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DIFFERENTIAL SANDWICH THEOREMS
FOR SOME SUBCLASS OF
ANALYTIC FUNCTIONS
ASSOCIATED WITH LINEAR OPERATORS

T.N. SHANMUGAM, M.P. JEYARAMAN AND A. SINGARAVELU

Abstract. Let g1 and g2 be univalent in A := {z:|z| < 1} with ¢1(0) = ¢2(0) = 1.
We give some applications of first order differential subordination and superordination
to obtain sufficient conditions for a normalized analytic functions f with f(0) = 0 ,
f/(0) = 1 to satisfy

2 /(Z) A

f(2)

q1(z) < < g2(2).

1. INTRODUCTION

Let H be the class of functions analytic in A := {z: |z| < 1} and H[a,n]
be the subclass of H consisting of functions of the form f(z) = a + a,2z" +
any12"1 4+ .. Let A be the subclass of H consisting of functions of the form
f(z) = 2+ axz®> +--- . Let p,h € H and let ¢(r,s,t;2) : C3 x A — C. If p and
(p(2), 2p'(2), 22p"(2); ) are univalent and if p satisfies the second order superor-
dination

h(z) < ¢(p(2), 2p'(2), 2°D" (2); 2), (1)

then p is a solution of the differential superordination (1). (If f is subordinate to F,
then F is called a superordinate of f.) An analytic function g is called a subordinant
if ¢ < p for all p satisfying (1). An univalent subordinant ¢ that satisfies ¢ < g for
all subordinants ¢ of (1) is said to be the best subordinant. Recently Miller and
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Mocanu [10] obtained conditions on h,q and ¢ for which the following implication

holds:
h(z) < ¢(p(2), 20 (2), 2°p" (2); 2) = q(2) < p(2).

Using the results of Miller and Mocanu [10], Bulboaca [3] considered certain classes
of first order differential superordinations as well as superordination-preserving op-
erators [2]. Using the results of [3], Shanmugam et al. [12] obtained sufficient
conditions for a normalized analytic function f(z) to satisfy

() < 2k < (o)
and -
a(e) < 2L L,

{1y
respectively where ¢; and ¢q are given univalent functions in A.

Fora; e C (j=1,2,...,0) and 3; € C\Z; :={0,-1,-2,...},j =1,2,...m),
the generalized hypergeometric function (Fp,(aq,...,qp;B1,. .., Bm; 2) is defined by
the infinite series

lFm(ala'"7al;617"'76m;z) :Zwi .

(l<m+1;l,me Ny :=NU{0}),
where (a),, is the Pochhammer symbol defined by

JCR NS

(@ = =505 ala+1)(a+2)...(a+n—1), (neN)

Corresponding to the function

h(alw"aal;ﬁla"'aﬁm;z) =z lFm(ala"wal;ﬁl?'"aﬁm;z)a

the Dziok-Srivastava operator [5] (see also [13]) H! (ai,...,q1;81,. .., Bm;2) is
defined by the Hadamard product

an(ozl,...,al;ﬁl,...,ﬁm;z)f(z) = h(al,.. O By ey Bms 2) % f(2)

a1 1. (Q)n-1 anz
z+
Z ﬁm)n 1 (n - 1)

n

(2)

It is well known [5] that

O‘lH'fn(al + 1a o '7al;ﬂ1a cee 7ﬂma Z)f(Z)
= B (ar e 0n B B )]
—i—(Oél—l)H (0417'~-7al;ﬁ17'”7ﬁm;z>f(z)’ (3)
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To make the notation simple, we write
H! [oq]f(2) == H. (a1,...,00; 01, ..., Bm; 2) f(2).

Special cases of the Dziok-Srivastava linear operator includes the Hohlov lin-
ear operator [6] , the Carlson-Shaffer linear operator[4], the Ruscheweyh derivative
operator [11], the generalized Bernardi-Libera-Livingston linear integral operator

(cf- 1] [7), [8])-

2. PRELIMINARIES

In our present investigation, we shall need the following definition and results.
In this paper unless otherwise mentioned a and ( are complex numbers.

Definition 2.1: [10, Definition 2, p. 817] Let Q be the set of all functions f that
are analytic and injective on A — E(f), where

B(f) = {< € on: lm /() = oo},
and are such that f'({) # 0 for { € 0A — E(f).

Theorem 2.1 : [9, Theorem 3.4h , p. 132] Let q be univalent in the unit disk
A and 0 and ¢ be analytic in a domain D containing q(A) with ¢p(w) # 0 when
w e q(A).

Set £(2) = 2¢'(2)0(q(2)), h(2) = 0(q(2)) + £(2). Suppose that,
1. £(z) is starlike univalent in A and

2. 8?22(/2(’)3) > ( for z € A.

If p is analytic in A with p(A) C D, and
0(p(2)) + 2p' (2)8(p(2)) < 0(a(2)) + 2¢'(2)(a(2)), (4)

then p < g and ¢ is the best dominant.

Lemma 2.1 : [12] Let q be univalent in A with ¢(0) = 1. Further assuming that

ol

If p is analytic in A, with p(A) C D and

ap(z) + Bzp'(2) < aq(z) + Bzq'(2),
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then p < q and q is the best dominant.

Theorem 2.2 : [3] Let q be univalent in the unit disk A and ¥ and ¢ be analytic
in a domain D containing q(A). Suppose that

¥’ (q(2))
1. R [w(q(Z))} >0 for z € A, and

2. £(2) = z¢' (2)p(q(2)) is starlike univalent function in A.

IAfp € HI[q(0),1] N Q, with p(A) C D and I(p(2)) + 20’ (2)p(p(2)) is univalent in
, and
9(q(2)) + 2¢'(2)p(a(2)) < V(p(2)) + 2p'(2)e(p(2)), (5)

then q < p and q is the best subordinant.

Lemma 2.2 : [12] Let ¢ be univalent in A , q(0) = 1. Further assuming that
R [%q’(z)} > 0.
If pe H[q(0),1] N Q, and ap + Bzp’ is univalent in A, and

aq(z) + Bzq'(2) < ap(z) + Bzp'(2) ,

then q < p and q is the best subordinant.

3. SUBORDINATION RESULTS FOR ANALYTIC FUNCTIONS

By making use of Lemma 2.3, we prove the following results.

Theorem 3.1 : Let g be univalent in A with q(0) =1 and satisfying

a zq"(z)
%[5+1+ q,(z)]>0. (6)
Let
o (Y ZUONS PN ORI

Lo, Xiz) = <f<z>> +m(f(z)> {” ORI } )

If f € A satisfies
U(a, B, A 2) < aq(z) + B24 (2), (8)
then Zf/(z) \
(f(2)> =@,

and q s the best dominant.
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Proof. Define the function p(z) by

o (1)

Then by means of simple computation we can show that

U(a, B, A5 2) = ap(z) + Bzp/ ().

Now (8) becomes
ap(z) + Bzp'(2) < aq(z) + Bzq'(2),

and Theorem 3.1 follows by an application of Lemma 2.1.

1+ A
By taking ¢(z) = 1 iBz (=1 < B < A <1) we have the following Example.

1+ A
xample 3.1 : et q(z) = i —1< B < A<1)in Theorem 3.1. Further
E le 3.1 L IIB
z

assuming that (6) holds. If f € A, then
1+ A A-B

. (zf’(z))’\ 1+ Az

f(2) 1+ Bz’
and 144z is the best dominant.
1+ Bz
. 142
Also if ¢(z) = T then for f € A we have
—z
1+ 2 28z

1\ A;

- (7)<

is the best dominant.

and 1+2
1—z
4. SUPERORDINATION RESULTS FOR ANALYTIC FUNCTIONS

Theorem 4.1 :  Let q be conver univalent in A with ¢(0) = 1. Let f € A,

(fo;ij)>A € H[L,1]NQ, with
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If U(a,B,A;2) as defined by (7) is univalent in A, with

aq(z) + Bzq' (2) = V(a, B, \; 2)
')\
< (557

Proof. Theorem 4.1 follows by an application of Lemma 2.2.

1+ A4
+ Az (-1 < B < A<1) in Theorem 4.1, we have the
1+ Bz

then

and q s the best subordinant.

By taking ¢(z) =

following Example.

Example 4.1 : Let ¢ be convex univalent in A.

/ A
Also let f € A, <ZJJ:(S)> € H[1,1] N Q. Further assuming that (9) holds. If
U(a, B, A; 2) as defined by (7) is univalent in A, and

1+ Az B(A — B)z
R A;
then
1+ Az ~ 2 (2)\
1+ Bz f(2) ’
and 1+ 42 is the best subordinant.
1+ Bz

Inparticular, we have

a(”"‘) b2 (e, BN ),

1—2 (1—2)2
implies
1+z2 - z2f'(2) A
-\ )
and 1 tz is the best subordinant.

5. SANDWICH THEOREMS

By combining the results of subordination and superordination, we get the
following “Sandwich theorems”.
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Theorem 5.1 : Let 1 and g2 be convex univalent in A and satisfying (9) and
(6) respectively.

2f'(2)
{Zetf € A, ( f(z)
in A. Further if

A
) e HIL1NQ and ¥(a, B, A; 2) as defined by (7) is univalent

aqi(z) + Bzqi(2) < ¥(a, B, A 2) < aga(2) + Bay(2),

06 = () <o)

and q1 and qo are respectively the best subordinant and best dominant.

then

]. +A12 ]. +A22
F — kil = —-1<B;<B A <A <1
or q1(2) 1+31Z7Q2(Z) 1+ Byz (-1< By < B <A <A <1), we
have the following Example.
2f'(z)

A
Example 5.1 : If f € A, ( ) > € H[1,1]NQ and ¥(a, 8, \; z) as defined

by (7) is univalent in A , and

\Ill(AlaBlvaaﬂa )‘,Z) = \I/(a,ﬂ, )‘,Z) = \I/2(A2732304,6,)‘;Z) )

then
1+ Az 2'(2)\* | 1+ Apz
1+ Bz f(2) 1+ Boz '
where A A
1+ Az — Bz
\Ill(A17B17a)ﬂ7>\;Z) '_OL(l_’_Biz) /6((1—:—.812;2 ’
1+ Ayz B(Az — B)z
Wy (As, B 32) 1= ’
2( 2, Q,Oé,ﬁ,A,Z) a<1+32z> (1+BQZ)2

1+A12 1+A22
an
1+B12 1+B22

The functions are respectively the best subordinant and best

dominant.

6. APPLICATION TO DZIOK-SRIVASTAVA OPERATOR

Theorem 6.1 : Let g be univalent in A with q(0) = 1. Let

H [« 2\

(a1 +1) (Hhla +21f(2)) o (H,ln[al + 1]f(2)) - 1}] - (10)

H! la1 +1]f(2) HL [a]f(2)

o]
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If f € A satisfies
n(a, B\ 1,m; 2) < ap(z) + B2¢'(2) ,

H Jon + 1)f(2)\
( HE o/ (2) ) <)

then

and q s the best dominant.

Proof. Define the function p(z) by

H, [ + Hf(z)y
p(z) = [ Zml@L T JAE) 11

@ = (Bt )
By taking logarithmic derivative of (11) we get

() | [2 (bl + 10() 2 (Hy o))
P(2) H,a+107() B ladf(z) |

By using identity

2 (HY [en] () = arHL [or + 1] f(2) — (a1 — 1) HL [o1] £(2),
and (11) in (12) we get

. 2\
ap(z) + pzp'(z) (%) x

e { ;i)[fk e R (W) -1}

Now Theorem 6.1 follows as an application of Lemma 2.1.

By taking [ = 2, m = 1 and ag = 1 in Theorem 6.1 we have the following
corollary.

Corollary 6.1 : Let ¢ be univalent in A with ¢(0) =1 . Let

A
L(at+1,c)f(=
dla, .0, 8,7+ 2) 1= (L)

(a+1)L(a+2,0)f(2) aLla+1l,0)f(z)
{“ ’ ”{ Lla+1,0/(2) L(a, 0 [(2) 1” ‘

If f € A satisfies
¢(a,c,0, B,A 1 2) < aq(z) + B2 (2)

La+1,df(=)\
(“esrt) a0,

then

and ¢ is the best dominant.
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Taking a =1 and ¢ =1 in corollary 6.1 we get the following corollary.
Corollary 6.2 : Let ¢ be univalent in A with ¢(0) =1. If f € A and

R G = R
then

(W)A <q(2) ,

and ¢ is the best dominant.

Since the superordination results are a dual of the subordination here we
state only the results pertaining to the superordination.

Theorem 6.2 : Let g be convex univalent in A with ¢(0) = 1. Let f € A,

A
(W) € H[1,1]NQ, with R [%q’(z)} > 0. Further if n(a, 8, \, 1, m; 2)
mlo1

as defined by (10) is univalent in A, with

aq(z) + Bzq'(2) < nla, B, A 1,m; 2)

then
Hilon +117(2) )
o< (St )

and q s the best subordinant.

Theorem 6.3 : Let ¢ be convex univalent in A.

L(a+1,¢)f(2)
e 1 € 4“5
(13) is univalent in A. If

A
) € H[1,1]NQ and ¢(a,c,a, B, A : 2) as defined by

aq(z) + B2q'(2) < dla,c,a, B, 2)

then

Lia+1,¢)f()\*
q(z)*< a0/ (2) > ’

and q s the best subordinant.

1+A4 1
S , Rk in Theorem 6.1 we can get more results and
1+Bz " 1—-z2

we omit the details involved.
Combining the results of subordination and superordination, we state the
following Sandwich Theorems.

Taking ¢(z)
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Theorem 6.4 : Let q1 and g2 be convex univalent in A satisfying (9) and (6)

respectively. If f € A, (W

defined by (10) is univalent in A, and

A
) € H[1,1] N Q and n(o, B, N\, 1, m;2) as

aqi(2) + Bz¢)(2) < n(a, B, 1,m; 2) < aga(z) + Bzgy(2)

Hilon +117(2)
0= (Figiaitn ) <o

and q1(z) and q2(2) are respectively the best subordinant and best dominant.

1+A1Z 1—|—A22,’
1+Blz’q2(z) 1JFBQZ( < By < By < A < Ay < 1), we

have the following corollary.

then

For ¢1(z)

A
Corollary 6.3 : If f € A, (W) € H[1,1]1NQ and n(a, 8, A, 1,m; 2)
mla1

as defined by (10) is univalent in A, and

q)l(AlvBlaOé7ﬂ; Z) = 77(04,[37%1,7’%2) =< ®2(A2,BQaaa/6;Z)a

where - (A - BY)
+ A1z 1— Db1)z
®,(A1,B 12) =
1( 1 1;047[3’2) a<1+Blz) (1+B1Z)2 )
1+ Az B(As — Bo)z
®y(As, B 12) =
2( 29 2;()476’ Z) « <1—|—B12> (1 +BQZ)2 9
14+ Az (Hjn[al + 1]f(z))’\ 1+ Ayz
14+ Byz Hl loa]f(2) 1+ Bz '
1+ A 1+ A
The functions + 412 an +£22 are respectively the best subordinant and best
14+ Bz 14+ Byz
dominant.

Theorem 6.5 : Let g1 and g be convex univalent in A and satisfing (9) and (6)

A
respectively. If f € A, <W> € H[1,1] N Q and ¢(a,c,a, B, X : 2) as

defined by (13) is univalent in A, and
aql(z) =+ ﬂqul(Z) = Qb(a,C,O[,ﬂ, A Z) = an(Z) + ﬂZqIZ(Z) )

La+1.af)\"
w0 < (gt ) <#e)

and q1(z) and q2(2) are respectively the best subordinant and best dominant.

then
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Theorem 6.6 : Let q1(z) and g2(2) be conver univalent in A and satisfing (9)

and (6) respectively. Let f € A, <DDWZ;C{Z<:)Z)>A e H[1,1]NQ,
(57t5) e { ity Bty )

is univalent in A. Further if

prtl A
aqu(2) + 8201 (2) < (G5 )

[a + BA { (a+ DD"Pf(z) _ aD™(z) IH < agz(2) + Bras(z)

Dntlf(2) Drf(z)
then " \

and q1 and gy are respectively the best subordinant and best dominant.
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