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Abstract. This paper presents a subgenomic Hepatitis C Virus (HCV) replication
model which incorporates the rate of influx of HCV plus-strand RNA into Huh-7
cell and monitored its effects. The model exhibits three equilibria, namely: trivial
equilibrium, healthy equilibrium and endemic equilibrium. Stability analysis of the
model reveals that the healthy equilibrium is globally asymptotically stable under
certain condition. Furthermore, it is shown that increase in the rate of influx, in-
creases the steady state level of total plus strand RNA, synthesized plus strand
RNA, replicated plus strand RNA and NS5B in the system. Sensitivity and un-
certainty analyses of the model (using the basic replication number (Ro) as the
response function) show that the top three PRCC-ranked parameters are the rate of
influx, kg of HCV plus-strand RNA, the rate of production of translation complex
(T¢) and the rate of degradation, u;;yt, of plus-strand RNA R;‘Jyt. Furthermore, the
distribution of R is between [0.9999, 1.0008] with a mean of Ro = 1.0003.

Key words and Phrases: Hepatitis C Virus, replication, basic replication number,
stability analysis.

1. INTRODUCTION

Hepatitis C Virus (HCV) is a plus-strand RNA virus that attacks liver cells
and causes liver failure which can lead to liver transplantation or death [3]. HCV
is often asymptomatic, only in about 15% of the cases symptoms includes lost of
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appetite, fatigue, nausea, muscles or joint pain, weight lost, etc. [3]. The virus is
very small in size (about 30-60nm) [1], envelopes and belongs to the genus Hep-
acivirus in the family Flaviviridae [2]. The major route of transmitting this virus is
via blood (i.e, during blood transfusion, use of poorly sterilized medical equipments
that carried infected blood, etc) [3, 17]. According to WHO, about 71 million per-
sons are infected with HCV globally and among which about 15 - 45% clear the
virus within 6 months. Approximately, 399,000 individuals die every year [30].

In order understand the dynamics, prevent and control the spread of HCV
within an individual (in vivo) or in a population, several mathematical models
have been proposed and rigorously analysed by different authors (see, for instance,
[2, 3, 8, 14, 25, 26] and references therein). Spiegelman in 1970 [4] has shown that
viral RNA amplification depends on RNA polymerase-containing RNA replicase
that specifically interacts with the incoming viral RNA (plus-strand). In 1981,
Biebricher et al [19] used the idea developed in [4] and studied the kinetics of RNA
amplification by Qf replicase (quantitatively) and developed a kinetic model for
self-replication of @8 RNA in vitro [5].

A model for complete life cycle of @ has been presented in [18]. Using a
subgenomic genotype 1b (Conl) replicon, Lohmann et al. in [6] found that HCV
RNA replication persist in a human hepatoma cell line (Huh-7)1 . Later, the adap-
tive mutations in nonstructural proteins were identified by Bartenschlager et al. in
[7] which improved the efficiency of HCV replication. In 2007, Dahari et al. in
[2] produced a model for complete replication of HCV. In this study, the model
presented by Dahari et al. in [2] is extended by incorporating the rate of influx
of HCV plus-strand into a cell and monitored (mathematically) its effects to the
production of more HCV particles.

This paper is organized as follows. The model is formulated in Section 2. The
model analysis is presented in Section 3. Numerical simulations of the extended
model are given in Section 4. Sensitivity and uncertainty analyses are performed
in Section 5.

2. MODEL FORMULATION

The model is derived from the details of HCV replication life cycle as de-
scribed by Dahari et al [2] and other literature in [13, 15, 17]. We sub-divide the
process into three stages viz: HCV entry, HCV translation, and HCV replication.
Stage I: Hepatitis C Virus Entry
The first step of interaction between HCV and the target cell that is required for
the initiation of the infection [9]. Recent studies of HCV entry revealed that the
process is slow and complex multistep [11]. The virus cross the plasma membrane
of the target cell and have access to cytosolic and/or nuclear components in order to
replicate its genome [10]. The viral entry begins with binding of the HCV particle
to an attachment factor on the cell surface [11]. After binding of the virus to the
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cell surface, the virus enters the cell by clathrin-dependent endocytosis and upon
acidification, fusion of the viral envelope, presumably with the membrane of an
early endosome will lead to the release of the viral nucleocapsid into the cytoplasm
[12].

Stage II: Translation of Hepatitis C Virus RNA

The plus-strand RNA (RgY?) enters the cell, it interacts with the host ribosome com-
plex (R;po) to produce translation complex (7.) at a constant rate k1. Once this
translation complex is being produced, then translation begins and viral polypro-
tein (P) will be formed at a constant rate ky. Thus, T, degrades at a constant rate
pr,. After viral polyprotein is produced, we assume that the ribosome complex
dissociate from T¢. and that will result to free plus-strand RNA. This R;¥? degrades
at the rate of u;yt. Therefore, Rf,yt and R, disappear at a rate of k1 and then
reappear at a rate ky. The viral polyprotein alone will then split at a constant
rate k. into separate structural and non-structural viral protein. It is this non-
structural viral polyprotein that include NS5B polymerase (EY!) which contains
RNA replicase which is the replication machinery. Then, £ will then degrades

with rate constant u%’t. When NS5B is formed, then the translation is complete

[2].

Stage III: Replication of Hepatitis C Virus RNA

The non-structural viral protein (NS5B polymerase) enters the VMS at a constant
rate kgin. Also, the free plus-strand that dissociate from T, will also enter the
VMS at a constant rate kp;,. The free plus-strand in VMS (R,) will interact with
NS5B polymerase in VMS (E) to form plus-strand replicative intermediate com-
plex (Rpp) at a constant rate k3. The produced Ry, degrades at a rate pr,. The
complimentary minus-strand will then be formed at a constant rate of k4, and the
R, dissociates to double strand RNA (Rg4s) and NS5B polymerase (E). After the
formation of Rg4s, then E will act on it and leads to the formation of double strand
replicative intermediate RNA (Ryg4s) at a constant rate of k5 and the formed Rj4s
degrades at a constant rate of p74s. The formed R4 produces the replicate nascent
plus-strand RNA at a constant rate of k4, per complex and once this nascent plus-
strand RNA is replicated. The unwounded plus-strand RNA R, is then released
from Rjy4s complex (along with R4s and E). The replicated plus-strand RNA (Rp)
will degrade at a constant rate of i, and then transported back to the cytoplasm
at a constant rate of ko, Figure 1 represents the diagrammatic explanation of
HCV plus-strand RNA entry, translation and replication processes. The first four
equations of the model (1) describe the translation process of HCV, while the last
five equations describe replication process of HCV as shown in Figure 1.
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FIGURE 1. The Reaction Scheme for HCV Replication Process in
Huh-7 Cell with ko as Rate of Influx of HCV Plus-strand RNA.
The Cell Membrane is Symbolised by a Solid Oval Shape and VMS
is Symbolised by Dotted Oval Shape.
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dT, .
dt = klRiboprt - kQTc - ,UJTCTC
dP
E = kQTC - kcp
dEcyt
— = kP~ kpin BVt — nYtEY
dRp cyt
W = k4pR1dS + kl)Zan — k3RpE — kpoutRp — ,upRp (1)
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with the initial conditions
RVH(0) >0, T.(0)>0, P>0, E% >0, R,>0,
R4s >0, E>0, Rrp>0, Rpgs>0.
Parameter | Description Range/value | Citation
k1 Rate of T, formation 34 —83 | [2]
ko polyprotein translation rate 100 | Assumed
k3 Ry, formation rate 0.01 — 0.02 | Assumed
kap Rp synthesis rate 1.7 | Assumed
kam Rg4s synthesis rate 1.7 | Assumed
ks Rr4s formation rate 4 molecule™! | [2]
Epout Rate of transporting Rp into cytoplasm 0.2 | 2]
Epin Rate of transporting R%Y" into VMS 0.2 | [2]
kEin Rate of transporting EY* into VMS 4x1076-4x107° | [2]
ke Viral polyprotein cleavage rate 02—-11[2]
ugyt R%’t degradation rate 0.06 — 15 | Assumed
p Rp degradation rate 0.07 | [22]
Ids Ry, degradation rate 0.06 | [23]
Hrp Ry, degradation rate 0.01 — 0.06 | Assumed
[Ids Rrgs degradation rate 0.13 | [2]
W, T. degradation rate 0.001 — 0.02 | Assumed
WE E degradation rate 0.001 — 0.06 | Assumed
vt EY' degradation rate 0.06 | [23]
RY?(0) Initial quantity of plus-strand RNA 500 | [2]
RLot Number of ribosome complex 700 | [2]

TABLE 1. Parameter description and values for model (2) model
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3. MODEL ANALYSIS

For simplicity, let R;yt =ux, T, = 29, P = 3, ECvt = x4, Ry, = ws,
Rys = z6, E = x7, Ryp = xg, and Ry4s = 9 in equation (1), we have:

dx
7; = kox1 + koo + kpout®s — k1 Ripo1 — kpin®1 — pgt a1
dx
72 = k1 Ripox1 — koo — i1, T2
t
dl‘g
E = le‘g — k'cl'g
dx
74 = kews — kpinta — n3 24
t
dl‘5
o kapwo + kpinT1 — k32577 — kpoutTs — fpTs (2)
dx
7: = kamaxs + k4p$g — ksxgry — UdsTe
dl‘7
o kgin®s + kams + kapTo — k3xsT7 — k52627 — LET7
dx
=2 — kawswr — kamas — HIpT8
dt
dx
7: = ksxex7 — kapTo — prasTy

with the initial conditions
z;(0) >0, i=1,2,3,...,9.

3.1. Positivity of solution. Since the model monitors number of molecules of
replication mechanism during HCV replication, then we need to show that for non-
negative initial conditions, the variables x;(t), ¢ = 1,2,...,9 are positive and
remain positive for all £ > 0. Hence the following result.

Lemma 3.1. Ifz;(0) >0, for i=1,2,...,9, then the solution xz;(t), for i=
1,2,...,9 of the model (2) are positive for all t > 0.

Proof. Adopting the prove by contradiction method used in proving the positivity
of solution of system of nonlinear equations in [27], we prove this lemma by con-
tradiction.

Suppose there exists a time ¢; such that

xj(tj) = 0, SC;(tj) < 0, _] = 1,2,3, ...,97

3
() >0 i#j, i=1,23,..9, 0<t<t;. ®)

Since the model parameters are positive, then from assumption (3) and :
first equation in model(2) (i.e j=1), we have

xll (tl) = kzﬂ?g + kpoutxf) > 07 (4)
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second equation in model(2) (i.e j=2) , we have

xh(ta) = k1 Ripow1 > 0, (5)
third equation in model (2) (i.e j=3), we have
x4 (t3) = kaza > 0, (6)
fourth equation in model (2) (i.e j=4), we have
2y (ts) = kews > 0, (7)

It is easy to show from assumption (3) and fifth, sixth, seventh, eighth, and ninth
equations. Hence, the solutions of the model (2), z;(t) >0, j=1,2,3,4,5,6,7,8,9
remain positive for ¢ > 0. (|

Now setting the right-hand side of model (2) to zero (noting that Ry, =
R;-I;Zt — 1‘2).
The following equilibria are identified.
(1) Trivial equilibrium i.e Ey = (0,0,0,0,0,0,0,0,0).
(2) Healthy equilibrium i.e when a cell is healthy ( plus-strand RNA (which is
21) is not in the cell and all other mechanisms (except 1) are not produced
and all other parameters are zeros ), thus 1 = 23 = x4 = o5 = x6 = 27 =
rs = T9 = 0. The number of free ribosome complexes involved in HCV
RNA translation is calculated in [2] as Ry, = RL% — T., then we say
T. = RL" — Ripo. Let T, = 1, then x5 = n where n = R%% — Ry, hence
healthy equilibrium point E; = (0,7,0,0,0,0,0,0,0).
(3) Endemic equilibrium i.e E* = (ajad, %, x}, xf, af, o5, x§, xf).

3.2. Local Stability Analysis. In this section, we analyze the local stability of
trivial and healthy equilibrium and give the condition for the existence of equilib-
rium of the model.

3.2.1. Local stability of trivial equilibrium. The Jacobian matrix evaluated at triv-
ial equilibrium Ey, J(Ep), is given by

—aq kz 0 0 kpo’ut 0 0 0 0
by —ax O 0 0 0 0 0 0
0 ko  —k. 0 0 0 0 0 0
0 0 ke —ag 0 0 0 0 0
J(Eo) = kpin 0 0 0 —ay 0 0 0 k4p 5 (8)
0 0 0 0 0 — s 0 kam  kap
0 0 0 kg O 0 e  kim  kap
0 0 0 0 0 0 0 —as 0
0 0 0 0 0 0 0 0 —ag
and the eigenvalues associated to J(Ep) are:
AL = —ae,
)\2 = _kCa

A3 = —as,
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Ay = —as,
)\5 = —Hds;
A6 = —UE, .
A, 23Q , 37 '23(H-B)
)‘7 - 3 + 6 + Q )
Ao = _A 23gQ |, 3725 (H-B) 28330 3 285(H-B),.
s=—3 —(°+ 2Q )= (T 2Q )i;
Ao — A 28Q | 37'25(H-B) 2333Q 3" '25(H-B)\.
o=—3 (R + 2Q )+ (T - 2Q )i,
where

A=a1+as+ ay,

B = ajay + araq4 + agaq,

C =27a1a0a4,

D= 27(a/4bl ko + G/Qkpink:pout)a
E= bl k2 + kpinkpouty

F =ai +a3 +aj,
GZQA(B*E)*2A3*C+D,

H=F+ 3F,

Q= (G+(G* - 4(H — B)*)7)3,
and

ay = k1 RYS" + kpin + 115 — ko,
az = ko + pir.,

_ cyt
a3 = kgin +ug

Gy = kpout + Hps

as = kam + Hip,

a¢ = kap + [1ds,

by = ky BT,

by = k527 + pids,

bs = ksxe + kszs + pg.

Lemma 3.2. If Q > 0 then,
1

i. By is locally asymptotically stable when A > (273Q +23QY(H — B)).
ii. Ey is a saddle point when A < (273Q 4+ 23Q 1 (H — B)).

Proof. Suppose @ > 0, then:

i. Ag and Ag will have negative real parts. Also, since as, as, ag, ke, pE, and pigs
are real and positive, then the eigenvalues \; , ¢ = 1,2,3,...,6 are negative real
eigenvalues.

Lastly, Ay will be negative when A > (2_%Q + Q%Q_l(H — B)). Thus, \;,i =
1,2,3,4,5,6,7,8,9 have negative real parts, hence Fj is locally asymptotically sta-
ble.

ii. Claiming same for A\;;i = 1,2,3,4,5,6,8,9. Now if A < (273Q+23Q " '(H —B))
then A7 will be positive. Hence Ej is a saddle point. (I
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Observe that, decreasing the rate of influx (kq) increases the value of A which
leads to local stability of trivial equilibrium.

3.2.2. Local stability of healthy equilibrium. Using next generation method, we com-
pute the basic replication number Ry, which is the threshold parameter that mea-
sure the average number of new replicated copies generated by single virus when
introduce in to a complete healthy cells over its entire period. In order to compute
Ro, we first write the system (2) in the form:

= FX) - V(X),
V(X)) =V (X) - VH(X), 9)

T
X = (21,22, T3, T4, T5, T6, T7, T8, Tg)

where F,V*, V™ : R? - RY.

Considering the infected compartments x7,x2 and x5, then by next generation
method [20, 21], the associated matrices F for the new infection terms, and V
for the remaining transmission terms at healthy equilibrium are, respectively, given
by

0 0 0 kpin + M;yt + k1 Ripo — ko —ky _kpout
F=|kRp, 0 O N V= 0 k2+MTc 0

0 0 0 —kpin 0 kpout + Hp

Further,

FV-l=

o O
o o
o8 o

where,

k1 Rivo(kpout + iip)
[(Kpin + 15" + k1 Rivo — ko) (Kpout + 1p) — Kpinkpout]
kok1 Rivo(kpout + fip)
(k2 + NTC)[(kpin + ﬂ;yt + k1Ripo — kO)(kpout + Np) - kpinkpout]
kpoutk1 Rivo
[(kpin + .Ugyt + k1 Ripo — kO)(kpout + Np) - kpinkpout] .

q:

)

9

w =

The eigenvalues of the matrix FV ! are 0,0,u. Thus, it follows that the basic
replication number of the modified model is:
kalRibo(kpout + ,U/p)

(k2 + pre) kpintp + (157" + k1 Rivo) (kpout + 1p) — (Kpout + MEJk;))] 7
10

R() = p(FV_l) =
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where, p is called the spectral radius, kg > 0.

k

Lemma 3.3. Rq emists iff kg < % + (15, + k1 Ripo)-

Observe that, increasing the rate of influx (ko) also increases the value of Ry.
Likewise, decreasing ko decreases the value of Ry. Applying Theorem 2 of [24], the
following result is established.

Lemma 3.4. The healthy equilibrium Ey of the model (2) is locally asymptotically
stable if Ry < 1, and unstable if Rg > 1.

Biologically speaking, Lemma (3.4) implies that the replication can be con-
trolled when Ry < 1, depending on the intial sizes of replication mechanisms in the
model (2). It is noteworthy that increasing ko increases Rg, and vice versa.

3.2.3. Threshold Analysis. In order to assess the impact of kg, we differentiate R
partially with respect to kg, so we have:
8R0 _ (kpout + /J/p)2]€2k'1Ribo (11)
8k0 (kQ + NTc)[kpoutﬂp + (/14;; + klRibo)(kpout + Np) - (kpout + Np)kOP

Since all the model parameters are non-negative, then %713(‘]) > 0, thus the following

result.

Lemma 3.5. The rate of influx of HC'V into Huh-7 cell have detrimental impact
in the system.

3.3. Global stability of healthy equilibrium.

Lemma 3.6. For system (2), the healthy equilibrium E; is globally asymptotically
stable if Ro < 1 and ksxsxr — kapxg > 0.

Proof. We use the comparison theorem to prove the global stability of the healthy
equilibrium E;. The rate of change of the variables z1, 2, and x5 of system (2)
can be written as:

dx,
dt 1 0

dia | —(F V) |22 | - 0 :

A
L5 ; —
pr s ksxswr — kapg

where F and V are as defined in Section 3.2. By positivity of solutions and system
parameters for all ¢ > 0, then

dey o
& < (F — V) Xro
& _—

dt
Whenever ksxsx7 — kapxg > 0. By lemma 1 of [24] the eigenvalues of the matrix F
- V all have negative real parts. Thus, the system (2) is stable whenever R < 1.

Therefore,(z1, z2,25) — (0,7,0) as t — oco. By the comparison theorem [24], it
follows that (z1,22,25) — (0,7,0) and (z3, 24, x6, 27,28, 29) — (0,0,0,0,0,0) as

L5
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t — oo. Then (x1,x2,x3, 4,5, g, T7,28,T9) — F1 as t — oco. Hence, E; is
globally asymptotically stable provided Rg < 1. O

3.3.1. Euxistence of endemic equilibrium. To provide the condition for the existence
of infected (endemic) equilibrium (that is, when every mechanism is present) we
define the force of infection to be

A= kle‘bozT- (12)
Thus, solving system (2) at steady state gives:
« PN —

T T g

Ty = A
> ko + pire

ot ko \*

3 kc(k2 + ,U/Tc)

o ko A\*

4 (k2 + ﬂTc)(kEin + MCE)
g N*

i = (Ro—1 13
s = (Ro )§(k4p + prds)(B1 — B2)p (13)
* apoA*

g =(Ro—1
6 ( 0 )§(k4m + Ulp)(ﬁl - 182)0

xy =1

kgOé’ll)lA*

25 =(Rop—1

5= (Ro )§(k4p + p1as) (Kam + p1p) (61 — B2)p
k A*
5= (Ro—1) 502

§(k4m + Ulp)(k4p + /JIds)(Bl - BQ)p7
where,
a = kpinftp + (u,? + k1 Rivo — ko) (kpout + 1p)
& = (k2 + pre)o — kaky Ripo(Kpour + fip)
p = kpin + 1S — ko
VY1 = kpinpire(tias(kap + piras) + kspiras)
Y2 = kzkamEpinpre
(pas(kap + p1as) + kspirds) kpin (ks + pp) — (ko — uS) (ks + kpout + t1p)]

AL = (kap + pras)p

By — kakamkapks

(kap + pords) (kam + pip)
¢1 = prel(kap + ptiras) (B — B2)p
$2 = (Ro — 1) (k2 + pre)kpoutaths
b3 = Ep° (kap + pras)(B1 — Bo).
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Substituting (13) into (12) leads to
anA* — a2 =0, (14)
where,
a1 = k1 Ripo2 — ¢3
aiz = k1 Ripoh1 (15)

Hence, we have the following result.

Theorem 3.7. Suppose Ro > 1, then the model (2) has a unique positive endemic
equilibrium if a11 and a12 have the same sign.

4. NUMERICAL SIMULATIONS

To illustrate the effect of plus-strand RNA in the model (2), we present the
simulations of the model (2) using the parameter values in table 1 and at the time
of transfection (i.e t = 0), we assume z;(0) =0 for i = 2,3,4,5,6,7,8,9 and
21(0) = 500 as used by Dahari et al [2]. The numerical result is shown in figure 2.
We simulate the model (2) with different values of rate of influx (ko) and observe
a disparity in steady state level of total plus-strand RNA, synthesized plus-strand
RNA in the cytoplasm, replicated plus-strand RNA in VMS, and NS5B (which is
the key replication mechanism).

5. SENSITIVITY AND UNCERTAINTY ANALYSES

In this section, to quantify the impact of the variations of each parameter
of the model, we use partial rank correlation coefficients (PRCC) to carry out a
global sensitivity analysis [28, 29]. Furthermore, an uncertainty analysis is per-
formed, using latin hypercube sampling (LHS). The analyses are carried out for
the model using the parameter values and ranges in Table 1 and the associated
reproduction number as the response function. Uniform distribution is assumed
for the parameters of the model and also generate 1000 LHS samples.

A box plot of the Rg as a function of the LHS runs, as depicted in Figure 4,
shows that the distribution of R lies within the interval R € [0.9999, 1.0008], with
a mean of Ry = 1.0003. Moreover, Figure 5 shows that the rate of influx, ky of
HCV plus-strand RNA (which is the viral particle) is the dominant PRCC-ranked
parameter for the model and then followed by the rate of production of translation
complex (7T.) and the rate of degradation, ,ugyt, of plus-strand RNA ngyt. Thus,
these simulations suggest that when kg increases, then the steady state level of total
plus-strand RNA in the system, synthesization plus-strand RNA in the cytoplasm,
replication copies of plus-strand RNA in VMS and NS5B also increase.

CONCLUSIONS

An extension of Dahari et al [2] model of sub-genomic HCV replication in
Huh-7 cell is presented. The qualitative analysis shows that the model has three
equilibria viz trivial equilibrium, healthy equilibrium and endemic equilibrium. The
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trivial equilibrium could either be locally asymptotically stable or saddle point
depending on certain threshold quantity. Basic replication number is obtained
and found that the healthy equilibrium F; is globally asymptotically stable when
Ro < 1 and unique positive endemic equilibrium exists when Ry > 1. Further,
threshold analysis on Rg reveals that high rate of influx of plus-strand RNA can
cause detrimental effect. It is shown that changing the rate of influx changes the
steady state level of total plus-strand RNA in the system, synthesizes plus-strand
RNA in the cytoplasm, replicates plus-strand RNA in VMS and NS5B (which is
the key replication mechanism). It is observed, as depicted in Figure 3, that Rg is
directly proportional to the rate of influx. Sensitivity and uncertainty analyses of
the model (using the basic replication number (Ro) as the response function) show
that the top three PRCC-ranked parameters are the rate of influx (k) of HCV
plus-strand RNA, the rate of production of translation complex (7.) and the rate
of degradation (,u;',yt) of plus-strand RNA R%’t. Furthermore, the distribution of
Ry is between [0.9999, 1.0008] with a mean of Ry = 1.0003.
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FIGURE 2. Simulations of the model (2) showing the disparity in
steady state level of (A) Total plus-strand RNA in the system,
(B) Synthesized plus-strand RNA in the cytoplasm, (C)Replicated
plus-strand RNA in VMS, and (D) NS5B (which is the key repli-

cation mechanism).
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FIGURE 4. Box plot of Ry as a function of the LHS runs. Param-
eter values used are as in Table 1.
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FIGURE 5. Distribution of PRCC values for the model (2) using
Ro as the response function. Parameters and ranges used are as
in Table 1.



