Since M#(R") is
a linear space, Xq(z,m) € Mg (R") for any z € R™. Since any function g € Lg°(R")

admits the estimate of the form |g| < Nx(z,m) for some m, N € N, we conclude
(a). O

Here we consider the case where M¢(R") is close to ML(R") in a certain
sense.
Example 3.10. Let 0 < g < p < 0o and B = (31, 32) € RZ. We write
53(7«) — g(ﬁl,ﬂz)(r) = (1+ |1()gr|)61 (0<r<1),
(1+|logr])?> (1 <r < o).

S@t —B = (—517 —62).
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o We set o(t) = ta0~B(t),t > 0. Note that ME(R™) # {0} if and only if Ba >
0. Indeed, according to Proposition 3.9 the case B2 < 0 must be excluded in
order that M (R™) # {0}. Convesely if B2 > 0, then LF(R") C MZ(R").

o Let 0 < g < p < co. We set o(t) = tv07B(t),t > 0. Then LZ(R") C
ME(R™).

o We set p(t) =£7B(t),t > 0. Fora € R, we set f(z) = (1+|z|)7%, z € R™.
Let us see that M7 (R™) is close to L*>°(R") if 81 > 0.

— By the Lebesgue differentiation theorem, || f|lco < 0 if 1 < 0, so that
[ =0 a.e.. So, if B1 <0, then M$(R") = {0}.

— Let B1 > 0> By. Then f € MZ(R") if and only if a < 0.

— Let 81,82 > 0. Then f € MZ(R") if and only if a < 0.

We have the following scaling law:
Lemma 3.11. [80, Lemma 2.5] Let 0 < 1,q < o0 and<p : (0,00) = (0,00) be a

function. Then f € ME(R") if and only if | f|" € M‘P (R”) Furthemore in this
case (1117 pper = 17 e

Proof. We content ourselves with showing the equality ||| f|"|| e = [ fllage ™. We

calculate

@(r)" Hf”Lq(Q)
I pgen = sup  ——————— = fllm
Marm Q=Q(ar) Qs

by using |[/]7]|s = 1 £ll,". O
The nesting property holds like classical Morrey spaces.

Lemma 3.12. Let 0 < ¢1 < g2 < 00 and ¢ : (0,00) — (0,00) be a function. Then

M (R™) € Mg (R™).

Proof. The proof of Lemma 3.12 hinges on the Hélder inequality. Let f € LO(R™).
We write out the norms fully:

1

a1
» = su ) d 17
s, = s olr (leM/m y) y) a7)

1

a0
» = sup )| d 18
e, = _sp <|er|/“> ) y> (18)

By the Holder inequality (for probability measures), we have

1

1 a1 1 a0
BT W™ dy | < |5 fledy | - (19)
<|B(£E77“) B(z,r) |B(.’I},7")| B(z,r)
Thus inserting inequality (19) into (17) and (18), we obtain M, (R") C M, (R")D
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3.2. The class G,. It will turn out demanding to consider all possible functions
. We will single out good functions. We answer the question of what functions
are good.

Definition 3.13. An increasing function ¢ : (0,00) — (0,00) is said to belong to
the class Gy if t 1 (t) > s i @(s) for all 0 <t < s < co.

Remark that G, C Gy, if 0 < g2 < ¢1 < 0.
Here we list a series of the functions in G,.

Example 3.14. Let 0 < g < oc.

o Letu € R, and let p(t) =t* fort > 0. Then ¢ belongs to G if and only if
0<u< %.

U

Let O <z L 1 and let o(t) = ———
e LetO0<u< g, L>1 andlet o(t) Tog(L 1)

to Gg.
o If o1,p2 € Gy, then p1 + @2, max(p1, @2), min(p1, @2) € Gq.

o Let0<u<k 1, and let p(t) = fort>0. Then ¢ ¢ G, because ¢

fort > 0. Then ¢ belongs

log(e +t)
18 not increasing.

We start with a simple observation that any function in G, enjoys the doubling
property:
Proposition 3.15. If ¢ € G, with 0 < q < oo, then p(r) < ©(2r) < 25¢(r) for
all r > 0.

Proof. The left inequality is a consequence of the fact that ¢ is increasing, while
the right inequality follows from the fact that ¢ — ¢~ 4 (t) is decreasing. (I

The next proposition justifies that we can naturally use the class G,.

Proposition 3.16. [74, p. 446] Let 0 < q < oo be fixzed. Then for any function

@ : (0,00) = [0,00) satisfying 0 < sup p(t) min(t~4,1) < co, there exists a function
>0

¢* 1 (0,00) = (0,00) € Gg such that ME(R") = qu(R”) with equivalence of

norms.

Proof. Let f be a measurable function.
We claim that

1 1
o [u@ra e e )
@l Jq ee:@cu=r Q' Jor
for any cube @ € Q and any positive number ¢’ < £(Q). In fact, let
(Q)
N = {1+t, € [1,00).
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n
We write Q = H[aj, a; + £(Q)], so that (a1, as,...,ay) is the “bottom” corner of
j=1

Q. Define

for m; € {1,2,...,N} and
n
Qm = H [aj + (mj — 1)t = 0, a5 4+ mjt’ — 6y, |
j=1

for m = (my,ma,...,my,) €{1,2,...,N}". Then

1< Y. xeu <2
me{l1,2,...,N}™

almost everywhere. As a consequence,

1 1
— z)|?dx E — x)|? dw

me{1,2,...,N}»

< Y 21 e

me{1,2,...,N}» |Q| ‘Qm| Qm

Since

it follows that

1
Qml Jq,,

1
— Tdy <27 1 dz.
g e s e fo)l" do

Thus, (20) follows.
If we let

1(t') = inf o(t)

t>t
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then it is easy to see that ¢1(t) < ¢(t) for all t > 0 and hence [|f|[ 21 < [[fll -
Furthermore,

sw (@) (g / |f<o:>qdas)é

,
<2 Qe%t’E(O éf(Q)] QeQ: Q'Scuge(g) t’(p(g(Q)) <|C§’ / |f(x)|‘1dx)q
=2 csgle%te&nef(@n@/eg o=t <|Q|/ (e |qu>
i P L L <IQ/I /Q 7t |qu>

1 v
=24 sup inf up 1 0Q' (/ flz qu)
QEQtG(Of(Q)]QleQ 2(Q")=t' (@) Q| Q/l (2)]

< 23| fll g

Thus it follows that

23

[fllaggr < Fllavag < 29 1 [ g -
Next, if we let

n

p*(t) = ta sup o1 (')t~ 7= =supyi(st)s”« (t>0),
>t s>1

then ||| ;g1 = [If]] yq¢* - In fact, since ¢y is increasing, ¢* is increasing. From the
q

definition of ¢*, ¢*(t) = ¢1(t) for all t > 0 and thus |||\ < Hf”/vtf*' On the

other hand, for any r > 0 and € > 0, we can find 7' > r such that

©*(r) < (L+e)rap ()4
Thus for any cube Q(z,r),

@™ (r) <Q(x,r)| Q(Iyr)lf(y)l dy)
< (1 1 )|%d “
= Heat) <|er/m v y)
< (1+)n(r) <|cm o |qdy>

< (L)l

Taking the supremum over z and r, we have ||| ;o+ < (1+€)|[f[ pge1. Since e >0
q
is arbitrary, we conclude Hf”Mf < | fllpaer - O

1
q

In view of Proposition 3.16, it follows that we can always suppose that ¢ € G,,.
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Remark 3.17. Some authors suppose that there exists § > 0 such that
pr) <61 (0<r<1) (21)

and that
rap(r) >0 (1<r<oo). (22)

As the next proposition shows, G, is a good class in addition to the nice
property that it naturally arises in generalized Morrey spaces.

Proposition 3.18. Let ¢ € G, with 0 < g < co. Then we can find a continuous
function ¢* € G, such that ¢* is strictly increasing and that ¢ ~ ¢*.

Proof. We look for ¢* in a couple of steps.

e Consider

2t 2
n ds ds
OtEtE/ ST:/ tST t>0).
®o(t) t s@()sq+1 1 o )Sq+1 (t>0)
Since ¢ is increasing, the function ¢q is increasing. Also, by the fact that
 is doubling, we see that ¢y and ¢ are equivalent. Thus, we may assume
that ¢ is continuous.
o We define

1—et

1—e1

ywmm@w>u>m

Since we can check that ¢t € (0,1] + ¢~ a3)(t) and t € [1,00) > t~ a9)(t)
is both decreasing, t € (0,00) ~— ¢t~ ¢(t) is decreasing. Likewise we can
check that % is increasing. Thus, ¢ € G,. Since 9 + ¢ =~ ¢, we can assume
that ¢ is strictly increasing in (1, 00) and that ¢ is continuous.

e Finally, we consider

wwzmeW@+(

0 k
=322 (o)

9kN
k=0

n
where N = — + 1. Then it is easy to check that ¢* is equivalent to ¢
q

since each term is dominated by 27 F¢. Likewise since ¢ € Gg, ¢ € Gg.
Finally since ¢ is strictly increasing in (1, 00), the function ¢(2%t) is strictly
increasing on (2%, co) for any k € N. Since k € N is arbitrary, ¢* is strictly
increasing.

d
Thus, we are led to the following definition:

Definition 3.19. The class W stands for the set of all continuous functions ¢ :
(0,00) = (0,00). That is, W = C((0,00), (0,00)).

We apply what we have obtained to small Morrey spaces.



226 Y. SAWANO

Example 3.20. Let 0 < g < co. Let us see how we modify 1 in M}ZZ’(R") to obtain
the equivalent space M (R™) with p € G,.

o Let p(t) = max(tr,1) and (t) = try 01](t) for t > 0. Then with the
equivalence of norms m2(R™) = MY (R™) = MZ(R™).

o Let o(t) = max(t*,1) with a > ¢ and (1) = t%X(o,u(t) fort > 0. Then
with the equivalence of norms LY (R") = MY (R™) = M#(R").

Note that ¢ € Gg N W but that ¢ € G, \ W in both cases.

So far we have shown that we may assume that ¢ € G,. As a result, we
may assume that ¢ is doubling. This observation makes the definition of the norm
[| - [l pg more flexible.

Remark 3.21. In (15), cubes can be replaced with balls; an equivalent norms will
be obtained. Precisely use the norm given by

1
.= sup I
11 g o w>0¢( <|B (z,7) I/ zr) 2 y)

to go through the same argument given for the norm defined by means of cubes.

Related to this definition, we give some definitions related to the class G,.
Although we show that it is sufficient to limit ourselves to G,, we still feel that
this class is too narrow as the function of p(t) = tlog(e + t~!) shows. So, it is
convenient to relax the condition on . The following definition will serve to this
purpose.

Definition 3.22. Let ¢ > 0.

o A function ¢ : (0,€] — (0,00) is said to be almost decreasing if ¢(s) < @(t)
forall0 <t <s</.

o A function ¢ : (0,€] — (0,00) is said to be almost increasing if ¢(s) 2 ¢(t)
forall0 <t <s</.

o A function ¢ : (0,00) — (0, 00) is said to be almost decreasing if p(s) S @(t)
for all0 <t < s < oo.

e A function ¢ : (0,00) — (0,00) is said to be almost increasing if p(s) 2 p(t)
for all0 <t < s < oo.

The implicit constants in these inequality are called the almost decreasing/increasing
constants.

Example 3.23.

e Let a,b be real parameters with b # 0. Let ¢, ,(t) = t*(log(e + t))° for
t > 0. Then g is almost increasing for any a > 0. If a < 0, then g is
almost decreasing.

e The function o(t) = t+sin2t, t > 0 is almost increasing but not increasing.

o The function ¢(t) = 1+e'(1—cost), t > 0 is not almost increasing because
©(2mrm) =1 and (2mrm + 1) = 1 + 2e>™™*™ for all m € N.
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e Let 0 < p,qg< oo and Bq,P2 € R. We write

Pr) = (1+]logr))r (0<r<1),
Tl (1 +logr))P (1 <7< o0).

We set
p(t) =t7e7P(t) (¢ >0)

as we did in Example 3.10. We observe that ¢ is almost increasing for all
p >0 and By, P2 € R. We also note that t +— @(t)t_% is almost decreasing
if and only if p=q and f1 <0 < By orp > q. Note that ¢ is an equivalent
to a function i € G, if and only if either p =q, 1 <0 < By orp > q since
we can neglect the effect of ”log”.

e Let E C (0,00) be a non-Lebegsque measurable set. Then ¢ = 1+ xg is
almost increasing and almost decreasing. Note that ¢ is not measurable.

o A simple but still standard example is as follows: Let m € N and define

(t>0),

where L, (t) is given inductively by:
lh(t)=t, Int)=1og(3+1ln-1(t)) (m=1,2,...)
fort>0. The for all0 < g<oo andmeN, ¢ € G,.

As the following lemma shows, we can always replace an almost increasing
function with an increasing function.

Lemma 3.24. If a function ¢ : (0,00) = (0,00) is almost increasing with the
almost increasing constant Cy > 0, then there exists an increasing function i :
(0,00) = (0,00) such that o(t) < P(t) < Cop(t) for all t > 0.

Proof. Simply set ¥(t) = supg.s<; ¢(s),t > 0. O

Having set down the condition of ¢, we move on to the norm estimate of the
function. The lemma below gives an estimate for the norm of xp(g) in Mg (R").

Lemma 3.25. [60, Lemma 4.1] Let 0 < ¢ < oo and ¢ € Gy. Then [|xq(a,r)llrmg =
©(R) for all R > 0.

Proof. One method is to reexamine Example 3.6. Here we give a direct proof. It is
easy to see that |[Xq(z,r)llmg = ¢(R). To prove the opposite inequality we consider

() —| H
P IXQ(y,m)NQ(z,R) llq
Q.

for any cube Q = Q(y,r). When R < r, then

(T)HXQ(y’T)ﬁQ(wiR)Hq <
1Q(y,7)|s

IXQe,mla
- < (R = ¢(R).
1Qy, )|« " .

Qy, R)|
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since ¢ € G;. When R > r, then

||X r T R || ”X r) H
() Q(y,r)NQ( q () Qly, lq: (T)S(,D(R)
1Q(y, )|+ |Q(y, )|
again by virtue of the fact that ¢ € G,,. O

A direct consequence of the above quantitative information is:

Corollary 3.26. [80, Corollary 2.3] Let 0 < ¢ < o0 and ¢ : (0,00) — (0,00) be a
function in the class Gq. If No > n/q, then (1+]-[)~No € MZ(R™).

Proof. Since ¢ € G,, we have @(t)t™ s < ¢(1) for all t > 1. we have

N —  lIxeullme - ¢(4)
AT D™l Zmax 1,5 — 1)No S,Zlmax(l,jfl)NO <0
=

Here for the second inequality we invoked Lemma 3.25. O

Now we consider the role of ¢. We did not tolerate the case where p = oo
when we define M?(R™). If we define Mg°(R™) similar to M¥?(R"™), then we have
MF(R™) = L>*(R") by the Lebesgue differentiation theorem. The next theorem
concerns a situation close to this.

Theorem 3.27. [75, Proposition 3.3] Let 0 < ¢ < oo and ¢ € G,. Then, the
following are equivalent:

e mf () >0,

o MZ(R") C L>®(R™).

o= inf (1)
If these conditions are satisfied, then ME(R") = L>=(R") N ./\/lq O (R™) with
equivalence of norms.

Proof. 1f %gg ©(t) > 0, then by the Lebesgue differentiation theorem we get

()] = [f(y)|* dy

lim ———
40 |B(J} T)| B(:r r)
1

d
*mfgp() r¢0|Ba:r| wr) W)l dy
< (halrvr
gggw()

for all f € M#(R") and all Lebesgue points x of |f|?. Therefore, f € L.

Assume that MZ(R") C L>*(R"). Then by the closed graph theorem,
[fllc S Nfllamg for all f € ME(R™). If we choose f = Xp(a,r), then we have
1 < (r). This shows that t11>1£ @(t) > 0.
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Finally, by taking ¢ = t1r>1£ @(t) and @3 = ¢ — @1, we obtain M¥(R") =

@—inf p(t
L®R") N My, " (R") with equivalence of norms from the general formula
MgHe2(R") = M2 (R™) N M$2(R™) with equivalence of norms. O

We also investigate the reverse inclusion to Theorem 3.27.

Theorem 3.28. [75, Proposition 3.3] Let 0 < ¢ < oo and ¢ € G,. Then, the
following are equivalent:
o supp(t) < oo,
>0
o MZ(R") D L>®(R").

Proof. If sup p(t) < oo, then by letting ¥(t) = sup,~q ¢(s),t > 0 we have L>(R") =
>0
MY (R™) with equivalence of norms. Since ¢ < ¢, we have M¥(R™) C M$(R").
Thus L>*(R") C M#(R").
Conversely, if L>(R™) C M (R"), then by the closed graph theorem the

embedding norm is finite and hence (1) = [[xon)llme S [IXQ@)llLe =1 for all
r > 0. Then sup ¢ < oco. ]

By combining these two theorems, we obtain the following result.

Corollary 3.29. [75, Proposition 3.3] Let 0 < ¢ < oo and ¢ € G,. Then, the
following are equivalent:

e logp € L™(0,00), i.e., 0 < inf ¢(t) < sup p(t) < oo,

t>0 t>0

o L2(R™) = MZ(R").

So, if logy grows or decays slowly we can say that MqW(R”) is close to
L>(R™).

The next example shows that when the support of the functions are torn
apart, the norm does not increase even in the case of generalized Morrey spaces.

Example 3.30. Let 0 < g < oo and ¢ € G,. Suppose that we have a collection of
cubes {Q;}32, = {Q(aj,7;)}52, such that {3Q;}32, = {Q(ay;,3r;)}32, is disjoint
and is contained in QQ = Q(ao,m0). Let {f;}32, be a collection of functions in
ME(R™) satisfying

Ifillg < (o) trja,  supp(f;) C Qj, (23)
1fillme <1 (24)

for each j € N. Then f = ij € M7 (R™). Since f is supported in Q, we have
j=1

only to consider cubes contained in 3Q; if a cube Q' intersects both Q and R™\ 3Q,

then its triple 3Q" engulfs Q and the radius of Q) is smaller than that of Q'. Thus
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we have
1
g S s o) (o Py )
M? ~Y A7 N .
z€R™,r>0, Q(z,r)C3Q |Q(Z‘,’I")| Q(z,r)
We fiz a cube Q(x,r) and estimate

1 q z
o(r) <|Q<m>| L. e dy> .

Ji={jeN: Qx,r)NQ(aj,r;) #0,7; <},
Jo={jeN: Qx,r)NQ(aj,r;) #0,r; >r}.

Accordingly we set

We let

q

Li=elr) |Q(x,r>|/g<m,r> 2 1) dy

JjEJ;
fori=1,2.
As for In, we use (23) and the fact that {Q(a;,r;)}52, is disjoint:
1 ! 1 ;
I <or) | — w(ro) " 4r;" < | ri" ] <1
O @ 2 20 Qe 2
JEJ JEJ

As for Iy, we have only to consider only one summand, since Q(a;,3r;)
engulfs Q(x,r) if j € Ha: we can deduce Iy < 1 using (24).

As an application of Example 3.30, we present another example. Denote by [t]
the integer part of ¢ € R. For positive sequences {4}, and {By}32, “Ay ~ By
as k — oo” means that {log(Ax/Bx)}%2, is a bounded sequence.

Example 3.31. [75, Lemma 4.1] Let ¢ € G, with 0 < ¢ < co. We fix a € R™. Let
{sk}%2, C (0,1] be a sequence which decreases to 0.
Keeping in mind

inf ()7 = (), g e(t)7" = p(1)70n,

0<t<1 0<t<1
we let
O = [1+ ()™, (~ (1) ™51
my = [1+o(s) ™" (~ @(sk) ™).
Then
Cpsemy ~ o(si)™ sk “spo(se) " =1, s 10 (25)

as k — oco. Hence

o((Uemp) ™) " 0mp ™" ~ o(sk) T8k ~ 1 (26)
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as k — 0.
Devide equally a + [0,1]™ into €™ cubes to have a non-overlapping collection

{bx,; + [0»gkfl]n}j:m,...,ekn.
Furthermore, we devide [0, £, ~1]" equally into my™ cubes to obtain a collection
{er,; + [Oamkfl]n}j:u ..... mm

of cubes. Then

n

my
br,; + [0,&@_1}” = U (br,; + er,i + [0, (fkmk)_l]n).
i=1
If we set
1
k,ij,a = Wka,j+ek,1:+[0,(ékmk)*1]“'
and
&L Xb e it 0, e 1] e
fria= fui= Bd kTl or TR = Gk,i j,a- 27
g (o)) Z j (27)

Then, each fi;.q s supported in a + [0,1]" and each Ik.,i,j,a 18 supported in by ; +
[0, 0,71, We will show that {fkia}acrn ken,i=12,. . my» forms a bounded set
in MZ(R™). This is achieved by verifying the assumption of Evample 3.30. Let
Fy, Fy,..., F3n be a partition of {1,2,...,€,™} such that

{bry + [0 1207 Y epyn

is not overlapping for each I’ = 1,2,...,3™. To check this we need to verify (23)
and (24).
From Lemma 3.25, we have (23). Meanwhile,

_n n
q q

9k,i..alla = P ((Cemp) ™) (Lemy) " ~ £~

Thus for each ' =1,2,...,3"

1

e ) 2 vt

J€F, a€R™ keN,;i=1,2,....mp"

.....

From these examples, we obtain the following conclusion:

Corollary 3.32. [75, Corollary 4.11] Let 0 < ¢1,q2 < oo, and let ¢1 € Gy, and
w2 € Gy,. Assume in addition that tlg(f) p1(t) = 0. Then Mg (R") C Mg2 (R™) 4f
and only if q1 > q2 and p1 = 2. Furthemore, if g1 < qo, there exists a compactly
supported function f € M$2(R™)\ MZH(R™). In particular, for 0 < q1 < p; < 00
and 0 < g2 < py < oo, MEH(R") C ME2(R™) if and only if g1 > g2 and p1 = p.
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Proof. The “if” part is trivial thanks to Lemma 3.12. Let us concentrate on the
“only if” part.
Assume ¢; < g2. We employ Example 3.31 with ¢ = ¢; and ¢ = ¢1. Then

1 n

n —Nn\ go -
D Xbwytenit0.0eme)-1n ||~ (6" (Gemg) ") = my
JEF, oo

As a result,

1 1

—— Xbi,j+ew,i +[0,(£rmi)=1]" ~ a5
@((ﬁkmk) 1) j;:l/ k,j T€k kM » w((gkmk)—l)mqu

= mk%_q% — 00,
since infyq 1 (t) = 0. Thus, M (R™) contains a function which does not belong
to L2 (R™). Consequently, if MEHR™) C ME2(R™), then q1 > go. Finally, we

must have 1 2 2 from Lemma 3.25 if M7 (R") C MZ2(R"). O
When %g(f) ©1(t) > 0, the situation is different.

Example 3.33. When @1 is constant, we use Theorem 3.28 to have the following
characterization. Let 0 < q1,q2 < 00, and let o1 =1 € Gy, and p2 € Gg,. Then

L>(R") = MZH(R™) C MZ2(R™) if and only if sup pa(t) < co.
>0

For the later purpose we use the following characterization of ./\*/lf(R”), which
is defined to be the closure of M¢(R") N LY(R™) in M¢(R™).

Lemma 3.34. For 0 < q < p < oo, we have

*

MR = {f € MZR™): Tim [[xen\nom fllag =0} (28)
Proof. Assume that f € MP(R™) satisfies

1. n - 0
Jim{xen R fllag

Then f = B}im xB(r)f in MZ(R™). Conversely, if f € /\*/lg(R”) and € > 0, then
—0o0
we can find g € MZ(R™) N LY(R") such that |[f — gllyp < e By the triangle
inequality
Ixre\B(R) M2 S IXR\BR)IME + If — gllage-
Let R > 0 be large enough as to have supp(g) C B(R). Then the above inequality
reads as:

Ixee\B(R) fllMmg < If —gllmg(<e),
as required. O

We also have the following characterization of the space m;(R”), the closure
of L>(R™) N MZ(R™) in M (R"):
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Lemma 3.35. Let 0 < g < 0o and ¢ € Gg. If f € MZ(R"), then
Jim (x> my fllag = 0. (29)

Proof. Let &€ > 0 be fixed. Since f € M$(R"), we can choose g € L>(R") N
MZ(R™) so that [|g — fl|sme <e. Let R > |glloc We estimate

Ixgrs2ry fllve S = gllame + Ixqs>2r 9l me
If |g < R and |f| > 2R, then |g| < R < |f — g|. Thus

Ixqr1>2ry fllag S 20F = gllae + Ixqig>ry 9l g < 26
As a result (29) holds. O

The generalized tilde subspace Mﬁ(R") is defined to be the completion of
Le(R™) N MZ(R™) in M7 (R™).
Proposition 3.36. Let 0 < ¢ < oo and ¢ € G,. Then Mf(R”) = Mz(R") N
ME(R™).

Proof. Tt is easy to show that M?(R”) C Mg(R™)NMZ(R™). Let f € MZ(R™)N
/\*/lf(]R”). By Lemmas 3.34 and 3.35, we see that
= li .
f= lim Xpmngs>ryf
Thus f € Mg (R™). O

Although we can define many other closed subspaces as we did for Morrey
spaces, we content ourselves with these three definitions, which we actually use.

Remark 3.37. Here the space Mv(f(R”) is introduced. See [3, 12, 66, 88, 89] for a
different class of closed subspaces.

4. BOUNDEDNESS PROPERTIES OF THE OPERATORS IN GENERALIZED MORREY
SPACES

Having set down the boundedness properties of generalized Morrey spaces,
we are now interested in the boundedness properties of the operators.

4.1. Maximal operator in generalized Morrey spaces and the class Z.
After we generalize the parameter p in the space Mg(R"), we realize that the
boundedness of the maximal operator is obtained due to the condition on g € (1, 00).

Theorem 4.1. [73, Theorem 1], [75, Corollary 5.6], [91, Theorem 2.3] Let 1 < ¢ <
oo and ¢ € G,. Then

M fll g < 111 aag
for all measurable functions f.
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We observe that we did not requere anything other than ¢ € G, as an evidence
of the fact that the parametre ¢ play a central role for the boundedness of the
Hardy-Littlewood maximal operator. Theorem 4.1 extends the result in [10] from
Morrey spaces to generalized Morrey spaces.

Proof. Once we assume ¢ € G, the proof of this theorem will be an adaptation of
the classical case. Fix a cube Q(z,r). We need to prove

1

q

1
o) go [ MW ) S
<|Q(Z‘,T)| Q(z,r) M
We let f1 = XQ(a,5r)f and f2 = f — f1. We need to prove

1 i

_— M 9d < ® 30

w(r)<|Q(x7r)| L MAW) y> < I llacs (30)
and )
1 q

_— M 9d < e, 31

@<T><|Q(x,r>| [ MAW y> < 1l (31)

The proof of (30) follows from the boundedness of the Hardy-Littlewood maximal
operator and the fact that ¢(5r) ~ ¢(r) for any r» > 0. As for (31), we use

1

Mol S sw o [ 1fG)lds e Q)
R:QCReQ |R‘ R

with @ = Q(z, 7). Then by virtue of the fact that ¢ is increasing, we obtain

1

o(r) <Q(;)| . Mfz(y)qdy> Seyx s o [ G
S sw o) x o [ If()]ds
R:QCReQ IR Jr
Sl
< 1fllag
where for the last inequality, we used the nesting property of M?(R"),1 < ¢ <
Q. (I

As we have seen, any function ¢ : (0,00) — (0,00) will do. So we have the
following boundedness for small Morrey spaces.

Example 4.2. Let 1 < ¢ < p < oo. Then M is bounded on mF(R™) and hence
Ll (R™). In fact, M is bounded on ME(R™) ~ mb(R") thanks to Theorem 4.1,

uloc

where @(t) = max(t#,1), t > 0.
Similar to Theorem 4.1, we can prove the following theorem:

Theorem 4.3. [73, Theorem 1], [75, Corollary 6.2] Let 1 < g < oo and ¢ € G,.
Then [[M fllwme S I fllamg for all measurable functions f.



A Thought on Generalized Morrey Spaces 235

Once again any function G, will do as long as ¢ € G,. Theorem 4.3 extends
the result in [10] from Morrey spaces to generalized Morrey spaces.

Proof. Simply resort to the weak-(1, 1) boundedness of M and modify the proof of
Theorem 4.1. [l

We move on to the vector-valued inequality. We use the following estimate:

Lemma 4.4. For all measurable functions f and cubes QQ, we have

Mxemsofly) S sup mr([f]) (y<€@) (32)
QCReQ

Proof. We write out M [xrn\5¢.f](y) in full:

Xr(Y)
|R|

M[X]R"\SQf] (y) = sup
ReQ

where R runs over all cubes. In order that xr(y)| f|lz1(r\5¢) be nonzero, we need
to have y € R and R\ 5Q # 0. Thus, R meets both Q and R*\5Q. f R€ Q is a
cube that meets both @ and R™ \ 5Q), then £(R) > 24(Q) and 2R D Q. Thus, (32)
follows. O

Unlike the usual maximal inequality, we need the integral condition (33).

Theorem 4.5. Let 1 < g < o0, 1<u<ooand g € G,. Assume in addition that

©  ds 1
/r o o 70 (33)

Then for all {f;}32, C M#(R"),

> Mg S : (34)
j=1

j=1
MG MG

Proof. When u = 0o, the result is clear from Theorem 4.1. The proof is essentially
the same as the classical case except that we truly use (33). The proof of the
estimate of the inner term remains unchanged except in that we need to generalize
the parameter p to the function ¢. Let f;1 = xs50f; and fj2 = f; — fj1. We can
handle f;1’s in a standard manner as before. Going through a similar argument to
the classical case and using Lemma 4.4, we will have

1
q

e /QZMf% )y s [ (e e

k=1 j=1
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If we use the definition of the Morrey norm, we obtain
o~ »(UQ) S
Mfja(y dy o < fil"
e, Z % 2oy || &

Since ¢ € Gg, we obtain

S _ell@) < /°° Q)

—o(2M(Q) ~ Juq) )t
If we use (33) and ¢ € G,, then we have
Q)

< 1.
2 2FQ)) ~

Inserting this estimate into (35), we obtain the counterpart to the classical case. O

Since (33) is an important condition, we are interested in its characterization.
In fact, we have the following useful one.

Theorem 4.6. Assume that ¢ : (0,00) — (0,00) is an almost increasing function.
Then the following are equivalent:
e  satisfies (33).
e There exists mg € N such that
p(270r) > 2¢(r) (36)
for all v > 0.

Proof. Assume that (33) holds. Let mj, be a positive integer such that ¢(270~1r) <
2¢(r) for all r > 0. Thus since ¢ is almost increasing,

log m}) S/2 0T ds < L
2000 =) P N o)

Since ¢(r) > 0, we have an upper bound M for m(. Thus if we set mg = M + 1,
we obtain the desired number mg.

If (33) holds, then

9m0d g 9mod,
! ds 1

omo(i—1)p P 2mo(G=1)p 2J90( ) 90(74)

J:1

as required. O

As we have mentioned, we need (33) for the vector-valued maximal inequality.
We give an example showing that (33) is absolutely necessary: By no means (33)
is artificial as the following proposition shows:
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Proposition 4.7. Let 1 < ¢ < oo, 1 <u < oo and ¢ € G,;. Assume in addition
that

w u
oo

> Mt S : (37)
j=1

Jj=1
wME Mg

holds for all sequences of measurable functions {f;}52,. Then (33) holds.
We exclude the case where u = oo, where (37) still holds without (33).

Proof. Assume to the contrary; for all m € NN [2,00), there would exist r,, > 0
such that ¢(2™r,,) < 2¢(ry,) for r = r,,. Fix m € N for the time being. Let us
consider f; = xp1,;1(M)XB(23r)\B(2i~1r,,) for j € N. Observe

1

oo “ m “
Sl =11 D xB@rmnBE-1r)
j=1 j=1
MG MG
As a result,

1
oo u
>l < IxBEmrm g < @27 1m) S (rm).
=1 i

Let € B(ry,). For j > m, we have M f;(x) = 0. Meanwhile for 1 < j < m, we
have

1
fi@) = |B(x,29%1r,)]| B(m,2j+17~m)f](y) Y
1
1B(r 9j+1s V| ir i1 d
2 B 0] S, BB W) @
2" —1 1
= >
47L - 4”
Consequently,

1
w

iij" > o(rm) > <41n)u ~ o(rm) M.

wME =t
q
By our assumption, we have
1
o o
1
o(rm)me ZMfJu S Z|f]|u S o(rm),
j=1 j=1

or equivalently
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where D does not depend on m. This contradicts to the fact that m € NN [2;00)
is arbitrary. O

Example 4.8. Let 1 < g <p<oo. Then

1
u

> Mt S 11 ({fi}j21 € mh(R™))
=1 ) j=1 )
fails. In particular,
1 1
> M Sl ({1321 C Lo (R™))
Jj=1 j=1
WL, Lioe

fails. In fact, let p(t) = max(t7,1) fort > 0 as before. Then ¢ fails (33) because
 dr 1
~ log —.
/u o(r) u

Proposition 4.7 led us to the conclusion that (33) is fundamental. The fol-
lowing proposition will be fundamental in the study of the boundedness of the
operators in generalized Morrey spaces.

Theorem 4.9. [73, Lemma 2| If a nonnegative locally integrable function v and a
positive constant D > 0 satisfy

/‘w )L < DY) (r>0)

then

/ P(t) - _1 DE / P(t) t‘ldtgliDD “p(r)rs (r>0) (38)
for all0 <e < D71
Proof. Let
r) = /OO P tdt (e > 0).
ForO<r <R

R R
/ wwf%:%—wwﬂﬁ+lfwma4§<@<w+wD/ v

Therefore

B dt 1 . D .
| wor F < =g < g,

It remains to let R — oo. O

We change variables to have the following variant:
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Theorem 4.10. [73, Lemma 2] Let ¢ : (0,00) — (0,00) be a measurable function
satisfying

[ e <put) >0

for some D > 0 independent of r > 0. If 0 < e < D!, then

T 1 (" .dt D _.
/Oi/J(t)ﬁSﬁ?“ /Ow(t)7§1—Der ¥(r).

Proof. Set

Thus,

e dt 1 e dt D
< S — < 1>
|t < =t [ 0% < t=prte) (>0)

according to Theorem 4.9. If we express this inequality in terms of 1, we obtain
the desired result. O

In the next proposition, we further characterize and apply our key assumption
(33).
Proposition 4.11. [80, Proposition 2.7] Let ¢ be a nonnegative locally integrable
function such that o(s) < @(r) for all r;s > 0 with % < g < 2. There exists a
constant € > 0 such that . .
S5 S 62 (39)

holds if and only if holds (33), or equivalently, ¢ satisfies (38) for some ¢ > 0. If
one of these conditions is satisfied, then

< ds 1
hS r > 0) 40)
| oS ¢ (
for all 0 < u < oo, where the implicit constant depends only on u.

Proof. The implication (33) = (38) follows from Proposition 4.9.
Assume (38). Then we have

e 2t €
t < / : dv < r
()™ v Ee(v) Te(r)
thanks to the doubling property of ¢, proving (39).
If we assume (39), then we have

/OO ds _/oos6 ds</°°r€ ds 1
rop(s)s S wls) st Y L o(r) st ep(r)’
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which implies (33). Note that (39) also implies (40) because ¢* satisfies (39) as
well. O

Let 0 < u < oo be fixed. Inequality (40) is necessary for (33); simply apply
Proposition 4.11 to ¢*™.

Example 4.12. Let ¢ € G, satisfy (40). Then we have

o0 1 7/.5
/ s B3 o >0

Hence

©(s)
whenever 0 < r < s < o0o. As a result,

Let ¢(t) = max(t%,l) for t > 0 as before. Then ¢ clearly fails to satisfy this
condition.

We generalize condition (33) as follows:

Definition 4.13. Let v € R.

o The (upper) Zygmund class Z7 is defined to be the set of all measurable
functions ¢ : (0,00) — (0,00) for which liilol o(r) =0 and

| e taseme oo,
0
o The (lower) Zygmund class Z. is defined to be the set of all measurable

functions ¢ : (0,00) — (0,00) for which liﬁ)l o(r) =0 and

/OO oMt dt S p(r)r™ (r>0).

Note that (33) reads as % € Zy.

Example 4.14. Let p(t) = t* with 1 < p < 0o, and let v € R.
e 07" if and only if p > .
o 0 €Zy if and only if p < 7.
e 1 ¢ 77 if and only if v < 0.

We present an example of the functions in ./\/lf(R"). Let 0 < n < co. We
define the powered Hardy-Littlewood mazimal operator M by

) f(p) = 1 ! n
MY f(@) = s <|B(x,R)| B(x,R) f(y)|’7dy> (= € RY).
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Example 4.15. [80, Proposition 2.11] Let 0 < ¢ < o0 and ¢ € G,. Define

oo

_ X[2--1,2-d]» _ X[o,2-9]~
f= —_— Y, g§=Ssup———.
2 p(279) jez ¢(277)

j=—0o0

We claim that the following are equivalent;

(a) f e MZR"),

(b) g € MZ(R"),

(¢) é €Za.
Let 0 < u < q. Note that f < g < 2"M™W f, where M denotes the powered
Hardy-Littlewood mazimal operator. Observe that M) is bounded on ME(R™).
Thus (a) and (b) are equivalent. Since f is expressed as f = fo(|| - |c), that is,

there exists a function fo : [0,00) = R such that f(z) = fo(||z|leo) for all x € R™,
where || - ||oo denotes the £°-norm, it follows that (a) and (¢) are equivalent.

Example 4.16. [80, Proposition 2.11] Let 0 < ¢ < oo, and let ¢ € G,. Define a
decreasing function ot by:

ol (t)=p(t)t (41)
= X[o2]n =1 1
fort > 0. Define h = —————. Then — < and that
j;m p(277) Jz_:l P(277) ~ (27

l

Z 1 < 1
2 5(2) ~ P
for alll € Z if and only if h € M¥(R™).
To verify this, we let f, g be as in Example 4.15. Suppose first h € M;"(R”).
Then

q

Q=

oo

1 1

-1

w2 T —— | de| <Rl

CN BT S \ 2507 Il

Thus i 1 _ < ||hHMZ’ for alll € Z. This implies that f < g < h < f, where
j=l e(277) T p(27h) sg9=n3

l

1
f and g are defined in Example 4.15. Thus from Example 4.15, Z — S
e ete) ™

1
o holds as well.
et(27)

Conversely, assume that

Lo
ef(277) ~ (27

l
J=0o0
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and

— 1 1

_ < 43
2 o) S o) 1)
hold for all I € Z. Then we have h ~ f from (43). Thus f € MZ(R") by (42),
from which it follows that h € M#(R™).

We further present some examples of the functions in M$(R").

Lemma 4.17. [18, Lemma 2.4] Let 0 < ¢ < oo and ¢ € G,NZ . Then the
function ¥(z) = ¢(|z[) belongs to ME(R").

Proof. First note that ¢ € 774 is equivalent to
1 T

— | )" tat < () (r>0). (44)

™ Jo

Note that ¢(| - |) is radial decreasing, so that for all a € R™ and r > 0,

! Idx ' o 2N da !
(wn B<a,r>¢('x)d> S<|B<r> e “d) - @)

Combining (44) and (45) and using the spherical coordinate, we obtain the desired
result. O

Remark 4.18. See [110, Theorem 2.1] for the weak boundedness of the mazimal
operators, where the integral conditions is assumed.

Remark 4.19. See [29, Theorem 4.2] and [2, Theorem 3.4] for the strong bound-
edness of the mazimal operators, where the integral conditions is assumed. See
[79, 75, 91] for the strong boundedness of the mazimal operators, where the integral
conditions is not assumed.

Remark 4.20. See [7, Theorem 1], [108, Theorem 2.9], [120, Theorem 1.9] and
[127, Theorem 2.1] for the boundedness of the mazimal operator on generalized
Morrey spaces in the multilinear setting.

4.2. Singular integral operators on generalized Morrey spaces. Let T be
a singular integral operator. To define the function T'f for f € M#(R™) we follow
the same strategy as the one for f € MP(R"™). To this end, we need to establish
the following estimate:

Lemma 4.21. Let1 < g < co and ¢ € G, satisfy é € Zo. Then ||Tf|| e S I1fllaeg
for all f € LE(R™).

We note that % € Zo appeared once again.

Proof. Let @ be a fixed cube. Then we need to prove

1

Q) (a /Q Tf(y)lqdy>q < 1w
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To this end, we decompose f according to 2Q: f1 = x20f, fo = f — fi. As for fi,
we have

@) (7 [ At ) s@(m))(é2 [ iraeian)’

(IQ Ay 'dy)
oy L ora)

S g -

As for f5, we use the size condition of K, the integral kernel of T, to have the local
estimate:

f)ldy )\dy (1
< < dy | dt

By the definition of the norm, Lemma 3.12 and (33), we obtain

(oo}
1
RIS [ dr 1 Flaag S =zl Fll -
(@) Te(r) “e(UQ)) !
It remains to integrate this pointwise estimate. U

To carry out our program of proving the boundedness of the singular integral
operators, we need to investigate the predual and its predual.

Definition 4.22. Let 1 < ¢ < oo and ¢ € G,.

e [60, Definition 2.3], [109, Definition 4] A (¢, q)-block is said to be a measur-

able function A supported on a cube Q satisfying || Al Lo < |Q\7%@(€(Q)).
In this case A is said to be a (p, q)-block supported on Q.

e [60, Definition 2.5], [109, Deﬁmtlon 5] The block space H/,(R") is the set
of all measurable functions f for which it can be written

oo

F=Y XA,

j=1

Jor some sequence {A;}52, of (,q)-blocks and {\;}32, € (*(R"™). The
norm ||erH:, is the infimum of |[{\;}52,ller where {A;}52, and {)\;}52,
run over all expressions above.

Example 4.23. Let 1 < g < 0o and ¢ € G,. Let A be a non-zero LY (R™)-function
w(f(Q))

o Al Lo

supported on a cube Q. Then A is a (p,q)-block supported on Q.
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Proposition 4.24. Let 1 < ¢ < oo and ¢ € G, be such that ¢(t) 2 ta for alll
t > 0. Then a measurable function f belongs to H;p/ (R™) if and only if f admits a
decomposition:

F=XB+> XA,
j=1
for some sequence {A; };";1 of (¢, q)-blocks supported on cubes of volume less than
or equal to 1 and {\;}52, € (*(R") and B € L9 (R™) with unit norm. Furthermore
the norm || f[|3,¢, is the infimum of [{\;}52 |l where {A;}52,, B and {\;}32; run

over all expressions above.

Proof. Let A be a (¢, q)-block supported on @ with £(Q) > 1. Then we can say
that A is a (@, ¢)-block suppported on @ is and only if 24 has the LY (R™)-norm
1 and A is supported on Q. So, in the decomposition in Definition 4.22 any block
A; with the cube @Q; satisfying |@Q;| > 1 can be combined into a block supported
on “R™”. O

The following lemma justifies the definition above.

Lemma 4.25. [109, Lemma 2] Let 1 < ¢ < 0o and ¢ € G,. If A is a (p,q)-block
and f € MER™), then [|A- fllor <[ fllmg -

Proof. Since A is a (¢, q)-block, we can find a cube @ such that supp(A) C @ and
that || Al o < |Q‘_%QD(Z(Q)) By the Hoélder inequality,

A fler =14 fxalle < Al fxale <1QI7 7@ fxelle < I fllag

as required. [l

About the definition above, the following proposition is fundamental:

Proposition 4.26. [60, Lemma 4.2] Let 1 < g < 0o and ¢ € G,. Let f € M#?(R")
and g € Hg(R™). Then |[f - gl < [Ifllag lgllzes, -

Proof. Let € > 0 be fixed. Then we can decompose g as
9= Mibx
kEK

where K C N is an index set,

D el < (1 +9)llgllwe, (46)

kEK
and each by, is a (@, ¢)-block. According to Lemma 4.25, we have

£ gl < D7 Il I fllag < (1 + ) fllag lglla, -
keK

Consequently
1f- gl < (L)l fllag gl -
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Since € > 0 is arbitrary, it follows that

1F - glley < 1 fllwmg llgllaee, -

For j € Z and k = (k1, ks, ..., ky) € Z" define the set Qi by

ks k1+1> [k:n kn+1> - [k;l kl—i—l)

) - X X e n = H - n .

200 2 29 27 ey 247 923
A dyadic cube is a set of the form Q;i for some j € Z, k = (ki,k2,...,kn) € Z™.
The set of all dyadic cubes is denoted by D; D =D ={Qjr : j € Z,k € Z"} . For
j € Z the set of dyadic cubes of the j-th generation is given by

D;=D;(R")={Qjr : k€Z"}={Q €D : ¢{(Q)=2"7}.

It is easy to see that H;ﬁ (R™) is a normed space. Similar to the classical case,
we can prove the following decomposition theorem:

ijz[

Theorem 4.27. Let 1 < ¢ < 00, ¢ € Gy, and let f € ’Hf,(R”). Then f can be
decomposed as

f=2_ MW@,
QeD
where AM(Q) is a non-negative number with

> Q) <371 £llw,
QeD
and b(Q) is a (@, q)-block supported in Q.

Proof. We suppose that || f|¢ < 1. It suffices to find a decomposition
=Y MQHQ),
QeD
where A(Q) is a non-negative number with

D> MQ) <3

QeD

f= ZAkbk

keK

First, decompose [ as

where K C N is an index set,
Dol <1 (47)
keK
and each by is a (¢, ¢)-block. We will divide K into the disjoint sets K(Q) C N,
Q €D, as
K= ] K@

QeD



246 Y. SAWANO

so that supp(by) C 3Q and |Qx| > |Q| whenever k € K(Q). We achieve this as
follows: Let D = {Q(j)}}?‘;l be an emumeration of D. For each k € K, we write

jx = min{j : supp(bx) C 3QY), |Qx| > |QV]}
for each k. We set
K(QW) = (ke K : ji = j).

We set
1
NQ =3 Y . Q) =A@ Zrer@ M M@ Z0!
kEK(Q) 0 (AMQ) #0).

We now rewrite f as
F=Y b= | D b

keK QED \keK(Q)

-1
=003 > Pl (30 YD Il DD MQb(@)
QeD keK(Q) kEK(Q) QED

By (47), we have

DM =3"D " D Il =30 [l <3

QeD QED \keK(Q) keK

Since each by, is a (¢, g¢)-block, we obtain

-1 —1
3" > Ml SOk < (3" >0 [N > Pl Ikl
keK(Q) keK(Q) @ keK(Q) keK(Q)
-1
n _1
< (3" > Il e@IQITT D>

keK(Q) kEK(Q)
< (£(3Q))13Q| 7,

which implies that b(Q) is a (¢, ¢)-block supported in 3Q. These complete the
proof. ([

Example 4.28. Let 1 < g < 00, p € Gy, and let f € H,(R"). Assume that

infs~q t_%go(t) > 0, so that Proposition 4.24 is applicable. Then f can be decom-
posed as

F=B+ > MQHQ),

QEeD,|QI<1
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where AM(Q) is a non-negative number with
1Bl + 3 MQ) S [l
QED

and b(Q) is a (@, q)-block supported in Q.

Corollary 4.29. Let 1 < g < 0o and ¢ € G,. Then every function in Hq’i (R™) is
locally integrable.

Proof. Simply combine Lemma 3.12, Proposition 4.26 and the fact that g €
Mg(R™) for any cube Q. O

Proposition 4.30. Let 1 < ¢ < oo and ¢ € G,. Assume in addition that ¢
satisfies (33). Suppose that f and fi, (k = 1,2,...), are nonnegative, that each

fr € Hf,/(R"), that || fil,,»r < 1 and that fi, T f a.e. Then f € H,“;,/(R”) and

1l < 1.
q

Proof. By Theorem 4.27 f;, can be decomposed as
fr="_ M(Qbi(Q),
QeD

where A\, (@) is a non-negative number with

ST (@) <3 (48)
QeD
and b (Q) is a (i, g)-block supported in @ and
l
@l < £ 02 (19)

Using (48), (49) and the weak-compactness of the Lebesgue space L7 (Q) we now
apply a diagonalization argument and, hence, we can select an increasing sequence
{k;j}32, of integers that satisfies the following:

Tim A, (Q) = M(@Q), (50)
lim b, (Q) = b(Q) in the weak-topology of L (@), (51)
j—oo

where b(Q) is a (¢, ¢)-block supported in Q. We set
fo= D MQH(Q).
QeD
Then, by the Fatou theorem and (48),
D AQ) < liminf Y A (Q) <37, (52)
QeD 77 Qep
which implies fo € H,, (R™).
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We will verify that

lim [ (@) de= [ fow)de (53)
70 JQo Qo

for all Qg € D. Once (53) is established, we will see that f = fy and hence

f € H7 (R™) by virtue of the Lebesgue differentiation theorem because at least we

know that fy locally in L? (R™). By the definition of fr;, we have

[ A=Y > @ [ Qe
Qo I=—co Q€D Qo
QoNQ#D
Note that
1 ¢ NQola ¢
b1, (@)l < 1Qo N1 QI [, (@) < ZACGVICOEE 2D 5
Q| Q|7
for any cube @) containing Q.
We distinguish two cases. If
Jm o(t)t™ e =0,

then for all € > 0 there exists [ € N such that

> Y @[ b @)dd <=

I=N Q€D Qo

QoNQ#D

Thus, we are in the position of using the Lebesgue convergence theorem based on
Example 4.12. Thus we obtain (53). If

lim (t)t™% > 0,

t—o0
then we go through a similar argument using Example 4.28 to obtain (53).
Since fi 1 f a.e., we must have by (53)

(x)dz = [ folz)dx
Qo Qo

for all Qo € D. This yields f = fy a.e., by the Lebesgue differentiation theorem,
and, hence, f € H} (R™). Since we have verified f € HJ (R"), it follows that

11, = s {| [ fu@lgto) ao

This completes the proof of the theorem.

ck=1,2,., [lgllme gl}gl.

O

The proof of the following theorem is completely the same as the classical
case once Proposition 4.30 is proved.

Theorem 4.31. Let 1 < g < 00, and let ¢ € G, satisfy é € Zy.
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e The dual of H},(R") is M#(R"™). More precisely, we have the following
mappings:
— Any f € MZ(R") defines a continuous functional Ly by:

Li:g— f(z)g(x)dr € C

on 17 (R™).

— Conwversely, every continuous functional L on 'Hf, (R™) can be realized
with f € MZ(R") as L= Ly.

— The correspondence f € MZ(R™) — Ly € (HS(R"))* is an isomor-
phism. Furthermore

Il =sup{| [ (o) as

and
ol =suw {| [ rioata) o

e The dual of va(R") is 1y, (R™) in the following sense.
— Any f € H;P, (R™) defines a continuous functional L'; by:

I EHIE) gl =1} 6)

f e MER™, [flaes = 1}. (56)

Li:gw f(z)g(z)dx e C

on va (R™).

— Conversely, every continuous functional L on ./,\/lvf(R”) can be realized
with f € H7,(R™) as L = L.

— The correspondence [ € H;(R") — L € (Mq”’(R”))* is an isomor-
phism. Furthermore

Il =su{| [ sato)as
and

ot =sun {| [ rioata) o

gEHIE) gl =1} 6T

FE NIy =1 (59)

Proof.
e (a) This is a consequence of Proposition 4.26.
(b) We let Q; = 27[—1,1]". For the sake of the simplicity we denote
L9 (Q,) by the set of LI (R")-functions supported on Q;. The func-
tional g — L(g) is well defined and bounded on L9 (Q;). Thus by the
duality L¥'-LP there exists f; such that

Lo = [ =)o) ds
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for all g € L4(Q;). By the uniqueness of this theorem we can find an
L{ (R™) function f such that f|o, = f; a.e. for any j.

We will prove f € MP(R™). For this purpose, we take an arbitrary @
and estimate;

1 a
I=op — 9d . 59
(1@ (g7 [ 7@ ) (50)
For a fixed cube @ and a fixed function f we set

9(x) = xq(@)sgn(f(2))|f(@)|"" = e R™.

Then we can write

1= p(t(Q)) (@ /Q F@)gl) dac)é — Q) (@ug));. (60)

1

Notice that the function ‘Cﬁ‘ng /
q

IL(g)| < o(UQ) M ILIIQI7 glly- As a result we have I < |[L]..
This is the desired result.

(¢) Carefully reexamine the proof of (a) and (b). The proof of (c) is
already included in them.

e The heart of the matters is to prove (b); (a) and (¢) are obtained similarly
to (1). Let L' : ﬂqw(R”) — C be a bounded linear mapping. Since ¢! €
Zo, we have o(t) <t/ 0 <t < 1 for some P > 1. For such P > 0,
we have L¥(R™) N LY(R") < M#(R™). As a consequence, for each k €
N the mapping f € LP(R") — L'(x[—kux~f) € C is a bounded linear
mapping that can be realized by some f, € LY’ (R™). Furthermore, f; =
frt1X[—kppn from the L P(R")-L'(R™)-duality. So, f = Jim £y, exists
almost everywhere. Let h € L2°(R™) with supp(h) C [k, k] for some
k € N. As a result

[ In@)fute)] do = L) < 121 gz el -

1
q

g is a (p',¢')-block. Hence, we have

Since h is arbitrary, it follows that ||fx|ye < [[Lll 570 - Using fr =
frt1X(—kx and Proposition 4.30, we see that f € H7 (R") and that
LY |LP(R™) = LILE(R™). Since L(R™) is dense in va(R"), it follows
that L = L', as required.

(I

We have the following conclusion.

Theorem 4.32. [73, Theorem 2| Let 1 < ¢ < oo and let ¢ € G, satisfy i €
Zo. Then any singular integral operator, which is initially defined for L3°(R™)-
functions, can be naturally extended to a bounded linear operator on Mg(R"), More
precisely, T has the following properties:
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e Forall f € LX(R™), Tf € ﬂf(R”) and satisfies | Tf| 570 S 1fll e~ In

particular T' extends to a bounded linear operator on M¥(R™).
o The adjoint operator T* is bounded on Hf/ (R™).
e The adjoint T** of T* is a bounded linear operator on Mg (R™).

Theorem 4.32 extends the result by Peetre in [84] from Morrey spaces to
generalized Morrey spaces. The proof is based on [87].

Proof. Tt suffices to prove the first assertion, since the remaining assertions are
general facts on functional analysis. Since ¢ € G,, L°(R") is a subset of M?(R").
Let f € L¥(R™). Then there exists R > 0 such that f is supported on Q(R). We
can decompose

T < Xo@n T+ (R+|- )" /Q )y € M)

since
(R+1-)7"" S (Mxqr)" € M{R™) (¢ <n<1)
and hence
(R+1-1)7" = Jim xguuy(R+ )"

in M?(R™). It thus remains to show that ||Tf\|/\7q¢ < ||f||Mv5 for all f € LF(R™).
We argue as follows: Let @ be a cube. We need to show

1

A(0Q)) (5, /Q Tf(y)lqdy>q < 1l

We decompose this estimate according to 3Q: Since T is known to be LI(R")-
bounded,

@) (57 /. |T[><3Qf1<y>|wy); <ot@ (15 | T[XSQny)wdy)é

<ett@ (i | ) If(y)lqdy);
<o3Q) (1 [ ) fola)’
S llag-

Meanwhile, using the size condition of T', we have

1

@) (7 [ Themao ity ) < 6Q)) sup 7z ](0)
)
S [ el

<Sel@) Y @ / F@) dy.

m+1Q\2mQ
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Since i € Zg, we obtain

q

o(£(Q)) (“;|/Q|11xkn\angyMQdy)
> 1 omy
> A(27(Q))

< ol d
SAUQD S S 5 o TN
- 1
< (¢ E _— ®
< 1
< o o d
S e@ e [ oz
S g -
Thus we have ||Tf||va < ”f”/ﬁﬁ for all f € L°(R™). O

We did not use (33) for the proof of boundedness of the Hardy-Littlewood
maximal operator. However for the proof of boundedness of the singular integral
operators, (33) is absolutely necessary as the following proposition shows:

Proposition 4.33. Let 1 < g < oo and ¢ € Gg. If [|Rifllwme S Ifllaag for all
f € L (R™), then i € Zy, where Ry denotes the first Riesz transform.

Proof. Let V = {z = (x1,22,...,2,) € R™ : 221 > |z|}. Assume that é ¢ Zyo,
so that for any m € NN [3,00) there exists r,, > 0 such that ©(2"r,,) < 2p(rmy).
Then, consider f,, = XvaB@m-1r,)\B@2r.) Let * € VN B(ry,). If y € VN
B(2™ tr, )\ B(2ry,), then x —y € V and rpy, < |z — y| < 2™7,,. Thus,

mmm=4—ﬂi&M@@

ey

Y1
:/ Tt W
VAB(2m = tr, )\ B(2rm) |yl

1
>C - dy
VNB(2™=1r,)\B(27m) ly|™
~ logm. (61)
Since V is a cone, we have
XB(rm) S MXVAB(r,,)- (62)

We use this estimate and the boundedness of M on M (R") to obtain

o(rm) S HXB(rm)”Mf S ||MXVmB(rm)||M;’ S HXVﬁB(rm)“Mf'



A Thought on Generalized Morrey Spaces 253

By using the inequality logm < |Ry fi ()| for € VN B(r,,) and the boundedness
of Ry on M (£"), we have
log(m)e(rm) S Ry fmllwatg

S fmllmg

< IIxB@mr.,)llrmg

S 02" rm)

~ @(Tm).
This implies logm < D where D is independent of m, contradictory to the fact that

m > 3 is arbitrary. Hence, there exists some my € N such that ¢ (2™01) > 2¢(r).
Thus the integral condition (33) holds. O

We disprove that T' can not be exteded to a bounded linear operator on
mb(R™).
Example 4.34. Let 1 < g <p<oo. Then

IR1fllwmz S fllmz (f € LS (R™))
and
[ R1 flwra

uloc

SNz

uloc

(f € LER™M)
fail. In fact, let (t) = min(t7,1), t > 0 as in Ezample 3.4. Then ¢ fails (33)

/ > dr
because =00
1 e(r)

We end this section with extension to the vector-valued inequality.

Theorem 4.35. Let 1 < g < oo, 1 <u<ooand ¢ € G,. Let also T be a singular
integral operartor. Assume in addition that (33) holds. Then for all {f;}52; C
M?(R™)

q )

w

S

o

oo
> OIT Sl S I
=1 =1

J M(f J Mq‘p

for all {£;}32, € Mg(R").

Proof. Similar to Theorem 4.5. We also use a well-known inequality:

1

0o u 00 M

S OIT [ SIS I

J=1 j=1

La La

for all {f;}52, C LI(R™). O
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Remark 4.36. One can consider the singular integral operators having rough ker-
nel. Let Q: S" ' = {z € R" : |z| = 1} — C be a measurable function having
enough integrability and having integral zero. Then define T by

Tof(@) = [ T2 ) ay

|z =y
See [5] for example.

Remark 4.37. N. Samko introduced a method of defining singular integral op-
erators on generalized Morrey spaces by considering p-admissible singular integral
operators in [88, Definition 3.3]. See also [31, Theorem 4.5] and [2, Theorem 4.3].
See [57] for a similar approach in the weighted setting.

Remark 4.38. See [84], where Peetre proved the boundedness of the singular inte-
gral operators on generalized Morrey—Campanato spaces.

Remark 4.39. See [29, Theorem 6.2] for the boundedness of the singular integral
operators.

Remark 4.40. See [33, Theorems 5.3, 5.6 and 6.3] and [31, Theorem 5.6] for the
boundedness of the commutators generated by singular integral operators and BMO.

Remark 4.41. Chen and Ding dealt with the parabolic singular integral operators
in [8].

Remark 4.42. Pang, Li and Wang dealt with the oscillatory integral operators in
[83].

Remark 4.43. See [108, Theorems 2.3, 2.4 and 3.1], [120, Theorem 1.7] and [127,
Theorem 3.1] for the boundedness of the singular integral operator on generalized
Morrey spaces in the multilinear setting.

Remark 4.44.

o Wang discussed the boundedness of the intrinsic square functions in [122],
where Wang did not have to resort to the duality argument. See also [31,
Corollary 6.7], [23, Theorems 5 and 6], [57, Section 5.2] and [44, Theorem
1.4] for similar approaches. See [9, 124] for the case of the commutators.

o Karaman, Guliyev and Serbetci handled the pseudo-differential operators in
[57, Section 5.1].

e Karaman, Guliyev and Serbetci handled the Marcinkiewicz operators in [57,
Section 5.3].

e Karaman, Guliyev and Serbetci handled the Bochner—Riesz operators in [57,
Section 5.4].

Remark 4.45. Let T be a singular integral operator. In [60, Theorem 3.2] Komori
and Mizuhara considered the operator of the form (f,g) € H7(R™) x Mg (R™)
f-Tg—Tf-g€c HY(R") and obtained a factorization theorem as an application of
the MY, (R")-boundednes of the commutators.
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4.3. Generalized fractional integral operators in generalized Morrey spaces.
To consider the operator like (1 — A)~!, we are oriented to considering

B = [ )y

z—y"
for any suitable function f on R™, where p : (0,00) — (0,00) is a suitable mea-
surable function. Generalized Morrey spaces allow us to consider more general
fractional integral operators.
Let us discuss what condition we need in order to guarantee that I, enjoys
some boundedness property. As we did in [18, p. 761], we always assume that p
satisfies the “Dini condition” for I,.

/1 @ds < 00, (63)
0

S

so that I,xq(z) is finite for any cube @ and x € R™.
In addition, we also assume that p satisfies the “growth condition”: there
exist constants C' > 0 and 0 < 2k < kg < oo such that

kg?"
sup p(s) 5/ ﬁds, r >0, (64)
k

$<s<r i S

as was proposed by Perez [85]. Condition (64) is weaker than the usual doubling
condition: there exists a constant D > 0 such that

L _ p(r)
5 < o) <D (65)

whenever r > 0 and s > 0 satisfy r < 2s < 4r.

Proposition 4.46. If p : (0,00) — (0,00) satisfies the doubling condition (65),
then

" ds
sup p(s) §2D2/T pls)—-

T

d
Proof. Keeping in mind / @ _ log2 < 1, we calculate

1, S
2

sup p(s) < Dp(r) = 2 /Tpm@s D /%@sw?/:ms@.

T

L<s<r ~ log?2 z S log 2 z s - S
O
Example 4.47. Let 0 < a < o0.
e p(t) =t%, which generates I, satisfies the doubling condition.
e p(t) = @ satisfies the doubling condition.
e p(t) = LM satisfies the doubling condition. See [61] for an application

14-¢
to Schréidinger equations.

p(t) = t%e~" satisfies the growth condition but fails the doubling condition.
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o Let 0 <y < oo and B1,82: € R. We set
Bl = (1+]logr))? (0<r<1),
@+ |logr)P2 (1 <7< o0).

as before. Then p(t) = t7(B(t) satisfies (63) if and only if y =0 > —1 > B
or v > 0. Meanwhile (65) is always satisfied. Noteworthy is the fact that
we can tolerate the case v =0 if f1 < —1.

To check that our example is not so artificial we consider the following kernel.
Definition 4.48. One defines (1 — A)"3 f by
(1-A)"5f =G+,

where G4 is given by:

R .
6= e [ e % @R

The function G is called the Bessel kernel.

The above examples are natural in some sense but somewhat artificial because
the second example and the third one do not appear naturally in the context of
other areas of mathematics. Here we present some other examples related to partial
differential equations.

Example 4.49. Note that the solution to (1 — A)f = g, where f is an unknown
function and g is a give function is given by:

g=(1-A)""f.

Although it is impossible to find I,xp(xr) (¥),y € R™, we still have a partial
but important estimate.

Lemma 4.50. Let p: (0,00) — (0,00) be a measurable function. Then inequality
p(R/2) < I,xB(r)(x) holds whenever x € B(R/2) and R > 0.

Proof. Take x € B(R/2). We write the integral in full:
p(lz —yl) p(lz —yl)
IXBR(QT):/ ———xBr) (Y) dy = — - dy
PABHR) re T —y|™ () B(R) 1T —y["
A geometric observation shows that B(x, R/2) C B(R). Hence, we have
R/2
T — s
o) > [ MW gy [T
B(x,R/2) |z —y 0 s
Note that we only use the spherical coordinates to obtain the last integral. O

In the case of the radially symmetric functions, we can calculate I,gr(x) for
x small.
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Lemma 4.51. [18, Lemma 2.2] For every R > 0 and a measurable function 6 :
(0,00) — [0,00) satisfying the doubling condition

O(s) ~0(r) (0<r<s<2r), (66)
the inequality
[0 4 < [ OO0
2R t 2R/3 ¢

holds whenever z € B (?) , where gr(z) = 0(|z])xB(R) (7).

Proof. We prove the right-hand inequality, the left-hand inequality being similar.
R
A geometric observation shows that |z — y| ~ |y| for all x € B (3) and y €

2
R™\ B <f> Since 6 satisfies (66), then

0 T —
ngR(m):/ (Iy\)pfl - y\)dy
R7\ B(R) |z — vy

S/ Pz —ynl) dy
R"\ B(z,2R/3) |z —yl
py) 4,

B /R"\ B (%f) e =)y

<[00 e (B)

R/3

It remains to write the most right-hand side in terms of the spherical coordinates.
O

For covenience, write

t
Sometimes, we are interested in the case where matters are reduced to the classical
fractional integral operators.

p(r) = /OT ) dt. (67)

Proposition 4.52. Let p : (0,00) — (0,00) be a measurable function satisfying
(64). Then the following are equivalent:

(a) p(r) S r® for allr > 0.
(b) p(r) Sr* for allr > 0.
" 1
Proof. Clearly (a) implies (b), since / s lds = aro‘. Let us see (b) implies (a).

0
Combining (64) with (b), we obtain

kar kor
o)< s po) € [ P asg [T s < e
k 0

5<s<r 1T S S
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O

Now we present three different criteria for the boundedness of I,. We prove
the following three theorems on the boundedness of I, on generalized Morrey spaces.

For the case of ¢ = 1, we have the following simple result:

Theorem 4.53. [18, Theorem 1.3] Let 1 < p < oo, and let ¢ € G, and ¢ € Gy.
Let also p : (0,00) — (0,00) be a measurable function satisfying (64). Then I, is
bounded from M$(R™) to MY(R™) only if

Lo [T e
W)/O tdt+/r @5 (>0 (68)

Furthermore, if (68) is satisfied, then I, is bounded from MY (R™) to MY (R™).

Note that the left-hand side of (68) equals

a0 p) (% o)
go<r>/o T‘“*/T to(t) */o tp(max(r )

Proof of Theorem 4.53(Necessity). Assume that I, is a bounded linear operator

from M7 (R"™) to MY(R™). Let r > 0. By Lemma 4.50 and the doubling property
of v, we obtain

1 1
pr S = IX T dm<7 IX r = IX T ¥
o(r) S P o) X y(x) el R y(z) dx %/1( )H pXB(r) | aq

Since ¢ € Gy and I, is assumed bounded from M (R") to MY (R™), it follows that
pr) S oy Ixse v

Since [[XB(r)llaag ~ #(r), we conclude

(r)
(r)

c . ].
Let g,(z) = 20 @) for z € R™. By Lemma 4.51 with § = —, we have
¥

S

pr) S

<

e(|z])

| s (5) sl £ 000 lonlaes < 00

Thus Theorem 4.53 is proved. (|

Proof of Theorem 4.53(Sufficiency). For a ball B(z,r), we let fi = fxp(z2r) and
fo = f — fi. Then a geometric observation shows B(z,r) C B(y,3r) for all y €
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B(z,2r). Hence by the Fubini theorem and the normalization,

p(lz —yl)
I d ——2dy | d
/B(z,r) | pfl(x)| v A(z,r) </B(z,2r) |f(y)| |$ - yln y) v

T —
<[ [ et
B(z,2r) B(y,3r) |£L’ - y|
x
~ [l [ HEa
B(z,2r) B(3r) ||

By the use of the definition of the Morrey norm, (68) and the doubling condition
of 1, we obtain

/ L, f1 ()| de < (3r)p(2r) s
B(z,r)

< A(3r)p(3r) ="
S z/J(?ﬂ“) rt
Se(n)™
Thus the estimate for f; is valid. As for fa, we let € B(z,r). Then we have

. pllz =) pllz = vl)
ool )|</B(z,2r)c| Ol vy |z —y|” y</B(”)C| = o =y !

and decomposing the right-hand side dyadically we obtain

o0 p(jz — \) /OO p(t)
Lfa(w)] < / To gl YR, e
o f2()] ; e B i) HOJE & — g dy orerr to(1)

If we use (68) once again and the doubling condition on 9, then we obtain |I, fa(z)| <
¥(r)~L. Thus the estimate for f is valid as well. O

In the following example, we consider why we need generalized Morrey spaces.

Example 4.54. [105, Theorem 5.1], [18, Example 5.1] Let s € (0,n) and x > 0.
1 S

Define ¢(r) = nmx((lj_lcgrl) (r > 0). Let p(r) = r®exp(—kr), o(r) = r° for

r > 0. Then p is a measurable function satisfying (64). Furthermore, if 0 <

O S T I SR W i
;<1<>/ t“*[ o) ™ g ZLﬂmA gt

p t 1 —s
5 dt S oo Thus (1= 2)72 fll g Ss Ipfllgy S IFIl, 2 for all f €

3

t P(r)
./\/llg( R™). This calculation shows we cannot delete max(1,logr~t) and that (1 —
A)~2 does not map ME(R") to L>®(R™) when % T=sandl<q<p<oo.

Example 4.54 convince us that generalized Morrey spaces occur naturally.
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1 1
Example 4.55. Let — = - @ withl <p<s<ooandO <« <n. Then I, does
s p on

not map m®(R™) to m5(R™), since p(t) = t*,t > 0 and p(t) = max(t7,1),t > 0

satisfies
el
- Lk

/°° pt) e 1
rotet) Y ()

If we consider the truncated fractional mazximal operator i, given by

Z.af(x):/ flz—y) dy.

y|<1 |y|n—o

instead of

then i, maps my(R™) to m§(R™), since

L " p(t)x(0,1)(t) > p(t)x(0,1)(t) 1
e [ “E

Example 4.56. [105, Theorem 5.1], [18, Example 5.1] Let 0 < s < n. Define
o(r) = 7% and (r) = (14 r)=LL0(r) forr > 0. Let p(r) = r"Gy(r), where G
denotes the Bessel kernel, the kernel of (1 — A)2. Observe that p(r) ~ min(r,1)
and hence % ~ min(1,r~*). Note also that
[ 20y fosen o<
. to(t) r"SGs(r) (r>1).

Then

0 > p(t 1
) [0 g
o(r) Jp te(t) P(r)
Hence it follows from Theorem 4.53 that H.[pf”lep S [ fllme s extending Proposition
4.54. This triple (p,p, ) fulfills the assumption (68). However, i ¢ Zo since

20} = o(1) as r L 0 and (69) fails.

(r>0).

We give a result, which improves Example 4.54.
We move on to the Adams type estimate.

Theorem 4.57. [18, Theorems 1.1 and 1.2] Let 1 < p < ¢ < o0 and ¢ € Gp.
Assume that p: (0,00) — (0,00) satisfies (64).
(

e The operator I, is bounded from M$(R") to ./\/lfp/q (R™) 4f

0] ot 1
wmé tﬁ+[ o) S S (69)

forallr > 0. If p € 777, then (69) is necessary for the boundedness of I,
from M£(R") to pr/q(R”).
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o Assume £ € Zy. Then I, is bounded from M (R") to /\/lfp/q (R™) if and

%)
only if
pr) < @(r)' =70 (r > 0). (70)
So, if & € Zy, condition (69) simplies to (70).
Remark 4.58.
o The first half of “only if” part (70) is clear from Theorem 4.53 with 1 =
P/a,

* Once we assume & € Zo, it is eacy to check that (70) implies (69). Indeed,
if we use g € Zp and ¢ € Gy, then we have
/ () e < pr)
rsp(s) o(r)
Since p satisfies the growth condition, we have
[ gy )
r se(s) o(r)
If we use (70) and the doubling condition on ¢, then we obtain

< p(t 1
/ Pt o < |
r o to(t) o(r)a
o For the “if” part we only need the following estimate of Hedberg-type, see
Lemma 4.59 below.

Proof of Theorem 4.57, necessity. According to Theorem 4.53, we have only to
show

> p(t

/ & dt < QP(QR)fp/q_
ar ()

By virtue of Lemma 4.51, we obtain

1
q

* plt) 1 \ .
/QR ) <Rn /B(R)fng(ﬂf) dar) S OB LgRl| oo

3

Since I, is bounded, we obtain

< p(t) —p/ —p/
7dt§ng pqg ‘P,S(PR pr/q
| B @ < B gl < ()

Recall that we are assuming ¢ € Z~». Now we invoke Lemma 4.17 to conclude

y-u —ria -p/q
/2R oy U S CR) S p(2R) V.

Thus necessity is proven. (I

1

oD HM;; |

As we have mentioned, we want an estimate of Hedberg-type. We may ask

ourselves whether inf — can be removed, that is, we may assume sup o(t) = 0.

>0 o(r)a >0
However, it can happen that sup ¢(t) < co as example below shows.
>0
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Lemma 4.59. [18, Lemma 3.1] Let 1 < p < ¢ < o0, and let p € G,NW satisfy (69).
Let p : (0,00) — (0,00) be a measurable function satisfying (64). If a measurable
function f satsfies || f||pe = 1, then

o f(2)] S [Mf ()] + inf o(r)”

Qs

(71)
for x € R™.

Once this estimate is satisfied, we can conclude the proof of Theorem 4.57
as follows: We choose an arbitrary ball B = B(z,r). If we integrate Lemma 4.59,
then we have

1 1
g1 sl < g [ @) e+ i e,

If we multiply both sides by ¢(r)?, then we have

o [ sas < (S50 [rapas ) <o

by virtue of the boundedness of the maximal operator M on M#(R"™). The ball B
being arbitrary, we obtain the desired result.

Proof. Recall that k1 and ko appeared in the condition (64) on p. Let

kor s
pr(r) = /k pls) ds.

T s

We have

-1

1,f(2) Z+Zp% [l

j=—00

for given x € R™ and r > 0. Let Z 1 and X7 be the first and second summations
above. Now we invoke the overlapping property:
-1
Z X[29 k17,29 kar] S X(—00,2=Lkar]s ZX[ijlr,2-7k2r] S X[kyr,00)- (72)
j=—o00 =0

As a result, we have

and

o P (277) </ p(s) /°° p(s)
—~ < X[29 ky 7,29 kar ds < ds.
= (277) ko Z k] ) k

Thus thanks to (70)

515 S @M@ < Cplhar)M (@) S o) P f (@),

j=—o0
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Meanwhile
il * p(s)
Dl 5 [ L as
Z ki 59(8)

We use £ € Zo or (69) now. If we use (69), then we have

/°° pt) <L
rotet) Y o)

By the doubling property of ¢, we obtain ;5 < ( )E . Hence,
plr)a
1
I, f(x §,<pr1_p/q<fo —|—> 73
(L f ()] < o(r) (z) o) (73)
for all » > 0.
First assume M f(z) < ir>1f0 Gk Then, the conclusion is immediate from
T ()0 T
(73).
1
Next, we assume M f(z) > 71};% 20 Since || f[| ;g = 1, we have
1
0
yPdy| > |f(y)] dy.
<|Q 33 r | / xr) |Q($,7’)| Q(z,r)
Hence
w1y < —
|B(£E,T’)| B(z,r) N 90(71)

for all 7 > 0. This implies

1
Yy fy)|dy < sup ——=<
|B(z,7)| B(m)| W)l r>0 p(R)

for all » > 0. Since r > 0 and = € R™ are arbitrary, it follows that M f(z) <
1
sup ——. We can thus find R > 0 such that M f(z) = 2p(R) and, with this R, we

r>0 <,0(7")
can obtain the desired estimate. O

In order that I, be bounded from M¢#(R™) to pr/q (R™), we must have
p(r) <!
o(r) ~ o(r)
according to Theorem 4.53 with ¢ = ¢P/4.
We note that if p(r) = r®, with 0 < a < n, then I, = I, is the classical
fractional integral operator, also known as the Riesz potential, which is bounded
from LP(R™) to L?(R"™) if and only 1f = — 5 = o, where 1 < p,q¢ < oo. The
necessary part is usually proved by using the scaling arguments.
Theorem 4.57 characterizes the kernel function p for which I, is bounded
from LP(R™) to LI(R™) for 1 < p < ¢ < co. We have the following result:

P
q
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Corollary 4.60. [18, Corollary 1.5] Let 1 < p < ¢ < oo. The operator I, is
bounded from LP(R™) to LY(R™) if and only if p(r) < r# @ for all r > 0.

For p(r) = r®, Corollary 4.60 further reads that the operator I, is bounded
from LP(R") to L4(R") if and only if o« = 3 — 2, where 1 < p < ¢ < <.

With Theorems 4.53-4.57 we can characterize the function p for which I, is
bounded from one Morrey space to another.

The next corollary generalizes the previous characterization in Corollary 4.60.

Corollary 4.61. [18, Corollary 1.6] Assume that the parameters p,q,s,t and «
satisfy

1<g<p<oo, 1<t<s<oo, O0<a<n

and

1 1 « t q

s p n s p
Let p : (0,00) = (0,00) be a function satisfying the growth condition. Then the
generalized fractional integral operator I, is bounded from MB(R"™) to M3 (R")
precisely when p(r) < re.

We show by examples that two statements in Theorem 4.57 are of independent
interest. As before we write

) = (14 |logr))? (0<r<1),
T (1 logr)P2 (1 <1< o00).

This function is used to describe the “log”-growth and “log”-decay properties. Also,
we fix p and ¢ so that 1 < p < ¢ < oo. The key properties we are interested in are
summarized in the following table:

2 €Ly p L7 (69) (70)
Example 4.62 + + + 4+
Example 4.63 + — + +
Example 4.64 — — + +
Example 4.65 — - +  +

Example 4.62. [18, Example 2] Let A < 0 satisfy 0 < (% — 1) A<nand—3 <A
Take py,ps € R arbitrarily. Set §; = (% — 1) w; for i = 1,2. Define p(r) =

P M un (1) and p(r) = o(r)'=% for v > 0. Then this pair (p,¢) fulfills the
assumptions % € Zy and ¢ € 7" v in Theorem 4.57. Indeed, for r > 0 we have

p(r) ~ p(r) = o(r)" "% and

= o) . plr)
/T w0 () " o)

Example 4.63 is an endpoint case of the above example.
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Example 4.63. [18, Example 1] Let g, po > 0. Set a = %—% and 3; = (% — 1) Lbi
fori=1,2. Define o(r) =ral_,, _,,(r) forr >0 and p = o7, We note that
p ~ p. Then this pair (p, ) fulfills the assumptions é = 4 € Zy and (69) but
0 ¢ L v since by, & Z°.

The next example concerns the case where the spaces are close to L (R™)
and the smoothing order of I, is “almost 0”.

Example 4.64. [18, Example 3] Let py, po < 0. Set 51 = (% — 1) w1+ 1€ (1,00)
and By = (g — 1) po — 1 € (=1,00). Define p = €% as we did in Example 3.10
and let ¢ =, ,1,. Then this pair (p, ) fulfills ¢ ¢ Z=% and assumption (69) but

g =48, 1 ,Bo—ps & Lo. More precisely, we have p ~ €z, _1 g,41 since 1 > 1, and

= o)
[ﬂ W dt ~ €H1+51*1’M2+32+1(r) (T > O)
We consider a case where the target space is close to L>(R").

Example 4.65. [18, Example 4] Let 1 < p,q < oo. Let «, By, 1, po satisfy 0 <
a < Zop+ B <1 pp <0. Set B = (%—1);@ —1 € (=1,00). Define p(r) =
min(1,7%)¢8(r) as we did in Example 3.10 and let o(r) = max(1,r=%)l,, ., (1) for
r > 0. Then this pair (p, @) fulfills ¢ ¢ Z~ 7 and assumption (69) but g ¢ Zo More
precisely,

~ £u1+ﬁ17ﬂz+ﬁ2+1(r)
and o
/ ——=dt ~ ZM1+51*17H2+ﬁ2+1<T)
»
forr > 0.

Based upon these preliminary results and Lemma 4.51, we will prove Theo-
rems 4.57-4.53.

We remark that (69) includes (70). We prove an estimate. Once we prove
Lemma 4.59 below, we can obtain the boundedness of I, from M7 (R") to Mﬁp/q (R™)
as we will see below. Here we use the fact that the Hardy—Littlewood maximal op-
erator M is bounded on M (R"), if p > 1 and ¢ is almost decreasing; see Theorem
4.1.

We end this section with comparison of our results with the existing results.
We move on to the case of Spanne type.

Remark 4.66. See [29, Theorem 5.2] for the Spanne-type boundedness of I,. See
[33, Theorem 5.4], [107, Theorem 1.8], [108, Theorems 2.6, 2.7, 3.4 and 3.6] and
[120, Theorem 1.5] for the case of the multilinear setting.

Remark 4.67. See [110, Theorem 2.3] for the weak boundedness of the mazimal
operators (on nonhomogeneous spaces), where the integral conditions is assumed.
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Remark 4.68. See [29, Theorem 5.5] and [47, Theorem 5.7] for the Adams-type
boundedness of 1. Persson and Samko obtainted the Adams-type boundedness of
1, using the weighted Hardy operator; see [86, Theorem 5.4]. Guliyev and Shukurov
also considered a similar situation in [46, Theorem 3.6] and [47, Theorem 5.7]. See
[7, Theorem 2] for the multilinear case.

Remark 4.69.

e See [73, Theorem 3], [50] for the boundedness of I, on generalized Morrey
spaces.

e See [75, Theorem 7.1] for the boundedness of the generalized fractional in-
tegral operators on generalized Orlicz Morrey spaces (of the first kind).

o See [17, 49, 50, 70, 117, 118] for the study of the boundedness of I,,.

o See [94] for a different type of generalization of the form:

If(x) = [ K(z,y)f(y)dy.
Rn
Remark 4.70. In some special case, some authors obtained the mecessity of the
boundedness of I, = I, from generalized Morrey spaces to other generalized Morrey
spaces. See [19, Theorems 2.3 and 3.2] as well as [49], [101].

Remark 4.71. Kurata and Sugano pointed out that the operator of the form
VY(=A+V)P with a potentail V satisfying the reverse Hélder inequality falls under
the scope of the results in this section [62]. Here 3,7 are suitable real parameters.
See [62] for more details.

Remark 4.72. Many researchers handled various operators.

e In [15] Eroglu dealt with fractional oscillatory integral operators and their
commutators.

e In [63] Liu and Shi considered the boundedness of the commutator generated
by BMO and the fractional integral operators. See also [33, Theorem 7.1],
[47, Theorem 7.11] for the Spanne type result and [47, Theorem 7.13] for
the Adams type result.

4.4. Generalized fractional maximal operators in generalized Morrey spaces.
We discuss the boundedness property of the generalized fractional maximal opera-
tor, defined by:

M, f(x) = sup A1)

—_— fy)| dy (zeR™),
P Bl )] Jpgery W @ERY

where f € L] (R™) and p is a suitable function from (0, o) to [0, 00).

loc

Example 4.73. Let 0 < a <n.

o [f we let p(t) = t, then we obtain the fractional mazimal operator My;
M, =M,.
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o If we let p(t) = min(t*,1), then we obtain the local fractional mazimal
operator mq; M, = mq, where

,roz

ma f(z) = sup |f(y)| dy

0<r<1 |B(JI, T)| B(z,r)

What M, is to I, is what M, is to I,. So, we are interested in when M,

is bounded from M#(R") to MY (R™). We start with the following necessary
condition:

Proposition 4.74. [51, Theorem 1] Let 1 < g < 0o and (¢, 9) € Gy X G1. Assume
that M, is bounded from M$(R") to wMY(R™). Then p < & In particular, if M,
is bounded from M¥(R") to MY (R™), then p < 2.

Proof. Let R > 0 be fixed. We utilize the pointwise estimate p(R)xp(r) < M,XB(2R)s
and the doubling condition of ¢ to obtain

o(R) < HP(R)XB(R)HWM;P < ||MpXB(2R)HM1f < ||XB(2R)||M§ N QD(R).
Y(R) Y(R) Y(R) Y(R)

O

Our first result completely characterizes the boundedness of M, on general-
ized Orlicz—Morrey spaces.
Theorem 4.75. [51, Theorem 1] Let 0 < a < 1 < g < o0. Let ¢ € Gg. Then, M,
is bounded from Mg (R™) to Mfilq(R”) if and only if p and ¢ satisfy the inequality

p(R) S p(R)' ™ (74)
for all R > 0.

The proof hinges on the following Hedberg inequality:

Lemma 4.76. [51, (15)] Let 0 < a <1 < g < oo. Let ¢ € G,. Then for any
fe MZR™) with |[fllpmg <1,

M, f(x) S Mf(x)* (x€R"). (75)

Once Lemma 4.76 is proved, we have only to resort to the scaling law (Lemma
3.11) and the boundedness of M on M (R").

Proof of Lemma 4.76. Remark that both ¢ is bijective. Let R > 0. By using the
definition of M, we obtain
p(R)

B, B)| Jsw.n If(W)| dy < p(R)M f(z) < o(R)* "M f(x)

and
p(R)

B(z.R)| <
1B(x, B)| Jpe.n) If W)l dy < p(R)

S e(R)™

£l aee
p(R) ™~
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Thus, it follows that
p(R)

B0 0] gy 0] S i (R0 ) ()
<bupmm{t1 *Mf(x),t~ }
>0
= Mf(x)".
Since R > 0 being arbitrary, we obtain (75). 0

The weak boundedness of M, can be characterized in a similar way.

Corollary 4.77. [51, Corollary 1] Let 0 < a <1 < g < co. Let ¢ € G;. Then, M,
is bounded from MZ(R™) to W./\/la"oilq(R") if and only if p and ¢ satisfy (74) for
all R > 0.

We move on to the vector-valued inequality for M, on generalized Orlicz—
Morrey spaces and generalized weak Orlicz—Morrey spaces.

Theorem 4.78. [51, Theorem 8] Let 0 < a < 1 < g < o0 and let 1 <wu < co. Let
¢ € Gq.

e If p and ¢ satisfy (33) and (74), then for {f;}52, C MZ(R")

u

> M, S 1A
j=1 a '

MP” ME
a q

1
u

o (Conversely, if

Z M, fi*
j=1

g
g=

N

> olfl (76)
WMfa ' ME

for {fi}521 C ME(R™), then p, ¢ and ¥ satisfy (74). Moreover, under the
assumptwn that p ~ /v, inequality (76) holds if and only if ¢ satisfies

Proof.

e Using (74), we may assume that p = ©!7%. Then since ¢ is a doubling
function and 0 < a < 1, we have
Mo fj S Ipi-a|fj].
Thus,

ZMpfju Z I 1- “|f7 SLp“” Z'f]lu
j=1 j=1 j=1
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Since we can verify (69), it remains to resort to the boundedness of I 1-a
from M#(R™) to ijlq(R”).
o We let

o f(G=1), Y (N
fJ_{O, G>1), fe MI(R™).

Then we have the boundedness of M, on MY (R™). Hence, by Theorem
4.75, we conclude that the inequality (74) holds.

Finally, under the assumption that p ~ ¢/1, we prove that inequality
(76) holds if and only if ¢ satisfies (33). To do this, it is enough to show
that (33) follows from (76). Now, assume that the integral condition (33)
fails. Then, for any m € N, there exists r,, > 0 such that

(2™ 1m) < 20(rm)-
Letting f; = X[1,m](J)XB(@irm)\B(2i~1r),J € N, we have
il mg ey < IXBEmr)llag ~ @27 1m) < 2¢(rm). (77)

Since § € G, and p ~ ¢/ = ¢/0(p), p(r) S p(s) for all r < s. Due to this
fact and the inequality M, f; 2 p(2/7m)XB(r,.), We have

1

u

m
HMpfjHWM’f(gu) 2 ZP(2jrm)u XB(rm)
j=1

w./\/llf

> (rm)m . (78)

We combine the inequalities (77) and (78) with the boundedness of M,

from wMZ(£*) to MY (£%) to obtain m < D where D is independent of
m, contradictory to the fact that m € N is arbitrary. Thus the integral
condition (33) holds.

O

Remark 4.79. One may ask ourselves how different I, and M,,. See [27, Theorem
1.10] or compare [101, Theorem 1.3] with [101, Theorem 1.7] and [101, Proposition
4.1] to see the gap between I, and M,. See also [27, Theorems 5.1 and 5.2] to see
that when they are the same.

Remark 4.80. See [29, Theorem 5.2] and [47, Theorem 4.3] for the Spanne-type
boundedness of M, where the integral condition is assumed.

Remark 4.81. See [29, Theorem 5.5] and [47, Theorem 4.4] for the Adams-type
boundedness of M., where the integral condition is assumed.

Remark 4.82. See [127, Theorem 4.1] for the boundedness of the fractional max-
imal operator on generalized Morrey spaces in the multilinear setting.
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5. OVERVIEW OF OTHER TYPES OF GENERALIZATIONS

5.1. Morrey spaces for general Radon measures and Morrey spaces over
metric measure spaces. In addition to the genealization of p into functions, one
can replace the Lebesgue measure by general Radon measures. Here we work on a
metric measure space (X, d, 11). We refer to [125] for an exhaustive account of the
analysis on metric measure spaces. Let £ > 0 and 0 < ¢ < p < co. We define the
Morrey space MPb(k, 1) as

MGk ) = {1 € L)+ Il angegy < o0}

where
11 !
flatzie = s Bk ([ eIt @)
B(z,r)eB(u) B(z,r)

Here B(u) stands for the set of all balls having positve p-measure. In the Euclidean
space R™, Q(u) stands for the set of all cubes having positve p-measure. Clearly
we have LP(u) = MB(k, ), and by applying Holder’s inequality to (79) we have
Iz, k) = 1F 1z, oy for all p > g1 > g2 > 0 and k > 1. Thus the following
inclusions hold:

Proposition 5.1. Letp>q; > g2 >0 and k > 1. Then
LP(p) = My(k, ) € My, (k, 1) € M, (k, ).

A remarkable property of M¥(k, u) is that the space M?(k, i) does not de-
pend on k > 1.

Proposition 5.2. Let (X,d, u) be the Euclidean space R™ with the Euclidean dis-
tance and the Lebesgue measure. Then for all ME(k, ) = MbP(2,p) p > q > 0 and
k>1.

We do not recall its proof whose proof hinges on a geometric structure of R™;
see [104, Proposition 1.1]. It can happen that MZ(1, u) is a proper subset M#(2, )
in Proposition 5.2, as was shown in [99]. Instead of the norm above, we can use

1

q

1fllcrky = sup r”u(B(x,kr))_% (/B( : |f(Z)|qdﬂ(Z)>

B(z,r)eB(u)

See [72]. See also [95]. We can also define the generalized Morrey spaces with Radon
measures. We work on a metric measure space (X,d, u). Let ¢ : (0,00) — (0,00)
be a function. Then define

Mgk ) = {f € L)+ 1 |aagigm < 0
where

1 q ; z
B ey N0 >>
(50)

Ifllaz ey = sup o(u(B(x, kr)))
B(a,)eB(n)
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See [45, 91] for generalized Morrey spaces with general Radon measures and [90]
for weak Morrey spaces with general Radon measures. See [56, 53, 93, 96, 97] for
this direction of approaches. We refer to [126] for Morrey spaces with gradient in
this type of setting.

We can consider some concrete cases. See [20, 34, 39] for generalized Morrey
spaces on Heisenberg group, [48] for parabolic genealized Morrey spaces and [13, 40]
for anisotropic genealized Morrey spaces. See [16, 32] and [121] for generalized
Morrey spaces on Carnot groups and for generalized Morrey spaces for the p-adic
fields.

5.2. Local generalized Morrey spaces. Motivated by the works [28, 43], de-
fine the generalized local Morrey space LM¥(R™) to be the set of all measurable
functions f such that

1

— 1 q ‘
”f”LMfi‘iIg@(r)(Q(T” Q(T)If(y)l dy> < 0. (81)

The space LM (R") is sometimes referred to as the B,-spaces. See [78, 106] for
B -spaces.

5.3. Generalized Orlicz—Morrey spaces. Instead of p, we can generalize g using
Young functions. In the definition below we exclude the case where p(t) = oo for
some t € (0, 00).

Definition 5.3 (Young function). A function ® : [0,00) — [0,00) is said to be a
Young function, if there exists an increasing function ¢ which is right-continuous
such that

(1) :/0 p(s)ds (t>0). (82)

FEquality (82) is called the canonical representation of a Young function ®. By
convention define ®(o0) = 0.

There are three types of generalizations. We start with the Orlicz—Morrey
spaces of the first kind. To this end we start with the defintion of the (¢, ®)-average
over @.

Definition 5.4 ((p, ®)-average). Let ¢ : (0,00) — (0,00) be a function and @ :
(0,00) — (0,00) a Young function. For a cube Q and f € L°(Q), define the
(¢, ®)-average over Q by:

T Einf{/\ 50 sdfé;m/Q@ (If(;)l) iz < 1}.

In [75] Nakai defined the generalized Orlicz—Morrey space of the first kind
via the (¢, ®)-average.

Definition 5.5 (Generalized Orlicz—-Morrey spaces of the first kind). Suppose
thatwe have a function ¢ : (0,00) = (0,00) and a Young function ® : [0,00) —
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[0,00). For a measurable function f define || f[lze = sup ||f|l(p,2):@- The function
QEQ

space LI (R™), the generalized Orlicz—Morrey space of the first kind, is defined to
be the set of all measurable functions f for which the norm ||f||ce is finite. Like-
wise the function space WLE(R™), the weak generalized Orlicz—Morrey space of the
first kind, is defined to be the set of all measurable functions f for which the norm

[flweg = supaso Allx ool (1fDllcg is finite.

We move on to Orlicz—Morrey spaces of the second kind. To define Orlicz—
Morrey spaces of the second kind, we need another notion of the average.

Definition 5.6. Let @ : [0,00) — (0,00) a Young function. For a cube Q, define
its ®-average over Q by:

f||<I>;Q=inf{)\>0 : é/@@(f(;)') dm<1}. (83)

With this new definition of the average in mind, Sawano, Sugano and Tanaka
define generalized Orlicz—Morrey spaces of the second kind [103].

Definition 5.7 (Generalized Orlicz—Morrey spaces of the second kind). Suppose
that we have a Young function ® : [0,00) — [0,00) and a function ¢ : (0,00) —
[0,00). Let f € L°(R™).

e Define || fl|pmz = Slé;égp(ﬁ(@))”fH@Q The generalized Orlicz—Morrey space

of the second kind MEZ(R™) is defined to be the the set of all measurable
functions f for which the norm | f|| e is finite.

e Define || f|lwame = iu}()))\||x(o7>\)(\f|)||M£. The function space WMy (R™) is
>

defined to be the weak gemeralized Orlicz—Morrey space of the second kind
as the set of all measurable functions f for which the norm | fllwas is
finite.

Finally, Deringoz, Samko and Guliyev define generalized Orlicz-Morrey space
of the third kind as follows:

Definition 5.8. The generalized Orlicz-Morrey space Zg(R™) of the third kind is
defined as the set of all measurable functions f for which the norm

_ 1
Il = sup (6@ 1(@|) 1l

is finite.

We do not go into the details of these function spaces; here we content
ourselves with mentioning that the first kind and the second kind are different
and that the second kind and the third kind are different according to [22]. See
[11, 36, 52, 98, 102, 119] for more about these function spaces.
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5.4. Generalization of ¢ to the function depending also on z. One can
consider the case where ¢ depends on x not only on r.

Q=

Ifllmg = sup  o(z,7) (1 )f(y)lqdy> < oo (84)

z€R™ r>0 |Q('T7T)| Q(z,r

See [4, 29, 45, 73] for the approach to this direction.

5.5. Martingale Morrey spaces. One can use martingales to generalize Morrey
spaces [77, 81].

Let (2,%, P) be a probability space, and F = {F,},>0 a nondecreasing
sequence of sub-c-algebras of ¥ such that ¥ = o(|J,, F»). For the sake of simplicity,
let F_1 = Fo. The set B € F, is called atom, more precisely (F,, P)-atom, if any
A C B, A € F,, satisfies P(A) = P(B) or P(A) = 0. Denote by A(F,) the set of
all atoms in F,.

The expectation operator and the conditional expectation operators relative
to F,, are denoted by E and FE,, respectively. It is known as the Doob theorem
that, if p € (1,00), then any L,-bounded martingale converges in L,. Moreover,
if p € [1,00), then, for any f € L,, its corresponding martingale {f,}°2; with
fn = E,f is an L,-bounded martingale and converges to f in L, (see for example
[82]). For this reason a function f € L; and the corresponding martingale {f,}52,
will be denoted by the same symbol f.

Let M be the set of all martingales such that fo = 0. For p € [1,00], let
LY(Q, F, P) be the set of all f € LP(Q, F, P) such that Eof = 0. For any f €
LY(Q, F, P), its corresponding martingale (f,) with f, = E, f is an Ly-bounded
martingale in M. For this reason we regard as Ly(Q, F, P) C M.

Let B = {B,}n>0 be sub-families of 7 = {F,,},>0 with B,, C F, for each
n > 0. We denote by B C F this relation of B and F.

In this paper we always postulate the following condition on B:

There exists a countable subset B’ C By such that P ( U B> =1 (85)
BeB

We first define generalized martingale Morrey-Campanato spaces with respect to
B as the following:
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Definition 5.9. Let BC F, p € [1,00) and ¢ : (0,1] = (0,00). For f € Ly, let

£z = 1 lpce
1/p

IJ
i L Ir@rare)

i [ @) - Bup)r art >)1/p,

= sup sup @(P(
n>0 BEB,

I fllce = 1 fllce sy

= sup sup ¢(P(
n>0 BEB,

1fllccey- = Ifllcey-(s)

/\/-\/-\

1 1/p
= - En— de )
sup sup P(P( PB) / | f(w 1f(w)] (w)>
and define
L = LE(B) ={f € Ly : |fllzg < oo},
L =Le(B)={feLy:|flleg < oo},

(L5)™ = (L)~ (B) ={f € Ly : Ifll(eg)- < oo}

5.6. Replacing sup in the Morrey norm by other norms. Instead of taking
the supremum, Fueto considered to take the LP-norm in [21]. Although Feuto
worked in the weighted setting, we describe it in the unweighted setting.

Definition 5.10. Let 0 < ¢ < p < o0 and 0 < r < co. One defines MQT(R") to
be the set of all f € L{ (R™) for which

loc

1fllae . = {|Qm|éi (/ If(y)qdy>q}

See [6, 67] for applications to partial differential equations.

VEZ mMEL™ o

is finite.

5.7. Grandification of the parameter g. In addition to generalization of the
parameter p, we can also grandify the parameter ¢; for f € L°(R"), we define

1

e = s swp Q)3 @t dy|
Q(z,r)

0,0 zER™,r>0e€(0,q—1)

The space M) ,(R") collects all f € L(R") for which 1£llaaz, , s finite. See

[58, 68, 71] for more details and variants.

5.8. The case of the variable expoenent. By a variable exponent we mean any
measurable function from R"™ to a subset of (—o0,o0]. We define || - || p»» which is
called the variable Lebesgue norm or the Nakano—Luxenburg norm.
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Definition 5.11 (Variable Lebesgue spaces, Variable exponent Lebesgue space).
Let

p() : R" = [1, o]

be a measurable function. Then define the variable exponent Lebesgue space Lp(')(R”)
with variable exponents by

LPOR™ = | J{f € L°R") = pp(A7"f) < o0},
A>0

where
o (F) = [Xp-10.00) [F POl + 11l Lo (p1.00))-
Moreover, for f € LPO)(R™) one defines the variable Lebesque norm by

1f1l o) ny = inf ({X € (0,00) : pp(A™"f) < 1} U {oo}).

Using this techinique, we can generalize the exponent ¢. See [37, 65, 66] for
example.
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