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NEW SUBCLASS OF UNIVALENT
FUNCTIONS DEFINED BY USING
GENERALIZED SALAGEAN OPERATOR

S. B. JosHI AND N. D. SANGLE

Abstract. In this paper, we have introduced and studied a new subclass TDy(«, 3, &;n)
of univalent functions defined by using generalized Salagean operator in the unit disk
U = {z : |z| < 1} We have obtained among others results like, coefficient inequalities,

distortion theorem, extreme points, neighbourhood and Hadamard product properties.

1. INTRODUCTION

Let A denote the class of functions of the form
o0
f(z) = Z+Zakzk (1)
k=2

which are analytic in the unit disk U = {z : |z| < 1}. In [4], Al-oboudi defined a
differential operator as follows, for a function f € A,

D°f(z) = f(2),
Df(z) = D' f(2) = (1 = N)f(2) + Azf'(2) = Daf(2), A > 0, (2)
in general
D" f(z) = DA(D""1 f(2)). 3)
If f(2) is given by (1), then from (2) and (3) we observe that

D'f(z) =z+ Y [L+ (k- 1A"ap2" (4)
k=2
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when A = 1, get Salagean differential operator [7]. Further, let T denote the
subclass of A which consists of functions of the form

z):z—Zakzk,akzO. (5)
k=2

A function f(z) belonging to A is in the class Dy(a, 3,&;n), if and only if

(D"f(z) =1
2§[(D"f(2)) — o] = (D" f(2)) — 1]

Wher60§a<%£,0<ﬁ§1, 1/2<¢<1,ne NU{0}, z € U. Let
TDx(a, 8,§n) = T N Dx(ev, B,&;n). (7)

‘<ﬁ (6)

2. MAIN RESULTS

Theorem 1. Let f be defined by (5). Then f € TDy(a, 3,&;n) if and only if

oo

Dol (k= DAR[L+ 526 = D]ay, < 26¢(1 - @) (®)

k=2

0<a<3£0<pB<1,1/2<¢(<1,ne NU{0}, A>0.

Proof. For |z| =1, we get
(D" f(2))" = 1] = BI2€[(D" f(2)) — o] = (D" f(2))" = 1]|

oo
E "kakz -1

k=2
—626(1 —a) — 252[1 + (k= DAkarz""" + ) [1+ N"kayz81
k=2 k=2
<D [+ (k= DAL + B2 = D]ay — 266(1 — )
k=2

<0

— )

by hypothesis. Thus by maximum modulus theorem, we have f € TDy(«, 3,&;n).
Conversely, suppose that f € TDy(a, 3,£;n) hence the condition (6) gives us

(D"f(z) =1 ‘
2£[(D"f(2)) —a] = [(D"f(2)) — 1]
_ ‘ =31+ (k= DA kagzF1
%1 —a) — (26 — 1) S (1 + (k — D)\ kagzF—1

< p.
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Since |Re(z)| < |z| for all z, we obtain

— Y eoll + (k= DA"kay 2"~

fre { 261 — ) = (26 — 1) iy [1 + (k — D\hazh—] } <h

Letting z — 1~ through real values, we get (8). The result is sharp for the
function
26€(1 — a) k
=z— k> 2.
R e Ty A

Corollary 1. Let f € T belong to the class TDy(«, 8,&;n) then

26¢(1 — )

[T+ (k — DAJ"k[1 + B(2€ — 1)},k > 2. (©)

ag <

Theorem 2. Let f € T belong to the class TDy(a, 3,&;n), then for |z| <r <1,
we have

pE — ) n pE( — )
—T2m§|l) f(z)|§7‘+7“2m (10)
and
26¢(1 — ) n 26¢(1 — )
T AEE—TD) S <[(D"f(z ))|S1+T1+ﬂ(25_1)- (11)
bounds given by (10) and (11) are sharp.
Proof. By Theorem 1, we have
D [+ (k= DAL+ B(2€ — D]ax < 26£(1 — o)
k=2
then, we have
201+ N "1+ 826 - D]ar < Y [1+ INE[L + B(26 — 1)]ag < 266(1 — ),

k=2

then,

= 266(1 — o)
20 S 5 A 1 B2E )]
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Hence
D™ f(2)] < |2l + D |1+ (k — 1)A]"ap2¥|
k=2
< el 4+ 2PA+ 0D ax
k=2
§r+r2(1+)\)”2ak
k=2
s B6(1—-a)
R o
and

D™ f(2) = |2l = D |1+ (k — 1)A]"an2¥|
k=2

> |2~ PO+
k=2

oo

>r—r(1 —1—)\)”2%
k=2

BE(1 — o)
S T

thus (10) is true. Further,

(D"f(2))| ST+ 2r(1+2)" ) ar

k=2
26¢(1 — @)
S T -1y
and
(D) |21 =201+ 0"
k=2
20€(1 — @)
SRR =)
The result is sharp for the function f(z) defined by
f(z)=2- Mz27z = 7.

1+ 526 -1)
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Theorem 3. Let n e NU{0}, A >0,0< oy Sap < 3£, 0<3<1,1/2<¢6< 1.
Then TDx(az, 3,§;n) C TDx(a1, 8,&;n).

Proof. By assumption we have

2066(1 — az) < 208¢(1 — aq)
(L4 (k= DA"K[1+ B2 = 1)] ~ [1+ (b — DA"K[1 + B(2§ — 1)]

Thus, f(z) € TDx(az, B, &;n) implies that

. oo 260 0n) 260 )
211+ (k= D ew < e = Hr+ pze -

k=2

then f(z) € TDx(a1,3,&n).

Theorem 4. The set TDy(a, 3,&;n) is the convex set.

Proof. Let fi(z) = z — > peyak,i2* (i = 1,2) belong to TDy(a,3,&;n) and let
g9(z) = (1 f1(2) + 2 f1(2) with ¢; and {3 non negative and (3 + (2 = 1, we can write

o0

9(z) =2 - Z(Clak,l + CQCLk,Q)Zk.

k=2
It is sufficient to show that g(z) = TDy(«, §,&;n) that means

DI+ (k= DAK[L + B(26 — D](Cran + Goax,2)

k=2

[e'e]

=Q Z[l + (k= DA]"E[1 + 6(2¢ — D]ar1 + ¢ Z[l + (k= DA"k[1 + 8(2¢ — 1)]ax2
k=2 k=2

< (28801 — @) + ¢2(28¢(1 — @)

= (G +¢2)(266(1 — o))

=26¢(1 — )

Thus g(z) € TDx(«, 3,&;n).

We shall now present a result on extreme points in the following theorem

Theorem 5. Let fi(z) = z and

Fz) = 2 — 28¢(1 — ) K
1+ (k= DA"E[1 + B(2¢ — 1)]
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forallkZQ,neNU{O},A20,0§a<%§,O<ﬁ§1, 1/2 <& < 1. Then
f(2) is in the subclass TDy(a, B8,&;n) if and only if it can be expressed in the form
f(2) =30 w2k where v, > 0 and Y 3ok =1 or L="91 4> pes Vk-

Proof. Let f(z) = > po, k2" where 4 > 0 and Y ;= , 7% = 1. Thus

& 266(1 — o)
fer=e- kZ:Q [+ (k= DA"R[L+ 5(2€ — 1>]Wk

and we obtain

([ (k= DA"R[L + B(2€ — 1)) 20¢(1 — a)
2 < 266(1 — a) M (k= DAL+ B(2€ — 1)}>

k=2
oo
ZZ’Ykzl—’YlSl-
k=2

In view of Theorem 1, this show that f(z) € TDx(a, 3,&;n).
Conversely, suppose that of the form (5) belong to T'Dy(«, 3,&;n) then

266(1 — o)
TG DAk Aee—T F =2

a <

Puttin,
tting (14 (k — DA™k[1 + B(2¢ — 1)]

26¢(1 — )

and v1 = 1 — > po, Yk, then we have f(2) = v f1(2) + > pes Ve Sk(2). This com-
pletes the proof.

Ve =

3. NEIGHBOURHOOD AND HADAMARD PRODUCT
PROPERTIES

Definition 1. [6] Let v, > 0 and f(z) € T of the form (5). The (k,~)-neighbourhood
of a function f(z) defined by

Ny (f) = {g €T :g9(z)=2— Zbkzk and z:k:|a;€ —bg| < ’y} (12)
k=2 k=2

For the identity function e(z) = z we have

Nigy(e) = {g €T :g9(z)=2z— Zbkzk and Zk\bﬂ < 7} . (13)
k=2 k=2



New Subclass of Univalent Functions 85

Theorem 5. Let
_ 2BE(1-a)
I+ + 828 -1)]

Then TD (v, B,&n) C N,y (e).

Proof. Let f € TDy(a, 3,&;n) then we have

2(1 4+ A)"[1 + B(2¢ — 1)] i

Si1+ k—DA"k[1+ B(2§ — 1)]a
k=
< 255(1 — ),
therefore
3 BE(L— )
;;2% SN[+ BEE— D) (14)

also we have for |z| < r

|f (2 |<1+|Z|Zkak<1+r2kak

k=2

In view (14), we have

28¢(1 — o)

PSS + e - D)

From above inequalities we get

26¢6(1 — a) _
Zk“’f S+ Fsee—

therefore f € N 4 (e).

Definition 2. The function f(z) defined by (5) is said to be a member of the
subclass T Dx(a, 8,€,(;n) if there exits a function g € TDy(a, 3,§;n) such that

‘f(Z)

9(z

—1‘§1—§,z€U,O§C<1.
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Theorem 6. Let g € TD)(a, 3,&;n) and

Then Ny (9) C TDx(o,3,€,(;n) wheren € NU{0}, A >0, 0 < a < 3¢,
0<B<1,1/2<€6<1,0<C<1 and

(1+M)"[1+ 826 -1)]

Proof. Let f € Ny.)(g) then by (14) we have Y7, klap—bx| <y, then -2, |az—
bp| < 3. Since g € TDy(a, 3,&;n) we have

- BE(1 - a)
2 e+ pee )

therefore,

E:ozz lax, — bl

1- ZI?;Q b,
<7( (1+A)"[1+ B2 — 1)] >
T2\ +N"I+B2E-1)] - B - q)

= Jd(a.f,&m) =1 C.

51

Then by Definition 2, we get f € TDy(«a, 3,&,(;n).

Theorem 7. Let f(z) and g(z) € TDx(a1,8,§;n) be of the form (5) such that
f(z) = 2 = Y3, akz® and g(2) = 2z — Y p2, bez" where ay,by, > 0. Then the
Hadamard product h(z) defined by h(z) = z — > po,arbrz® is in the subclass
TDy(az,8,&;n) where

< L (k= DA"KL+ 526 — 1)] - 266(1 — a)?
2= [1+ (k — DA"K[1 + B(26 — 1)] '

Proof. By Theorem 1, we have

4 (k= DAE[L + B(26 — 1))
2086(1 — aq)

ap <1 (16)
k=2

and

i [1+ (k= DAK[L + B(2€ — 1)

206(1 — an) st 1

k=2
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We have only to find the largest ao such that

Z 266(1 — az)

L+ (B DAEL+BE-D]
k=2

Now, by Cauchy-Schwarz inequality, we obtain
DA"E[L 26 —1
MK+ BEE- D]

4 (k-
Z:: 266(1 — o)

k=2

we need only to show that

[1+ (k= DA"E[1 + 5(2 — 1)]

206(1— az) e
equivalently,
— [+ (= DAL+ AE 1)) 266(1 — )
k= 26¢(1— an) [L+ (k= DAR[1+ B(26 — 1)]
< 1-— [65)
- 1- a1 '

But from (18), we have

23¢(1 — o)
Varbe S B T AR + 28 = 1)]

Consequently, we need to prove that

266(1 — aq) < 1—a
M+ k-—DN"k[1+8(26-1)] " 1—aq

or equivalently, that

< L (= DA"KL+ 526 — 1)] - 266(1 — a)?
2= [1+ (k — DAK[L + B(26 — 1)] '

Theorem 8. Let f € TDy(a, 3,&;n) be defined by (5) and ¢ any real number with
¢ > —1 than the function G(z) defined as G(z) = <L [ s f(s)ds, ¢ > —1, also

belongs to TDy(«, 8,&;n).
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Proof. By virtue of G(z) it follows from (5) that

G(z):c+1/ (s _Zaksk+c 1)

But

(L4 (k= DA"k[1+B(26 —1)] (c+1
Z 250 a) (+k> st

since (gii) < 1 and by Theorem 1, so the proof is complete.

Theorem 8. Let f € TDy(«, 3,&;n) be defined by (5) and
Fu(z) = (1—u)z+u/ @ds (p>0,2€U).
0
Then F,(z) ts also in TDy(c, 3,&n) if 0 < p < 2.

Proof. Let f defined by (5) then
z oo k
S— > 1y LS
Fue) = (1 =+ (Zk) s

akzk.

N
WE
>=

>
U

2

By Theorem 1 and since (% < 1) we have

- = DAN"k[1+ 82 -1)] rp
1;2 26¢(1 — ) (E) h
= — DAE[L+ B(26 — 1)] /g
= kzzz 256(1 - ) (3)oe <1,

then F,(z) is in TDx (e, 5,&;n).

REFERENCES

1. O. ArTiNTAS, O. OZKAN, AND H.M. SRIVASTAVA, “Neighbourhood of a class of analytic
functions with negative coefficients”, Appl. Math. Lett. 13:3 (2000), 63—67.



New Subclass of Univalent Functions 89

. P.L. DUREN, Univalent functions Grundlehren der Mathematischen wissenchaften,
Bd.259, Spinger-Verlag, Berlin, Heidelberg and Tokyo, 1983.

. G. MURUGUSUNDARAMOORTHY, AND H.M. SRIVASTAVA, “Neighbourhood of certain
classes of analytic functions of complex order”, J Inequal. Pure Appl. Math. 5:2
(2004), Art. 24. 8 pp.

. F.M. Ar-OBoUDI, “On univalent functions defined by generalized Salagean operator”,
IJMMS 27 (2004), 1429-1436.

. S. RUSCHEWEYH, “Neighborhoods of univalent functions”, Proc. Amer. Math. Soc.
81 (1981), 521-527.

. S. RUSCHEWEYH, S. AND T SHEIL SMALL, “Hadamard products of Schlicht functions
and the polya-Schoenberg conjecture, Comment. Math. Helv. 48 (1973), 119-135.
Neighbourhood of univalent functions”, Proc. Amer. Math. Soc. 81 (1981), 521-527.
. G.S. SALAGEAN, Subclasses of univalent functions, Complex-Analysis- fifth Romanian
-Finnish Seminar, Part I (Bucharest, (1981)), Lecture Notes in Math, Vol.1013, 362-
372, Springer Berlin, New-York, 1983.

S. B. JosHI: Department of Mathematics, Walchand College of Engineering, Sangli (M.S),
India 416 415.
E-mail: joshisb@hotmail.com.

N. D. SANGLE: Department of Mathematics, Annasaheb Dange College of Engineering,
Ashta, Sangli (M.S), India 416 301.
E-mail: navneet_sangle@rediffmail.com.



