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Abstract. The aim of this paper is to establish a new fractional Ostrowski type

inequalities involving functions of two independent variable whose mixed deriva-

tives are prequasiinvex and α-prequasiinvex functions which are two novel classes of

generalized convex functions. These estimates are relying on a new integral identity.

Key words and Phrases: integral inequality, prequasiinvex functions, α-
prequasiinvex functions, Hölder inequality.

Abstrak. Tujuan utama dari makalah ini adalah untuk membuktikan suatu ke-

taksamaan tipe Ostrowski fraksional yang melibatkan fungsi-fungsi dua peubah

yang turunan campurannya adalah fungsi prequasiinveks dan α-prequasiinveks, yang

mana kedua kelas ini merupakan contoh fungsi konveks yang diperumum. Ketak-

samaan yang diperoleh bergantung pada suatu indentitas integral yang baru.

Kata kunci: Ketaksamaan integral, fungsi α-prequasiinveks, ketaksamaan Hölder

In 1938, A. M. Ostrowski proved the following result

Theorem 0.1. [27] Let f : I → R, be a differentiable mapping in the interior
I◦of I, where I ⊆ R is an interval and a, b ∈ I◦ with a < b. If |f ′| ≤ M for all
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x ∈ [a, b], then∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f (t) dt

∣∣∣∣∣∣ ≤M (b− a)

[
1
4 +

(x− a+b2 )
2

(b−a)2

]
. (1)

The above inequality did not stop attracting the attention of researchers,
various generalizations, refinements, extensions and variants have appeared in the
literature see [1, 4, 11–16,28,29,31,32,34,37] and references therein.

Also the concept of convexity has been extended and generalized in several
directions. One of the most significant generalization is that introduced by Hanson
[5] where he introduced the concept of invexity, In [3] the authors gave the notion
of preinvex functions which is special case of invexity. Many authors have study the
basic properties of invex set and preinvex functions, and their role in optimization,
variational inequalities and equilibrium problems, see [19,20,30,35,38].

It is important to remember that the credit goes to Professor Noor, who
was the first to have had the opportunity to study the integral inequalities in the
context of the preinvex functions see [21–26].

Barnett et al. [2] gave the following Ostrowski’s inequality involving functions
of two independent variable∣∣∣∣∣

b∫
a

d∫
c

f(t, s)dsdt−

(b− a)

d∫
c

f(x, s)ds+ (d− c)
b∫
a

f(t, y)dt


− (b− a) (d− c) f(x, y)

∣∣∣∣∣
≤
[

1
4 (b− a)

2
+
(
x− a+b

2

)2] [ 1
4 (d− c)2

+
(
y − d+c

2

)2] ∥∥∥∂2f(t,s)
∂s∂t

∥∥∥
∞
.

Latif et al. [8] established the following fractional Ostrowski’s inequality for
double variables

∣∣∣∣ [(b−x)α+(x−a)α][(d−y)β+(y−c)β]
(b−a)(d−c) f (x, y) + V

∣∣∣∣
≤ (αβ+2α+2β+4)[(b−x)α+1+(x−a)α+1][(d−y)β+1+(y−c)β+1]

(b−a)(d−c)(1+α)(2+α)(1+β)(2+β)

∥∥∥∂2f(x,y)
∂y∂x

∥∥∥
∞
,

where

V =Γ(α+1)Γ(β+1)
(b−a)(d−c) Jα,βx−,y−f (a, c) + Jα,βx−,y+f (a, d) + Jα,βx+,y−f (b, c) + Jα,βx+,y+f (b, d)

− [(b−x)α+(x−a)α]Γ(β+1)
(b−a)(d−c)

(
Jβy−f (x, c) + Jβy+f (x, d)

)
− [(d−y)β+(y−c)β]Γ(α+1)

(b−a)(d−c) (Jαx−f (a, y) + Jαx+f (b, y)) .

The aim of this paper is to establish a new fractional Ostrowski type inequal-
ities involving functions of two independent variable whose mixed derivatives are
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prequasiinvex and α-prequasiinvex functions which are two novel classes of gener-
alized convex functions. These estimates are relying on a new integral identity.

1. Preliminaries

In this sections we begin by giving some definitions

Definition 1.1. [7] A function f : ∆→ R is said to be co-ordinated quasi-convex
on ∆, if

f (tx+ (1− t)u, λy + (1− λ) v) ≤ max {f(x, y), f(x, v), f(u, y), f(u, v)}

holds for all t, λ ∈ [0, 1] and (x, y), (u, v) ∈ ∆.

Definition 1.2. [36] A function f : ∆ → R is said to be co-ordinated (α,QC)-
convex on ∆, for some fixed α ∈ (0, 1], if

f (tx+ (1− t)u, λy + (1− λ) v) ≤tα max {f(x, y), f(x, v)}
+ (1− tα) max {f(u, y), f(u, v)}

holds for all λ, t ∈ [0, 1] and (x, y), (u, v) ∈ ∆.

Let K1 and K2 be two nonempty subsets of Rn and (u, v) ∈ K1 ×K2

Definition 1.3. [10] K1 ×K2 is said to be an invex set at (u, v) with respect to
η1 and η2, if for each (x, y) ∈ K1 ×K2 and t, s ∈ [0, 1], we have

(u+ tη1 (x, u) , v + sη2 (y, v)) ∈ K1 ×K2.

We note that the set K1 × K2 is an invex set with respect to η1 and η2, if
K1 ×K2 is invex at each (u, v) ∈ K1 ×K2.

In [9] Latif and Dragomir introduced the class of co-ordinated preinvex func-
tions

Definition 1.4. [9] A function f : K1×K2 → R is said to be co-ordinated preinvex
on K1 ×K2, if the following inequality:

f (u+ λη1 (x, u) , v + tη2 (y, v)) ≤(1− λ)(1− t)f(u, v) + (1− λ)tf(u, y)

+ λ(1− t)f(x, v) + λtf(x, y)

holds for (x, y), (x, v), (u, y), (u, v) ∈ K1 ×K2 and λ, t ∈ [0, 1].

Using this new class they have established some Hermite-Hadamard type
inequalities, of which certain results are recalled as follows:

for any function twice partially differentiable on the invex set K1 ×K2 such

that
∣∣∣ ∂2f
∂t∂s

∣∣∣ is co-ordinated preinvex and integrable on [a, a+ η1 (b, a)]×[c, c+ η2 (d, c)] ⊂
K1 ×K2, then we have
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∣∣∣ f(a,c)+f(a,c+η2(d,c))+f(a+η1(b,a),c)+f(a+η1(b,a),c+η2(d,c))
4 −A

+ 1
η1(b,a)η2(d,c)

a+η1(b,a)∫
a

c+η2(d,c)∫
c

f (x, y) dydx

∣∣∣∣∣∣∣
≤η1(b,a)η2(d,c)

16

 ∣∣∣∣ ∂2f(a,c)∂t∂s

∣∣∣∣+∣∣∣∣ ∂2f(a,d)∂t∂s

∣∣∣∣+∣∣∣∣ ∂2f(b,c)∂t∂s

∣∣∣∣+∣∣∣∣ ∂2f(b,d)∂t∂s

∣∣∣∣
4

 .

And if
∣∣∣ ∂2f
∂t∂s

∣∣∣q is co-ordinated preinvex with q ≥ 1 we have∣∣∣ f(a,c)+f(a,c+η2(d,c))+f(a+η1(b,a),c)+f(a+η1(b,a),c+η2(d,c))
4 −A

+ 1
η1(b,a)η2(d,c)

a+η1(b,a)∫
a

c+η2(d,c)∫
c

f (x, y) dydx

∣∣∣∣∣∣∣
≤η1(b,a)η2(d,c)

16

 ∣∣∣∣ ∂2f(a,c)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(a,d)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(b,c)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(b,d)∂t∂s

∣∣∣∣q
4

 1
q

and ∣∣∣ f(a,c)+f(a,c+η2(d,c))+f(a+η1(b,a),c)+f(a+η1(b,a),c+η2(d,c))
4 −A

+ 1
η1(b,a)η2(d,c)

a+η1(b,a)∫
a

c+η2(d,c)∫
c

f (x, y) dydx

∣∣∣∣∣∣∣
≤η1(b,a)η2(d,c)

4(p+1)
2
p

 ∣∣∣∣ ∂2f(a,c)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(a,d)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(b,c)∂t∂s

∣∣∣∣q+∣∣∣∣ ∂2f(b,d)∂t∂s

∣∣∣∣q
4

 1
q

,

where 1
p + 1

q = 1 and

A = 1
2η1(b,a)

a+η1(b,a)∫
a

[f (x, c) + f (x, c+ η2 (d, c))] dx

+ 1
2η2(d,c)

c+η2(d,c)∫
c

[f (a, y) + f (a+ η1 (b, a) , y)] dy.
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Definition 1.5. [6] Let f ∈ L1[a, b]. The Riemann-Liouville integrals Jαa+f and
Jαb−f of order α > 0 with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ (α)

x∫
a

(x− t)α−1
f(t)dt, x > a,

and

Jαb−f(x) =
1

Γ (α)

b∫
x

(t− x)
α−1

f(t)dt, b > x

respectively, where Γ(α) =
∞∫
0

e−ttα−1dt, is the Gamma function and J0
a+f(x) =

J0
b−f(x) = f(x).

Definition 1.6. [6] Let f ∈ L([a, b] × [c, d]). The Riemann-Liouville fractional

integrals Jα,βa+,c+ , Jα,βa+,d− , Jα,βb−,c+ , and Jα,βb−,d−of order α, β > 0 where a, c ≥ 0 with

a < b and c < d are defined by

Jα,βa+,c+f (b, d) =
1

Γ (α) Γ (β)

b∫
a

d∫
c

(b− x)
α−1

(d− y)
β−1

f (x, y) dydx, (2)

Jα,βa+,d−f (b, c) =
1

Γ (α) Γ (β)

b∫
a

d∫
c

(b− x)
α−1

(y − c)β−1
f (x, y) dydx, (3)

Jα,βb−,c+f (a, d) =
1

Γ (α) Γ (β)

b∫
a

d∫
c

(x− a)
α−1

(d− y)
β−1

f (x, y) dydx, (4)

and

Jα,βb−,d−f (a, c) =
1

Γ (α) Γ (β)

b∫
a

d∫
c

(x− a)
α−1

(y − c)β−1
f (x, y) dydx, (5)

where Γ is the Gamma function, and

J0,0
a+,c+f (b, d) = J0,0

a+,d−f (b, c) = J0,0
b−,c+f (a, d) = J0,0

b−,d−f (a, c) = f (x, y) .

Definition 1.7. [33] Let f ∈ L([a, b] × [c, d]). The Riemann-Liouville fractional

integrals Jαb−f (a, c), Jαa+f (b, c), Jβd−f (a, c), and Jαc+f (a, d) of order α, β > 0 where
a, c ≥ 0 with a < b and c < d are defined by

Jαb−f (a, c) =
1

Γ (α)

b∫
a

(x− a)
α−1

f (x, c) dx, (6)

Jαa+f (b, c) =
1

Γ (α)

b∫
a

(b− x)
α−1

f (x, c) dx, (7)
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Jβd−f (a, c) =
1

Γ (β)

d∫
c

(y − c)β−1
f (a, y) dy, (8)

and

Jβc+f (a, d) =
1

Γ (β)

d∫
c

(d− y)
β−1

f (a, y) dy, (9)

where Γ is the Gamma function.

2. Main results

We first present these two new classes of generalized convex functions called
co-ordinated prequasiinvex and co-ordinated α-prequasiinvex, Throughout this pa-
per we assume that K = [a, a+ η (b, a)]× [c, c+ η2 (d, c)] ⊂ R2 is an invex set.

Definition 2.1. A function f : K → R is said to be co-ordinated prequasiinvex on
K, if the following inequality:

f (a+ tη1 (b, a) , c+ λη2 (d, c)) ≤ max {f(a, c), f(a, d), f(b, c), f(b, d)}

holds for all t, λ ∈ [0, 1] and (a, c), (b, d) ∈ K.

Definition 2.2. A function f : K → R is said to be co-ordinated α-prequasiinvex
on K, for some fixed α ∈ (0, 1], if the following inequality:

f (a+ tη1 (b, a) , c+ λη2 (d, c)) ≤ (1− tα) max {f(a, c), f(a, d)}
+ tα max {f(b, c), f(b, d)}

holds for all t, λ ∈ [0, 1] and (a, c), (b, d) ∈ ∆.

Lemma 2.3. Let f : K → R be a differentiable mapping on K with η1 (b, a) , η2 (d, c) >

0. If ∂2f
∂t∂λ ∈ L (K), then the following equality holds

O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)

=η1(b,a)η2(d,c)
4

 1∫
0

1∫
0

kh ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλdt

−
1∫
0

1∫
0

(tτ − (1− t)τ )
(
λβ − (1− λ)

β
)

× ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλdt

)
, (10)
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where

O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)

=f (x, y)− f(x,c)+f(x,c+η2(d,c))+f(a,y)+f(a+η1(b,a),y)
2 +A

− Γ(τ+1)Γ(β+1)

4(η1(b,a))τ (η2(d,c))β

(
Jτ,β

(a+η1(b,a))−,(c+η2(d,c))−
f (a, c)

+ Jτ,β
(a+η1(b,a))−,c+

f (a, c+ η2 (d, c)) + Jτ,β
a+,(c+η2(d,c))−

f (a+ η1 (b, a) , c)

+ Jτ,βa+,c+f (a+ η1 (b, a) , c+ η2 (d, c))
)
, (11)

k =

{
1 if 0 ≤ t < x−a

η1(b,a) ,

−1 if x−a
η1(b,a) ≤ t < 1,

(12)

h =

{
1 if 0 ≤ λ < y−c

η2(d,c) ,

−1if y−c
η2(d,c) ≤ λ < 1,

(13)

and

A = Γ(α+1)
4(η1(b,a))τ

(
Jτ

(a+η1(b,a))−
f (a, c) + Jτa+f (a+ η1 (b, a) , c)

+ Jτ
(a+η1(b,a))−

f (a, c+ η2 (d, c)) + Jτa+f (a+ η1 (b, a) , c+ η2 (d, c))
)

+ Γ(β+1)

4(η2(d,c))β

(
Jβ

(c+η2(d,c))−
f (a, c) + Jβc+f (a, c+ η2 (d, c))

+ Jβ
(c+η2(d,c))−

f (a+ η1 (b, a) , c) + Jβc+f (a+ η1 (b, a) , c+ η2 (d, c))
)
. (14)

Proof. Let

I = η1(b,a)η2(d,c)
4 (I1 − I2) , (15)

where

I1 =

1∫
0

1∫
0

kh ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλdt, (16)

and

I2 =

1∫
0

1∫
0

(tτ − (1− t)τ )
(
λβ − (1− λ)

β
)

∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλdt

(17)
k, h are defined by (12) and (13) respectively.
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Clearly,

I1 =

1∫
0

k


y−c

η2(d,c)∫
0

∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλ

−
1∫
y−c

η2(d,c)

∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλ

 dt

= 1
η2(d,c)

1∫
0

k
(

2∂f∂t (a+ tη1 (b, a) , y)− ∂f
∂t (a+ tη1 (b, a) , c)

− ∂f
∂t (a+ tη1 (b, a) , c+ η2 (d, c))

)
dt

= 1
η2(d,c)


x−a
η1(b,a)∫

0

(
2∂f∂t (a+ tη1 (b, a) , y)− ∂f

∂t (a+ tη1 (b, a) , c)

− ∂f
∂t (a+ tη1 (b, a) , c+ η2 (d, c))

)
dt

−
1∫
x−a
η1(b,a)

(
2∂f∂t (a+ tη1 (b, a) , y)− ∂f

∂t (a+ tη1 (b, a) , c)

− ∂f
∂t (a+ tη1 (b, a) , c+ η2 (d, c))

)
dt
)

= 4
η1(b,a)η2(d,c) (f (x, y)

+ f(a,c)+f(a,c+η2(d,c))+f(a+η1(b,a),c)+f(a+η1(b,a),c+η2(d,c))
4

− 1

2
(f (x, c) + f (x, c+ η2 (d, c)) + f (a, y) + f (a+ η1 (b, a) , y))

)
.

(18)

Now, by integration by parts, I2 gives

1∫
0

1∫
0

(tτ − (1− t)τ )
(
λβ − (1− λ)

β
)

∂f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλdt

=

1∫
0

(tτ − (1− t)τ )
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×

 1∫
0

(
λβ − (1− λ)

β
)

∂f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c)) dλ

 dt

=

1∫
0

(tτ − (1− t)τ )

×
(

1
η2(d,c)

(
∂f
∂t (a+ tη1 (b, a) , c+ η2 (d, c)) + ∂f

∂t (a+ tη1 (b, a) , c)
)

− β
η2(d,c)

1∫
0

(
λβ−1 + (1− λ)

β−1
)
∂f
∂t (a+ tη1 (b, a) , c+ λη2 (d, c)) dλ

 dt

= 1
η2(d,c)

1∫
0

(tτ − (1− t)τ )

×
(
∂f
∂t (a+ tη1 (b, a) , c+ η2 (d, c)) + ∂f

∂t (a+ tη1 (b, a) , c)
)
dt

− β
η2(d,c)

1∫
0

(
λβ−1 + (1− λ)

β−1
)

×

 1∫
0

(tτ − (1− t)τ ) ∂f∂t (a+ tη1 (b, a) , c+ λη2 (d, c)) dt

 dλ

= f(a+η1(b,a),c+η2(d,c))+f(a+η1(b,a),c)+f(a,c+η2(d,c))+f(a,c)
η1(b,a)η2(d,c)

− τ
η1(b,a)η2(d,c)

1∫
0

(
tτ−1 + (1− t)τ−1

)
× (f (a+ tη1 (b, a) , c+ η2 (d, c)) + f (a+ tη1 (b, a) , c)) dt

− β
η1(b,a)η2(d,c)

1∫
0

(
λβ−1 + (1− λ)

β−1
)

× (f (a+ η1 (b, a) , c+ λη2 (d, c)) + f (a, c+ λη2 (d, c))) dλ

+ βτ
η1(b,a)η2(d,c)

1∫
0

1∫
0

(
λβ−1 + (1− λ)

β−1
)

(tτ + (1− t)τ )

× f (a+ tη1 (b, a) , c+ λη2 (d, c)) dtdλ. (19)

Substituting (18) and (19) in (15), then using the change of variable u =
a+ tη1 (b, a) and v = c+ λη2 (d, c), and (2)-(9), we obtain the desired result. �

Theorem 2.4. Let f : K → R be a partially differentiable function on K with

η1 (b, a) > 0 and η2 (d, c) > 0. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣ is co-ordinated prequasiinvex function on
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K, then

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1 (b, a) η2 (d, c)
(

1
4 + 1

(τ+1)(β+1)

(
1− 1

2τ

) (
1− 1

2β

))
max

{∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣} , (20)

where O is defined as in (11).

Proof. From Lemma 2.3, properties of modulus, and prequasiinvexity on the co-

ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣, we have

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1(b,a)η2(d,c)
4

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣ dλdt
+

1∫
0

1∫
0

|tτ − (1− t)τ |
∣∣∣λβ − (1− λ)

β
∣∣∣

×
∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣ dλdt)
≤η1(b,a)η2(d,c)

4 max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣}

×

1 +

1∫
0

1∫
0

|tτ − (1− t)τ |
∣∣∣λβ − (1− λ)

β
∣∣∣ dλdt


=η1(b,a)η2(d,c)

4 max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣}

×

1 +

 1∫
0

|tα − (1− t)α| dt

 1∫
0

∣∣∣λβ − (1− λ)
β
∣∣∣ dλ


=η1(b,a)η2(d,c)

4 max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣}

×

1 +


1
2∫
0

((1− t)τ − tτ ) dt+

1∫
1
2

(tτ − (1− t)τ ) dt



×


1
2∫
0

(
(1− λ)

β − λβ
)
dλ+

1∫
1
2

(
λβ − (1− λ)

β
)
dλ




=η1 (b, a) η2 (d, c) max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣}

×
(

1
4 + 1

(τ+1)(β+1)

(
1− 1

2τ

) (
1− 1

2β

))
,
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which is the desired result. �

Theorem 2.5. Let f : K → R be a partially differentiable function on K with

η1 (b, a) > 0 and η2 (d, c) > 0. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣q is co-ordinated prequasiinvex function on

K, where q > 1 with 1
p + 1

q = 1, then the following fractional inequality holds

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1 (b, a) η2 (d, c)

(
1
4 +

(
1

(pτ+1)(pβ+1)

) 1
p

)
×
{

max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣q}} 1

q

,

where O is defined as in (11).

Proof. By Lemma 2.3, properties of modulus, Hölder inequality, and prequasiin-

vexity on the co-ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣q, we have

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1(b,a)η2(d,c)
4


 1∫

0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣q dλdt


1
q

+


 1∫

0

1∫
0

tpτλpβdλdt


1
p

+

 1∫
0

1∫
0

tτp (1− λ)
βp
dλdt


1
p

+

 1∫
0

1∫
0

(1− t)τp λβpdλdt


1
p

+

 1∫
0

1∫
0

(1− t)τp (1− λ)
βp
dλdt


1
p


×

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣q dλdt


1
q


≤η1 (b, a) η2 (d, c)

(
1
4 +

(
1

(pτ+1)(pβ+1)

) 1
p

)
×
{

max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣q}} 1

q

,

which is the desired result. �

Theorem 2.6. Let f : K → R be a partially differentiable function on K with

η1 (b, a) > 0 and η2 (d, c) > 0. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣ is co-ordinated α-prequasiinvex function on
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K, then we have

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1(b,a)η2(d,c)
4

((
α
α+1 + 2β−1

(β+1)2β−1

×
(

2τ−1
(τ+1)2τ−1 + 1−2τ+α

(τ+α+1)2τ+α +B (α+ 1, τ + 1)− 2B 1
2

(α+ 1, τ + 1)
))

×max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣}

+
(

1
α+1 + 2β−1

(β+1)2β−1

(
2B 1

2
(α+ 1, τ + 1) + 2α−1

(α+1)2α −B (α+ 1, τ + 1)
))

× max
{∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣})) ,

where O is defined as in (11), B (., .) and B 1
2

(., .) are the beta and incomplete beta

functions.

Proof. By Lemma 2.3, properties of modulus, and α-prequasiinvexity on the co-

ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣, we have

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1(b,a)η2(d,c)
4

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣ dλdt
+

1∫
0

1∫
0

|tτ − (1− t)τ |
∣∣∣λβ − (1− λ)

β
∣∣∣

×
∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣ dλdt)
≤η1(b,a)η2(d,c)

4

 1∫
0

1∫
0

(1− tα) max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣} dλdt

+

1∫
0

1∫
0

tα max
{∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣} dλdt

+

1∫
0

1∫
0

|tτ − (1− t)τ |
∣∣∣λβ − (1− λ)

β
∣∣∣ (1− tα)

×max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣} dλdt

+

1∫
0

1∫
0

|tτ − (1− t)τ |
∣∣∣λβ − (1− λ)

β
∣∣∣ tα
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× max
{∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣} dλdt)

=η1(b,a)η2(d,c)
4

(
α

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣}
+

1

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣}

+


1
2∫
0

(
(1− λ)

β − λβ
)
dλ+

1∫
1
2

(
λβ − (1− λ)

β
)
dλ



×




1
2∫
0

((1− t)τ − tτ ) (1− tα) dt+

1∫
1
2

(tτ − (1− t)τ ) (1− tα) dt


×max

{∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣}
+


1
2∫
0

((1− t)τ − tτ ) tα dt+

1∫
1
2

(tτ − (1− t)τ ) tα dt


× max

{∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣ , ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣}))
=η1(b,a)η2(d,c)

4

((
α
α+1 + 2β−1

(β+1)2β−1

×
(

2τ−1
(τ+1)2τ−1 + 1−2τ+α

(τ+α+1)2τ+α +B (α+ 1, τ + 1)− 2B 1
2

(α+ 1, τ + 1)
))

×max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣}

+
(

1
α+1 + 2β−1

(β+1)2β−1

(
2B 1

2
(α+ 1, τ + 1) + 2α−1

(α+1)2α −B (α+ 1, τ + 1)
))

× max
{∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣ , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣})) ,

which is the desired result. �

Theorem 2.7. Let f : K → R be a partially differentiable function on K with

η1 (b, a) > 0 and η2 (d, c) > 0. If
∣∣∣ ∂2f
∂t∂λ

∣∣∣q is co-ordinated α-prequasiinvex function

on K where q > 1 with 1
p + 1

q = 1, then

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1 (b, a) η2 (d, c)

(
1

4
+
(

1
(pτ+1)(pβ+1)

) 1
p

)
×
(

α

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣q , ∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣q}
+

1

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣q , ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣q}) 1
q

,
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where O is defined as in (11).

Proof. By Lemma 2.3, properties of modulus, Hölder inequality, and α-prequasiinvexity

on the co-ordinates of
∣∣∣ ∂2f
∂t∂λ

∣∣∣, we have

|O (x, y, τ, β, a, a+ η1 (b, a) , c, c+ η2 (d, c) , A)|

≤η1(b,a)η2(d,c)
4


 1∫

0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣q dλdt


1
q

+


 1∫

0

1∫
0

tpτλpβdλdt


1
p

+

 1∫
0

1∫
0

tτp (1− λ)
βp
dλdt


1
p

+

 1∫
0

1∫
0

(1− t)τp λβpdλdt


1
p

+

 1∫
0

1∫
0

(1− t)τp (1− λ)
βp
dλdt


1
p


×

 1∫
0

1∫
0

∣∣∣ ∂2f
∂t∂λ (a+ tη1 (b, a) , c+ λη2 (d, c))

∣∣∣q dλdt


1
q


≤η1(b,a)η2(d,c)

4

(
1 + 4

(
1

(pτ+1)(pβ+1)

) 1
p

)

×

max
{∣∣∣ ∂2f

∂t∂λ (a, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (a, d)
∣∣∣q} 1∫

0

1∫
0

(1− tα) dλdt

+ max
{∣∣∣ ∂2f

∂t∂λ (b, c)
∣∣∣q , ∣∣∣ ∂2f

∂t∂λ (b, d)
∣∣∣q} 1∫

0

1∫
0

tαdλdt


1
q

=η1 (b, a) η2 (d, c)

(
1

4
+
(

1
(pτ+1)(pβ+1)

) 1
p

)
×
(

α

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (a, c)

∣∣∣q , ∣∣∣ ∂2f
∂t∂λ (a, d)

∣∣∣q}
r +

1

α+ 1
max

{∣∣∣ ∂2f
∂t∂λ (b, c)

∣∣∣q , ∣∣∣ ∂2f
∂t∂λ (b, d)

∣∣∣q}) 1
q

,

which is the desired result. �
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