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Abstract. In this work, we prove the existence of solutions for a tripled system
of integral equations using some new results of fixed point theory associated with
measure of noncompactness. These results extend the results in some previous
works. Also, the condition under which the operator admits fixed points is more

general than the others in literature.
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Abstrak. Dalam paper ini, dibuktikan eksistensi solusi dari suatu sistem tripled
dari persamaan integral menggunakan suatu hasil terbaru dalam teori titik tetap
yang berasosiasi dengan ukuran noncompactness. Hasil-hasil ini memperluas hasil-
hasil yang sudah ada sebelumnya. Lebih jauh, kondisi operator yang memenuhi
syarat titik tetap di dalam paper ini juga lebih umum dibandingkan dengan yang

sudah ada di dalam literatur-literatur sebelumnya.
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1. INTRODUCTION

In recent years, measure of noncompactness which was introduced by Kura-
towski [18] in 1930 and has provided powerful tools for obtaining the solutions of
a large variety of integral equations and systems. One can find related references
in studies involving Aghajani et al. [2], [3], [4], [5], Banas [9], Banas and Rzepka
[13], Mursaleen and Mohiuddine [19], Mursaleen and Rizvi [20], Araba et al. [8],
Deepmala and Pathak [16], Shaochun and Gan [21], Sikorska [22], Alotaibi et al.
[7], and many others.

In this paper, we study the solvability of the following system of integral
equations

2(t) = g1 (8) + fi (tx & 1),y (& 0),2E0) 0 (SOt 5,2 (m ()5 (m (), 2 (1 ())) ds
y () = g2 (8) + fo (2 (&2(8) y (&2 (1), 2 (62 (8) & (S R (8, 5,2 (12 (5)) sy (m2 (5)) s 2 (12 (s))) ds
2(t) = g5 () + f5 (1,2 (&5 (8)) ,y (&3 (1), 2 (€3 (1)), & (S (85,2 (3 (5)) 9 (03 (5)) , 2 (m3 (s))) ds

by establishing some results of existence for fixed points of condensing operators in
Banach spaces.

Throughout this paper, X is assumed to be a Banach space. The family of
bounded subset, closure and closed convex hull of X are denoted by Bx, X and
Conv X, respectively.

We now gather some well-known definitions and results from the literature
which will be used throughout this paper.

Definition 1.1 ([10]). Let X be a Banach space and Bx the family of bounded
subset of X. A map
w: Bx — [0,00)

which satisfies the following:

(1) u(A) =0« A is a precompact set,

(2) AC B= pu(A)<p(B),

(3) n(A) =p(A), VA € By,

(4) p(ConvA) = pn(A),

(5) M+ (1= \) B) < A (A) + (1= N (B)., for A€ [0,1],

(6) Let (A,) be a sequence of closed sets from Bx such that Ap41 C Ay, (n > 1)

and nlgngou (A,,) =0. Then, the intersection set Ao, = nFT_OIA" s nonempty

and As is precompact.

The functional p is called measure of noncompactness defined on the Banach
space X.

Theorem 1.2 ([11]). Let C' be a nonempty closed, bounded and convexr subset of
X. IfT:C — C is a continuous mapping

0 (TA) <k (A), keo1),
then T has a fized point.
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The following theorem is considered as a generalization of Darbo fixed point
theorem.

Theorem 1.3 ([1]). Let C be a nonempty closed, bounded and convex subset of X
and T : C' — C be a continuous mapping such that for any subset A of C

p(TA) < B (p(A)p(A),

where B : Ry — [0,1) that is B (tn) — 1 implies t, — 0. Then, T has at least one
fizxed point.

Corollary 1.4 ([1]). Let C be a nonempty closed, bounded and convex subset of
X and T : C — C be a continuous mapping such that for any subset A of C

w(TA) < ¢ (p(A)),

where ¢ : Ry — Ry is a nondecreasing and upper semicontinuous functions, that
is, for every t >0, ¢ (t) < t. Then, T has at least one fized point.

Theorem 1.5 ([6]). Let pi1, pa, -..,pn be measures of noncompactness in Banach
spaces By, Eo, ...E,, (respectively).

Then the function

A(X) = F (u1 (X1), p2 (X2) 5 ooy pin (X))

defines a measure of noncompactness in Fy X Eyx ...xE, where X; is the natural
projection of X on E;, fori=1,2,...,n, and F be a convex function defined by

F:[0,00)" — [0,00),
such that,
F(x1,20,....2p) =02, =0, fori=1,2,...n.
Example 1.6 ([17]). We can notice that by taking
F(xz,y,2) = max{z,y,z} for any (z,y,z) € [0,00)°,

or
F(x,y,2) =x+y+z for any (z,y,2) € [0,00)3.

Then, F satisfies the conditions of Theorem 1.5. Thus, for a measure of noncom-
pactness p; (i = 1,2,3), we have that

o (X) = max (p1 (X1), p2 (X2) , 3 (X3)),
(X)) = py (X1) 4 p2 (X2) 4 pz (X3),

defines a measure of noncompactness in the space E x E X E where X;,i=1,2,3
are the natural projections of X on E;.
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2. MAIN RESULTS

Theorem 2.1. Let A be a nonempty, bounded ,closed and convex subset of a Ba-
nach space X and let ¢ : Rt — RV be a nondecreasing and upper semicontinous
function such that ¢ (t) <t for allt > 0. Then for any measure of noncompactness
w, and continuous operators T; : Ax Ax A— A (i =1,2,3) satisfying

p(T; (X1 x Xo x X3)) < @ (max (pu(X1), 0 (X2), 1 (X3))), X1,Xe,Xz€ A, (1)
Tl (33*79*’3*) =z*
there exist *,y*, 2* € A such that{ To (z*,y*, 2*) = y*
T3 (il'*,y*,Z*) = 2"
Proor. Consider the following measure of noncompactness
(A % A x A) = ma (1 (X1) , 1 (Xa) 1 (X3))
where X1, X5, X35 € A and the mapping T: Ax Ax A — A,
T (33,:% Z) = (Tl (z, y,z) T (.Z‘, y,z) e (‘T7 y,z)) :
We have,
ﬁ(T(AXAXA)) = ﬁ((TI (XlXXQXXg))7T2<X1XXQXX3>7T3(X1XX2XX3>)
= max {/1, (Tl (Xl X XQ X Xg)) , U (T2 (Xl X X2 X Xg)) , U (T3 (X1 X X2 X Xg))}
< max {p (max (u (X1), 1 (X2), p(X3))) ¢ (max (u (X1), 1 (X2), p(X3))),
@ (max (p (X1), 1 (Xz2), 1 (X3)))}-
By hypothesis ¢ is a non-decreasing function, then
B(T(Ax AxA)) < omax{max(u(X1),p(X2),p(Xs3)), max (u(X1), 1 (X2), 1 (Xs)) ,
max (1 (X1), p(X2), 1 (X3))}H.
Consequently,
AT (Ax Ax A)) < (fi(Ax Ax A).
So,
p(T(z,y,2), To (2,y,2), T3 (2,y, 2)) < ¢ (max (p(X1),p(X2), 1 (X3))).
By Corollary 1.4, we conclude that there exist x*, y*, 2* € A such that
T(z*,y",2") = (2", y",2").
In the other hand,
T(x*,y*,z*) - (Tl ($*,y*,Z*) 7T2 (x*,y*,z*) aT3 (x*’y*az*)) :

Hence,

Tl ($*, y*v Z*)

T2 (.’IJ*, y*v Z*)

T3 ((E*7 y*7 Z*) =
Definition 2.2 ([17]). A tripled (z,y,z) of a mapping T : AX Ax A — A, is called
a tripled fized point if

1,*
*

Y

Z*

T(‘r’y7z):x’ T(y5m7z):y and T(z7y’x):Z'
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Remark 2.3. Let T : Ax Ax A — A be a continuous mapping. If we define
Ty (xvya Z) =T ($7ya Z) I ($7y7 Z) = T(y7$7 Z) and T3 (.13, Y, Z) =T (Z,y,fl?) , then
main results of [17] can be considered as a result of Theorem 2.1.

It is very natural to extend the above result from three dimensions to multi-
dimensional fixed point and in the same way we can prove the following theorem.

Theorem 2.4. Let A be a nonempty, bounded ,closed and convex subset of a Ba-
nach space X and let ¢ : Rt — R be a nondecreasing and upper semicontinous
function such that ¢ (t) <t for allt > 0. Then for any measure of noncompactness
w and for continuous operators T; : A™ — Q (i =1,...,n) satifying

(T (X % o % X)) < o (max (u(X1) oo it (X)), Xi € A, i =T,m,

there exist x7, ...,z such that

n

T, (zf, ..., xk) = af

n n
As a particular case we get the following corollary:

Corollary 2.5 ([3]). Let A be a nonempty, bounded ,closed and convez subset of a
Banach space X and let o : R™ — R be a nondecreasing and upper semicontinous
function such that ¢ (t) <t for allt > 0. Then for any measure of noncompactness
W, the continuous operator G : A™ — A satisfying

w(G (X1 x ... x X)) <kmax (p(X1), ..., p (X)), X1,...,Xn € A.
And for the case n = 2, we have the following result.

Corollary 2.6 ([3]). Let A be a nonempty, bounded ,closed and convex subset of a
Banach space X and let o : RT™ — R be a nondecreasing and upper semicontinous
function such that ¢ (t) < t for allt > 0. Then for any measure of noncompactness
1, the continuous operator G : A x A — A satisfying

,[L(G (Xl X XQ)) < kmax(,u (Xl) 7,UJ()(Q)), X1,X5 € A.

In the following we choose for the space X the space BC (RY), i.e., the space
of all real functions defined, bounded and continuous on RT. Then, we get the
following theorem.

Theorem 2.7. Let A be a nonempty, bounded, closed and convex subset of BC (R™)

andT; : AXx Ax A — A be a continuous operator such that for every x,y, z, u,v,w €
A.

T3 (2, y, 2) = T (u, 0, w)|| o < @ (max{||z —ull o, Iy — vl 2 —wll}),  (2)
where ¢ : RT — RT is a nondecreasing and upper semicontinuous function such that
Tl ($*7y*72*) =z
©(t) <t forallt > 0. Then there exist x*,y*, z* € A such that,{ Ty (x*,y*,z*) = y*
T3 (x*vy*aZ*) =z"
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PRrROOF. To verify that the operator T; : A x A x A — A satisfy the condition
(1) we recall the following notions.

The measure of noncompactness on BC (RT) for a positive fixed ¢ on B BCO(R+)
is defined as follows:

1 (X) = wp (X) + lim sup diamX (t),

that is, diamX (t) = sup{|lz(t) —y (t)| :x,y € X}, X (t) ={z(t) : . € X} .and
wo (X) = lim wf (X),

K—o0

wl (X) = lim w® (X, ¢),

e—0
Wi (X, e€) :sup{wK(JU,e):xeX},
Wi (z,€) =sup{|z (t) —x (s)| : t,s € [0, K], |t —s| <e}, for K >0,

where w® (z,¢) for z € X and ¢ > 0, is the modulus of continuity of = on the

compact [0, K], where K is a positive number.
We have

ITi (2,y,2) (t) = T (2,9, 2) (s)|| < p (max{[[z () =2 (s)][, ly (&) =y ()], 12 (#) = 2 (s)I1})
by taking the supremum and using the fact that ¢ is nondecreasing, we get
W (T (2,9, 2) ,€) < ¢ (max {w™ (z,€) ,w™ (y,€) , 0™ (2,€)}).
Thus,
wo (T (X1 x X3 x X3)) < ¢ (max {wo (X1),wo (X2),wo (X3)}) - (3)
Since in (2) z,y and z are arbitrary and ¢ is non-decreasing,
DiamT; (X1 x X x X3) (t) € ¢ (max {DiamX; (t), DiamXs (t), DiamXs (t)}) .
In further, X; (¢), X5 (t), X3 (¢) are subspaces of BC' (R). Then,

lim sup DiamT; (X7 x X5 x X3) (t) < lim sup ¢ (max {DiamX; (t), DiamXs (t), DiamXs (t)})+P (e)

t—o00 t—o00

< <max {hm sup DiamX; (t),lim sup DiamXs (¢),lim sup DiamXs3 (t)}) .

t—o0 t—o0 t—o0
Using ¢ (t) < t for all ¢ > 0 and from (3) and the above inequality, we get
(T (X1 x Xo x X3)) < o (max (p(X1), 1 (X2), 1 (X3))), X1, Xp, X3 € A
Consequently, there exist z*, y*, z* € A such that
Ty z") = (Ti(@"y",2"), Ta(a% ", 2"), T (2%, y", 27))
— (@, 2.
Thus,
T3 (z*,y*,2%) = 2
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3. APPLICATION

Now, we will use the results of the previous section to resolve the following

system
r(t)=g1(t)+ fi(t, (& (1), (€ &),y foql(t) h(t, s,z (m(s)),y
PO (5,2 (12(5)) y
Yy

V) —
~~ ~+~
— =
N N
—~
I
[\~]
—~
~
~—
~—

y(t) = g5 () + fo (2 (& (1)), y (& .
2() = g5 () + f5 (1,2 (&5 (8) 5 (&3 (1), 2 (€3 (1), & (S (85,2 (3 () y (013 () , 2 (m3 (s))) ds
(4)

We study system (4) under the following assumptions:
(1) &,mi,qi Ry = R4, (1 =1,2,3), are continuous and &; (t) — oo as t — 0.
(#4) The function ¢; : R — R, (i = 1,2, 3), is continuous and there exist positive
0;, a; such that

[e23
)

i (1) — i (t2)| < 04 [t —t2

for i =1,2,3 and any t1,%2 € R,
(#7) fi : Ry x RxR xR xR — R are continuous, g; : Ry— R are bounded
and there exists nondecreasing continuous function ®¢; : Ry — Ry with

®,(0) =0,i=1,2,3, such that
|[fi (8,21, 29, 23, 24) — fi (t, 51,92, Y3, ya)| < (i (max {|zy — 1], |22 — yal |25 — 3] }))+Pi (|24 — yal) -
(iv) The functions defined by |f; (£,0,0,0,0)|, ¢ = 1,2,3 are bounded on R,

ie.,

M; =sup{f: (¢,0,0,0,0): t € R} } < 0. (5)
(v) h; : RExRyxR xR x R — R, are continuous functions and there exists a
positive constant D such that ¢ = 1,2, 3,
sup {

qi(t)
/0 hi (t, s,z (n(s)),y(n(s)),z(n(s)))ds|: t,s € Ry, x,y,ZGBC(R+)} <D,

(6)
and
qi(t)
Jim [ s 00 9) 0 (1) 2 0 (5)) = B (5,0 0 (9), 0 (1) 0 0 (5)) s = 0,
(7)

with respect to z,y, z,u,v,w € BC (Ry).

Consider the following operator,

qi(t)
T; (.13, Y, Z) =i (t)+fl (t,l‘ (fl (t)) Y (gz (t)) ) % (gz (t)) P (/0 h (t7 5, T (771' (S)) Y (77i (8)) ) % (ni (8))) dS)) :

Solving the system (4) is equivalent to find the fixed points of the operator T;.
Then let verify the conditions of Theorem 2.7.

First, since g; and f; (i = 1,2,3) are continuous then the operators T; are
continuous.
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N

N

In further, for z,y,z € B, (r) (for r > 0) let,
1T (2, 2) (1)l

qi (1)
9: () + fi <t,x (& (@), y (& (1), 2 (& (1), ¥ (/0 h(t,s @ (mi(s)),y (mi(s)),z0i(s))) d8>> H

q:(t)
i <t>$(§i ),y (& (1), 2 (& (1), ¥ </O h(t,s,x(ni(s)),yni(s)),z(ni (S)))d8>>

_f (t7 Ov O’ O) + f (t’ O’ 07 0)” + ||gz (t)”
lgi (DI +[1.f (£,0,0,0)]]
+ei (max {|z (& ()], [y (& @), |2 (& (0)1})

qi(t)
+®; (1# (/0 h(t,s @ (mi(s),y (mi(s)),z (8)))d8>> :

Since, g; are bounded, f; are continuous functions and using hypothesis (iv)-(v),
we get

ITi (2,9, 2l < @i max{[lz]l, [yl 12l }) + G+ Mi + @ (6: D)

< wi(r)+ G+ M+ @; (6, D),

for some rg > 0, we obtain T; (By, X By, X By,) C By,.

N

N

Moreover,

HTi (xayvz) =T (U,’U,U})HOO

qi(t)
9 () + fi (tal'(fi ),y (& @), 2(& @), ¥ (/O h(t,s,x(ni(s),yni(s)),z (8)))d8>>

sup

qi(t)
—gi (t) = fi (t,u(fi (t),v (& @), w (& (1), ¥ (/0 h(t,s,u(ni (s),v(ni(s),w(ni(s))d ))H

sup
t

qi(t)
fi (LCC(& (t)) 7y(§z (t)>7z(€l (t))ﬂﬁ </O h(t737$(77i( )) y(nz 772 ))

i (t)
_fi (tvu(gi (t))’v(gi (t)),w(fi (t))ﬂ/f (/0 h(ta Sau(nz’ (8))»U(Vh( ))H
sup (i (mase {[2 (& (6) = (& (D))o & (1) = v (& ()] = (& (1)) — w (& (D)
o w(ﬁiiﬁ«uaxoh@»,ywmﬁ>¢«m<@»dﬂ
= (S h (s (s (5)) 0 O ()0 o () s )

i (max {[|z —ull o s ly = vl 12 = wll o })

O Rt () oy (i (9)) 2 (i (5)))
*Wm(@ﬂ {—memuxommwmmm}“
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Consider,

qi(t)
/O {h(t,s @ (i (s),y (i (), 2 (0i(s))) = h(t,s,u(ni(s),v(ni(s),wni(s)))}ds|.

Using the condition (7), we get

i (t)
/0 {h(t,s @ (mi(s),y(mi(s),z(i(s)) = h(t,s,ulni(s)),vni(s)),wmn(s))}tds| <e

and

(5] L B i () y O ()2 0 (90) |
b (‘” J AR AR SR e (I T

On the other hand ®; is continuous function and ®; (0) = 0, € is arbitrary, then
for € — 0, we get

) S (I)i (61,6047:) .

T3 (z,y,2) = Ti (u, v, )| oo < @i (max{[lz —ull,ly — vl lz—wl})-
Consequently by Theorem 2.7, there exist =*, y*, z* such that

To (=%, Y%, 2%)

T (.’E*, y*v Z*)

TS (x*vy*72*)

:1:,*
*

Y

Z*

Then, we had proved the following theorem.

Theorem 3.1. Under the conditions (i) — (v) the system of integral equations (4)
has at least one solution in the space BC (Ry) x BC' (R4) x BC (Ry).

Example 3.2. Let the system of integral equations
2 x(\/z +y(\/f)+z(\/z \/Z I(Sz S Siny(s2 |cosz(52)
x (t) = 2Jf2t4 + ) 3t2+3 ) + arctan fOQ e(t(1-1—9c22(s2)))()|1(+sin2 12/)(32)))(1—‘,-cos|2 2(82))d8
_ 1,2 | PE®ry®+() | ot ey (s)(1+cos” z(s))(14sin” z(s)
Y (t) - 26 + 3t443 +sin fo et? (;+y2(s))(14;;in2 z(s))(1+cos? z(g))
_ 1 3 (z(t)+y(t)+2(t)) t? s%|cos z(s)|++/e® (1422 (s)) (1+sin2 y(s))(1+cos2 z(s))
z (t) T 2V/1+t% + 3tg+3 + cos f(] et (1+22(s))(1+sin? y(s))(1+cos? z(s)) ds

We notice that by taking

t) = —- (0) = 2, ga(t) !
= — = —e = —
g1 2+2t47 g2 2 , 93 9 1+t4

fl (t,x,y72,p) = ng—S;j; +p
t e o

f2 (taaj?ywzup) = % +p,
t? (a+y+2)

f3 (t7xay7zap) = T 3543 +p
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xs|siny| |cos z|

h t’ ) 9 ) = .
1(t:5,2,9,2) et (1+22) (1 +sin®y) (1 + cos?2)
s (1 2) (1 1.2 1 2
ho (.2 ) — 62( +2) ( +s1.n2x)( + cos? 2)
et (1+y?) (1 +sin’z) (1 + cos? z)
52 |cos z| + \/es (14 22) (1 +sin®y) (1 + cos? z)
h3 (tasa$ay7z) = 2 ) 2
et (14 22) (1+sin’y) (1 + cos? z)
and
mt) = £ nt)=n(t)=t
& (t) Vi, & () =& (1) =t

q1 (t) = \/ia q2 (t) =t g3 (t) = t2
Uy (t) = arctant, Uy (t) =sint, Y3 (t) = cost,
we get the system of integral equations (4).
To solve this system we need to verify the conditions (i) — (v).

Obviously, &;,m;,q; : Ry — Ry are continuous and £ — oo as t — co. In
further, the functions 1; : R = R are continuous for §; = a; = 1, we have

i (t1) — i (t2)| < & [tr —t2] ™,
for any t1,ta € Ry. The conditions (1) and (ii) hold.

Now, let
rt+y+z wtv4w
t ~ fi(t cty+z  f(utvtw
|f1(,3;‘,y,27,p) fl(,u,v,w7p)| 3t2+3 ( 3t2+3 p)\
1
S gagglle—ultly—vltle—wll+lp—pl
3
< mmaX{‘x—M,|y—v|,|z_w|}+|p_p|
1
< mmax{|$—u\7\y—v|,|z_w|}+|p_p|

= 1 (max{|z —ul, |y —vl|, |z —w[}) + 2 (Ip - pl) .
Similarly, we prove that
[f2 (2, y,2,p) = f2 (L, u, 0,0, p)| < pa (max {|z —ul, [y — o], |2 = w|})+® (]p = p)
and
[f3 (&, 2.y, 2,p) = f3 (L u, 0,0, p)| < ps (max {[z —ul, |y — o], [z —w|})+2 ([p - pl) -

Then, (iit) also holds.
In further (iv) is valid. Indeed,

M; = sup |{f; (£,0,0,0,0) : t e Ry }| = 0,5 =1,2,3.



72 V. KARAKAYA, MOH. MURSALEEN, N.E.H. BOUZARA, AND D. SEKMAN

Let us verify the last condition (v). First, note that
|h1 (ta 5,T,Y, Z) - hl (ta S, U, v, U/)‘

B xs [siny| |cos z| us [sinv| |cos w
et (1+22) (1 + sin? y) (1+cos?z) et (1+u?)(1+ sin? v) (1 + cos2 w)
< |-F 5w sy ls 1s
S 14ax2et 14ulet| T 26t 26t
s
= =
Hence,

t—o00

lim /0 [ (88,2 (10 (5)),y (0 (5)), 2 (n () = ha (8 5,u (n (), v (n(s)), w(n(s)))l ds

. s
< lim —ds = 0.
t—oo J et

In addition,
|ha (t, s, 2,y,2) — ha (t, s,u,v,w)]
e’ (y2) (1 + cos? m) (1 + sin? z) e’ (1;2) (1 + cos? u) (1 + sin? w)
e (14+y2) (1 +sin’z) (L +cos2z)  ef® (1+v2) (1 +sin®u) (1 + cos?w)
‘ 2 s 2 s

Y e v e e’

T+ 2 1xee?| St

<

Thus,

t—o0

lim /O ha (85,2 (1 (5)),y (0 (5)), 2 (n () = ha (£, 5,u (n(s)),v(n(s)), w(n(s))) ds

eS
< lim 2—ds = 0.
t—oo J et
Moreover,

|h‘3 (t7 $,%,Y, Z) - h3 (ta S, U, V, ’IU)

52 |cos z| + \/es (14 22) (1+sin®y) (1 +cos?z) 2 |cosw| + \/eS (14 w?) (14 sin®v) (1 + cos® u)

et (1+22) (1+sin’y) (1 + cos?z) et (1+w?) (1+sin®v) (1 + cos? u)
52 52
< | (cosz — cosw)’ < -
Then,

t—o0

lim /O ha (85,2 (1(5)),y (0 (5)), 2 (0 () = ha (£, 5,u (n(s)),v(n(s)), w(n(s))) ds

52
< lim —ds =0.
t—oo Jo et
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Furthermore, for any x,y,z € BC (R;+) x BC (Ry) x BC (Ry),

/0 ha (1,2 (0 ()) 9 (7 () 2 (1 (5))) ds

sup {

y t,S€R+}<D.

It is easy to see that for an ro > 0, we have

1
gp(ro)+§+<I>(D)<ro,

holds and the condition (v) is valid.

[9]
(10]
(11]
(12]
(13]
(14]
(15]

(16]

Finally, the system has at least one solution in BC (R )xBC (Ry)xBC (Ry).
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