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Abstract. The aim of this work is to provide Green’s function for the Schrodinger

equation. The potential part in the Hamiltonian is piecewise continuous operator.

It is a zero operator on a disk of radius ”a” and a constant V0 outside this disk (in

two dimensions). We have used, to construct the Green’s function, the technique of

the integral equations. We have respected the boundary conditions of the problem.

The discrete spectra of the Hamiltonian operator have been also derived.

integral equations and Green Kernel and Bessel Transformation:

Abstrak. Tujuan utama dari penelitian ini adalah menyediakan fungsi Green untuk

persamaan Schrodinger. Bagian energi potensial dalam rumusan Hamiltoniannya

adalah operator yang piecewise continue. Operator tersebut merupakan suatu op-

erator nol pada cakram berjari-jari ”a” dan berjari-jari suatu konstanta V0 di luar

cakram terkait (dalam dimensi dua). Di dalam konsruksi fungsi Green, digunakan

teknik persamaan integral. Kondisi batas dari masalah juga diperhatikan. Spektra

diskrit dari operator Hamiltonian juga diberikan.

Kata kunci: Persamaan integral, Kernel Green, Transformasi Bessel
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1. INTRODUCTION

Green’s functions are very usefull in the studies of linear partial differential
equations and are widely studied from the point of view of fundamental solutions
of these equations. They provide a general method for solving the linear differ-
ential equations or equivalentely the integral equations. They are widely used in
quantum mechanics to discover the energy spectra of physical system. In math-
ematics the term Green’s functions is often given to solutions of an initial- or
boundary-value problem of a linear differential equation with a δ-function as an
inhomogeneous term. Some times we encounter, in various fields of mathematics,
physics, applied physics, and engineering, the terms: propagator, resolvent, resol-
vent kernel, signal function, point response function, or transfer function. These
terms are nothing but the Green functions spelled differentely with respect of the
field. Strictely saying, the Green function serves to find the output for a given
input. For this reason, one can understand why Greens functions are very useful
in many fields: in electromagnetism, hydrodynamics, acoustics, elasticity, quan-
tum mechanics, elementary-particle physics, etc.... Their usefulness is still growing
ascendentely today, as various numerical techniques increase to develop the calcu-
lations of Greens functions. Recall that there are usually several Greens functions
associated with the same equation. These difference is related to the boundary
conditions. Therefore it is important, when we search the Green function of the
linear differential equation, to specify the boundary conditions.
Before giving the directive of our paper, it is necessary to mention some works
which are closely related to our investigation. In [1], the Green’s function has been
studied for the thin circular Kirchhoff Poisson-plate. The Green’s function has been
also studied by [2] in three dimensions for a piecewise continuous potential possess-
ing a spherical symmetry. In [3]-[4] the Green’s function has been analyzed for the
elliptic domain. The quantum problem relative to scattering in two dimensions
was also treated asymptotically in [5]. Using the approximative methods, [7]- [6]-
[8]- [9] have treated the Green’s function problem. In this work we shall present,
an explicit calculation of the Greens function, for a piecewise continuous potential
presenting a circular symmetry. The technique of the integral equations and their
solutions with the help of the Bessel’s transform are the main results of this work.
In our work, we address the problem of a time-independant Schroedinger equation
on a disk with a piecewise continuous potential presenting a circular symmetry. In
quantum mechanics, if the potential is constant in a disk and equal to zero out-
side (or vice versa) the solution of the time-independant Schroedinger equation is
continuous and its derivative is discontinuous on the boundary (the edge) of the
disk. Specify one more thing in our problem: the time-independant Schroedinger
equation takes two different forms depending on whether it is inside the disk or
outside. This kind of problem matches in quantum mechanics to the study of a
particle subject to a potential which is a piecewise continuous possessing a circular
symmetry.
In Section 2, we present a theoretical framework in which our work is focuced. In
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particular we show how the Schroedinger equation transforms to an integral equa-
tion and how the latter can be solved using the Bessel’s transform. In section 3, we
calculate Greens functions corresponding to the potential zero on a disk and equal
to positive constant outside of the disk. It arises that the Bessel’s transform is
adequate to solve this kind of problems. In section 4, using the Bessel’s transform,
we calculate Greens functions corresponding to the potential equal to a negative
constant in the disk equal to zero outside of the disk. At the end, we finish this
work by conclusions in Section 5.

2. THEORETICAL PRELIMINARIES

2.1. Schroedinger equation. At first we consider the almost fundamental equa-
tion in physics: the Schroedinger equation in one dimension (D=1):

(−∆ + 2mV (x))Ψ(x, t) = 2mi
∂Ψ

∂t
(1)

This equation is annouced at the earlier of the development of modern physics
about one century ago. ∆ is the Laplacian in one dimension. V (x) must be a
measurable, real-valued and locally bounded function to ensure the regularity of
ψ(x, t) [10]. Its solution can be formally written as [11]:

Ψ(x, t) =

∫ +∞

−∞
K(x, t : y, 0)Ψ(y, 0)dy (2)

where Ψ(y, 0) is the solution of (1) at t = 0 that is to say the initial condition of
the problem of Schroedinger equation. K(x, t : y, 0) is the kernel of the problem
(2.1)(some theoretical physists name it the propagator or sometimes Green’s func-
tion, bien que la fonction de Green est la transforme de Fourrier de K par rapport
t). We need in the following, the free kernel K0(x, t : y, 0) coresponding to the free
Shroedinger equation −∆Ψ(x, t) = 2mi∂Ψ/∂t. The research of the solution of the
Schrodinger equation (1), turn out then to calculate the Green’s function satisfying
the following integral equation:

g(x,E : y) = g0(x,E : y)−
∫ +∞

−∞
dζ[g0(x,E : ζ)V (ζ)g(ζ, E : y)] (3)

where g(x,E : y) and g0(x,E : y) are Fourrier transforms of K(x, t : y, 0) and
K0(x, t : y, 0) respectively:

g(x,E : y) =

∫ +∞

−∞
K(x, t : y, 0) exp(iEt)dt

g0(x,E : y) =

∫ +∞

−∞
K0(x, t : y, 0) exp(iEt)dt

To solve the integral equation (3), we shall give, in the next step, some theoretical
tools.
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2.2. Hilbert’s problem. Let L be an infinite line whose equation is Re(s) = b.
Hilbert’s problem consists to find a piecewise analytic function ϕ piecewise analytic
with respect to the line L. We demand in further that this function has an incresing
behavior not great than polynomial at infinity and verifies the following equation:

Φi(z) = A(z)Φe(z) +B(z), zεL, (4)

where A(z) and B(z) are functions defined on the line L. Let Φi(s) and Φe(s) are
left and wright limits of Φ(s) solution of homgeneous Hilbert problem (B ≡ 0). We
assume, in addition, that A(z) have not zeros on the line L.

Hilbert’s Theorem
Consider A(z) a Holderian function on the line L whose equation is Re(z) = b, such
that A(z) not vanishes and verifies

|A(z)− 1| ≤ C

|z|γ
, γ > 0, zεL, (5)

and consider B(z) a second Holderian function on L such that

|B(z)−B(∞)| ≤ C

|z|γ
, γ > 0, zεL. (6)

then the only piecewise analytic solutions on the line L of Hilbert’s problem (4) are
given by:

ϕ(z) =
Φi(z)

2πi

b+i∞∮
b−i∞

B(s)

Φi(s)(s− z)
ds+ P(z)Φ(z), z /∈ L (7)

where Φ is the solution of the homogeneous Hilbert problem and Φi is given (for
any zεL) by

log[(z − β)pΦi(z)] =
1

2
log(A(z)(

z − β
z − α

)p)

+
1

2πi

b+i∞∮
b−i∞

log(A(s)(
s− β
s− α

)p)
ds

s− z
(8)

P(z) is some polynomial, and α, β are complexe numbers such that Re(α) > b and
Re(β) < b [12]

3. TWO-DIMENSIONS PROBLEMS

Consider the problem relative to the Schrödinger equation where the potentiel
term is a piecewise continuous: constant (zero) on a disk of radius ”a” and equal
to a constant V0 outside the disk. Let the following integral equation

gl(r, r
′) = g0(r, r′)− V0

∞∫
a

ζg0(r, ζ)gl(ζ, r
′)dζ (9)
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In view to solve the last integral equation, define new pair functions g+l (p, r) and

g−l (p, r) such that

g+l (p, r) = { gl(p, r) r < a
0 r ≥ a (10)

g−l (p, r) = { 0 r < a
−gl(p, r) r ≥ a (11)

then the integral equation (9) transforms as

g+l (r, r′)− g−l (r, r′) = g0(r, r′) + V0

∞∫
0

ζg0(r, ζ)g−l (ζ, r′)dζ (12)

Define Hankel’s transform of a function gl(r, r
′) viewed as a function of the variable

”r” by the following expression

Ĝl(p, r
′) =

∞∫
0

rJl(pr)gl(r, r
′)dr (13)

The Hankel transform applied to the equation (12) gives
∞∫
0

rJl(pr)g
+
l (r, r′)dr −

∞∫
0

rJl(pr)g
−
l (r, r′)dr =

∞∫
0

rJlpr)g0(r, r′)dr + V0

∞∫
0

rJl(pr)dr

∞∫
a

ζg0(r, ζ)g−l (ζ, r′)dζ (14)

A integral representation of the kernel g0(r, r′) is given by [13]

g0(r, r′) =

∞∫
0

exp[−2αε(
r2 + r′2

u
) +

u

2
]Il(4αε

rr′

u
)
du

u
(15)

by substituting (15) in (12) we obtain

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

∞∫
0

exp[−2αε(
r′2

u
) +

u

2
]
du

u

∞∫
0

rJl(pr)Il(4αε
rr′

u
) exp(

−2αεr2

u
)dr

+V0

∞∫
0

∞∫
0

exp[−2αε(
ζ2

u
) +

u

2
]
du

u
ζg−l (ζ, r′)dζ

∞∫
0

rJl(pr)Il(4αε
rζ

u
) exp(

−2αεr2

u
)dr (16)
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Using formula 6.633.4 [14], it is straighforward that

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

∞∫
0

exp[−2αε(
16α2ε2

8αε
− 2αε)

r′2

u
+
u

2
(1− p2

4αε
)]Jl(pr

′)
du

4αε

+V0

∞∫
0

ζdζ

∞∫
0

exp[−2αε(
16α2ε2

8αε
− 2αε)

ζ2

u
+
u

2
(1− p2

4αε
)]

Jl(pζ)g−l (ζ, r′)
du

4αε
(17)

or equivalently

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

=

∞∫
0

exp[(1− p2

4αε
)
u

2
]
du

4αε
[Jl(pr

′) + V0

∞∫
0

ζJl(pζ)g−l (ζ, r′)dζ] (18)

Under the condition 1 − p2

4αε < 0, the first integral in the last equation converges
and gives

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

2

(p2 − 4αε)
[Jl(pr

′) + V0

∞∫
0

ζJl(pζ)g−l (ζ, r′)dζ] (19)

then the integral equation (12) transforms under Hankel’s transform as

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

2Jl(pr
′)

p2 − 4αε
+

2V0
p2 − 4αε

Ĝ−l (p, r′) (20)

or

Ĝ+
l (p, r′)− [1 +

2V0
p2 − 4αε

]Ĝ−l (p, r′) =
2Jl(pr

′)

p2 − 4αε
(21)

By using the abbreviations

ε = E, 2α = m, we have 4αε = 2mE = k2, µ2 = k2 − 2V0 (22)

the equation (21) writes as

Ĝ+
l (p, r′)− [

p2 − µ2

p2 − k2
]Ĝ−l (p, r′) =

2Jl(pr
′)

p2 − k2
= b(p) (23)

Now, consider the decomposition [15]

p2 − µ2

p2 − k2
=

(p+ µ)(p− µ)

(p+ k)(p− k)
(24)

and put
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χ+(p) =
p− µ
p− k

, and χ−(p) =
p+ k

p+ µ
(25)

The Hilbert’s theorem asserts that the functions Ĝ+
l and Ĝ−l are determinated by

the case r′ > a :

Ĝ+
l (p, r′) =

χ+(p)

2πi

∫
L

b(τ)dτ

χ+(τ)(τ − p)
, where L is a closed contour (26)

=
2(p− µ)

2πi(p− k)

∫
L

Jl(τr
′)dτ

(τ2 − k2)( τ−µτ−k )(τ − p)
(27)

=
2(p− µ)

2πi(p− k)

∫
L

Jl(τr
′)dτ

(τ + k)(τ − µ)(τ − p)
(28)

By using the residue theorem and apply it at the points τ = −k and τ = p inside
the contour, we obtain

Ĝ+
l (p, r′) =

2B(k, µ, a)(p− µ)Jl(kr
′)

(p− k)(µ+ k)(p+ k)
+

2(p− µ)Jl(pr
′)

(p− k)(p+ k)(p− µ)
(29)

=
2Jl(pr

′)

(p− k)(p+ k)
+

2B(k, µ, a)(p− µ)Jl(kr
′)

(p− k)(µ+ k)(p+ k)
(30)

The inverse Hankel’s transform applied to the last equation for r′ > r > a gives

g+,+l (r, r′) = 2

+∞∫
0

pJl(pr)Jl(pr
′)dp

(p− k)(p+ k)
+

2B(k, µ, a)Jl(kr
′)

(µ+ k)

+∞∫
0

p(p− µ)Jl(pr)dp

(p2 − k2)
(31)

= −πJl(kr′)Yl(kr) +
2B(k, µ, a)Jl(kr

′)Jl(kr)

(µ+ k)
(32)

the same technique used for the case r′ < a gives:

Ĝ−l (p, r′) =
χ−(p)

2πi

∫
L

b(τ)dτ

χ+(τ)(τ − p)
, where L is a closed contour (33)

=
2(p+ k)

2πi(p+ µ)

∫
L

Jl(τr
′)dτ

(τ + k)(τ − µ)(τ − p)
(34)

Respecting the residue theorem for the points τ = µ and τ = p inside the contour,
we find
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Ĝ−l (p, r′) =
2(p+ k)Jl(pr

′)

(p+ µ)(p+ k)(p− µ)
+

2A(k, µ, a)(p+ k)Jl(µr
′)

(p+ µ)(µ+ k)(p− µ)
(35)

=
2A(k, µ, a)(p+ k)Jl(µr

′)

(p+ µ)(µ+ k)(p− µ)
+

2Jl(pr
′)

(p+ µ)(p− µ)
(36)

The inverse Hankel’s transform applied to the last equation for r < r′ < a gives:

g−,−l (r, r′) =
2A(k, µ, a)Jl(µr

′)

(µ+ k)

+∞∫
0

p(p+ k)Jl(pr)dp

p2 − µ2
+

2

+∞∫
0

pJl(pr)Jl(pr
′)dp

p2 − µ2
(37)

=
2A(k, µ, a)Jl(µr

′)Jl(µr)

(µ+ k)
− πJl(µr′)Yl(µr) (38)

the continuity of Green’s function at r = a allows to write:

g+,+l (a, r′) = g−,−l (a, r′) (39)

implies

−πJl(kr′)Yl(kr) +
2B(k, µ, a)Jl(kr

′)Jl(kr)

(µ+ k)
=

2A(k, µ, a)Jl(µr
′)Jl(µr)

(µ+ k)
− πJl(µr′)Yl(µa) (40)

the derivability gives

(
∂g+,+l (a, r′)

∂r
)r=a = (

∂g−,−l (a, r′)

∂r
)r=a

k(−πJl(kr′)Y ′l (kr) +
2B(k, µ, a)Jl(kr

′)J ′l (kr)

(µ+ k)
)

= µ(
2A(k, µ, a)Jl(µr

′)J ′l (µr)

(µ+ k)
− πJl(µr′)Y ′l (µa)) (41)

Using the symmetry properties of the Green’s function, we take A,B two functions
depending on a, we obtain the following system at r = r′ = a

g++
l (a, a) = g−−l (a, a) (42)

(
dg++
l (r, a)

dr
)r=a = (

dg−−l (r, a)

dr
)r=a (43)

that transformed as a system of two coupled equations, the first one is

−π(µ+ k)Jl(ka)Yl(ka) + 2B(k, µ, a)Jl(ka)Jl(ka)

= 2A(k, µ, a)Jl(µa)Jl(µa)− π(µ+ k)Jl(µa)Yl(µa)

(44)
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and the second is

−πk(µ+ k)Y ′l (ka)Jl(ka) + 2kB(k, µ, a)J ′l (ka)Jl(ka)

= 2µA(k, µ, a)Jl(µa)J ′l (µa)− µπ(µ+ k)Y ′l (µa)Jl(µa)

(45)

performing some calculus we find

A(k, µ, a) = (µ+ k)Z1(k, µ, a) (46)

where

Z1(k, µ, a) =
−2Jl(ka) + πaJl(µa)(kJ ′l (ka)Yl(µa)− µJl(ka)Y ′l (µa))

2aJl(µa)[kJ ′l (ka)Jl(µa)− µJl(ka)J ′l (µa)]
(47)

and

B(k, µ, a) = (µ+ k)Z2(k, µ, a) (48)

where

Z2(k, µ, a) =
−2Jl(µa) + πaJl(ka)(µJ ′l (µa)Yl(ka)− kJl(µa)Y ′l (ka))

2aJl(ka)[µJl(ka)J ′l (µa)− kJ ′l (ka)Jl(µa)]
(49)

then

g+,+l (r, r′) = −π[ Jl(kr
′)Yl(kr)− 2Z2

π Jl(kr
′)Jl(kr) ] (50)

and

g−,−l (r, r′) = −π[Jl(µr
′)Yl(µr)−

2Z1

π
Jl(µr

′)Jl(µr)] (51)

Mixing cases:

The case r′ < a < r: r′ inside the disk and r outside the disk
Following (28) we consider the pole τ = µ and we obtain

G−l (p, r′) = Jl(µr
′)[

2C(k, µ, a)

p− k
f(p) +

h(p)

(µ+ k)(p− k)
], (52)

where f(p) =
(p− µ)(µ+ k)

p+ k
and h(p) =

(−p)l(µ+ k)

kl(p+ k)
(53)

The inverse Hankel’s transform applied to the equation (53) gives

g+,−l (r, r′) = Jl(µr
′)W (k, µ, a, r) (54)

where

W (k, µ, a, r) = [2C(k, µ, a)

+∞∫
0

p(p− µ)Jl(pr)dp

p2 − k2
+

2

(−k)l

+∞∫
0

pl+1Jl(pr)dp

p2 − k2
] (55)

then after residue integration, we obtain

g+,−l (r, r′) = πJl(µr
′)[−Yl(kr) + C(k, µ, a)Jl(kr)] (56)
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Using the continuity of Green’s function at point r = a

g+,−l (a, a) = g+,+l (a, a) (57)

we have

Jl(µa)[−Yl(ka) + C(k, µ, a)Jl(ka)] = [−Yl(ka) +
2Z2

π
Jl(ka)]Jl(ka) (58)

from which we extract the constant C

C(k, µ, a) =
Yl(ka)

Jl(ka)
− 4

πa[µJl(ka)J ′l (µa)− kJ ′l (ka)Jl(µa)]
(59)

Finally we obtain the Green’s function for the case r inside the disk and r’ outside
the disk:

g+,−l (r, r′) = −π[Yl(kr)Jl(µr
′)− C(k, µ, a)]Jl(kr)Jl(µr

′)] (60)

The case r < a < r′: r inside the disk and r’ outside the disk
Following the formula (34) at the pole τ = −k

G+
l (p, r′) = −Jl(kr′)[

2D(k, µ, a)

(µ+ k)(p+ µ)
T (p) +

n(p)

(µ+ k)(p+ µ)
] (61)

where T (p) =
(k − p)(µ+ k)

(p− µ)
, and n(p) =

(−p)l−1(µ+ k)

kl(p− µ)
(62)

The inverse Hankel’s transform applied to the last equation gives

g−,+l (r, r′) = Jl(kr
′)[2D(k, µ, a)

+∞∫
0

p(p− k)Jl(pr)dp

p2 − µ2
+

2

(−k)l

+∞∫
0

pl+1Jl(pr)dp

p2 − µ2
]

(63)

= πJl(kr
′)[−Yl(µr) +D(k, µ, a)Jl(µr)] (64)

Respecting the continuity of the Green’s function at r = a we obtain

g−,+l (a, a) = g−,−l (a, a) then (65)

Jl(ka)[Yl(µa)−D(k, µ, a)Jl(µa)] = Jl(µa)Yl(µa)−
−2Jl(ka) + πaJl(µa)(kJ ′l (ka)Yl(µa)− µJl(ka)Y ′l (µa))

πa[kJ ′l (ka)Jl(µa)− µJl(ka)J ′l (µa)]
Jl(µa) (66)

D(k, µ, a) =
Yl(µa)

Jl(µa)
− Yl(µa)

Jl(ka)
+ (67)

−2Jl(ka) + πaJl(µa)(kJ ′l (ka)Yl(µa)− µJl(ka)Y ′l (µa))

πaJl(ka)[kJ ′l (ka)Jl(µa)− µJl(ka)J ′l (µa)]
(68)

D(k, µ, a) =
Yl(µa)

Jl(µa)
− 4

πa[kJ ′l (ka)Jl(µa)− µJl(ka)J ′l (µa)]
(69)

then

g−,+l (r, r′) = −π[ Jl(kr
′)Yl(µr)−D(k, µ, a)Jl(kr

′)Jl(µr) ] (70)
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4. TWO-DIMENSIONAL WELL POTENTIAL

This problem consists to consider in the Schrodinger equation, the potential
V (r) takes a negative value (−V0) inside the disk of radius a and takes zero outside
the disk. To this problem, corresponds the following integral equation

gl(r, r
′) = g0(r, r′) + V0

a∫
0

ζg0(r, ζ)gl(ζ, r
′)dζ. (71)

Define as before two auxilliary functions g+(r) and g−(r) as it follows

g+(r) = { g(r) r ≤ a
0 r > a

(72)

g−(r) = { 0 r ≤ a
−g(r) r > a

(73)

after what, the equation (71) becomes as

g+l (r, r′)− g−l (r, r′) = g0(r, r′) + V0

∞∫
0

ζg0(r, ζ)g+l (ζ, r′)dζ. (74)

Now define Hankel’s transformation of a function gl as

Ĝl(p, r
′) =

∞∫
0

rJl(pr)gl(r, r
′)dr (75)

and apply Hankel’s transformation to the equation (74)

∞∫
0

rJl(pr)g
+
l (r, r′)dr −

∞∫
0

rJl(pr)g
−
l (r, r′)dr (76)

=

∞∫
0

rJl(pr)g0(r, r′)dr +

∞∫
0

rJl(pr)dr

∞∫
0

ζg0(r, ζ)g+l (ζ, r′)dζ (77)

Using the same method as above, we obtain

Ĝ+
l (p, r′)− Ĝ−l (p, r′) =

2Jl(pr
′)

p2 − k2
+

2V0
p2 − k2

Ĝ+
l (p, r′) (78)

Ĝ+
l (p, r′)[

p2 − µ2
1

p2 − k2
]− Ĝ−l (p, r′) =

2Jl(pr
′)

p2 − k2
≡ B(p), µ2

1 = k2 + 2V0 (79)

the fractional decomposition gives

p2 − µ2
1

p2 − k2
=
F+

F−
where F+(p) =

p− µ1

p− k
, and F−(p) =

p+ k

p+ µ1
(80)

Respecting Hilbert’s theorem the functions Ĝ+
l and Ĝ−l are determinated by:
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for r′ ≤ a

Ĝ+
l (p, r′) =

F−(p)

2πi

∫
L

B(τ)dτ

F+(τ)(τ − p)
, where L is a closed contour (81)

=
p+ k

2πi(p+ µ1)

∫
L

2Jl(τr
′)dτ

(τ2 − k2)( τ−µ1

τ−k )(τ − p)
(82)

=
p+ k

2πi(p+ µ1)

∫
L

2Jl(τr
′)dτ

(τ + k)(τ − µ1)(τ − p)
(83)

apply the residue theorem at points ( τ = µ1 and τ = p inside the contour) we
obtain

Ĝ+
l (p, r′) =

2β(µ1, k, a)(p− k)Jl(µ1r
′)

(µ1 + k)(p2 − µ2
1)

+
2Jl(pr

′)

p2 − µ2
1

(84)

The inverse Hankel’s transform applied to the last equation, for r ≤ r′ ≤ a, gives

g++(r, r′) =
2β(µ1, k, a)Jl(µ1r

′)

µ1 + k

+∞∫
0

p(p− k)Jl(pr)dp

(p2 − µ2
1)

+ 2

+∞∫
0

pJl(pr
′)Jl(pr)dp

(p2 − µ2
1)

(85)

=
2β(k, µ, a)Jl(µ1r

′)Jl(µ1r)

(µ1 + k)
− πJl(µ1r

′)Yl(µ1r) (86)

the same way for r′ > a

Ĝ−l (p, r′) =
F+(p)

2πi

∫
L

B(τ)dτ

F+(τ)(τ − p)
, where L is a closed contour (87)

=
p− µ1

2πi(p− k)

∫
L

2Jl(τr
′)dτ

(τ + k)(τ − µ1)(τ − p)
(88)

apply the residue theorem at points ( τ = −k and τ = p inside the contour) we
obtain

Ĝ−l (p, r′) =
2α(µ1, k, a)(p− µ1)Jl(kr

′)

(µ1 + k)(p2 − k2)
+

2Jl(pr
′)

p2 − k2
(89)

The inverse Hankel’s transform applied to the last equation, for the case r > r′ > a,
gives

g−−(r, r′) =
2α(µ1, k, a)Jl(kr

′)

µ1 + k

+∞∫
0

p(p− µ1)Jl(pr)dp

(p2 − k2)
+ 2

+∞∫
0

pJl(pr
′)Jl(pr)dp

(p2 − k2)

(90)

=
2α(µ1, k, a)Jl(kr

′)Jl(kr)

(µ1 + k)
− πJl(kr′)Yl(kr) (91)

following the symmetry of the Green’s function, we take α, β as function of a, then
we obtain a sysem of two equations at r = r′ = a
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g++
l (a, a) = g−−l (a, a)

(dg++
l (r, a)/dr)r=a = (dg−−l (r, a)/dr)r=a (92)

that transforms as two coupled equations allowing to compute thereafter the coef-
ficients α and β

−π(µ1 + k)Jl(ka)Yl(ka) + 2α(k, µ1, a)Jl(ka)Jl(ka)

= 2β(k, µ1, a)Jl(µ1a)Jl(µ1a)− π(µ1 + k)Jl(µ1a)Yl(µ1a) (93)

−πk(µ1 + k)Y ′l (ka)Jl(ka) + 2kα(k, µ1, a)J ′l (ka)Jl(ka)

= 2µ1β(k, µ1, a)Jl(µ1a)J ′l (µ1a)− µ1π(µ1 + k)Y ′l (µ1a)Jl(µ1a) (94)

Solving the equations (93-94), we find

β(k, µ1, a)

µ1 + k
=
−2Jl(ka) + πaJl(µ1a)(kJ ′l (ka)Yl(µ1a)− µ1Jl(ka)Y ′l (µ1a))

2πaJl(µ1a)(µ1Jl(ka)J ′l (µ1a)− kJ ′l (ka)Jl(µ1a))
(95)

and

α(k, µ1, a)

µ1 + k
=
−2Jl(µ1a) + πaJl(ka)(µ1J

′
l (µ1a)Yl(ka)− kJl(µ1a)Y ′l (ka))

2πaJl(ka)(kJ ′l (ka)Jl(µ1a)− µ1Jl(ka)J ′l (µ1a))
(96)

by which we find the compact forms of g++(r, r′) and g−−(r, r′) in the following
expressions

g++(r, r′) = −π[Yl(µ1r)Jl(µ1r
′)− β(k, µ1, a)

µ1 + k
Jl(µ1r)Jl(µ1r

′)] (97)

and

g−−(r, r′) = −π[Yl(kr)Jl(kr
′)− α(k, µ1, a)

µ1 + k
Jl(kr)Jl(kr

′)] (98)

We mention at this step, that the spectrum of the hamiltonian operator, is given by
the poles of g++(r, r′). Then the spectrum is given by putting the denominator of
(95) equal zero. It is clearly that we have a transcendal equation to solve and then a
numerical method is required at this stage to find the spectrum of the Hamiltonian.
The cases r′ < a < r and r < a < r′ are also straightforward

g+−l (r, r′) = −πYl(kr)Jl(µ1r
′) + π[Q1]Jl(kr)Jl(µ1r

′) (99)

where

Q1 =
Yl(ka)

Jl(ka)
− 4

πa[µ1Jl(ka)J ′l (µ1a)− kJ ′l (ka)Jl(µ1a)]
(100)

and

g−,+l (r, r′) = −πJl(kr′)Yl(µ1r) + π[Q2]Jl(kr
′)Jl(µ1r) (101)
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where

Q2 =
Yl(µ1a)

Jl(µ1a)
− 4

πa[kJ ′l (ka)Jl(µ1a)− µ1Jl(ka)J ′l (µ1a)]
(102)

4.1. Infinite well problem. The following results are very required by physists
(quantum mechanics) and mechanists. The two-dimensional problems serve as
model to approach some realistic situation in differents problems encountred in
physics and mechanics. For instance, in quantum mechanics, the energy spectra is
the standard quantity to explore as it is very usefull to get all physical properties
of the system. Usually, the physists solve the differential equation, as eigenvalues
problem. Here we show the power tool of the integral equation in the demand of
the eigen values of the Hamiltonian operator. Let the following integral equation

Gl(r, r
′) = G0(r, r′) +

+∞∫
0

ζG0(r, ζ)V (ζ)Gl(ζ, r
′)dζ (103)

Gl(r, r
′) = G0(r, r′) + V0

+∞∫
a

ζG0(r, ζ)δ(ζ − a)Gl(ζ, r
′)dζ (104)

Gl(r, r
′) = G0(r, r′) + aV0G0(r, a)Gl(a, r

′) (105)

for r = a, we have

Gl(a, r
′) = G0(a, r′) + aV0G0(a, a)Gl(a, r

′) (106)

Gl(a, r
′) =

G0(a, r′)

1− aV0G0(a, a)
(107)

by substituting the last equation in (105) we get

Gl(r, r
′) = G0(r, r′) +

aV0G0(r, a)G0(a, r′)

1− aV0G0(a, a)
(108)

when V0 goes to infinity

Gl(r, r
′) = G0(r, r′)− G0(r, a)G0(a, r′)

G0(a, a)
(109)

This result is well known in differents papers [16]
The case r < r′ < a :

G0(r, r′) = Jl(kr)H
(1)
l (kr′) (110)

therefore

Gl(r, r
′) = Jl(kr)H

(1)
l (kr′)−

Jl(kr)Jl(kr
′)H

(1)
l (ka)

Jl(ka)
(111)

Gl(r, r
′) = Jl(kr)H

(1)
l (kr′)− Jl(kr)Jl(kr′)[1 + i

Yl(ka)

Jl(ka)
] (112)

Gl(r, r
′) = iJl(kr)[Yl(kr

′)− Yl(ka)

Jl(ka)
Jl(kr

′)] (113)
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the case r′ < r < a :

Gl(r, r
′) = Jl(kr

′)H
(1)
l (kr)− Jl(kr)Jl(kr′)[1 + i

Yl(ka)

Jl(ka)
] (114)

then

Gl(r, r
′) = iJl(kr

′)[Yl(kr)−
Yl(ka)

Jl(ka)
Jl(kr)] (115)

We retrieve then the results (113) and (115) by the use of the integral equation
theory. These results agree with the well known ones in the litterature [17]. In this
case, the spectrum is given by the poles of (115) that is to say by the root of the
transcendal equation Jl(ka) = 0, a result well known in quantum mechanics.

5. CONCLUSION

In this work we have calculated the Green’s function relative to the time-
independent Schroedinger equation. The potential part in the Hamiltonian is a
piecewise continuous operator obeying to a circular symmetry. We have used trans-
formed the Schroedinger equation to an integral equation. As the problem have a
circular symmetry, the polar coordinates are the adequate one tu use for this kind
of problems. To solve the resulted integral equation, we have used successfully the
Bessel’s transform. We have, with the help of this technique, to retrieve the Green’s
function of two problems: the irst one is related to a potential equal zero operator
on a disk of radius ”a” and a positive constant V0 outside this disk. The second is
related to a potential equal a negative constant −V0 on the disk of radius ”a” and
equal zero outside this disk. For each problem, we have calculated explicitely the
Green’s function in different regions of the plan. We have respected the boundary
conditions of the problems. The particular case of an infinite well has been derived
as a limit case of the second problem. The discrete spectra of the Hamiltonian
operator have been also derived.
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