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INTERVAL OSCILLATION CRITERIA
FOR HIGHER ORDER NEUTRAL
NONLINEAR DIFFERENTIAL EQUATIONS

WITH DEVIATING ARGUMENTS

RuN XU, FANWEI MENG

Abstract. Some oscillation criteria for nth order neutral differential equations with
deviating arguments of the form

m

[r®)(y(#) + p®)y(r () ™1 w(®) + p)y(r() 1Y Z ) fi(y(oi(t)) = 0

n even are established. New oscillation criteria are different from most known ones in
the sense that they based on a class of new function H(t,s) defined in the sequel. The
results are sharper than some previous results which can be seen by the examples at the

end of this paper.

1. INTRODUCTION

In this paper we consider the oscillation behavior of solutions of the n-th
order neutral differential equations of the form

FOI0) + PO O) D ) + PO (0) )
D aO i) =0, (1)
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where t > tg, n > 2 is even integer, o > 0 are constant. In this paper, we assume
that

(I1) p(t) € C([to,0); [0, 1)), ¢i(t) € C([to, 0); [0,00)), fi € C(R; R),i =1,2,--- ,m,
te [tQ,OO).

(I) r(t) € C'([to,50); (0,00)),7(t) > 0, Ra(t) := [, —=— — o00(t — o0).

Té(s)

(I3) Lil@) B; > 0 for x # 0, 3; are constants, i = 1,2,--- ,m.

‘wla—lm

(I4) 7(t),04(t) € CY([tg,0);[0,00)), T(t) < t,oi(t) < t, o'(t) > 0 for t > tg
and tlim oi(t) = tlim o(t) = tlim T(t) = 00,4 = 1,2,--+ ,m, where o(t) <

min{oy (t), o2(t), -+ ,om(t), 5}

By a solution of Eq. (1), we mean a function y(t) € C" ([T, 0); R) for
some T, >ty which has the property that

r(®)] () +p(O)y(r )"V () + p(t)y(7(1))) "~ € CH([Ty, 00); R)

and satisfies Eq. (1) on [T}, 00).

A nontrivial solution of Eq. (1) is called oscillatory if it has arbitrary large
zero. Otherwise, it is called nonoscillatory. Eq. (1) is called oscillatory if all of its
solutions are oscillatory.

If p(t) = 0,7(t) = 1,m = 1, then Eq. (1) becomes

(2D (@) D) + q(t) f(z(a(t)) =0 2)

and the related equations have been studied by Agarwal et. al. [2], Xu et. al. [15].
Eq. (1) with n = 2,p(t) = 0,m = 1, namely, the equation

()] ()1* 7 2’ (@) + q(t) f(z(o(t) = 0 3)

and related equations have been investigated by Dzurina and Stavroulakis [4], Sun
and Meng [14], Mirzov [10-12], Elbert [5,6] Agarwal et. al. [1], Chern et. al. [3],
Li [7], Zhuang and Li [19].

Recently, Xu and Meng [16-18] have studied the oscillation properties of Eq.
(1) for n = 2. Very recently Meng and Xu [8,9] have investigated the oscillation
properties for higher order neutral differential equations.

Motivated by the idea of Li [7], by using averaging functions and inequality,
in this paper we obtain several new interval criteria for oscillation, that is, criteria
are given by the behavior of Eq. (1) (or of r,p and ¢;) only on a sequence of
subintervals of [¢,00). Our results improve and extend the results of Li [7] and
Zhuang and Li [19]. In order to prove our Theorems, we use the function class X
to study the oscillatory of Eq. (1). We say that a function H = H(t, s) belongs to
the function class X, if H € C(D; Ry), where D = {(t,s) : to < s <t < oo}, which
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0H OH
satisfies H(t,t) = 0, H(t,s) > 0 for t > s, and has partial derivative — and —

Js ot
on D such that

I o) VHE . 2E = ot ) HE5) (4)

where hy(t,s), ha(t, s) are locally nonnegative continuous functions on D.

2. MAIN RESULTS

First, we give the following lemmas for our results.

Lemma 2.1. [13] Let u(t) € C"([to,00); RT). If u(™(t) is eventually of one sign
for all large t, say t1 > tg, then there exist a t, > ty and an integer 1,0 <1 < n,
with n + 1 even for u™ (t) > 0 or n + 1 odd for u™(t) < 0 such that | > 0
implies that u®) (t) > 0 fort >ty k=0,1,2,--- ,1 =1, and | <n — 1 implies that
(=) *u® (1) >0 fort > tp,k=1,1+1,--- ,n—1.

Lemma 2.2. [13] If the function u(t) is as in Lemma 2.1 and w1 (t)u(™ (t) <0
fort > t,, then there exists a constant 0,0 < 8 < 1, such that

0
(n—1)!

u(t) > "L (t) for all large t.

and

0
(n—2)!

() > t" 2=V (t) for all large t.

t
2

Lemma 2.3. Suppose that y(t) is an eventually positive solution of Eq. (1), let

2(t) = y(t) + p(t)y(r(t)), (5)
then there exists a number t1 > ty such that

2(t) >0,2(t) > 0,2"V@#) >0 and 2™ () <0,t > t;. (6)

Proof. Since y(t) is an eventually positive solution of (1), from (I4), there exists a
number t1 > tg such that

y(t) > 0,y(7(t)) > 0,y(0i(t)) > 0,1 > t;. (7)
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Noting that p(t) > 0, we have z(t) > 0,¢ > ¢; and from (1), (I3) we have
(r(@)z" D @)t qu Vfi(y(os(t)) < 0,8 > t,.

So r(t)|z V() |*12(»=D(¢t) is decreasing and 2"~V (t) is eventually of one sign.
we claim that

ZD() >0 for t >t (8)
Otherwise, if there exist a t; > t1 such that z("_l)(ﬂ) < 0, then for all t > ¢,

)z 20TV < etV @)V (@) = ~0(C > 0), (9)

C \=~ ~
then we have —z("_l)(t) > ((t)) ,t > t1, integrating the above inequality from
r

t1 to t, we have
22 (4) < 2=D(7)) = O (R(t) — R()).

Letting ¢ — oo, from (I3), we get tlim 2("=2)(t) = —o0, which implies 2"~V (¢)

and z("*z)(t) are negative for all large ¢, from Lemma 2.1, no two consecutive
derivatives can be eventually negative, for this would imply that ltlim z(t) = —o0,
—00

a contradiction. Hence z("=1(t) > 0 for ¢ > t;. from Eq. (1) and (1), (I) we have
ar() (=D)L (1) = () ("D (0)°] = ()Y ()"
= =Y aWAEE0) - O @) <02,

this implies that z(™(t) < 0,¢ > ¢;. From Lemma 2.1 again (note n is even), we
have 2/(t) > 0,t > ¢1. This completes the proof.

Theorem 2.1. Assume that there exist a positive, nondecreasing function p(t) €
C1([tg,0)) such that for any constant M > 0, some H € X and for each suffi-
cient large Ty > to, there exist increasing divergent sequences of positive numbers
{an}, {bn}, {cn} with Ty < a, < ¢, < by, such that

cman/ H(s, an)p(s)C1 (5 )ds+Hbmcn/ H(by, 5)p(s)C (5)ds

(

p(S) H‘*; (5,%)
I N ,o’(s) oL Oy(s) .
" H(bn,Cn) /c" |: \/—p(s) :| HQT*I(I%“S)d ) (10)
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where

1) = 3 A1 = o))" Colt) = Sty

then every solution of Eq. (1) is oscillatory.

Proof. Suppose the contrary, let y(t) is a nonoscillatory solution of Eq. (1), without
loss of generality we assume

y(t) > 0,y(r(t)) >0 for ¢>t; > tp.
Then
2(t) = y(t) +p(t)y(7(t)) >0 for >t >to. (11)
From Lemma 2.3, there exists t5 > t1 such that
2(t) > 0,2 (t) > 0,2V (%) >0 and 2™ (¢) <0,t > t,. (12)

It is easy to check that we can apply Lemma 2.2 and conclude that there exist
0 < 6 <1 and t3 > ty such that

o) = oo 20(e)
> " f 2)!2”_20"_2(75)2(”_1)(1?) =Mo" 2()z2" "V (8),t > ts,
(13)
where M = (7132)!2"2.
From (5), we have
(t) = 2(t) ~ pl)y(r(1)) > =(1) — p(0)=(r () = ()1~ p(0) ¢ > 15, (14)
Since lim o(t) = oo, there exists 4 > fy such that o(t) > f3,1 > ta, s0
Y(o(t)) > (o)1~ p(o ().t > (15)
By (I3) and (15) we get
Fily(oa(t) = B (03(1) > () (L= plos()* £ > 10 (16)

From (1), (16), we get
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0 = FnE" +Zm Fy(o(1)))

> ()"0 +§:@% ai(t))(1 = p(oi(t)))”

> [r(t)"Y +Zﬂzqz = ploi(t)))*, t > ta.

Let

rOEO)"

wl(t) = plt) " 2

clearly, w(t) > 0, from (13), (17) and (18) we get

/ r Z(nfl) all
it = O OG0

(1) 2 o(D)
H)ETY @) ez o () ()0 (1)
p(t) a(0(0))

< p'(t))w(t) — (1) Z/Bi(h(t)(l - p(oi(t)*
7‘()( =D (1) (o ()),

— ao’(t)p(t)

0
< Zult) Zﬁzqz poi®)°
/ — w” o (t)
—aMdo' (t)o" 2 (t) ———
O aten
A0 Mo (a2 (D)
< O (0 = POCL0) — oMo (o0

(18)

Multiplying (19) by H(s,t), integrating it with respect s from ¢ to ¢, and
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using (4) we get that

p'(s)
p(s)
w (s)

—aM H{s, —ds
[ Hne )(U(DE

=—Hml>@m+[ (s 1) /H (s D)ds

/Hst)()Cl()ds< /C"w()H(sth/ H(s, )22 o(s)ds

Set
p/ ; n—2W
Flw)y=|mVH+H~—|w—-—aMHo'c" *—+,
p

by simple calculate, we can get that when
/ [e3
(hl\/> +H p) rp

[M(a+1)Ho'on=2]’

w =

F(w) has the maximum value

/ a+1
<h1\/>+ H— ) rp
[M(a+1)Ho'o"2]*(a+ 1)’

that is

F(w) < Frae(w) = <h1+fp/>a+1H12a02(8)7

from above inequality, we get

/t " H (s £)p(5)Cr (5)ds < —H (en, (e

+ /t (hl(s,t) +VHGD ’:S;)aﬂ H'* (s, 6)Ch(s)ds.
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Letting ¢ — a; in the above, we obtain

o) / H(s,a,)p(s)C1(s)ds < —w(cy)

JrH(cnan)/a {m(s an) + H(Svan)f;(s)) a1

Multiplying (19) by H(t,s), integrating it with respect s from ¢, to ¢, using (4)
and by simple calculate we get that

/ H(t,s)p(s)Cr(s)ds < — / "(s)H (t, s) ds+/ H(t,s) pl(s)w(s)ds

< H(t,cn)w(cy)

+/ e, ) V) + 1,502 oy

—aM/Hts ”2();

< H(t7 Cn) (Cn)

t p’(s) ol 1o
+ /C {hz(t, s)+H(t,s) p(s)] H 7 (t,5)Cy(s)ds

Letting ¢ — b, in the above, we obtain

by
m H by, 5)p(s)Cr(s)ds < w(cp)
| " s S ' (s) ot Co(s) )
" H(bnacn) ~/cn |:h2(bn, ) + H(bn’ ) P(S) HQT_l rmS)d (21)



Interval Oscillation Criteria 29

Adding (20) and (21) we have the inequality

1 en )
H(cnan)/a H(s, an)o(s)Cr(s)ds + o | Hbny $)o(s)Ca(s)ds
# " s, a s, a P(s) o Ca(s) s

= H (¢, an) /a {hl(’ w) +VH (s an) p(S)} Hagl(s,an)d
# by, ) , pl(S) a+1 02(8) .
e | |t + VG et 2t
(22)

Which contradict the assumption (10). Thus, the claim holds, i.e., no nontrivial
solution of Eq. (1) can be eventually positive. Therefore, every solution of Eq. (1)
is oscillatory.

We can easily see that the following result is true.

Theorem 2.2. If there exists a positive, nondecreasing function p(t) € C([to, 00)),
such that for any constant M > 0,

t / a+1
tim sup /l {H(s,l)p(S)Cl(S)—(h1(s,l)+\FH(s,l)Z((Ss))) HQC;(Z,Z) ds > 0
(23)
and
im su ' s)p(s s) — S s p’(s) " Ca(s) S
ltﬁoop/l [H(t, )p(s)C1(s) (hz(t, )+ VH(t, )p(s)) o5 Ls ds >0
(24)

hold, where C1(t),Ca(t) is defined as in Theorem 2.1, then every solution of Eq.
(1) is oscillatory.

Proof. For any T > to, let a, = T, in (23) we choose | = a,, then there exist
¢n > ay such that

cn /(g a+1 (s
/ |:H(s, an)p(s)Ci(s) — (h1(s, an) + x/H(s,an);;((s))) Hfl (5) ds > 0.

2 (s,an)

n

In (24) we choose [ = ¢,, then there exist b, > ¢, such that

bn (s a+1 (s
/ [H(bn, s)p(s)Cr(s) — (hg(bn7 s)++/H(bn,s) pp((s))> Ha?l( ) ] ds > 0.

n
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Combining (25) and (26) we obtain (10). The conclusion thus comes from Theorem
2.1. the proof is complete.

Remark If we take p(t) = 0,n = 2,m = 1, f(z) = |z|* 'z, then Theorem 2.1
and Theorem 2.2 reduce to Theorem 2.1 and Theorem 2.2 of Li [7], respectively.
If (t) = 1,n = 2,a = 1, then Theorem 2.1 and Theorem 2.2 reduce to Theorem
2.1 and Theorem 2.2 of Zhuang and Li [19], respectively. For the case where
H := H(t—s) € X, we have hy(t — s) = ha(t — s) and denote them by h(t — s).
The subclass of X containing such H(t — s) is denoted by X7, applying Theorem
2.1 to X1 we obtain the following theorem.

Theorem 2.3. If for each T >ty and any constant M > 0, there exists a positive,
nondecreasing function p(t) € C'([tg,00)), H € X1 and an,c, € R such that T <

an < ¢, and
A
o ]

Cn / _ o+1 _
i / [h<8an>+ (s — a2 S)] Gl =)
an p(2¢ — 5) Hz (s—ay)

H(s —an)[p(s)C1(s) + p(2¢n, — 8)C1(2¢, — 8)]ds

(27)
hold, where C1(t),Ca(t) is defined as in Theorem 2.1, then Eq. (1) is oscillatory.

bn*an

Proof. Let b, = 2¢,, — ay, then H(b, — ¢,) = H(c,, — an) = H(

) and for

any g € Llay,, b,],we have fcb" g(s)ds = [ g(2c, — s)ds, hence,

bn cn
/ H(b, — s)p(s)Cy(s)ds = / H(s — an)p(2¢, — 8)C1(2¢, — s)ds,

[ o)
= [ (e Iy ) e

So that (27) holds implies that (10) holds for H € Xy, and therefore, Eq. (1) is
oscillatory by Theorem 2.1.

From above oscillation criteria, we can obtain different sufficient conditions
for oscillation of all solutions of Eq. (1) by different choices of H(t,s). Now we
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choose H(t,s) = (t —s)*,t > s > to, where A\ > « is a constant. Then H € X; and
h(t—s) = Mt—s)2 !, based on the above results we obtain the following corollary.

Corollary 2.1. FEvery solution of Eq. (1) is oscillatory provided that for any
constant M > 0, there exist a positive, nondecreasing function p(t) € C*([tg, 0))
such that for each I >ty and for some A > «, the following two inequalities hold:

t ’ a+1
h?lsololp t*%a /l [(s — D) p(s)Ci(s) — Ca(s)(s — )1 ()x + ;;((SS)) (s — l)) } ds >0,

t / a+1
Jim sup t*%/z {(t — 6)*p(s)Ci(s) — Cals)(t — 5)> (A IO S)) s> 0.

t—oo p(s)

where C1(t), Ca(t) is defined as in Theorem 2.1.

Define

and let
H(t,s) = [R(t) — R(s)]*, t > to,
where A\ > « is constant.

If we take p(t) = 1, then by Theorem 2.2 we have the following important
oscillation criterion.

Theorem 2.1. Assume that tlim R(t) = oo, then every solution of Eq.(1.1) is
— 00

oscillatory provided that for any constant M > 0, there exist a positive, nonde-

creasing function p(t) € C1([tg,00)) such that for each | > to and for some A >
the following two inequalities hold:

. 1 ¢ A , n—o o )\a+1
11§riso1ip R"—i‘l(t)/l [(R(s) — R(D]"C1(s)(c'(s)a" “(s))*ds > Mo(atD)ori(h—a)’
(28)
and
. 1 t , n_2 o )\aJrl
timsup o [ IR0 = REPC OO ()" 0) ds > 3oy
(29)

where C1(t), Ca(t) is defined as in Theorem 2.1.

Proof. By assumption, we have

hi(t,s) = ha(t,s) = A[(R(t) — R(s)]% 1
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noting that

Chas, DFIC(s) s nmapyags — [ ATTHE(S) = RO (s)
/l H*7 (s,1) (' (s)o™ (=) _/z P (s)Me (o + 1)+
ATL(R(t) — R
A — )Mo (o + 1)1

and

Chalt9)°TC(8) i nea yage [ ATHR) = R(s)A T r(s)
/l H%(t,s) ( ( ) ( )) d _~/l TQTH(s)MO‘(Oé-l-l)O‘"‘l
AT(R() = RO
(A —a)Me(a+ 1)1

in view of tlim R(t) = oo, we have
—00

. 1 K hl(sa l)a+102(s) / n—=2 « _ AOH_l
M e (r) /z HT (s,1) T = et D =)
(30)
and
. 1 P ho(t,s)°T1Co(S) L pas e At
M B r) /l B e O e e Ay
(31)

From (28) and (30), we have that

_ hl (S, l)a+102 (S)

(R(s) = R(1))*Ca(s) P
H™= (s,1)

(0 (s)0"(5))"ds =

1 t

limsupi/

t—oo RAT(1) J,
)\a+1

. 1 i A Iy =2 e
h?lsogp m/l (R(s)—R(1))*C1(s)(c'(s)d" "(s)) dS_MQ(a T = a) > (();)2)

i.e., (23) holds. Similarly, (29) and (31) imply that (24) holds. By Theorem 2.2,
every solution of Eq. (1) is oscillatory.
This complete the proof.

Example Consider the following equation :
(1) + (1= et =)D @) + (1 - e a(t = m) DY

() () = 0, > 1, (33)

+ to(n—1)+
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where n > 2 iseven and a > 0,8 >0, > 0,0 < v < 1.
) e
Here p(t) =1 — e # q(t) = o = 1,01(t) = ~t.
Then R(t) = [[dt =t —1,R'(t) = L, lim R(t) = oo, 01 () =7, if 0 <7 <
t

5
1
For p(() =1,A>a. If0<y < 2 then o(t) = o1(t) = ~t,

1
1 2
then o(t) = ~t. if 5 <7 <1, then o(t) =

Jim ﬁ / [(R(s) = ROPC1(s)(o' (s)0"2(s))" ds

. 1 t A ﬂe)\aps o n—2\a
= tlggom/l (s =0 e (1= p(ys))* (v(7s)" ") ds

1 t a(n—1)
~ lim 7/ (s M g
l

t— 00 (t _ 1))\7(1 gatl
N () S WAy
= 1 a(n—1) _ L 4
% (h — a)(f — 1)A—a-1 st X —a (34)

Next, we will prove that

/l [(R(t) = R(s)]*C1(s)(0" (5)0"(5))*ds
> /l[(R(S)—R(l)]AQ(8)(0'(8)0”_2(8))“d8- (35)

Let

G(t) = [ {[(R(t) = R(s)]* = [(R(s) = R(DI*}C1(5)(0" (s)0" 7% (5)) " ds

R R i e e I

. ge(n—1)+1opays

1
a(n—1) N A
B (=9 — (s = 1) g s

then G(I) =0, and for ¢t > [,

t
G’(t):ﬁfya(”_l)/l Mt—sP 1t ge (o

Sa+16;wrys totleoparyt

\%

a(n— 1 ! -
57 ( 1)W |:/l )\(t—S))\ 1d$—(t—l)>\

/B,Ya(nfl)

= ta—i—lep,a’yt [_(t - S)Alf - (t - l))\] = 0
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Hence G(t) > G(I) =0 for t > [, i.e., (2.31) holds. By (34) and (35), we have

1 t N ) ﬁ,ya(n—l)
}E}}OW/Z [(R(t) — R(s)]*C1(s)(0"(5)0™ % (s))"ds > 4
o )oc+1
Then for 5 > L, there exists A > a such that
er,-ya(n—l)
Ma,ya(n—l)ﬁ aat+l ot

A—a D= aatD T D—a)(at e

this means that
,ya(nfl)ﬂ - et
A—« Mo\ —a)(a+ 1)+’

so that (28) and (29) hold for the same A. Applying Theorem 2.4, we fined (33) is

a a+1
oscillatory for 8 > (a# If 1 <y <1, theno(t) = 4 use the same method
Ma,yoz(n—l) : 2 - 2’
o )a+1
a+1

above, we can get (33) is oscillatory for § > However, the main
Moc(i)a(n—l)

results of [2, 15] fail to apply to (33), since p # 0.
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