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Abstract. The aim of this paper is to establish a new fractional Ostrowski type
inequalities involving functions of two independent variable whose mixed deriva-
tives are prequasiinvex and a-prequasiinvex functions which are two novel classes of
generalized convex functions. These estimates are relying on a new integral identity.
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Abstrak. Tujuan utama dari makalah ini adalah untuk membuktikan suatu ke-
taksamaan tipe Ostrowski fraksional yang melibatkan fungsi-fungsi dua peubah
yang turunan campurannya adalah fungsi prequasiinveks dan a-prequasiinveks, yang
mana kedua kelas ini merupakan contoh fungsi konveks yang diperumum. Ketak-

samaan yang diperoleh bergantung pada suatu indentitas integral yang baru.

Kata kunci: Ketaksamaan integral, fungsi a-prequasiinveks, ketaksamaan Hoélder

In 1938, A. M. Ostrowski proved the following result

Theorem 0.1. [27] Let f : I — R, be a differentiable mapping in the interior
I°of I, where I C R is an interval and a,b € I° with a < b. If |f'| < M for all
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€ [a,b], then

flx) -

]f(t)dt <M (b—a) {}1+W} (1)

b—a

The above inequality did not stop attracting the attention of researchers,
various generalizations, refinements, extensions and variants have appeared in the
literature see [1,4,11-16,28,29,31,32,34,37] and references therein.

Also the concept of convexity has been extended and generalized in several
directions. One of the most significant generalization is that introduced by Hanson
[5] where he introduced the concept of invexity, In [3] the authors gave the notion
of preinvex functions which is special case of invexity. Many authors have study the
basic properties of invex set and preinvex functions, and their role in optimization,
variational inequalities and equilibrium problems, see [19,20, 30, 35, 38].

It is important to remember that the credit goes to Professor Noor, who
was the first to have had the opportunity to study the integral inequalities in the
context of the preinvex functions see [21-26].

Barnett et al. [2] gave the following Ostrowski’s inequality involving functions
of two independent variable

b

d
f(t,s)dsdt — | (b—a) /f(:z:, s)ds+ (d —c¢) /f(t, y)dt

a

—(b—a)(d—c)f(z,y)

9% f(t,5)
0s0t

<[re-ors @] [Ha-o"+ - 4]

Latif et al. [8] established the following fractional Ostrowski’s inequality for
double variables

(b—a)(d—<) flzy)+V

< (@8+20425+)[(0—0)* a0 P[4y g0 ]
—a)([d— o)1+ a)(2+a)(11B)(215)

‘ [(b—2)* +(z—a)*][(d—1)" +(y—c)"]

9 f(x,y)
Oyox

)
oo

where

v =Rt e b flase) + J5  f (and) + 50 f (bo) + T0E L (b d)

= em WGH) (19 (3, 0) 4 7, £ (0, )

b—a)(d—c)

d—y)?+(y—c a+1 o o
- [( y)(b,(z)(d),c]) ( ) (Jgrf(aay) + Jz+f(bv y)) .

The aim of this paper is to establish a new fractional Ostrowski type inequal-
ities involving functions of two independent variable whose mixed derivatives are
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prequasiinvex and a-prequasiinvex functions which are two novel classes of gener-
alized convex functions. These estimates are relying on a new integral identity.

1. PRELIMINARIES
In this sections we begin by giving some definitions

Definition 1.1. [7] A function f: A — R is said to be co-ordinated quasi-convez
on A, if

f (t$ + (1 - t) u, )‘y + (1 - )‘) U) < max {f(x,y),f(x,v),f(u,y),f(u,v)}
holds for all t, A € [0,1] and (z,y), (u,v) € A.

Definition 1.2. [36] A function f : A — R is said to be co-ordinated (o, QC)-
conver on A, for some fired o € (0,1], if
[+ @ =t)u, Ay + (1= A)v) <t* max {f(z,y), f(z,v)}
+ (1 - ta) max {f(u7 y)7 f(u7 U)}

holds for all A\t € [0,1] and (z,y), (u,v) € A.
Let K; and K5 be two nonempty subsets of R” and (u,v) € K1 x Ko

Definition 1.3. [10] Ky x K3 is said to be an invex set at (u,v) with respect to
m and g, if for each (x,y) € K1 x Ko and t,s € [0, 1], we have

(u+tn (z,u),v+ sn2 (y,v)) € K1 x Ko.

We note that the set K7 x K is an invex set with respect to n; and g, if
K7 x K, is invex at each (u,v) € K1 x K.

In [9] Latif and Dragomir introduced the class of co-ordinated preinvex func-
tions

Definition 1.4. [9] A function f : K1 x Ko — R is said to be co-ordinated preinvex
on Ky x Ko, if the following inequality:

flu+ 2 (z,u) v+ tn2 (y,v) <(1—A)(1 =) f(u,v) + (1= A)tf(u,y)
+ A1 =t)f(z,v) + A f(z,y)

holds for (z,y), (x,v), (u,y), (u,v) € K1 x Ko and A\t € [0,1].

Using this new class they have established some Hermite-Hadamard type
inequalities, of which certain results are recalled as follows:

for any function twice partially differentiable on the invex set K7 x K5 such
that ‘%‘ is co-ordinated preinvex and integrable on [a,a 4+ n1 (b, a)]x[c, ¢+ 12 (d, ¢)] C
K; x Ky, then we have
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fla, )+ fasetnz(die)) +flatm(b.a),c)+f(atm(ba)ctna(die)) 4
4

a+mn1(b,a)ct+n2(d,c)

1
+ T (0,a)02(d,0) [ (@, y) dydzx
a C
82f(a,c 82 f(a,d 82f(b,c 82 f(b,d)
<7]1(b,a)172(d,c) Bt(as - + 31,(6.9 - + 6t(85 - + Bt(Bs
>~ 16 4

q
And if ﬂ‘ is co-ordinated preinvex with ¢ > 1 we have

otos

‘ fla,0)+f(a,ctn (d,C))Jrf(aerib»a),C)+f(a+771(baa)70+772(d’6)) — A

a+mn1(b,a)ct+n2(d,c)

t TR f(@,y) dydz
a c
2 a 2 q 2 a 2 q :
< m (b7a)172(d,c) 2 Bft(g.;u) + 2 gt(g;d) + 2 Bft(i;):;) + 2 8ft(i§.;d) !
>~ 16 4

and

f(a>0)+f(a70+772(dyc))-‘rf(a-i-mib,a);C)+f(a+771(baa)7c+n2(d70)) —_A

a+n1 (b,a)c+nz2(d,c)

1
+ om@e f(@,y) dyde
1

n T 1825w |* 825

+| " 5eas | T| otos
4 b

82§ (a,d)
Otds

82f(a,c)
dtds

S m (bva)ﬁz (gac)
4(p+1)?

1,1
where;JrE—land

a+n1(b,a)

A [f (z,¢) + f(x,c+n2(d,c)] dx

1
2n1(b,a)
a

c+n2(d,c)

tadam [ @)+ fatm b))
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Definition 1.5. [6] Let f € Li[a,b]. The Riemann-Liouville integrals J%, f and
Jeo f of order o> 0 with a > 0 are defined by

x

T f@) = g [ = 0" S0t a >
and ,
e f(a) = ﬁ/(t o dt, b a

xr
oo
respectively, where I'(a) = [ e 't dt, is the Gamma function and JO, f(x) =
0

Jy- f(z) = f().

Definition 1.6. [6] Let f € L([a,b] x [c,d]). The Riemann-Liowville fractional
integrals J:;BCJH J:;Bd,, Jl?,’ﬁc+, and J;fd, of order a, 3 > 0 where a,c > 0 with
a < b and c < d are defined by '

J4P L f(bd) =

at,c

(b—2)* (d—y)" " f(z.y)dydz,  (2)

J;j)ﬁﬁf (aa d) =

d
)
/ (-2 (y— )" f (wry) dyda,  (3)
i
/(w —a)*  (d -y’ f(z,y) dydz,  (4)

b
b
a,3 1
TP (be) = o
~7

and

b d
T 100 = wrmr | [ @0 =0 e e, ()

where I' is the Gamma function, and
T f o d) =T f(be) =)0 fad) = 1) f(a,¢) = f (2,9).

Definition 1.7. [33] Let f € L([a,b] x [¢,d]). The Riemann-Liouville fractional
integrals J- f (a,c), J& f (b, c), Jg,f (a,c), and J2, f (a,d) of order a, 3 > 0 where
a,c >0 with a < b and ¢ < d are defined by

b

T (00 = s [ =) f @y, (©
1 \

T () = g [ (=) F @) (7)
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d
5 f(ae) = ﬁ / (- f (0, ) dy. (®)
and
1 d
TS (0d) = 15 / ' f(a,y) dy, )

where I' is the Gamma function.

2. MAIN RESULTS

We first present these two new classes of generalized convex functions called
co-ordinated prequasiinvex and co-ordinated a-prequasiinvex, Throughout this pa-
per we assume that K = [a,a + 1 (b,a)] X [¢,c+ n2 (d, )] C R? is an invex set.

Definition 2.1. A function f: K — R is said to be co-ordinated prequasiinvexr on
K, if the following inequality:

flattn (ba),c+ Iz (d;c)) < max{f(a,c), f(a,d), f(b,c), f(b,d)}
holds for all t, A € [0,1] and (a,c), (b,d) € K.

Definition 2.2. A function f: K — R is said to be co-ordinated a-prequasiinver
on K, for some fized o € (0, 1], if the following inequality:

fla+tn (bya),c+ A2 (d,c)) <(1 —t*)max{f(a,c), f(a,d)}
+ t*max {f(b,c), f(b,d)}

holds for all t, X € [0,1] and (a,c),(b,d) € A.

Lemma 2.3. Let f : K — R be a differentiable mapping on K withny (b,a) ,n2 (d, c) >

0. If 86138]; € L(K), then the following equality holds

O(LL‘ y7T>67a a+771 (b CL) Cy C+772 (d,C)7A)

ba)nz d,c) // hg’taf)\ (a+tny (b,a),c+ A (d,c)) dAdt

—N(f—(l—t)f) (¥ -a-n)

00
x 2L (a+tn (ba),c+ s (d,c)) d)\dt) , (10)
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where

O(x7y77—7ﬁ7a7a+771 (b7a)aC>C+772 (d7C),A)
=f(z,y) — f(mvc)+f(®ac+772(dvc));f(a,y)Jrf(aer(b,a)’y) + A

_ I'(r+1)I'(B8+1) 7,8
401 (b,a)) " (n2(dc))P ( (o (b.a))~ (e na(d,cy—f (@ €)

7.8 7.8
+ J(a+7]1(b,a))7,c+f (Cl, c + 772 (d7 C)) + Ja+ (C+772(d c)) f (a’ + 771 (ba Cl) 7C)

+ J;fﬁf(a-i-?h (b7 a),c—|—772 (d,C))) ’ (11)

: r—a
k:{ 11zfo<t<<é 2 (12)
LU e STS

h:{ Zf0<A< ";1@1 (13)
—lif @g SA<

and

+1 T T
A= 4(n1?b a))) (J(a+n1 (b,a))*f (a7 C) + Ja+f (a + m (ba a) 70)
Ty (@042 (d,0)) + TTf (a1 (b,a) e 4 e (ds€)) )
s (T2 ey T (@) + 2 f (ase 42 (d, )

4(n2(d,e))? \" (ct+n2(d,c))

+J6+n2(dc)) f(a+771 (b CL) )+Jé8+f(a’+771 (bva)’c+n2 (d,C))) (14)

Proof. Let
s e R OF (15)
where
11
I = //khg“m( a+tn (b,a),c+ Ana (d, c)) dAdt, (16)
00
and
11
:// (1-1) )(A/L(kx)ﬁ)%(a+tm(b,a),c+An2(d,c))dAdt
00
(17)

k, h are defined by (12) and (13) respectively.
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Clearly,

I :/k / 68;]; (a+tn (bya),c+ An2 (d,c)) dA
0

1
- / 5526& (a+tn (b,a),c+ Az (d,c))dX\ | dt

1
:m/k (2% (a+tm (b,a),y)—%(a—i—tm (b,a),c)
0

_ % (a+tm (bya),c+no (d,c))) dt

r—a
n1(b,a)

= / (2% (a+tm (b,a),y) — 5 (a + tm1 (b,a) )
0

_ %{ (a+1tn (bya),c+na (d,c))) dt

\
\ -

(2% (a+tn (b,a),y) — 5 (a+tny (b,a) )

z—a
n1(b,a)

— U (a+tn (b,0),c+ 2 (d,0))) dt

_ 4
=nGando S (@)
+ f(a,e)+f(a,c+n2(d,c))+f(a+ni(b,a),c)+f(a+n1(b,a),c+n2(d,c))
4

~ U@+ T (et (o) + @)+ f (a+m b.0).)).
a9

Now, by integration by parts, Is gives

1

[ = =07 (¥ = 0= N) 585 (@t (.0) e+ e (d, ) dnde
0

(t" = (1=1)7)

ot — - o —
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1
J (=00 s e tm 0.) e+ A d.)) dn |
0

1
/ (1—t)"
0

(=t (‘1{ (a+tm (b,a) -+ (d, ) + 5 (a+tmy (b,0) )

X

1
- nz(fl’c)/<)\5‘1+(1 AP 1) (a+tn1 (b,a),c+ A (d,¢)) d | dt
0
1

e [ = (= 0))

0

X (8—{ (a+tn (b,a),c+ne (d,c))+%(a+tm (b,a),c)) dt
1

B— 1 B—1
T me(d, C)/ )\ - )

0

« /(t (1= ))& (a+ tny (ba) e+ Mgz (dy ) dt | dA

_ flatni(b,0),c+n2(d,0))+F(a+n1(b,a),0) +f(a,c4+n2(d,c)) +f(ac)
m (b,a)nz(d,c)

(tf—l +(1 —t)T‘l)
x (f(a+tm (b,a),c+mn2(d,c)) + f (a+tm (b,a),c))dt
(V=0T
X (fla+m (bya),c+ A2 (d,c)) + f(a,c+ Az (d, c))) dA

11
+W// (V=T -
00

x f(a+tm (b,a),c+ A (d,c)) dtd. (19)

Substituting (18) and (19) in (15), then using the change of variable u =
a+tn (bya) and v = ¢+ Az (d, ¢), and (2)-(9), we obtain the desired result. [

- m (b,a)TW (d,c)

o\»—t

- B
n1(b,a)nz2(d,c)

o\»—l

Theorem 2.4. Let f : K — R be a partially differentiable function on K with
m (b,a) > 0 and 12 (d,c) > 0. If ‘ata/\ is co-ordinated prequasiinvex function on
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K, then

§771 (b7a) T2 (d7 C) (% + m_l)lw (1 — 2%.) (1 —
ﬁ(a’d)‘ ‘atax(b )|,

82
max{‘ataf,\ (a, C)’ ' | DtoN

where O is defined as in (11).

|O(x7y77—7ﬁ7aaa+771 (bva)7c7c+n2(d7c>7A)|

8% f
DtON

(b.d)|}.

(20)

Proof. From Lemma 2.3, properties of modulus, and prequasiinvexity on the co-

ordinates of ‘ 30X

|O (z,y,T, 5, a, a—i—m (b,a),c,c+ 192 (d,c), A

dtd)\

(b a)ng d,c) /
+//wfa7W|

Mo fA)ﬁ’

2T (a+ tn (b, )7C+>\n2(d,c))‘d>\dt>

X | otox
b,a d,c 2 0
< mba0) o {1 0% (0, 0)| | 24 (0 d)| | 2k 0. )]
11
« 1+//|t7— 07V = (1= 07| drat
00
1(b,a)n2(d,c 2 2 ’
=m0 oy [| 2% (0, 0)| | 2 (0, )| | & 0. )]
1 1
x [ 1+ /\ta—(l—t)aldt /‘Aﬁ—(l /\)B)d/\
0 0
1 (b,a) 72 (d 2 o o
:W maX{ ata&(aac) ’ 8t8f}\(a7d) ’ E)tOJ;(b’ C)

1

2

0

N

0
2

=M (b7 a’) T2 (dv C) max { ‘ Batafk (Cl C)

1 1 1
X(1+W(1—?

x [ 1+ /((1—t)T—tT)dt+

1
2

x /((1—)\)ﬂ—>\5) dA+/(Aﬂ—(1—A)5) d)\)

(a+ tm (b,a), ¢+ M (d,c))’d)\dt
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which is the desired result. (I

Theorem 2.5. Let f : K — R be a partwlly differentiable function on K with
m (b,a) > 0 and nz (d,c¢) > 0. If ‘ 8t8/\‘ 1s co-ordinated prequasiinvex function on
K, where ¢ > 1 with 1% + E =1, then the following fractional inequality holds

|O(:Caya7—557ava+n1(ba ) CC+772( ) )l
<m (b,a) 12 (d, c) ( ((p-r+1)(pﬁ<lr1))p)

2 q
X {max{ o

ﬁ(‘%c)
where O is defined as in (11).

Q=

82
Jtox L (a, d) afax L

o)l

sl )

Proof. By Lemma 2.3, properties of modulus, Holder inequality, and prequasiin-

6t6f>\ , we have

vexity on the co-ordinates of

‘O(xay777ﬂvaaa+nl (baa)70a0+772 (d,C)7A)|

1
<mlbam(de) //
0
11 P 11
/ / PTAPPANGE |+ / / 7P (1 — )PP dAdt
00
11 11
+ //(1—t)TpAde/\dt + //(l—t)”’(l—/\)ﬁpd/\dt
00 00

1
q

q
Gt (a+1tn1 (b,a),c+ Mp (d, )| dAdt

o=

q
c’?;»\ (a+tm (bya),c+ Ana (d, c))‘ d\dt

<m (b, a) n2 (d, ) ( + ((I’T*”W*”);)
x{maX{ ' f?:afx(b d)q}} ’

which is the desired result. O

Q=

3 f

88166]; (a, C) DN (a d)

8t6/\ (b C)

Theorem 2.6. Let f : K — R be a partially differentiable function on K with
2
m (bya) >0 and n2 (d,c) > 0. If ’%’ is co-ordinated a-prequasiinves function on
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K, then we have

\O(%y,ﬂﬂ»aaa"‘m (b,a),C,C+772 (d,C),A)|

n(b,a)n2(d,c) 281
< ((a+1 + (B+1)2°—1

T _ T+ao
((T+21)21 T+ (T+af1)2"+@ +B(a+1,7+1)=2Bs (a+ 1,7+ 1)))
X max{ 38t3f>\(a o), atw(a d)’}
+ <#+2ﬁ7*1 <2Bl (a+1,74+1)+ 2= —B(a+1 r+1)>)
at1 T (BF1)2F1 3 ) Tat1)2 ;
X max{ 6t8/\(b o), Eia];(b,d)‘}))7

where O is defined as in (11), B(.,.) and By (.,.) are the beta and incomplete beta
functions.

Proof. By Lemma 2.3, properties of modulus, and a-prequasiinvexity on the co-

ordinates of ‘ dtzdf)\ , we have
|O($ yaTaﬂaa CL+7]1 (b a) C,C+ 12 (d,C),A)‘

< n1(b,a)n2(d,c) a)772 (d,c)

(a+tm (b,a),c+ Ans (d, c))‘ dX\dt

Bté))\

+{{wuwf

2ok (0t tnn (b,a) c+ A (d )| dde )

11
b,a d,c o ’
< sl //(1_t yma {| 2 (a,)]

11

Jr//to‘max ataA(b o),

0

AB—(l—A)ﬁ’

X

24 (a, d)‘}d)\dt

S 0.d)|} dxdt

+ [ OV = =27 -

o~~——r o
O\H

82
BtafA (a,0)|,

+[[WO®T

x max { S (a,d)| } ddt

M (1=t
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2
X max{ 2L (b,0)|, |2k (0, d)‘}dAdt)
_ni(b,a)nz2(d,c) « o? 2
_n a4n c (aJrlmaX{ atafx(a’c) , maf)\(a,d)‘}

X /((1—t)T—tT)(l—t")dt—i—/(tT—(1—t)T) (1 —t*)dt

1

2

aatax(a d)’}
+ 7((1—t)T —t7)t* dt—i—](tT— (1—t)")t> dt

X max{‘ata,\(b 9|, g;f)\ (b, d)‘}>>

_ m(b,a)n2(dsc) (( + -1
- 4 a+1 (/3+1)2ﬁ 1

_ T+a
<(Tf1)21 r + Gramnzers T Ba+1,7+1) - 2By (a+ 1,7+ 1)))

8t8/\(a d)’}
6_ o
+ (aﬂ + FamarT (2B (a+1,r+1)+ﬁ—3(a+1m+1)))

2 0.0 ok a}))

which is the desired result. U

82
X max{‘ataf)\ (a,0)|,

i

X max{

Theorem 2.7. Let f : K - R be a partially differentiable function on K with
m (b,a) > 0 and 12 (d,c) > 0. If atw\ is co-ordinated a-prequasiinvex function
oanhereq>1wzth7+7:1 then

|O(fE Yy, T vﬂvaa+771(b ) CC+772 d |

1
§771 (b> a) 12 (dv C) (4 + ((p-,—+1 Y(pB+1) )
[0 82 9 f
x(a+1max{ Bta)\( d‘}

g9 (@ C)
hea})’,

's\»—‘

+ 7max{’8tm(b c)
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where O is defined as in (11).

Proof. By Lemma 2.3, properties of modulus, Holder inequality, and a-prequasiinvexity
o°f

5t |, we have

on the co-ordinates of ’

‘O(xay77-767aaa+n1 (baa)7c7c+n2 (d7C>7A)|

Q=

1
a (& 2 e
<mba (o) / |y (@t (b,0) e+ A (d, )| dAd

1
00
11
+ //t”’(l—)\)ﬁpd)\dt
00

11
+ / / tPTAPB ANt

00
P 11 P
+ //(1—t)Tp(1—)\)de>\dt
00

-

P

_|_
O\»—l

1
/ (1 — )™ A\PPddt
0
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11
X //]gtag (a+tn1 (b,a) ¢ + A (d,c))‘qudt
00
Sm(b’a)f?(dm (1 4 ((PT+1)1(Pﬁ+1)) p)
11
q}//(l—ta)d)\dt
00

11
+ max{‘%(b,c)‘q,)%(b,d)’q}//tad/\dt
00

q 52
) T(’)f)\(a’ d)

62
X max{’at—a&(a,c)

+(m)le

N

= () (a0

e
X max
<a+1

1 52
r+ P max{‘—ata{\(b, ¢)

which is the desired result. O

I=

q
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