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Abstract. In this paper, we extend the notion of 2-absorbing hyperideals and
2-absorbing primary hyperideals to the concept ¢-2-absorbing hyperideals and ¢-2-
absorbing primary hyperideals. Suppose that F(R) is the set of hyperideals of R
and ¢ : E(R) — E(R)U{¢} is a function. A nonzero proper hyperideal I of R is
said to be a (- 2-absorbing hyperideal if for z,y,z € R,zoyoz C I — ¢(I) implies
zoy C I or zoz C I or yoz C I. Also, a nonzero proper hyperideal I of R is called
a - 2-absorbing primary hyperideal if for all z,y,z € R, zoyoz C I — ¢(I) implies
zoy C I or xoz C r(I) or yoz C r(I). A number of results concerning them are
given.

Key words and Phrases: @p-2-absorbing hyperideal; ¢-2-absorbing primary hyper-
ideal; Hyperring.

Abstrak. Dalam paper ini, diperluas konsep 2-absorbing hyperideal dan 2-absorbing
primary hyperideal menjadi p-2-absorbing hyperideal dan @-2-absorbing primary
hyperideal. Misalkan E(R) merupakan himpunan hyperideal dari R, dimana

¢ : E(R) — E(R)U{¢} merupakan suatu fungsi. Suatu proper hyperideal tak-nol
I dari R disebut ¢- 2-absorbing hyperideal jika untuk z,y,z € R,xoyoz C I — ()
mengakibatkan zoy C I or xoz C I or yoz C I. Lebih jauh, suatuproper hyperideal
tak-nol I dari R disebut - 2-absorbing primary hyperideal jika untuk semua
z,y,z € R, zoyoz C I — p(I) mengakibatkan zoy C I or zoz C r(I) or yoz C r(I).
Sejumlah hasil terkait perluasan konsep ini diberikan.
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1. INTRODUCTION

Hyperstructures (or hypersystems), as a natural generalization of ordinary
algebraic structures were introduced by Marty, the French mathematician, in 1934
[10]. Later on, it was found that the theory also have many applications in both
applied and pure sciences. They can be studied in [5],[8],[11], [6] and [13]. The
concept of multiplicative hyperring is introduced and studied by R. Rota [12] in
1982. For example, their applications in physics and chemistry can be found in
Chapter 8 in [8].

An algebra system (R, +,0) is a multiplicative hyperring if

(a) (R,+) is an abelian group;

(b) (R, o) is semihypergroup:;

(¢) We have ao(b+ ¢) C aob+ aoc and (b+ c)oa C boa + coa, for all a,b,c € R;
(d) We have ao(—b) = (—a)ob = —(aob), for all a,b € R.

Throughout this paper R denotes a multiplicative hyperring. Let A and B
be two nonempty subsets of R and x € R. We define

Aox = Ao{z}, AoB= U aob
a€A, beB

Let I be a non empty subset of a multiplicative hyperring R. I is a hyperideal
of R if

(1) a—bel, for all a,b € I;
(2) rox CI,forallr € Rand z € I.

The notion of ¢-ideal was studied by Anderson in [2]. The purpose of the
paper is to generalize the idea of ¢-prime ideal as in [2], [3] and [4] to the context
of hyperideals of hyperrings.

In a conference, a researcher introduced the context of 2-absorbing hyper-
ideal and got many results[9]. Indeed, it is a generalization of prime hyperideal. A
proper hyperideal I of R is 2-absorbing if zoyoz C I with x,y, 2z € R, then zoy C I
or zoz C I or yoz C I. Moreover, recall from [1] that a proper hyperideal I of R
is said to be 2-absorbing primary hyperideal if x,y,z C I with x,y,z € R, then
zoy C I or yoz C r(I) or zoz Cr(I) .

A proper hyperideal of R is a prime hyperideal if zoy C P with z,y € R implies
that x € P or y € P. The prime radical of I is the intersection of all prime hyper-
ideals of R containing I which being denoted by r(I). If R has no prime hyperideal
containing I, we say r(I) = R. Let C = {rjorgo...or,, : 7, € R,n € N} C P*(R).
A hyperideal I of R is called a C-hyperideal if ANT # @ for any A € C then
ACI Let D={re R:r" C1I for somen € N} then D C r(I). The equality
holds where I is a C-hyperideal of R( see proposition 3.2 in [7]). Throughout this
paper, we suppose that all hyperideals are C-hyperideal.

A hyperideal I of R is a strong C-hyperideal of R if , ENI # & for any E € U
then E C I, where C = {rjorqo...0or,, : r; € R,n € N} and
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U={>" 4, : A € C,ne N} Let I be a hyperideal of R and E(R) be the
set of hyperideals of R. Throughout this paper, we assume that ¢(I) C I where
¢ : E(R) — E(R) U {¢} is a function.

A nonzero proper hyperideal I of R is said a -prime hyperideal if zoy C I — (1)
for some x,y € R, impliesx € [ or y € [.

In this paper, among many results , it is shown that for some function ¢ if T
is a @-2-absorbing hyperideal of R that is not a 2-absorbing hyperideal of R, then
I? C (I) (Theorem 2.6). It is shown (Theorem 2.10) that if By and Rs be two
multiplicative hyperrings with scalar identity such that
v1 1 E(R1) — E(R1) U{¢},p2 : E(Ry) — E(R2) U {¢} be functions and
@ = 1 X @a. Then:

(1) I; x I5 is a ¢- 2-absorbing hyperideal of Ry X Rg, such that I; and I are
two proper hyperideals of R; and Ra, respectively, with ¢1(l1) = I; and
Y2 (IQ) = .[2.

(2) I; X Ry is a - 2-absorbing hyperideal of R; X Ry, such that I is a - 2-
absorbing hyperideal of Ry which is 2-absorbing hyperideal if po(R3) # Ra.

(3) Ry x Iy is a - 2-absorbing hyperideal of R; X Ry, such that I is a p9- 2-
absorbing hyperideal of Ry which is 2-absorbing hyperideal if p1(R1) # R;.

(4) If I; x I is a @p-2-absorbing hyperideal of Ry X Rs, then I; is a ¢1- 2-
absorbing hyperideal of R; and I3 is a @9- 2-absorbing hyperideal of Rs.

It is shown (Theorem 3.11) that if I and .J are proper hyperideals of R with J C ¢(I)
where ¢ : E(R) — E(R) U {¢} is a function. Then followings are equivalent.

i) Hyperideal I of R is a ¢-2-absorbing primary hyperideal.
ii) Hyperideal I/J of R/J is a @ -2-absorbing primary hyperideal.
iii) For every n > 1, hyperideal I/J" of R/J" is a ¢(,) -2-absorbing primary
hyperideal.

2. (-2-ABSORBING HYPERIDEALS

Definition 2.1. Suppose that E(R) be the set of hyperideals in R and

¢ : E(R) — E(R)U{¢} be a function. A nonzero proper hyperideal I of R is a
- 2-absorbing hyperideal if xoyoz C I — @(I) with x,y,z € R implies xoy C I or
yoz C I or xoz C 1.

Lemma 2.2. Every 2-absorbing hyperideal and every @-prime hyperideal are -
2-absorbing hyperideal.

Example 2.3. Let Z4 be a multiplicative hyperring of integers with A = {5,7}. In
this hyperring, < 2 >N < 3 > s @- 2-absorbing hyperideal.
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Definition 2.4. Let ¢1,¢2 : E(R) — E(R) U {¢} be functions. If p1(I) C @a(I)
for every I € E(R), then we define p1 < pa.

Theorem 2.5. Let I be a hyperideal in R and ¢1,p2 : E(R) — E(R) U {¢} be
functions with o1 < py. Let I be a p1-2-absorbing hyperideal, then hyperideal I is
a po-2-absorbing hyperideal.

Proof. Let xoyoz C I — po(I), with z,y,z € R. Since p1 < @9, we obtain zoyoz C
I — p1(I). Since hyperideal I is a ¢1-2-absorbing hyperideal, then we conclude
xoy C I or yoz C I or zoz C I. Therefore I is py-2-absorbing. O

Theorem 2.6. Let ¢ : E(R) — E(R) U {¢} be a function and hyperideal I €
E*(R) is not 2-absorbing. If I is @- 2-absorbing strong C-hyperideal then I* C ¢(I).

Proof. We assume that I ¢ () and look for a contradiction. Let woyoz C I
where z,y, z € R. Since hyperideal [ is a p-2-absorbing hyperideal, If zoyoz ¢ ¢(I),
then zoy C I or xoz C I or yoz C I . Let us suppose zoyoz C (). We assume
zoyol € ¢(I). So zoyow ¢ (I) for some w € I. Thus zoyoz + zoyow C I — ¢(I)
and so zoyo(z+w) C I. Hence zoy C I or zo(z+w) C I or yo(z+w) C I. Since I is
a strong C-hyperideal and zow, yow C I, we obtain xoy C I or xoz C I or yoz C I.
Thus, let us suppose zoyol C p(I) and also zozol C ¢(I) and yozol C ¢(I). Since
we supposed that I3 Z o(I), then wiowzows ¢ ¢(I) for some wy,ws,ws € I. So
(x + wy)o(y + wa)o(z + w3) C I — ¢(I). Since hyperideal I is ¢- 2-absorbing, we
conclude that (z+wi)o(y+ws) C I or(y+ws)o(z+ws) C I or(z+wi)o((z+ws) C 1.
Since [ is a strong C-hyperideal we have zoy C I or zoz C I or yoz C I. But this
is a contradiction. (]

Corollary 2.7. Let I be a @- 2-absorbing strong C-hyperideal and I® Z o(I).
Then hyperideal I is 2-absorbing.

Theorem 2.8. Let ¢ : E(R) — E(R)U{¢} be a function and I be a proper strong
C-hyperidea of R. The followings are equivalent:

1) hyperideal I is - 2-absorbing.

2) (I:ab)=(o(I):aob)U(I:a)U(I:b), fora,b€ R such that aob C R—1.

3) (I:ab)=(I:a) or (I:ab)=(I:b) or (I:ab)=(o(I):aod), fora,be R
such that aob C R — 1.

4) If Iyolyolz C I for some hyperideals I1, I, I5 of R with Iyolsols € o(I),
then Iolo C I or Iyolg C I or Iyols C 1.

Proof. (1)=(2) Let aob C R — I and ¢ € (I : aob). Thus aoboc C I. Suppose that
aoboc ¢ ¢(I). It means aoc C I or boc C I, and then ¢ € (I : a) or c € (I : D).
Now, assume that aoboc C ¢(I). So ¢ € (p(I) : aob) and then (I : aob) C (¢(I) :
aob)U (I :a)U(I :b). Since ¢(I) C I, then (¢(I) : aob)U (I : a)U (I :b) C (I : aobd).
Thus (I : aob) = (p(I) : aob) U (I : a) U (I : b).

(2)=(3) Since (I : ab) = (p(I) : aob) U (I : a) U (I : b), then it is equel to one of
them.

(3)=(4) Let Iy0l50l5 C I for some hyperideals I, I5, I3 of R. Assume that I0l> ¢
I and Irols ,(Z I and I 0l3 ,@ I, we look for a contradiction. Let aob C I10l5 and
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aob ¢ I . Since aobols C I, then I3 C (I : aob). Since Iiols € I and LI; ¢ I,
we have (I : aob) = (p(I) : aob). Thus aobolz C p(I). Now, suppose that aob C
In(Iiol) and zoy C (I1olz) — I for some z,y € R. Thus (aob + zoy)olz C ().
Thus we have (aob+zoy)oc C p(I) for some ¢ € I5. Since I is a strong C-hyperideal,
then aoboc + xzoyoc C (I) and so aoboc C ¢(I). Consequently, Iy0l0l3 C (1)
and this is a contradiction.

(4)=(1) Assume that aoboc C I — ¢(I). Hence < a >0 <b>o0=<c>=CT—(I).
Thus <a>=o0o<b=Clor<a=0<c>CJlor<b>=0<c>=C1I. Hence aob C I
or aoc C I or boc C I. O

Theorem 2.9. Assume that Ry and Ry are two multiplicative hyperrings with
scalar identity. If Iy and Iy are hyperideasls of Ry and Rsa, respectively. Then:
(i) Hyperideal I is 2-absorbing if and only if hyperideal I; x Ry of Ry X Ry is
2-absorbing .

(ii) Hyperideal Iy is 2-absorbing if and only if hyperideal Ry X I of Ry X Ra is
2-absorbing.

Proof. (i) Suppose that I; is a 2-absorbing hyperideal of Ry and
(x,y)o(z,u)o(v,w) C I} X Ry. Since
(x,y)o(z,u)o(v,w) = {(a,b) | a € zozov,b € youow},

we have zxozov C I, and hence zoz C Iy or xov C I; or zov C I;. Thus
(x,y)o(z,u) C I X Ry or (z,u)o(v,w) C I x Ry or (z,y)o(v,w) C I} X Ry. Con-
versely, Assume that xoyoz C I;. Thus (z,1)o(y,1)o(z,1) C I} X Ry. Hyperideal
I X Ry is 2-absorbing. It means (z,1)o(y,1) C I; X Ry or (z,1)o(z,1) C I1 x Ry
or (y,1)o(z,1) C I1 X Ry. Thus zoy C I or zoz C I or yoz C I; , and hence I is
a 2-absorbing hyperideal of Ry. The proof of (ii) is similar to (i). O

Theorem 2.10. Let Ry and Ry be multiplicative hyperrings with scalar identity
and let 1 : E(R1) — E(R1)U{¢},p2 : E(R2) — E(R2)U{¢} be functions. Let
@ =1 X a. Then:
(1) I x Iy is a p- 2-absorbing hyperideal of Ry X Rg, such that Iy and I
are proper hyperideals of Ry and Ra, respectively, with ¢1(l1) = I1 and
Y2 (IQ) = IQ.

(2) I X Ry is a - 2-absorbing hyperideal of Ry X Rg, such that I is a ¢1-
2-absorbing hyperideal of Ry which is 2-absorbing hyperideal when
©2(Rz) # Ra.

(3) Ry x I is a - 2-absorbing hyperideal of Ry X Ra, such that Iz is a @a-
2-absorbing hyperideal of Ry which is 2-absorbing hyperideal when
¢1(R1) # Ru.

(4) If hyperideal Iy x Is of Ry X Ry is p-2-absorbing, then hyperideal I, of Ry
18 p1- 2-absorbing and hyperideal Is of Ry is po- 2-absorbing.
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PTOOf. (1) It follows by the fact that I]_ XIQ-QD(Il X IQ) = 11 X IQ —@1([1) X (‘02(12) =
11XIQ—11X12=¢.

(2) Let hyperideal I; of Ry be 2-absorbing. Then hyperideal I; x Ry is 2-absorbing
and so ¢-2-asorbing hyperideal. Now, assume that I is a ¢1-2-asorbing hyperideal
and pa(R2) = Ra. Also, assume that (21, y1)o(x2, y2)o(zs,y3) C I1 X Ra—p1(11) X
©2(Ra). Since It X Re — ¢1(I1) X Ry = (I1 — v1(I1)) x Ra.Clearly, xjoxq0x3 C
Ii—p1(I1). Thus z10x9 C I or 29023 C 17 or zy0xg C I;. Hence (z1,y1)o(x2,y2) C
Il X R2 or (zg,yz)o(l‘g,yg,) - Il X R2 or (zl,yl)o(xg,yg) - Il X R2 and So Il X R2
is a - 2-absorbing hyperideal.

(3)The proof of case (3) is similar to (2).

(4) Suppose that hyperideal I x I of Ry x Rg is - 2-absorbing. Let xoyoz C
I — p1(I1). Therefore (z,0)o(y,0)o(z,0) is a subset of I} x I — p(I; x I3) and
so (z,0)o(y,0) C I x Is or (y,0)o(z,0) C I; x Iy or (x,0)o(2,0) C I; x I5.Thus
zoy C I or zoz C I or yoz C Tand so I; is a ¢1- 2-absorbing hyperideal of R;.
Similarly, I is a @o- 2-absorbing hyperideal of R,. O

3. (-2-ABSORBING PRIMARY HYPERIDEALS

Definition 3.1. Let ¢ : E(R) — E(R) U {¢} be a function such that E(R) be
the set of hyperideals of R. A monzero proper hyperideal I in R is called a p- 2-
absorbing primary hyperideal if voyoz C I—p(I), for all x,y,z € R implies xoy C I
or zoz C r(I) oryoz C r(I).

If p(I) = I" for every I € E(R) and n > 2, then we define ¢ = ¢(,,) and say
that I is a ¢(,)-2-absorbing primary hyperideal.

Theorem 3.2. Let r(I) = I. Hyperideal I of R is () - 2-absorbing primary if
and only if hyperideal I is () -2-absorbing.

Proof. By Proposition 3.3 in [7], we have r(r(I)) = r(I). Thus this is clear. O

Theorem 3.3. Let 1,2 : E(R) — E(R) U {¢} be functions with ¢1 < @a. If
hyperideal I is p1-2-absorbing primary, then I is a pa-2-absorbing primary hyper-
ideal.

Proof. Let xoyoz C I — ¢o(I) with z,y,z € R. Therefore zoyoz C I — p1(I).
Consequently, we are done. O

Theorem 3.4. Let ¢ : E(R) — E(R) U {¢} be a function and hyperideal I €

E*(R) is not 2-absorbing primary. If I is o- 2-absorbing primary strong C-
hyperideal, then I3 C o(I).

Proof. The proof is similar to Theorem 2.6 (]

Corollary 3.5. Let I is a p-2-absorbing primary strong C-hyperideal of R. If I
is not 2-absorbing primary, then r(I) = r(p(I)).
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Proof. Assume that hyperideal I is not 2-absorbing primary. By Theorem 3.4,
I3 C o(I) . Therefore r(I) C r(p(I)). Moreover, we have p(I) C I. Thus
r(p(I)) C r(I). This completes the proof. O

Corollary 3.6. Let I be a proper strong C-hyperideal of R where r(¢(I)) is a
prime hyperideal of R and let ¢ be a function. Then I is a 2-absorbing primary
hyperideal of R if and only if hyperideal I is @-2-absorbing primary hyperideal.

Proof. (=) It is clear.
(<=) Assume that hyperideal I is p-2-absorbing primary but is not 2-absorbing
primary. By Corollary 3.5, r(¢(I)) = r(I) . Hence r(I) is a prime hyperideal. Let
zoyoz C I and woy € I. Since (zoz)o(yoz) C woyoz? C I C r(I), we conclude that
yoz C r(I) or xoz C r(I). Thus the proof is completed.

O

Corollary 3.7. Let I be a proper p-2-absorbing primary strong C-hyperideal of R
and let ¢ < @). Then for every n > 3, hyperideal I is py)-2-absorbing primary.

Proof. Let I be a 2-absorbing primary hyperideal, then we are done. Let us suppose
that hyperideal I is not 2-absorbing primary. Hence, by Theorem 3.4, we have
I3 C p(I) . Since p < ¢(4), we conclude that I? C o(I) C I*. Thus for every
n >3, we obtain I® = I = ¢(I). Thus the claim is obvious. (]

Theorem 3.8. Let I,J be proper hyperideals of R with J C I. If I is a @)
-2-absorbing primary hyperideal, for every n > 2, then I1/.J is a @) -2-absorbing
primary hyperideal of R/J.

Proof. Let I be a ¢(,) -2-absorbing primary hyperideal of R. Suppose that

(x+ Doy + No(z+ J) C I/J—(I/J)™ with z,y,z € R. Since J C I , then
royoz C I — I". Since hyperideal I is ¢(,) -2-absorbing primary, then we get
xoy C T or yoz C r(I) or oz C r(I). Also, Since J C I, we have r(I/J) =r(I)/J.
Consecuently (z+ J)o(y +J) CI/J or (y + J)o(z+ J) Cr(I)/J or
(x+No(z+J) Cr(I)/J. O

Definition 3.9. Suppose that ¢ : E(R) — E(R) U {¢} is a function. Let I and
J be proper hyperideals of R with J C I . A hyperideal I/J of R/J is @5 -2-
absorbing primary hyperideal if xoyoz C I/J — (p(I) + J)/J with z,y,z € R/J
implies xoy C I/J or yoz Cr(I/J) or xzoz Cr(I/J).

Theorem 3.10. Let I,J be two proper hyperideals of R with J C I and let ¢ :
E(R) — E(R)U{¢} be a function. If hyperideal I is @-2-absorbing primary, then
1/J is a ¢y -2-absorbing primary hyperideal in R/ J.

Proof. Assume that (z + J)o(y + J)o(z + J) C xoyoz +J C I/J — (e(I)+ J)/J,
with z,y,z € R. Thus xzoyoz C I — ¢(I). Since hyperideal I is ¢-2-absorbing
primary, then zoy C I or yoz C r(I) or xoz C r(I). Thus (x + J)o(y +J) C I/J
or (y+ Jo(z+J) Cr(l)/J or (x+ J)o(z+J) Cr(l)/J. O
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Theorem 3.11. Let I,J be proper two hyperideals of R and let
¢ : E(R) — E(R)U{¢} be a function with J C ¢(I). The followings are equiva-
lent.

1) Hyperideal I is @-2-absorbing primary.
2) Hyperideal I/J of R/J is w; -2-absorbing primary.
3) For every n > 1, hyperideal 1/J™ of R/J™ is @, -2-absorbing primary.

Proof. (1)=(2) It follows by Theorem 3.10.
(2)=(3) Since J C (), then for n > 1, J* C J C ¢(I). Assume that
(x+J")o(y+J™)o(z+J™) CI/J"—p(I)/J" with z,y, 2 € R. Thus zoyoz € ¢(I).
Since J C (1) and zoyoz € p(I), then zoyoz ¢ J. Hence
(x+ No(y+ J)o(z+J) CI/J—@(I)/J . Since hyperideal I/J is ¢ -2-absorbing
primary and r(I/J) = r(I/J™) = r(I)/J™, we obtain xzoy C I or yoz C r(I) or
zoz Cr(I) . Hence zoy + J" C I/J" or yoz Cr(I)/J"™ or xoz Cr(I)/J™.
(3)=(1) Let woyoz C I — ¢(I) with z,y,z € R and n = 1. Since J C p(I) C I, we
have zoyoz ¢ J and (z + J)o(y + J)o(z + J) C woyoz + J C I/J — p(I)/J. Since
hyperideal I/.J is ¢ -2-absorbing primary and r(I/J) = r(I)/J, then zoy C I or
yoz C r(I) or zoz C r(I).

O

Corollary 3.12. Let I € E*(R) be a strong C-hyperideal such that is not a 2-
absorbing primary hyperideal and let ¢ : E(R) — E(R) U {¢} be a function. The
followings are equivalent.

1) Hyeperideal I is p-2-absorbing primary.

2) Hyperideal I/I® of R/I® is @rs -2-absorbing primary.

3) For every n > 3, hyperideal I/I"™ of R/I™ is pn -2-absorbing primary.

Proof. 1t follows by Theorem 3.4 and Corollary 3.11. O

Definition 3.13. Let hyperideal I of R be a p-2-absorbing primary and let
zoyoz C @(I) with x,y,z € R where zoy € I , yoxr ¢ r(I) and zoz ¢ r(I), then
(x,y,2) is called a @-triple-zero of I .

A proper hyperideal I of R is ¢-2-absorbing primary such that is not 2-
absorbing primary if and only if there exists a -triple-zero of I.

Theorem 3.14. Let R; and Ro be multiplicative hyperrings with scalar identity
and let o1 : E(R1) — E(R1)U{¢}, 02 : E(Ry) — E(R2)U{¢} be functions such
that pa(Ra) # Ra. Let ¢ = o1 X @o. Then the followings are equivalent.

1) Hyperideal Iy x Ry of Ry X Ry is ¢-2-absorbing primary.
2) Hyperideal I X Ry of Ry X Ra is 2-absorbing primary.
3) Hyperideal I of Ry is 2-absorbing primary.

Proof. (1)=(2). Since hyperideal I; of Ry is ¢p; -2-absorbing primary, then If
hyperideal I is 2-absorbing primary, then the claim is proved. Thus, we suppose
that I is not a 2-absorbing hyperideal of R;. Hence there exist a ¢; -triple-zero
(x,y,2) with ,y,z € Ry for I . Since p2(R3) # Ra, we get
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(x,1)o(y,1)o(z,1) C I X Re — ¢1(I1) X @2(R2). This implies that zoy C I; or
xzoz C r(I1) or yoz C r(I1) which is a contradiction. Hence hyperideal I of R; is
2-absorbing primary. Thus I3 X Ry is a 2-absorbing primary hyperideal of R X Rs.
(2)=(3) and(3)=-(1) are obvious. O

(10]
(11]

12]
(13]
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