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Abstract. In this paper meantime the check and the defining concepts of product
and direct sum, star projective and star injective in H,-modules, we introduce a
generalization extra of some notions in homological algebra to prove the five lemma
and star projective and star injective Theorems in H,-modules. We determine the
conditions equivalent to split sequences in H,-modules and also some interesting
results on these concepts are given.
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Abstrak. Dalam makalah ini, konsep perkalian dan jumlah langsung, projektif
bintang, dan injektif bintang di modul-modul-H, diperiksa dan didefinisikan. Kita
memperkenalkan suatu ekstra perumuman dari beberapa gagasan dalam aljabar
homologi untuk membuktikan five lemma dan teorema star projective dan star in-
jective di modul-modul-H,. Kita menentukan kondisi-kondisi yang setara dengan
barisan terpisah di modul-modul-H,. Beberapa hasil menarik pada konsep-konsep
ini juga diberikan.

Kata kunci: modul-H,, perkalian dan jumlah langsung, star projective, star injec-
tive, barisan terpisah.

1. INTRODUCTION

A couple (H,o0) of a non-empty set H and a mapping on H X H into the
family of non-empty subsets of H is called a hyperstructure (or hypergroupoid). A
hypergroup is a hyperstructure (H, o) with associative law: (xoy)oz =2z0 (yo2)
for every z,y,z € H and the reproduction axiom is valid: to H = Hox = H
for every z € H, i.e., for every x,y € H there exist u,v € H such that y € xou
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and y € vox. This concept is introduced by Marty in 1934 [11]. If A and B are
non-empty subsets of H, then A o B is given by
AoB= {J aob.

a€A
beB

Also, z o A is used for {z} 0 A and A o x for A o {x}. Hyperrings, hypermod-
ules and other hyperstructures are defined and several books have been written
till now [1, 2, 8, 14]. The concept of H,-structures as a larger class than the well
known hyperstructures was introduced by Vougiouklis at fourth congress of AHA
(Algebraic Hyperstructures and Applications) [15], where the axioms are replaced
by the weak ones, that is instead of the equality on sets one has non-empty in-
tersections. The basic definitions and results of H,-structures can be found in
[4, 5,6,7,9, 10, 12, 13, 14]. The fundamental relations, weak equality, weak com-
mutative, weak monic, weak epic, weak isomorphism, star homomorphism, star
isomorph, direct product and direct sum, isomorph sequences and star projec-
tive and split sequences in H,-modules are defined and is proved some results in
[3, 14, 16, 17]. Also, some famous lemmas such as five short lemma, Snake lemma,
Shanuels lemma are derived in the context of H,-modules. The notions of M[—]
and —[M] functors are introduced in [17] and the authors investigated the exactness
of them and other problems.

The notion of exact sequences is a fundamental concept and it has been
widely used in many areas such as ring and module theory. Our aim in this paper
meantime the defining concept star injective, introduce a generalization extra of
some notions in homological algebra to prove the five lemma and theorems star
projective and star injective in H,-modules. Determine the conditions to split a
sequence (in H,-modules) and finally some interesting results are given.

2. BASIC CONCEPTS

2

The hyperstructure (H, o) is called an H,-group if “o” is weak associative:
zo(yoz)N(xoy)oz# & and the reproduction axiom is hold: xo H = Hox = H
for every x € H. The H,-group H is weak commutative if for every xz,y € H,
royNyox # <.

A multivalued system (R, +,-) is an H,-ring if (R, +) is a weak commutative
H,-group, (R,-) is a weak associative hyperstructure where “-” hyperoperation
is weak distributive with respect to ” + 7; i.e. for every z,y,z € R we have
z-(y+2)N(z-y+x-2)AFand (x+y)-2N(x-2+y-2)#J.

A non-empty set M is a (left) H,-module over an H,-ring R if (M,+) is
a weak commutative H,-group and there exists a map - : R x M — P*(M)
denoted by (r,m) — rm such that for every r1,79 € R and every mq,mg € M we
have r1(my + mg) N (r1my + rime) # &, (r1 + ro)my N (rimy + romy) # & and
(7‘1T2)m1 N 7‘1(7‘27)’11) 7& .

A mapping f : My — Ms of H,-modules M7 and My over an H,-ring R is
a strong homomorphism (homomorphism)if for every z,y € M; and every r € R
we have f(z+y) = f(x) + f(y) and f(rz) = rf().
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By using a certain type of equivalence relations we can connect hyperstruc-
tures to ordinary structures.

Let (R,+,-) be an H,-ring. Vougiouklis in [14] defined the relation v* as the
smallest equivalence relation on R such that the quotient set R/v* = {v*(r) | r € R}
is a ring. The 4* is called the fundamental equivalence relation on R and R/v*
is called the fundamental ring. Let us denote the set of all finite polynomials of
elements of R, over N, by U. We define the relation v as follows:

zvy < {z,y} Cu, for some u € Y.

Theorem 2.1. [14] The relation ~* is the transitive closure of the relation v, and
the addition and multiplication operations on R/~* are defined as follows:

7*(a) ® v*(b) = 7*(e), for all c € v*(a) +~*(b),
7 (@) ©v*(b) = 7v*(c), for all c € v*(a) - v*(b).

Now, suppose that M is an H,-module over an H,-ring R. Vougiouklis in
[13] defined the relation €* as the smallest equivalence relation on M such that
the quotient {M/e*(z) | * € M} is a module over the ring R/v*. The relation
€* is called the fundamental equivalence relation on M and M/e* is called the
fundamental module. Let us denote ¥ the set of all expressions consisting of finite
hyperoperations either on R and M or the external hyperoperation applied on finite

sets of elements of R and M [13]. We consider the relation € on M as follows:
zey < {z,y} C o, for some v € .

Theorem 2.2. [13] The relation €* is the transitive closure of the relation €, and
the addition and external product on M/e* are defined as follows:

e*(z) @ e*(y) = e*(2), for all z € e*(x) + e*(y),
v (r)©e*(x) = e*(t), for all t € v*(r) - e*(x).

The heart of an H,-module M over an H,-ring R is denoted by wjy; and is
defined by wy = {x € M | €},(x) = 0}, where 0 is the unit element of the group
(M/e*,®). One can prove that the unit element of the group (M/e*, @) is equal to
wyr- By the definition of wys we have w,,,, = Ker(¢ : wy — wnr/el,, =0) = wir.

Let M7 and Ms be two H,-modules over an H,-ring R and €7, €5 and €* be the
fundamental relations on M;, My and M; x M, respectively, then (1, x2)e* (y1,y2)
if and only if z1e5y; and x9edy, for all (x1,x2), (y1,y2) € My X My [13, 14].

Weak equality (monic, epic), exact sequences and relative results in H,-
modules are defined as follows [3]:

Let M be an H,-module. The non-empty subsets X and Y of M are weakly
equal if for every « € X there exists y € Y such that ¢},(z) = €},(y) and for every
y € Y there exists # € X such that e%,(z) = %,(y) that is denoted by X =Y.
The sequence

M, f1 M, f2 M, f3 fn-1 M, . fn M,
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of H,-modules and strong homomorphisms is exact if for every 2 < i < n,

Im(f;1) = Ker(fy),
where Ker(f;) = {a € M;_1 | fi(a) € wp, } (that is an H,-submodule of M;_1).

The strong homomorphism f : M7 — M, is called weak monic if for every
my,m; € M, the equality f(my) = f(m}) implies e, (m1) = iy, (m}) and f is
called weak epic if for every mo € My there exists m; € M, such that E*M2 (mg) =
€hr, (f(m1)). Finally, f is called weak-isomorphism if f is weak monic and weak
epic.

It is easy to see that every one to one (onto) strong homomorphism is weak
monic (weak epic), but the converse is not true necessarily. In fact the concept of
weak monic (weak epic) is a generalization of the concept of one to one (onto).

Let f: A — B be a strong homomorphism of H,-modules over an H,-ring
R. Then, we have f(wa) C wp and so wa C Ker(f). Moreover, Ker(f) = wa if and
only if f is weak monic.

A mapping f : My — Ms of H,-modules M; and M, over an H,-ring R is
called a star homomorphism if for every z,y € M) and every r € R : e}, (f(z+y)) =
ein (f (@) + f(y) and &3, (f(rz)) = €4y, (rf(2)); Le. fw+y) = f(z)+ f(y) and
Foe) L ().

Two mappings f,g : M — N on H,-modules are called weak equal if for
every m € M; ej(f(m)) = e}(g(m)) and denote by f Z g. The following diagram
of H,-modules and strong homomorphisms is called star commutative if go f 2 h.

/]
h
B—>C
Also, it is called commutative if for every a € A, g o f(a) = h(a).

The sequences

wA A B C wo

and

’ ’

Wy Alop ¢ wer

are called isomorph (star isomorph) if there exist weak-isomorphisms (star homo-
morphisms) a : A — A, B:B— B and~v:C — C such that the following
diagram is commutative (star commutative):

wa A-t.p 9. ¢ wo
b
Wy A - B - c’ Wer
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According to [3] for every strong homomorphism f : M — N there is the
R/~*-homomorphism F : M/}, — N/e¥; of R/~*-modules defined by F(e},(m)) =
en(f(m)).

Let M be an H,-module and H, K be H,-submodules of M. Then M is
called the direct sum of H and K if HN K C wys and e*(H + K) = ¢*(M). We
denote it by H & K = M.

Then, f is weak epic if and only if F' is onto. Moreover, f is weak monic if
and only if F' is one to one. Finally, f is a weak-isomorphism if and only if F' is an
isomorphism

3. PRODUCT AND DIRECT SUM IN H,-MODULES

In this section, we meantime the check concept product and direct sum, we
introduce a generalization of some notions in homological algebra to prove the five
lemma in H,-modules. Also, we determine the conditions equivalent to split the
exact sequences in H,-modules and some interesting results on these concepts are
given.

Proposition 3.1. Let f : M — N and g : N — M be strong homomorphisms
of Hy,-modules such that gf = 1. Then, N is the direct sum of Im(f) and Ker(f).

Proof. Let m € Im(f) N Ker(g). Then
m = f(m;y) for some m; € M
and
g(m) € wn. (1)

By applying f on Eq. (1) we obtain g(m) = gf(m1) = my. hence my € wy. Since f
is a strong homomorphism, it follows that m = f(m1) € wy. So, Im(f) NKer(f) C
wn. Now, for every m € M we have:

G(F(e"(m))) = G(e"(f(m))) = £"(g.f(m)) = &"(m).
So Im(F') + Ker(G) = N/e¥, since G and F are R/y*-homomorphisms such that
GF = 1. Therefore, e*(Im(f) + Ker(g)) = *(N). O

[1;c; M; is called the (external) direct product of the family of H,-modules
{M; |ie€I}and ), ;M is its (external) direct sum. If the index set is finite,
say I ={1,2,---,n}, then the product and direct sum coincide and will be written
My ® My ® - --® M,. The maps I [resp. ;] are called the canonical projections
[resp. injections]. Let {M;};c; be a non-empty collection of H,-modules. The
product of this collection [[,o.; M; = {(x;) | z; € M;;Vi € I}, with the following
hyperoperations is an H,-module: (z;) + (v;) = {(2:) | zi € z; + y:} and r(x;) =
{(w;)|w; € ra;}. Similarly, we define hyperoperations on ), ; M; which if 0 #
{m;} € >°,c; M;, then only finitely many of the a; are nonzero, say a;,, ai,, - - -, a;

e

Proposition 3.2. Let {M;} be a non-empty collection of H,-modules. For every
H,-module X and every collection of strong homomorphisms {1; : M; — X} there
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exists an unique strong homomorphism 1 : Y, ., M; — X defined by 1b; = 1
such that for every i € I the following diagram is commutative.

> M;

icl

i

MiLX

Proof. The proof is straightforward. O

Proposition 3.3. Let R be a H,-ring and A, Ay, Ao, - - -, A, H,-modules. Then
AZA4 A -0A, if and only if for each i = 1,2, - -, n there are strong
homomorphisms II; : A — A; and v; : A; —> A such that

(1) ;e 1, fori=1,2,---,n;

(2) ILe; =0 for i # j;

(3) Iy + oI +- -+ Il = 14,

IR

Proof. (=): If A is the H,-module A; & A;®--- P A, then the canonical injections
t; and projections II; satisfy (1)-(3) as the readers may easily verify. Likewise if
A ZA, A DD A, under an weak isornorphism A — A1 ® A, & --- P A,
then the homomorphisms IT; f : A — A; and f~14; : A; — A satisfy (1)-(3).

(<): Suppose that IT; : A — A; and ¢; : A; — A (i = 1,- - -,n) satisfy
(1)-(3). Let T : Ay @ Ay @ - @A, — Ajand 1;: A — A1 @A ©- - D A,
be the canonical projections and injections. Let ¢ : A1 @ Ao @ --- B A, — A be
given by ¢ gL1H,1+L2H/2+"'+LnH,n and vy : A — A1 DA D --- D A, by
¢ = 10 + 150y 4 - - - + ¢, 11,. Then

n n n n n
(p’L/) = (Z LZH;)(Z L;-Hj) = Z Z LiH;L;H]‘ = Z LiH;L;Hi
i=1 j=1 i=1 j=1 i=1
= ula T = 4Tl =14
i=1 i=1

O

ExaMPLE 1. Note first that for any H,-module A, there are unique strong hornomor-
phisrns wqg —> Aand A — wy. If A and B are any H,-modules then the sequences

wA—>A#A@B£>B—>wB ande—>BL>B@A£>A—>wA

are exact, where the ¢ and II are the canonical injections and projections respec-
tively. Similarly, if C' is a submodule of D, then the sequence

wec —C— D — D/C — wp/c

is exact, where ¢ is the inclusion map and p is the canonical epimorphism.
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Proposition 3.4. (Five Lemma in Hv-modules) Let

f1 f2 f3 fa

Ay Ag As Ay Asg
%} l Qo i \Las Qg l Qs \L
B g1 By g2 B g3 By g4 Bs

be a commutative diagram of H,-modules and H,-homomorphisms over an H,-ring
R with both rows exact. Then,

(1) if oy is weak monic and ag, g weak epic then ag is weak epic.

(2) if as is weak epic and as, ay weak monic then asz is weak monic.

(3) if aq is weak monic, as weak epic and g, g weak isomorphism then ag
s weak isomorphism.

Proof. (1) By Theorem 4.8 of [4] and Lemma 3.4 of [16] the following diagram of
R/~v*-modules and R/v*-homomorphisms is commutative with both rows exact

Fy

Al/E* AQ/E* 2 A3/8*$A4/5*$A5/5*

T

Bl/&‘* BQ/E* Ga BB/E*TBZL/E*TBS/E*

Gy

By Lemma 4.5 of [16], @; is monic and @, @4 epic R/v*-homomorphisms. By five
lemma in modules @s is monic R/~*-homomorphism. Thus, by Lemma 4.5 of [16],
a3 is weak monic R-homomorphism.

(2) The proof is similar to the proof of (1).

(3) The proof follows from (1) and (2). O

Proposition 3.5. (1) Let M, 5 M, N M; be an exact sequence of H,-
modules and H,-homomorphisms such that ¢ is epic and ¥ is weak monic,
then My = WA, -

(2) Let M, 25 M, AN M3 N My be an exact sequence of H,-modules and
H,-homomorphisms. Then ¢ is weak epic if and only if ¥ is weak monic.

(3) Let My 25 M, N My L5 My N Ms be an exact sequence of H,-
modules and H,-homomorphisms such that ¢ is weak epic and v is weak
monic, then Mjs = WM -

Proof. (1) Let my € Ms. Since ¢ is epic, there is my € M; such that (mq) = ma.
Hence My = Imy 2 Ker 1. Since 1 is weak monic, thus Kery = whr,- Then
Mg g WM, -

(2) Let ¢ be weak epic and = € Ker¢h. We have Im¢ = Ker fandIm f = Ker ).

Hence, there is mo € My such that f(ms) Z 7. Since ¢ is weak epic, thus there
is m; € M such that ¢(m1) = mo. Then z = f(p(my)) = wyy. There for
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Ker = wps,- Then 9 is weak monic.
(3) Let ms € Ms, hence g(ms) € Im(g). We have Img = Kere and ¢ is
Z Im f. Therefor
ma € My such that f(ms) = ms. Since ¢ is weak epic, then there is mq € M)

weak monic. Thus g(ms) = waz,. Then a € Kerg and Kerg

such that ¢(m;) = mg. Hence ms = f(p(m1)) = war,. Then Mz = wyy,. O
Proposition 3.6. Let

’ f g "

M M M (,UM//
Wy N ——=N ; N”

be a commutative diagram of H,-modules and H,-homomorphisms over an H,-ring
R with both rows exact. Then, there is the exact sequence

N/ - N E N//

KeraLKerﬂl)Ker'yg — — .
Ima Imp Im -~y

Withal, if f is weak monic, then f is weak monic and if v is weak epic, then v is
weak epic.

Proof. We define @(n +Ima) = ¢(n') +Imp and P(n +ImB) = 4(n) 4 Im~.
Also we define f and g, scowl the mapping f and g on Kera and Ker 3 respec-
tively. It can be easily we seen that ,, f and g are well define also Im f Z Im f,
Kerg = Kerg, Imp = Im p, Kerv = Kerty. We have Im f = Kerg and
Imp = Kerv. Now, we defining the mapping d : Kery — N /Ima by d(m”) =
n' +Ima. We show that d is well define. If m” € Ker, then y(m") = wy-. Since
g is weak epic, then there is m € M such that g(m) = m”. Thus vg(m) = wy-.
We obtain $8(m) = wy>. Hence f(m) € Ker)

n' € N such that S(m) = @(n’). Since ¢ is weak monic, then n’ is unique. Thus,

e ||

Im . Therefor, there is

if m) = m, we obtain g(m)) = g(my). Then there is n},n, € N such that
o(n}) = B(m}) and p(ny) = B(my). Therefor ny +Ima = ny + Ima. Then d
is well define. It can be easily we seen that d is a H,-homomorphism.

Now, we have Imd = {n’ = Ima | m" Kervy} and Kerg = {n = Ima |
o(n) +ImB Zwy}. If m" € Kerry, then v(m”) = wyr. Since g is weak
epic, there is m € M such that g(m) =m". Thus yg(m) = wy~. we abtain
YB(m) = wyr. Hence f(m) € Keryp = Tmp. Then there is n’ € N such that
B(m) = @(n') € ImgB. Then Kerg = Imd. Also, Kerd = {m" € Ker~ |
n +Ima =wy} = {g(m)| me M,n €Ima} =Img. Then we obtain the
exact sequence

N/ ¢ N E N//
— — .
Ima Im g Im~

Kera -5 Ker 8 9, Ker~y 4,
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Now, if f is weak monic, since f is scovxl the llgnapping f//on Ker a, helrllce fis
weak monic. Let ¢ be weak epic. Considern € N . Then,n +Im~y € N /Im~.
Since v is weak epic, then there is n € N such that p(n) Zn" and n+ Impg €
N/Im 3. We obtain ¢(n + Im j3) Z 1" 4+ Im~. Then ¢ is weak epic. O

Proposition 3.7. Let

Wi
K/
WK K M C wo
\ﬁl
C/
\wc/

be a star commutative diagram of H,-modules and strong homomorphisms which
rows horizontal and diagonal are exact. If o is weak monic and B weak epic, then
K /Ima # wg if and only if Ker § # we.

Proof. Let z+Ima € K /Ima such that € K and « ¢ Tm a. On the other hand
[aRe = f1, Bf2 = 92, g1(z) € M and fog1(x) € C. hence S f2g1(z) = 9201(x) = We -

therefore fogi(z) € Ker . If fogi(z) = wer then gi(z) € Ker fo Z Im f;. hence
there is t € K such that gi(z) = fi(t). Thus gi(z) = gi(t). Since gy is

weak monic, then z = a(t). therefor z € Ima which is a contradiction. hence

Ker 8 £ we.

For the converse, let Ker 5 /~ we. We show that K//Imoz /= wgr. Let
x € Kerf. Since fy is weak monic, it follows that there is m € M such that
fa(m) =z for every & € C. hence Bfa(m) = wer, then go(m) = wer. Thes
m € Kergs = Imgy.. therefor there is k' € K  such that m = ¢, (k/) We show
that & ¢ Ima. If kK € Ima, then there is k € K such that k¥ = a(k). Thus
gra(k) = m. therefor fi(k) = m. Then fo(m) =
fafi(k) = we. Hence k' € Ima. Then K /Ima /= wier. O
Proposition 3.8. Let My, Ms and M be three H,-modules and the sequence

f g

B

WA, Ay Ay WA,

is exact. Then the following conditions are equivalent.
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(1) There is a star homomorphism h : As — B with gh = 14,;

(2) There is a star homomorphism k : B — Ay with kf = 14,;

(3) the given sequence is star isomorphic (with identity maps on Ay and Az)
to the direct sum short exact sequence

wa, —> A —= A P Ay—— Ay ——wa, ;

in particular B = A P A,.

Proof. The proof is similar to the proof of Theorem 4.7 in [17]. (]

4. STAR PROJECTIVE AND STAR INJECTIVE H,-MODULES

In this section we define concepts star projective and star injective in H,-
modules and introduce a generalization extra of some notions in homological algebra
to prove Theorems star projective and star injective in H,-modules.

Definition 4.1. [17] An H,-module P is a star projective if for every diagram of
star homomorphisms and H,-modules as follows

P
|
M*g>N*>wN

that it’s row is exact, there exists a star homomorphism ¢ : P — M such that for
cach p € P, ex(9(¢(p))) = ex (f(p))-

Proposition 4.2. Let R be an H,-ring. Then,

(1) If P is a star projective H,-module, then every short exact sequence

wA A ! B g

P wp
is split exact (hence B = A@ P);
(2) If every short exact sequence

WA A ! B g

P wp

1s split exact, then P is a star projective H,-module.

Proof. (1) Consider the diagram
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of star homomorphisms and with bottom row exact. Since P is star projective, it
follows that there exists a star homomorphism h : P — B such that £*(gh(p)) =
e*(1p(p)) for all p € P. Therefore, the short exact sequence

w A A ! B g

P wp

is split exact by Theorem 3.8 and B = A@ P.
(2) Suppose that every short exact sequence
f g

wa A B P wp

is split exact. We show that P is a star projective H,-module. So, we show that
for every diagram

P

L

9
Ty —— T —— wr,

of H,-modules and star homomorphism such that bottom row is exact, there is a
star homomorphism ¢ : P — Tj such that £*(gp(p)) = €*(f(p)) for all p € P.
Now, we consider the mapping h : T — P by h(t) € f~1g(t) for every t € T}.
since f~! and g are star homomorphisms. Hence h is star homomorphism. Now,
we have the exact sequence

wr, ker h Ty h

P wr, - (2)

The exact sequence (3) is split, hence there exists a star homomorphism ¢ : P —
Ty such that hiy) = 1,. Therefore f(hy) = f1p Z f. Then (fh)y = f. Hence
gv = f. O

Proposition 4.3. Let R be an H,-ring. A direct sum > P; of H,-modules is star
=
projective if and only if each P; is star projective.

Proof. Let > P; be star projective. We consider the diagram
iel
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of H,-modules and star homomorphisms such that bottom row is exact. Therefore,
there is the diagram

> b

iel
Hih‘
P;
|
A g B wp
of H,-modoules and star homomorphisms. Since Y P; is star projective, it follows
iel
that there exists a strong homomorphism ¢ : >* P, — A such that gy = Sf1I;.
iel

we define the mapping h : P, — A by h(x) = @u;(z) for every = € P;. Now, we
have

gh(z) = gpui(x) = fMu(z) = f().
Then gh = f. Nothing that h is a star homomorphism. Therefore, P; is star
projective. The converse is proved by a similar techniques and using the diagram

A— s B wB
If each P; is star projective, then for each i there exists a star homomorphism

h; : P, — A such that gh; = fti- By Theorem 3.2 there is a unique star ho-

momorphism h : > P, — A with hy; Z p,; for every ¢ € I. Hence h = p, 10,
i€l

Then

gh = ghill; = full; = f.
Verify that gh = f. O
Definition 4.4. An H,-module P is a star injective if for every diagram of star
homomorphisms and H,-modules as follows

wNHN—g>M

gf

that it’s row is exact, there exists a star homomorphism ¢ : M — FE such that for
cach n € N, ex((g(n))) = ex(f(n)).
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Proposition 4.5. Let R be an H,-ring. Then,
(1) If E is a star injective H,-module, then every short exact sequence

Wi E—L.a-2.p wp

is split (hence A = B E);
(2) If every short exact sequence

f

wWE E A i

B wp

1s split, then E 1is a star injective H,-module.

Proof. (1=2) Counsider the diagram

wEHE—g>A

|1

E

of H,-modules and star homomorphisms such that upper row exact. Since E is
star injective, it follows that there is a star homomorphism h : A — E such that
e*(hg(e)) = e*(1g(e))) for all e € E. Therefore, the short exact sequence

Wi E—L-a-9.8B wg

is split, by Theorem 3.8 and A = B PE.
(2=1) Suppose that every short exact sequence

is split. We show that for every diagram

g
wr, —> 11 —— 15

Jgf

of H,-modules and star homomorphism such that upper row is exact, there is a
star homomorphism ¢ : T, — F such that e*(¢g(t1)) = e*(f(t1)) for all t; € T3.
Now we defined the maping h : E — T by h(e) € gf~'(e) for every e € E.
According to what was said in case H,-modules star projective, since f~! and ¢
are star homomorphisms. Hence A is a star homomorphism. Now

h

wry FE T Coker h —— wWcoker i -

is an exact sequence. By hypothesis, the above exact sequence is split. So,
there exists a star homomorphism ¢ : To, — FE such that ph 2 1g. Therefore
oh(f) Z1gf 2 f. Then o(hf) = ¥(g) 2 f. hence ©g 2 f. then E is star
injective. (I
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Proposition 4.6. Let R be an H,-ring. A direct product [ E; of H,-modules is
i€l
star injective if and only if each E; is star injective.

Proof. Let [] E; be star injective. We consider the diagram
i€l
wy — A —9.B

!
E

of H,-modules and star homomorphism such that upper row is exact. Therefore

we have
A
lf

E;

Hi[bi

[ E;

iel

! . B

wA

Since [] E; is star injective, it follows that there exists a star homomorphism
il

¢ : B — J] E; such that ¢g = t;f. We define the mapping h : B — E; by
i€l

) = yp(z') for every = € B. Now for every & € A we have

hg(z) = Wipg(x) = i f(z) = fla).

Then gh = f. Therefore E; is star injective. The converse can be proved by a
similar techniques and using the diagram

/

h(x

w A A

[I E:
el
L M

E;
If each Ej; is star injective, then for each i € I there exists a star homomorphism
h; : B —s E; such that h;g = II;f. By Theorem 4.4 of [17], there is a unique star
homomorphism h : B — [] F; with II;h = h; for every i. Hence h = tih;. Then
icl

hg = uhig = uILif = f.
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Verify that gh = f. O

Corollary 4.7. The following conditions on an H,-ring R are equivalent:

(1) Every H,-module is star projective.
(2) Every short exact sequence of H,-modules is split exact.
(3) Every H,-module is star injective.

Proof. (1=2) According to Proposition 4.2, the proof is obvious.
(3=2) According to Proposition 4.5, the proof is obvious.
(3=1) Suppose that P is star injective. We show that P is star projective.
Since P is star injective, hence for every diagram
wqg — A J.B (3)

g

P

of H,-modules A and B and star homomorphisms, there is a star homomorphism
k' : B — P such that diagram

wAHA*f>B (4)
lg
P

star commutative, i.e., h,f = g. Now, we show that P is star projective. we
consider diagram

P

)

A—1opB— —wy

of H,-modules and star homomorphism such that bottom row is exact. We show
that there is a star homomorphism h : P — A such that fh = k. Since in the
diagrams (4) and (5) row horizontal is exact, hence f is weak monic and weak epic.
Then there is f~! : P — A. Now, we consider the mapping h= f"'k: P — A
which since f~' and k are star homomorphisms, hence h is a star homomorphism
and fh = ff 'k Z k. Then P is star projective. (I
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