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A_n
Abstract. In this paper, we show that the Morrey spaces Ll’(P P+n) (R™) are
embedded between weak Morrey spaces wLP* (R™) and Stummel classes S, (R™)

under some conditions on p, A and a. More precisely, we prove that wLP* (R™) C

1 (A—ﬂ-m) n—X\
L\» » (R")gSQ(R")wherel<p<oo,0<)\<nandT<a<n.
We also show that these inclusion relations under the above conditions are proper.

Lastly, we present an inequality of Adams’ type [1].
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A_n
Abstrak. Pada makalah ini, dibuktikan bahwa ruang Morrey Ll'(f’ P +n) (R™)
tersisipkan di antara ruang Morrey lemah wLP* (R™) dan kelas Stummel

Se (R™) untuk p, A dan « tertentu. Persisnya, dibuktikan bahwa wL??> (R"™) C

L,(2-24n) pn n n—X
L\» » (R)QSQ(R)dengan1<p<oo,0<)\<ndanT<a<n.
Akan dibuktikan pula bahwa hubungan inklusi ini merupakan inklusi sejati. Di

akhir makalah, disajikan suatu ketaksamaan tipe Adams [1].

Kata kunci: Ruang Morrey, kelas Stummel, ketaksamaan tipe Adams.

1. INTRODUCTION

The notion of Stummel classes was defined in [5, 11]. For 0 < a < n, the
Stummel class S, (R") is defined to be the set

Sa (R™) := {f € Lige (R") : o f(r) \y 0 for r\,0},
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where
Mo f(r) := sup / Mdy
z€R™ J|z—y|<r |$ - y‘n «

The 7, is called the Stummel modulus of f. For a := 2, the class S5 is known as
the Kato class or the Stummel-Kato class. The Stummel classes S, (R™) have an
application in studying the regularity theory of partial differential equation. Such
an application can be found in [2, 3, 4, 6, 9].

In [11], Ragusa and Zamboni studied the inclusion relation between Morrey
spaces and Stummel classes. They proved the following result:

Lemma 1.1. [11] Let 0 < a <n andn —a <~y <n. If f € LY7(R"), then
Naf(r) < C(n,a,7) pynte ||f||L1,w(Rn).
Therefore, LYY (R™) C S, (R™).

Note here that, the Morrey space L' (R") is the collection of all functions
f € Ll (R™) for which

Il = s [ f)ldy<co.  0<q<n
z€R?,r>0 T lz—y|<r

For the case o := 2, the Lemma 1.1 was proved by Di Fazio in [6]. There are also
some studies between generalized Stummel classes and generalized Morrey spaces
that can be found in [7, 8, 12].

We need to write down the definition of weak Morrey spaces since this article
deals with them. For 1 < p < oo and 0 < A < n, we define wLP’A(R”) the weak
Morrey space to be the set of all functions f € wI! (R") for which

loc

”f”wLP’*(R") ‘= Ssup ri/\/p”waLP(B(x,r)) < 00,
z€R™ r>0

where
I fllwrr Bz = iggt(u({y € B(z,r) : [f(y)| > t})7,

with p being the Lebesgue measure on R™ and B(z,r) := {y € R" : |[x —y| < r}.

In this paper, we show that there are Morrey spaces ‘between’ some weak
Morrey spaces and Stummel classes, in the sense of proper inclusions. Since the
Morrey spaces and Stummel classes are applied in studying regularity properties of
some partial differential equation (see [1, 3, 10]), the inclusion properties of these
spaces (classes) are useful to study. We also present an inequality of Adams’ type
[1] as our last result.

2. THE INCLUSION OF WEAK MORREY SPACES, MORREY
SPACCES, AND STUMMEL CLASSES

The first proposition is about the inclusion relation between weak Morrey
spaces and Morrey spaces.
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Proposition 2.1. Let 1 <p < oo and 0 < A < n. If f € wLP*(R™), then
”f” (7—ﬂ+n)(Rn < C(n )‘ p) ||waLp %(]Rn)

Therefore, wLPA(R™) C Lh(3-3+n) (R™).

Proof. Take any f € wLP*(R"), x € R", and r > 0. For every o € R, we have

00 (w(B(z,m)))7
/ i ({y € Ble.r) : |f(y)] > 1)) dt < / ) (B(x,r)) dt
0 0
[e%) ,r)\
A o / Uy
EP2E) J By P

= (n(B(a,r))"""

( )”waLp A(R) (,U/ (B(x’T))>0'(1—p) 7")\.
(1)

Let 0 := %p—f and 8 := 7( —n)+n. Then n(c +1) =no(l —p)+ A= 3. By
(1), we obtain
o [ lwld= 5 [ sl
r(%_%'i_n) lz—y|<r rf |z—y|<r
1 o0
=5 | nlve B wi>m @
< C(n A p) ||waLP A (R") (2)
for every z € R™ and r > 0. From (2), the conclusion follows. O

From the Proposition 2.1 and Lemma 1.1, we have the following corollary.

Corollary 2.2. Letl1 <p<oo, 0< A <n, and ”T*)‘ <a<n. If f € wLP(R"),
then

11 3y < CO0AD L gy
If f e LG5 ) (R, then

Naf(r) < C(n,a, A, p)rr-mte 111 (3 300)

Therefore, wLPN(R™) C L (5-5+n) (R™) C So(R™).

In the next example, we show that the inclusion relation which was shown
in Lemma 1.1 is proper. Thus, the later inclusion in Corollary 2.2 above is also
proper.

Example 2.3. Let 0 < a <n andn—a < vy < n. Define f:R" — R by the
formula

__ xsW) — n
0= (e 27 PO0 veRy

where § == e¢& . Then f € So(R™)\ LV (R™).
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To verify the example, we first show that f € S,(R™). Since the function f
is radial and non-increasing, the Stummel modulus of f is attained at the origin.
Given r > 0, let € := min{r,0}. We have,

x0T
R Wl O

By switching to polar coordinate, we obtain
1 C(n
[N
l<e [y1"In(ly])]

Therefore,

naf(r) = —61512) :

By the definition of €, for every 0 < r < 4, we have

naf(r) = C(n) (_hllm>xo for 7, 0.

Thus, f € Sq(R™).
Next, using the fact that 1/¢t%|In(t)|? is decreasing on (0,d) and the condition
n — a < v, one may observe that f ¢ L17(R").

3. AN ADAMS’ TYPE INEQUALITY

In his paper [1], D. Adams proved the following inequality:

1

([ @i @)de)” < CtormlViins ol Volsge 3)

Yu € C§°(R™), q:= ﬂ, 1<p<n,
n—p
where V is a non-negative function in the Morrey space L'7(R") and v > n — p.
Our purpose in this section is to establish an inequality similar to (3). To do
so, we need to recall the S, , class that was introduced in [11].
Let 1 < a < n and ¢ : (0,00) — (0,00) be a nondecreasing continuous
function such that 7}1_% ©(t) = 0. We say that V' : R™ — R belongs to the class Sq,,

if there exists a non decreasing function &y : (0,00) — (0,00) with lin}J &v(r)=0
r—

such that V)
sup / niay dy < &v(r).
z€R™ J|z—y|<r ‘CU - y‘ QD("(E - y|)

The following lemma was proved in [11]. It gives a sufficient condition for a
function in S, (R™) to belong to an appropriate S, , class.

Lemma 3.1 ([11]). Let V € S, and suppose that there exists 9 € (0,1) such that

/1 [V ($)]' ™"
0 t

dt < oo.

Then V S Sa’[nav]ﬁ.
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The next theorem is an Adams’ type inequality that we obtain.

Theorem 3.2. Let 1 < a < n and suppose that

o

[0
0 3 7

where é + L =1. If V€ Sa,, then

a’ T
1

{[ @rwla}” < oo e @l [Vul

for every u € C§°(R™) with supp(u) C B(zg,ro).

Proof. Let x € B(xg,rg). Since fol [(p(t)]% t~1dt < oo, we have

/ CEETGI

|z —y|™
B(ﬂcoﬂ"o)

and the value is independent of z. By Holder’s inequality, we obtain

LI ALTUTGR g CCELTIIC

x —y| 2 —y|"o(|z —y|) |z —y|"
B(xo,70) B(xo,70) B(xo,70)
v «
_c / \njta(y)\ i\
|z —y["~>o(|lz - y|)
B(woﬂ'g)

where C := C(n, a, ¢,79). We now employ the following inequality

[Vu(y)|

< _ Y AIIL
Ju(x)| < C(n) / PR

B(IQ,TQ)
to get
[Vu(y)|
u(z)|* < C n, o / —d
[u(@)]* < C(n,a) oyt
B(zo,70)

|Vu(y)|*

< C(n,a,p,10) / dy.

B(zo,70)

|z —y["~p(|z —y|)
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Since B(zg,r0) 2 supp (u), by Tonneli’s theorem we obtain

e = [ @@

<c| / AT — N
B(zo,r0) B(zo,r0) |.1‘ - y| ()0(|aj - yl)

=C / Vu(y)|” / Vi) dz | dy
B(z0,70) B(zo,r0) |‘T - y| ()0(|3j - yl)
(

a Viz
<c vl ( [ V()
B(x0,70) B(y.2re) [T —y[" %

— Oy (2n0) / | uly)|dy,

n

dx | dy
|z —yl)

with C := C(n,a, ¢, r9). O
By combining Lemma 3.1 and Theorem 3.2, we have the following corollary.

Corollary 3.3. Let V € S,, é + i =1, and ¥ := fﬂ such that

/1 V()] "
0

t

dt < oo.

Then

Q=

{/R @)V (@) dfc} < Cn, 0,10V, 70) | Ve o

for every u € C§°(R™) with supp(u) C B(xg, o).
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