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Abstract. In this research study, we introduce the concept of bipolar single-valued
neutrosophic graph structures. We discuss certain notions of bipolar single-valued
neutrosophic graph structures with examples. We present some methods of con-
struction of bipolar single-valued neutrosophic graph structures. We also investigate
some of their prosperities.
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Abstrak. Pada penelitian ini, kami memperkenalkan konsep struktur graf neu-
trosofik bipolar bernilai tunggal. Kami mengkaji ide-ide tertentu dari struktur
graf neutrosofik bipolar bernilai tunggal berserta contoh-contohnya. Kami menya-
jikan beberapa metode konstruksi struktur graf neutrosofik bipolar bernilai tunggal.

Kami juga memeriksa beberapa sifat-sifat mereka.

Kata kunci: Striktur graf, struktur graf neutrosofik bipolar bernilai tunggal, operasi

1. INTRODUCTION

Fuzzy graph theory has a number of applications in modeling real time sys-
tems where the level of information inherent in the system varies with different
levels of precision. Fuzzy models are becoming useful because of their aim in re-
ducing the differences between the traditional numerical models used in engineering
and sciences and the symbolic models used in expert systems. In 1973, Kauffmann
[13] illustrated the notion of fuzzy graphs based on Zadeh’s fuzzy relations [24].
Rosenfeld [16] discussed several basic graph-theoretic concepts, including bridges,
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cut-nodes, connectedness, trees and cycles. Later on, Bhattacharya [8] gave some
remarks on fuzzy graphs. In 1994, Mordeson and Chang-Shyh [14] defined some
operations on fuzzy graphs. The complement of fuzzy graph was defined in [14].
Further, this concept was discussed by Sunitha and Vijayakumar [20]. Akram de-
scribed bipolar fuzzy graphs in 2011 [1]. Akram and Shahzadi [5] described the
concept of neutrosophic soft graphs with applications. Dinesh and Ramakrishnan
[12] introduced the concept of the fuzzy graph structure and investigated some re-
lated properties. Akram and Akmal [4] proposed the notion of bipolar fuzzy graph
structures. On the other hand, Dhavaseelan et al. [10] defined strong neutrosophic
graphs. Akram and Sarwar [3] portrayed bipolar neutrosophic graphs with appli-
cations. Akram and Shahzadi [5] introduced the notion of neutrosophic soft graphs
with applications. Akram [2] introduced the notion of single-valued neutrosophic
planar graphs. Representation of graphs using intuitionistic neutrosophic soft sets
was discussed in [6]. Single-valued neutrosophic minimum spanning tree and its
clustering method were studied by Ye [22]. In this research study, we introduce the
concept of bipolar single-valued neutrosophic graph structures. We discuss certain
notions of bipolar single-valued neutrosophic graph structures with examples. We
present some methods of construction of bipolar single-valued neutrosophic graph
structures. We also investigate some of their prosperities.

2. BIPOLAR SINGLE-VALUED NEUTROSOPHIC GRAPH
STRUCTURES

Smarandache [19] introduced neutrosophic sets as a generalization of fuzzy sets
and intuitionistic fuzzy sets. A neutrosophic set has three constituents: truth-
membership, indeterminacy-membership and falsity-membership, in which each
membership value is a real standard or non-standard subset of the unit interval
]0~, 1%[. In real-life problems, neutrosophic sets can be applied more appropriately
by using the single-valued neutrosophic sets defined by Smarandache [19] and Wang
et al [21].

Definition 2.1. [19] A neutrosophic set N on a non-empty set V is an object of
the form

N ={(v,Tny(v),In(v), FN(v)) : v €V}
where, T, In, Fiy : V —]07,1%[ and there is no restriction on the sum of Ty (v),
In(v) and Fy(v) for all v € V.

Definition 2.2. [21]A single-valued neutrosophic set N on a non-empty set V is
an object of the form

N ={(v,Tny(v),In(v), FN(v)) : v €V}

where, Ty, In,Fy : V — [0,1] and sum of Tx(v), In(v) and Fy(v) is confined
between 0 and 3 for all v € V.
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Deli et al. [9] defined bipolar neutrosophic sets a generalization of bipolar fuzzy sets.
They also studied some operations and applications in decision making problems.

Definition 2.3. [9]A bipolar single-valued neutrosophic set on a non-empty set V'
is an object of the form

B = {(U,Tg(v),lg(v),Fg(v),Tg(v),lg(v),Fg(v)) HEORS V}

where, TL 15 FE -V — [0,1] and T, I5, FY : V — [~1,0]. The positive values
TE (v), IE (v), Ff (v) denote the truth, indeterminacy and falsity membership values
of an element v € V, whereas negative values T§ (v), I§ (v), F (v) indicates the
implicit counter property of truth, indeterminacy and falsity membership values of
an element v € V.

Definition 2.4. A bipolar single-valued neutrosophic graph on a non-empty set V'
is a pair G = (B, R), where B is a bipolar single-valued neutrosophic set on V' and
R is a bipolar single-valued neutrosophic relation in V' such that

Tj (bd) < T (b) ATE(d),  Ii(bd) < I (b) AIE(d),  Fi (bd) < Fg (b) Vv Ff (d),
TN (bd) > TN ) VTN (), IN(bd) = INB)VIE(d), FY(bd) = FY (6) A FJ (d),
for all b,d € V.

We now define bipolar single-valued neutrosophic graph structure.

Definition 2.5. Gy, = (B, B1, Bo, ..., B,,) is called bipolar single-valued neutro-
sophic graph structure(BSVNGS) of graph structure Gy = (V,Vi,Va,...,V,,) if
B =< b,TP(b), 17 (b), FY(b), TN (b), IV (b), FN (b) > and
By, =< (b,d), TF(b,d), I} (b,d), FF (b,d), T (b, d), IN (b,d), F} (b,d) > are bipolar
single-valued neutrosophic(BSVN) sets on V and V4, respectively, such that
77 (b, d) < min{T" (), T"(d)}, I}; (b,d) < min{I" (b),I"(d)},
Fy (b,d) < max{F"(b), F¥(d)}, T;Y (b,d) > max{T" (b), T"(d)},
IN(b,d) > max{IN(b), IV (d)}, FN(b,d) > min{FN (b), FV (d)},

for all b,d € V. Note that 0 < T (b,d) + IF (b,d) + FF(b,d) < 3,
=3 < TN (b, d) + IV (b,d) + FN(b,d) <0 for all (b,d) € Vj.

Example 2.6. Consider graph structure(GSR) G5 = (V,V;,V3) such that V =
{bl, bg, bg, b4}, V1 = {blbg, b1b2, b3b4}, ‘/2 = {b1b4, bgbg}. By deﬁning bipolar single—
valued neutrosophic sets B, By and By on V, V; and Vs, respectively, we can draw
a bipolar SVNGS as depicted in Fig. 1.

Definition 2.7. Let Gy, = (B, B1, By, ..., Bj,) be a BSVNGS of GS G,. If
Hy, = (B', By, B, ..., B.,) is a BSVNGS of G, such that

T'P(b) < TP (k), I'"(b) < I”(b), F'F(b) > F”(b),

TN (b) > TF(k), '™ (b) > I7(b), "N (b) < FN(b) ,
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51(0.2,0.3,0.4,-0.2, —0.3, —0.4)

B1(0.2,0.2,0.4,—0.2, 0.2, —0.4)
b3(0.3,0.4,0.3,—0.3, —0.4, —0.3)

b2(0.2,0.2,0.3,-0.2, —0.2, —0.3)

FIGURE 1. A bipolar single-valued neutrosophic graph structure

b1(0.1,0.2,0.5, 0.1, 0.2, —0.5)

b3(0.2,0.3,0.4,~0.2, —0.3, —0.4)

B}(0.1,0.1,0.5, 0.1, 0.1, —0.5)

b2(0.1,0.1,0.4,—0.1,—0.1,—0.4)

FIGURE 2. A BSVN subgraph structure

T/P(b,d) < TF(b,d), I[P (b,d) < I (b,d), FIP(b,d) > FF (b, d),
TN (b, d) > TN (b, d), LN (b, d) > 1Y (b, d), F{N (b, d) < FY (b, d),
VbeVand (b,d) € Vi, k=1,2,...,m.

Then Hy, is named as a bipolar single-valued neutrosophic(BSVN) subgraph struc-
ture of BSVNGS Gy,.

Example 2.8. Consider a BSVNGS H,, = (B, B}, Bj) of GS G, = (V,V1,Va)
as depicted in Fig. 2. Routine calculations indicate that Hy, is BSVN subgraph-
structure of BSVNGS Gy,.

Definition 2.9. A BSVNGS H,,, = (B, B}, B}, ..., B!,) is called a BSVN induced
subgraph-structure of BSVNGS Gy, by Q C V if



Bipolar Neutrosophic Graph Structures 59

>3
— i
= )
a2 3
| o) s
o~ @
S ¥
|F \0
o A
T 2,
™ ki
S ‘o
o , 4
S B{(0.2,0.3,0.4, -0.2,-0.3, —0.4)
ol &)
8 /Q.
g N
/Q
0‘)\
/Q
NG
V%n
oy
S

O

FI1GURE 3. A BSVN induced subgraph-structure

T'7(b) = T(b), I'"(b) = I (b), F'" (b) = F*'(b),

TN () =TN(b), 'V (b) = IV (b), F'N (b) = F™(b),
Tép(b, d) = Tlf(b’ d)? [];P(b,d) = Ilf(b’ d)? Flgp(bad) = Flf(b’ d),
TN (b, d) = T (b, d), LN (b, d) = I}Y (b,d), FN (b, d) = Y (b, d),

Example 2.10. A BSVNGS depicted in Fig.3 is a BSVN induced subgraph-
structure of BSVNGS represented in Fig. 1.

Definition 2.11. A BSVNGS H,,, = (B’, B}, B, ..., B!,) is called BSVN spanning
subgraph-structure of BSVNGS Gy, = (B, By, Bs, ..., B,,) if B’ = B and
T/P(b,d) < TE(b,d), L;F (b,d) < IF(b,d), F{¥(b,d) > FF(b,d),
TN (b, d) > TN (b, d), I (0,d) > 1Y (6, d), N (b, d) < FY (b, d), k= 1,2,....,m.

Example 2.12. A BSVNGS represented in Fig. 4 is a BSVN spanning subgraph-
structure of BSVNGS represented in Fig. 1.

Definition 2.13. Let Gy, = (B, By, Ba, ..., By,) be a BSVNGS. Then bd € By, is
called a BSVN By.-edge or shortly By-edge, if

TF(b,d) > 0 or IF(b,d) > 0 or F'(b,d) > 0 or T (b,d) < 0 or IV (b,d) < 0 or
FXN(b,d) < 0 or all these conditions are satisfied.

Consequently support of By, is defined as:
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FIGURE 4. A BSVN spanning subgraph-structure

supp(By) = {bd € By : TF(b,d) > 0} U {bd € By : IF(b,d) > 0} U{bd € By :
FFP(b,d) >0} U {bd € By, : TN (b,d) <0} U{bd € By : IN(b,d) < 0} U {bd € By, :
FN(b,d) <0}, k=1,2,...,m.

Definition 2.14. By-path in BSVNGS Gy,, = (B, B, Bs, ..., B,,) is a sequence
b1,ba, ..., by of distinct nodes(vertices) (except by, = b1) in V such that by_1by is
a BSVN Byg-edge for all k =2,...,m.

Definition 2.15. A BSVNGS Gy, = (B, Bi,Bs, ..., B,,) is By-strong for any
ke{l,2,....m}if
T (b,d) = min{T"(b), T"(d)}, I}’ (b,d) = min{I" (b), I"(d)},
FFP(b,d) = max{FT(b), F*(d)}, TN (b,d) = max{T™ (b), TV (d)},
IN (b, d) = max{IV (b), IV (d)}, FN (b, d) = min{ FN (b), FN (d)},
V bd € supp(By). If Gy is Bj-strong for all k € {1,2,...,m}, then G is called
strong BSVNGS.

Example 2.16. Consider BSVNGS Gy, = (B, By, B2, B3) as depicted in Fig. 5.
Then Gy, is strong BSVNGS, since it is B;—, Ba— and B3— strong.

Definition 2.17. A BSVNGS Gy, = (B, By, Bs,...,B,,) is called complete BSVNGS
if
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FIGURE 5. A Strong BSVNGS

(1) Gy, is strong BSVNGS.
(2) supp(Bg) # 0, forallk =1,2, ..., m.
(3) For all b,d € V, bd is a By — edge for some k.

Example 2.18. Let Gy, = (B, By, B2) be BSVNGS of GS G = (V, V4, V4), such
that V' = {b1,ba, b3, bs}, Vi = {b1b2, b3bs}, Vo = {b1b§,b2b3,b1b4,b2b4}.

Through direct calculations it is easily shown that Gy, is strong BSVNGS. More-
over, supp(B1) # 0, supp(B2) # @ and each pair bib; of nodes in V is either a

Bj-edge or Bs-edge. Hence Gy, is complete BSVNGS, that is, By — By—complete
BSVNGS.

Definition 2.19. Let Gbl = (Bl, Bll; Blg, e ;Blm) and Gbg = (BQ, Bgl, BQQ, ey Bgm)
be two BSVNGSs. Lezicographic product of Gy and Gpe, denoted by

Gp1 @ Gpa = (By @ By, By1 @ By, Biz @ B, ..., By @ Bay),

is defined as:
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51(0.3,0.4,0.5,-0.3,~0.4, ~0.5)
o

YN
X A
(€0~ ‘e'0— ‘0~ ‘€0‘€’0°c0)%

(70— ‘C0—‘20—70C0‘C0)"q

(60— 90— ‘T0— ‘G070 T0)%d

\0
_‘5/‘
b3(0.1,0.4,0.5, —

0.1,-0.4,-0.5)

FIGURE 6. A complete BSVNGS

%31.32 ) (bd) = (T, o T, )(bd) = TF, (b) AT, (d)
(i) (31.32)(1761) (If, o If,)(bd) = IP ( YA IR, ( )
Fl3 ep,)(bd) = (Ff;, o FE ) (bd) = FBI( )V Ff,(d)
(31.32)(bd) (TH, o TH,)(bd) = TF (b) V T, (d)
(i) (31.32 y(bd) = (I, 'IN)(bd) ( )V Ig, (d)
Flh opy)(bd) = (FE, o FNZ)(bd) 5 (b) A FNQ (d)
for all (bd) € V1 x Va,
T(BlkoB%)(bdl)(bdQ) = (T§,, ® T, )(bd1)(bdz) = T (b) AT, (drda)

(iif) (BlkoB (bd1)(bd2) = (If,, o It )(bdi)(bd2) = I (b) A, (dids)
F(Blk.BZk)(bdl)(bdQ) = (Fglk ° ngk)(bdl)(bdg) = Fgl (b) v Féj% (dqrd2)
T(]Xalk.B (bd1)(bd2) = (T, o T, )(bd1)(bdz) = Tf (b) VT, (dida)

(iv) (Blk.sz)(bdl)(be) (I5,, I3, )(bd1)(bd2) = If, ( )V I, (did2)

B o (bdy)(bdz) = (FA o F. )(bdh)(bda) = FY, () A FY, (drds)
for all b € V1 , (d1d2) € Vo,
})BlkoBQk)(bldl)(deQ) = (T§, o Tk, )(brd1)(badz) = T (b1b2) ATE, (d1dz)

(v) (Blk.sz)(bldl)(@dz) = (Ig,, o If, )(bidi)(badz) = I (b1b2) A If, (dida)
Flh ooy (01d1)(b2d2) = (FE, o FE, ) (bid)(bada) = Ff, (bib) V Ffy,, (dida)
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FIGURE 7. Two BSVNGSs Gp; and Gpo
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T](VBlk:.B2k) (bldl)(deQ) - (ngm ® 1]—‘\]3% )(bldl)(deQ) - gBlk (b1b2) Vv Z;sz (d1d2)
(vi) I(%UAB%) (b1d1)(badz) = (IBlk ° Isz )(brdy)(badz) = IBlk (biba) v Isz (d1ds)

FY, opay(b1d1)(bads) = (FY. e FY )(bidy)(badz) = FJY (bibo) A FE, (dida)
for all (byby) € Viy , (didy) € V.

Example 2.20. Consider ébl = (Bl, Bll; Blg) and Gbg = (BQ, Bgl, B22) are two
BSVNGSs of GSs Gs1 = (V1, Vi1, Vi2) and Gsa = (Va, Var, Vag), respectively, as
depicted in Flg 7, where ‘/11 = {ble}, ‘/12 = {b3b4}, ‘/21 = {dldg}, ‘/22 = {dgdg}

Lvexicographic product of BSVNGSs Gp1 and Gpe shown in Fig. 7 is defined as:
Gbl [ Gbg = {Bl [ BQ, Bll (] Bgl, Blg [ ] BQQ} and is depicted in Flg 8.
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FIGURE 8. Gp1 @ Gpo

Theorem 2.21. Lexicographic product G‘bl . Gbgvz (B, oVBg,BH e By1,Bio @
B, ..., Bim ® Bay,) of two BSVNSGSs of GSs Gs1 and Gy is a BSVNGS of
Gvsl ° GVsQ-

PROOF. Consider two cases:
Case 1.: For b € Vi, didy € Vo,
T(5, 0800 (bd1)(bd2)) = T, (b) A TS, (dids)
< T, (b) A [T, (d1) AT, (d2)]
= [T, (0) ANTE, (d)] A [T, (b) AT, (d2)]
= T(I;.Bz)(bdl) A T(BIQBZ)(bdQ)v

TR, emyp) (1) (bda)) = TS (b) V T, (dida)
> T (b) V[T, (di) v T32 (d2)]
= [T5, (b) V TH,(d)] V [TF, (b) V T, (d2)]
= T}, em,) (bd1) V T, o g,y (bda),

I, ey ((bd1) (bd2)) = If5, (b) A I, (drda)
< If () A, (dh) A, (do)]
= [I5, (b) A1, (d1)] A [IE, (b) A I, (d2)]
= I(PBloBg)(bdl) A 1(1731032)(bd2)3

NN
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I, om0 (bd1) (bd2)) =I5, (b) V I, (d1dy)
> 13, (b) V [I3, (dr) V I, (do)]
=I5, (b) V I, (d1)] V [I5, (b) V I§, (do)]
= I(]EloBg)(bdl) 4 I(J}gloBg)(bdQ)a

NN

Fl3,, 0,0 ((bd1) (bds)) = Fy (b) V FB% (d1do)
< Fg, (b) V [Fg,(d1) v FBQ(d2)]
= [F§, (b) V iy, (d)] V [Fg, (b) V Fi, (d2)]
= F(%I.B2)(bd1) v F(BloBz)(bdQ)v

F{by ey ((bd1)(bds)) = FY (b) A FF, (dids)
> Fg, (b) A[Fg,(di) A FE, (d2)]
= [Fg, (b) A FE,(d)] A [FE, (b) A FE, (d2)]
= FB1ep,y (0d1) N F( o) (bd2),

for bdl,bdg € ‘/1 [ ‘/2
Case 2.: For biby € Vi, dids € Vi

= =

T3, 1080 (01d1) (b2ds)) = TS, (b1ba) A T, (drda)
< [Tk, (b1) AT, (ba] A [T, (di) AT, (da)]
= [T, (b)) A TE, (d)] A [T, (ba) A TH, (da)]
= T(p e, (01d1) A g, o, (b2ds),

Tipena) (b1d1)(b2d2)) = TF,, (b1bo) V TE,, (drdo)
> [T, (b1) V TF, (ba] V [T, (dv) V TF, (d2)]
= [TF, (1) V TE (d1)] V [T, (b2) V T, (d2)]
= T(}epy)(b1d1) V T{g, o5,y (bad2),

I o8y (b1d1) (b2d2)) = Tf, (bibo) A I, (drda)
<15, (b1) A, (ba] A I, (dr) AT, (do)]
= [I5, (b1) A I, (d1)] A [I5, (b2) A I, (d2)]
= I(B,ep,) (b1d1) AN {5, o, (b2da),

65
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1B eBap) (b1d1) (b2d2)) = Ty, (b1bo) V IF,, (drda)
> (I3, (b1) V I, (bo] V I3, (d1) V I, (do)]
= [I5,(01) V I, (d)] V [T, (b2) V I, (do)]
= I(Bren,y (b1d1) V I(, o, (bada),

B ey (01d1) (bada)) = Ff, (biba) V Ff,, (dida)
< [FE (b)) V Fi, (ba] V [Fh, (d) V Ff, (da)]
= [Fg, (b1) V Fg, (d1)] V [Fg, (b2) V Fi, (d2)]
= F(%loBg)(bldl) v F(I;S’loBZ)(deQ)a

F{B ey (01d1) (bada)) = F (bib) A F,, (dida)
> [Fp, (01) A g (ba] A[FE (di) A FF (do)]
= [F, (b1) A FE,(d0)] A[FE (b2) A FE, (da)]
= F(%I.Bg(bldl) A F(]]\g’loBz)(deQ)a
bidy,bads € V1 @ Vo and h € {1,2,...,m}. This completes the proof.

Definition 2.22. Let Gbl = (Bl, Bll; Blg, e ;Blm) and Gbg = (BQ, Bgl, BQQ, ey Bgm)

be two BSVNGSs. Strong product of Gy; and Gye, denoted by
Gy W Gyo = (B1 X By, By ® Boy, Bia X Baa, ..., Biy X Bay),
is defined as:
T§31®B2 (bd) = (T};1 X Tél)(bd) = ( YATE L (d)
(i) (BlﬁBQ)(bd) (I, K IE,)(bd) = IP ( ) A, (d ( )
Flp,mp, (bd) = (Ff BFf )(bd) = FBl( )\/FB2 (d)
(BlﬁBg)(bd) (TF, ®TE,)(bd) = TF, (b) v T, (d)
(if) (mm )(bd) = (I, W IF,)(bd) = I, (b) V IE,(d)
F(leBZ)(bd) = (F§ WFL)(bd) = F§ (b) A FE (d)
for all (bd) € V1 x Va,
T(Blkm%)(bdl)(bdﬂ (T, RTE, )(bd1)(bd2) = TE (b) ANTE, (dida)
1ii 1 2 1 I 1 o) =1 NI 1dso
(Blmsz) bdy)(bd glk X g% bdy)(bd };’1 b g% did
F(BlkIXBZk)(bdl)(bdQ) (Ff,, WEFL, )(bd1)(bdz) F§1 (b) vV F,, (dida)
T(B KB, k)(bdl)(bdg) (ngvlk X Tng)(bdl)(bdQ) (b) Vv Tév% (d1ds)
(iv) (BlkgB%)(bdl)(bdg) (ng X Ig% (bdy)(bds) = Igl (b) \ Ig%(dldg)
F(Blk&B%)(bdl)(bd2) (Fglk X ng)(bdl)(bdg) = Fgl (d) A Fév% (d1do)
for all b € V; , (d1da) € Vay,
})BlkﬁB%)(bld)(de) (T, ®TE, ) (brd)(bad) = TF, (d) AT, (b1b2)
v b1d)(bod) = (IL @IP )(b1d)(bad —IP d ANTE (b1bo
(BlkgBQk) B sz Bz Boy
Flp @By (01d)(b2d) = (Ff,, RFE ) (b1d)(b2d) = F, (d) V F,, (b1ba)
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FIGURE 9. Gp1 X Gpa

T(Blkm%)(bld)(bgd) = (T) RTY )(brd)(bad) = T, (d) vV T, (biba)
(vi) I(BlkgB%)(bld)(bgd) = (Iglk X Ig%)(bld)(bgd) = IgZ (d) Vv Ing(ble)
F(BlkIZIBZk)(bld)(de) (Fglk @Fé\gk)(bld)(bgd) (d) /\FN (blbg)
for all d € Vi , (bibs) € Vig.
Tg;lk&B%)(bldl)(bgdg) = (Tgm X Tg%)(bldl)(bgdg) = Tgm (b1ba) A Tg% (dqrd2)
(vii) (Blka o(b1dr)(badz) = (I, RIE, )(bidy)(badz) = If, (biba2) A, (dida)
FD s (1d1)(bads) = (Ffy, ®FE, )(bydy)(bade) = FE, (bibe) v FE, (dids)
T 5 (1) o) = (T, BT brch)(bado) = T3, (brba) V T, (dad)
(Vi) § 1,y (1) bade) = (I, B I3, ) (b1 o) = Igl (oaba) VIY. (dhdn)
F(BlkaZk)(bldl)(b2d2> (FF RFL )(bidy)(boda) = FR . (b1bo) A FE, (d1da)
for all (bybs) € Vig , (dids) € Va.

Example 2.23. Strong product of BSVNGSs Gp1 and Gz shown in Fig. 7 is
defined as Gbl X Gb2 = {Bl X BQ, B11 X B21, B12 X BQQ} and is depicted in Flg 9
and 10.

Theorem 2.24. StI‘OIlg product Gbl &ébg = (Bl &BQ, B11|Z|B21, B12|Z|B22, ey Blm&
Ba,,) of two BSVNGSs of GSs G; and G is a BSVNGS of Gy K Go.

PROOF.Consider three cases:
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FIGURE 10. Gp1 X Gpa

Case 1.: For b e Vi, dids € Vo,

T3, 8B (0d1)(bd2)) = T, (b) A T4, (drds)
< T, (b) A [T, (dr) ATh, (do)]
= [T, (b) A T, (d0)] A [T, (b) A T, (d2)]
= T(%llZIBZ)(bdl) A T(%@Bz)(bdﬂ,

T(%, o 8Ba) (0d1)(bd2)) = T, (b) V T, (d1da)
> TR, (b) V[T, (d1) V T, (do)]
= [TE (b) VT, (d)] V [TE, (b) V T, (do)]
= T(%I&BZ)(bdl) v T(])éleQ)(bdﬂ,

I, 88, (bd1) (bd2)) = If, (b) A, (dvda)
< I, (b) A g, (di) A, (d2)]
= [I5,(b) AT, (d)] A g, (b) A T, (do)]
- I(BﬂZIBZ (bdl) A (BlﬁBz)(bd2)a

)
)
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105, 8By (bd1) (bd2)) = IF, (b) V I3, (dvda)
> Iy, (b) VI3, (d1) V I3, (do)]
= [I5, () V I, (d)] V 5, (b) V IF, (da)]
- I(BﬂZIBZ (bdl) v I(BlﬁBz)(bd2)

Flp, 8By (bd1)(bds)) = Fy (b) V Ffy, (dids)
< FE (0) V[Fg,(d) V Ff,(dy)]
= [F§, () V Fi, (d)] V [Fg, (b) V Fi, (d2)]
= Flp,mp,)(bd1) V Flp, mp,)(bds),

Flb 88y, (1) (bda)) = FE, (b) A Ff, (dida)
> FL(b) AN[FE, (di) A Fi, (do)]
= [F§, (b) A FR, ()] A [FE (b) A FE, (d2)]
= Flp,mp,) (bd1) A Fl, g, (bds),

for bdy,bdy € V1 K V5.
Case 2.: For b € V;, didy € Vi,

~ —

T3, 8B4 ((d10)(d2d)) = Th, (b) A T, (drds)
< Th, (b) A [TF, (di) A T§1 (d2)]
= [T, (b) ATE, (d)] A [Th, (b) A T, (d2)]
= T{p,mp,)(d1b) A Tlp,mp,)(dsb),

T(h, @By (d1D)(d2b)) = T, (b) V TS, (drda)
> Ty, (b) V[T (d1) V T, (do)]
= [TF,(b) vV TE (d)] v [T, (b) V T, (do)]
= T(B,1p,) (A1) V T} w5, (d2b),

I{5,, 85y (d10)(d2b)) = I, (b
< I, (0) AIE, (i) A, (da))]
= [I5,(b) A g, (d1)] A 15, (0) A T, (d2)]
= I{p,8p,)(d10) A {5, mp, (d2D),
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105, 8By ((d1b)(dad)) = IF, (b) V I, (dvda)
> I, (0) V [I5,(d1) V IE, (da))]
= [I5,(b) V Ig, (d)] V [I5,(b) V IE, (d2)]
= I(BﬂZIBZ (dlb) v (BlﬁBz)(d2b)a

Flp, RByy) (d10)(d2b)) = Ff, (b) V F, (dids)
< Fh,(0) V[F, (di) V Ff, (dy)]
= [Fh,(b) V Fh (d)] V [Ff,(b) V Ff, (d2)]
= Flp,mp,)(d1b) V Flp,mp,)(d2b),

Fipympa) (1) (d2d)) = FE, (b
> Fi, (b) A

AFY. (dydy)

[F£, (di) A FE, (da)]
= [F5,(b) A FE (d)] A [FE,(b) A FE (d2)]
= Flp iy (d1b) A Fl mp,) (dab),

~ —

for dib, dob € Vi ® V.
Case 3.: For b1by € Vig, dids € Vo,
T(5, 8B (01d1)(b2d2)) = T, (b1b2) A Th,, (drdy)
< [T, (b1) AT, (ba] A [T, (di) AT, (da)]
= [Tk, (1) A TE, (d0)] A [T, (b2) A Th, (d2)]
= T(p,88,) (01d1) A T(p,1p,)(b2ds),

T(% @B (brd1) (bad2)) = TF, (bibo) V T, (dids)
> [Th, (b1) V Tg, (ba] V [TF, (dr) V TF, (da)]
= [TF (br) V TR, (d1)] V [TF, (b2) V T, (d2)]
= T(B,mp,) (01d1) V T(§ mp,) (b2ds),

I, @8 (b1d1) (bad2)) = I, (b1b2) A I, (dida)
< 15, (b1) A, (b2] A [T, (dr) A s, (do)]
= [If, (b1) A g, ()] A [Ig, (b2) A I, (do)]
= I{p,mp,)(b1d1) A {5 mp,) (bads),
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I, @8y (b1d1) (bad2)) = IF,, (b1b2) V I, (d1da)
> [IF, (b1) V IE, (bo] V (I, (1) V IF, (do)]
= [I§, (b1) V I3, ()] V [I5, (b2) V I, (d2)]
= I{b, @y (b1d1) V (5 mp,) (bada),

Flg, @By (b1d1)(b2ds)) = Fiy, (b1bs) V Fi,, (dids)
<[FE, (b1) V Fg, (bo] V [F, (d1) V Ff, (da)]
= [Ff, (b1) V Fg, (d1)] V [Ff, (ba) V Ff, (do)]
= F(I;31|ZIB2)(b1d1) v F(%leZ)(bZdﬂv

FB, @80 (01d1) (b2d2)) = F (b1bo) A Ff,, (didy)
> [Ff (b1) A Fg, (b2] A [F, () A FE(da)]
= [F, (b1) A Fg, (d1)] A [FF, (b2) A F, (do)]
= Fbgy (1d1) A F{f mp, ) (bada),
bydy, bads € Vi R Vp.
All cases hold V k € {1,2,...,m}.

Definition 2.25. Let Glﬂv: (Bl, Bill’ Blg, e ;Blm) and Gbg = (BQ, Bgl, BQQ, ceay Bgm)
be BSVNGSs. Union of Gy and Gz, denoted by

Gy UGhe = (By U By, B1y U Bay, Bia U Bo, . .., By U Bayy),
is defined as:
})BluBZ)(b) (Tgl UTéDZ)(b) T§1( )\/TP (b)
B Lgiosy®) =g, UI5,)(0) = <I§1< )+ 15, <b(>>/

Flyup,y(b) = (FE UFE,)(b) = Ff, (b) A FE,(b)
&BluBz)(b) (TH, UTH,)(b) = TF, (b) NTE, (b)

(ii) (BIUBZ)(b) (IF, UIE,) () = (Igl( )+I§’2( ))/2
Fgup,(b) = (FE, UFE,)(b) = F§ (b) V FE,(b)

for all b € V3 U Vs,
T§91kUB k)(bd) = (TEM U Zng)(bd) = T;?le (bd) v Tzé)% (bd)
(iii) (BlkUBZk)(bd) = (Ig,, Ulg, )(bd) = (Ig, (bd) + I, (bd))/2
(BlkuB%)(bd) = (Fglk U F};%)(bd) = Fglk(bd) A Fg%(bd)
BlkUBZk)(bd) = (T]évlk_ UTJ;]]BV%)(bd) = Tjévlk(bd) /\T]év (bd)
(iv) (BlkUsz)(bd) = (IBﬁ U IBZZ;\C])(bd) = (IB}\;; (bd) + I,, (bd))/2
F(BlkuB%)(bd) = (Fp, UFlg, )(bd) = Fp (bd)V FB%(bd)
for all (bd) € Vi U Va.
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FIGURE 11. Gp1 U Gpa

d1(0.2,0.05,0.3,—0.2,—0.05, —0.3)

Bi1 U B21(0.2,0.05,0.4, —0.2, —0.05, —0.4)
Bi2 U B22(0.4,0.1,0.6, —0.4, —0.1, —0.6)

b3(0.4,0.1,0.4, —0.4, 0.1, —0.4)

Ex:}mplev 2.26. Union of two BSVNGSs Gy and Gy shown in Fig. 7 is defined
as Gp1 UGy = {Bl U Bs, B11 U By, B1a U BQQ} and is depicted in Fig. 11.

Theorem 2.27. Union Gbl UGbQ = (B} UBQ, Bll UBQl, BilQUBQQ, N
of two BSVNGSs of the GSs G; and G5 is BSVNGS of G; U Gs.

PROOF.Let b1by € Vi U Vi, Two cases arise:
Case 1.: For bl, by € V1, by definition 2.25

Th, (b1) = Th, (ba) = Té’% (b1b2) = 0 If, (b1) = If, (b2)
FE (b)) = F, (b2) = (b1b2)
T3, (b1) = T, (bo) = T o (D102) = 0 If, () = I, (b2)
FE, (1) = Fg(b) = B%( 2) = —1, 50
Tlh, 0o (b1b2) = T, (b1bs) V T, (b1bs)
=Tg (bib2) VO
< [Tk (b1) AT (b2)] VO
[Tgl (b1) VO] A [T, (b) V O]
= [T}, (b) (b)) A[TE, (b2) V T, (ba)]

V TB
= T(BluBg)(bl) A T(BluBg)(bQ)a

2 /\ TB k(ble)

C“C“

T(B, 0By (b1b2) = TH,, (b1b2)
= T4, (b1ba) A
> [Tg, (b)) V TE,
= [Th, (b1) A
= [Tg, (b1)

(b2)]

0] v [TF (bz) A 0]

ATE, (b)) V [TF, (b2) A TE, (b2)]
(b1)

= T(31UB2) \/T(B1UBZ)(b2)a

aBlmUBQTn)

=15 (biby) = 0,

= Ip, (bib2) = 0,
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FlB, 0B (b1b2) = Ff, (biba)
=Ff (biba) A
< [Fg, (b)) V FB1 (b2)] A1
= [F§, (b1) AV [F, (b2) A 1]
= [Ff, (b1) A Fg, (b)) V [Fg, (b2) A Fi, (bo)]
= F(%IUBQ)(bl) v F(BluBQ)(bQ)a

/\ Fsz (ble)

Flhywupa) (0102) = FE (bib2) V FB% (bib2)
_FBlk(bl 2) V
> [FE, (b1) A FE, (bz)] V-1
= [F§,(b1) V =1 A [Fg, (b2) Vv —1]
= [Fg, (b1) V FE, (b)] A[FE, (b2) V FE, (b2)]

= F(BluBg)(bl) A F(Blu32)(b2)a

15 (biby) + IE. (byby)
IélkUsz)(ble): i 2 9 By 2
I, (bib) +0
2
_ B ) A Th (1)) 40
- 2
IE (b IE (b
_ B, (01) LOA B, (02) 0]
_ (15, (b1) + I, (b1)] N (15, (b2) + I, (b2)]
2 2
= I(IjiuBz)(bl) N I(%luBg)(bQ)a
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15, (biba) + I, (bibo)
2

Iglk (blbg) +0

2
o 5, (01) VI (b2)] + 0
- 2
N (b

:[7312( D o)y +0]

_ B, (b) + 15, (b)) Y (13, (b2) + I, (b2)]
2 2

= I(]\lfalu&)(bl) v I(]\lfalu32)(b2)a

I(J\élk Usz) (b1b2)

I3 (b2)
2

for by,b9 € V3 U V5.
Case 2.: For by, by € V3, by definition 2.25

Tl% (b)) = Té;l (be) = Tglk(b152) =0, Igl (b)) = Igl (be) = Iglk(bﬂb) =0,
Fg () = Fg, (b2) = Fg,, (b1b2) =1,

Tgl(bl) = Tévl(bg) = Tglk(b by) =0, IN (b)) = Nl (be) = Iglk(blbg) =0,
Févl (bl) = FgZ(bg) = Fglk(ble) = 71, SO

] [TB2 (bQ) v O]
V TE, (0)] A [T, (b2) V T, (b2)]
= (31UB2)(b1) AT 5,03y (02),

b
b
) AT, (b2)] V
)V
)

T(Z]\g1kUng)(b1b2) Tg, (biba)
=T§,, (b1b2) A
> [T, (b1) v TB2 (b2)] N O
=[Tp (bl) 0] v [T32 (b2) A O]
= [TH (b)) ATH ()] V [TH (b2) A TH. (bs)]
(b1) vV T(BluBZ)(b2);

/\ Tsz (blb?)

= T(BluBg)
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FlB, 0B (b1b2) = Ff, (biby
= FB% (b1bo
[FB2(51) B, (02)] A (1)
= [Fg, (b) V [Fg, (b2) A (1)]
= [Fg, (b1) A Fg, (b)) V [Fg, (b2) A Fi, (bo)]
= F(BluBz)(bl) v F(BluBQ)(bQ)a

)A FB% (b1b2)
)A (1)

VL
A (1)
A

FlBupa (b1ba) = F (biba) V FE, (b1bs)
=F} (bib2) V (1)
> [Fg, (b1) A FR, (b2)] V (—1)
= [Fg,(b1) V (=D)] A [FE, (b2) V (=1)]
= [FE, (b1) V FE, (b)] A [Fg, (b2) V F, (b2)]

\Y
= F(BluBg)(bl) A F(BluBg)(bQ)ﬂ

15 (biby) + IE. (byby)
IélkUsz)(blb2>: i 2 9 By 2
I, (bib) +0
2
_ B0 AT, (1)) 40
- 2
IE (b IE (b
_ B, (01) LOA B, (02) 0]
_ (15, (b1) + IE, (b1)] N (15, (b2) + I, (b2)]
2 2
= I(IjiuBz)(bl) N I(%luBg)(bQ)a

75



76 M. AKRAM AND M. SITARA

Ig (blbg) —l—[g (blbg)
I(J}glkuB%)(bll)Q) _ 1k 5 2k

I]JBY% (blbg) +0

2
- (15, (b1) V Ig, (b2)] 0
- 2

g, (b1)
:[2T+0]\/[ + 0]

15, 00) + I8, (b)) (IR (8a) + T, ()
2 2
= I(]\lfalu&)(bl) v I(]\lfalu32)(b2)a
for by, by € V1 U V5.
Both cases hold V k € {1,2,...,m}. This completes the proof.

1§, (b2)

Theorem 2.28. Let Gy = (V; U Vs, Viy U Vay, Vig U Vas, ..., Vi, U Vay,) be union
of GSs Gs1 = (Vi, Vi1, Via, ..., Vim) and Gso = (Va, Var, Vag, ..., Vam). Then every
BSVNGS Gy, = (B, By, Ba, ..., By) of Gy is union of two BSVNGSs Gy and Gy
of GSs G,; and G;Q, respectively.

PROOFFirstly, we define By, Bo, By and By, for k € {1,2,...,m} as:
T (b) = TE (b), 1§, (b) = I (b), g, (b) = FE (b),
TH (b) = TE (b), 1§, (b) = I (b), FE (b) = FE (b), if b € V1.

Tf,(b) = Tg (b), I, (b) = I (b), g, (b) = F (b),
TY (b) = TY (b), I3, (b) = I (b), . (b) = FA (b), if b € Va.

TE (bibs) = TE (bib2), 15, (bibs) =I5, (b1b2), FE, (bib2) = FE (biba), TY. (bibs) =
T (bibo), Y, (bibs) = I} (bibe), FY. (biba) = F} (bibo), if bibs € Vi

T]I;% (b1b2) = Tgk (b1b2),I§2k (blbg) = ng (blbg), Fg% (blbg) ng (blbg) ]]3\]% (blbg)
T (bibo), IN, (bibs) = IN (bibs), FA (bibo) = FL (biba), if bibs € Vay.

Then B = B; U By and By = Bix U Bo, k € {1,2,...,m}. Now for b1by € Vi,

t=1,2, k€ {1,2,.. m}:

Tgk(blbg) = T (blbg) <T ( 1 /\ Tp(bg) = TP (bl) A\ Tgﬁ(bg), Igtk (blbg) =
(blbg) < Ip(bl)/\lp(bg) v (51)/\1§t (bg) F]I;tk (blbg) F]I;k (blbg) < Fg(bl)\/
(b2) FPt(bl) \/FPt(bg)

T]]g\ik(blbg) = TIIB\L (blbg) > Tg(bl) \Y Tg(bg) = T]é’\i(bl) \Y T]é\i(bg), Igtk (blbg)
ng(blbg) > Ig(bl) V Ig(bg) = Igﬁ(bl) V Iﬁ(bg), F]]g\ik(blbg) = Févk(blbg)
FE (b1) AFE (b2) = Fg, (b1) A FE (b2), 1

ébl = (Bl, Bll; BZQ, . Blm) 1S aBSVNGS OfGt, t= 1 2. Thus Gbn = (B Bl, BQ, ey Bm),
a BSVNGS of G = Gsl U GSQ, is the union of two BSVNGSS Gbl and GbQ

AV
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Definition 2.29. Let ébl = (Bl, Bll; Blg, ‘e ;Blm) and Gbg = (BQ, B21, BQQ, N

be BSVNGSs and let Vi NV, = 0. Join of Gy1 and Gpa, denoted by
Gy + Gya = (By + By, B11 + Ba1, Bia + Baa, ..., Biy + Bam),
is defined as:

(b) = (b)
B1+DB2) B1UB>)
0 é1+32><b> ém)(w

=
~

Bl+B2 b) BIUB2)(

(
(31+B2)(b) (BluBQ)(b)
(ﬁ) (Bl+Bz)(b %u&)(b)
F(B1+B )(b F(BluBz)(b)
for all b € V3 U Vs,

%BerBM)(bd) IgBlkUBQk)(bd)

(iii) (Blk"l‘sz) (bd) (Blk UBay) (bd)
Blk+32k)(bd) B1kUsz)(bd)
(Blk"l‘sz)(bd) (BlkUB2k)(bd)

(iV) I(Blk+B2k (bd) BlkUBZk)(bd)
F(Blk+32k)(bd) - (BlkUBQk)(bd)
for all (bd) € Vie U Vo,

%BlkJrB% y(bd) = (T, +TF,,)(bd) = T (b) AT, (d)

(v) (BMB%)( d) = (IEM +1§2k)(bd) :151( )AIP ( )
Flp,iBo(bd) = (FE, + FE )(bd) = Ff (b) V F, (d)
(BIHB%)(bd) (T, +T§2k><bd> N () v T (d)

(vi) (BIHB% y(bd) = (I, + I, )(bd) = ( ) VIR, (d)
F sy (0d) = (FY + FA k)(bd) N (b) A FY (d)

forallbe Vi ,de V.

77

5B2m)

Example 2.30. Join of two BSVNGSs Gp1 and Gpa shown in Fig. 7 is defined as

Gy + Gpa = {By + By, B1y + Bo1, Bia + Bas} and is depicted in Fig. 12.

Theorem 2.31. Join Gbl +Gvb2 = (Bl + By, B11 + Bo1, Bia+ Bas, ..., Bim +Bgm)

of two BSVNGSs of the GSs G and G5 is BSVNGS of G; + Gs.

3. CONCLUDING REMARKS

Bipolar fuzzy graph theory has numerous applications in various fields of
science and technology including, artificial intelligence, operations research and de-
cision making. A bipolar neutrosophic graph constitutes a generalization of the
notion bipolar fuzzy graph. In this research paper, We have introduced the idea
of bipolar single-valued neutrosophic graph structure and discussed many relevant
notions. We also discussed a worthwhile application of bipolar single-valued neutro-
sophic graph structure in decision-making. In future, we aim to generalize our no-
tions to (1) BSVN hypergraph structures, (2) BSVN vague hypergraph structures,
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Bi1 + B21(0.5,0.05,0.8,—0.5, —0.05, —0.8)

b2(0.5,0.1, 0.8{7045, —0.1,-0.8) b3(0.4,0.1,0.4,—0.4, —0.1, —0.4)

FIGURE 12. ébl + Gbg

(3) BSVN interval-valued hypergraph structures, and(4) BSVN rough hypergraph
structures.
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