J. Indones. Math. Soc.
Vol. 21, No. 2 (2015), pp. 77-82.

A CERTAIN SUBCLASS OF MULTIVALENT ANALYTIC
FUNCTIONS WITH NEGATIVE COEFFICIENTS FOR
OPERATOR ON HILBERT SPACE

ABBAS KAREEM WANAS

Department of Mathematics
College of Computer Science and Mathematics
University of Al-Qadisiya Diwaniya - Iraq

abbas.alshareefi@yahoo.co.uk

Abstract. By making use of the operators on Hilbert space, we introduce and study
a subclass Akp (v, 8,8, T) of multivalent analytic functions with negative coefficients.

Also we obtain some geometric properties.
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Abstrak. Dengan menggunakan operator-operator di ruang Hilbert, kami
memperkenalkan dan mempelajari suatu subclass dari fungsi analitik multivalen
Akp(a, 8,6, T) dengan koefisien negarif. Kami juga mendapatkan beberapa sifat

geometri mereka.

Kata kunci: Ruang Hilbert, fungsi analitik, himpunan konveks, titik-titik ekstrim.

1. INTRODUCTION

Let A, be the class of functions f of the form:

F(2) =27+ Y angp2™ P (peN={1,2,..}), (1)

n=1

which are analytic and p-valent in the open unit disk U = {z € C : |z] < 1}. Let
k, denote the subclass of A, consisting of functions of the form:

F(2) =2 = anip2™7 (ansy > 0,p €N ={1,2,..}), (2)
n=1
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Definition 1.1. A function f € k, is said to be in the class Ak,(«,3,0) if it
satisfies

£1(2) — per?
a(f'(z) =P +p—28

where 0 < a<1,0<8<p,0<d<1danz€U.

<0,

Let H be a Hilbert space on the complex field. Let T be a linear operator
on H. For a complex analytic function f on the unit disk U, we denoted f(T'), the
operator on H defined by the usual Riesz-Dunford integral [2]

1T) = 5 [ £G)ET - T)

where I is the identity operator on H, c is a positively oriented simple closed
rectifiable contour lying in U and containing the spectrum o(7") of T in its interior
domain [3]. Also f(T) can be defined by the series

> £(n)
=3 L0
n=0 ’

n

which converges in the norm topology [4].

Definition 1.2. Let H be a Hilbert space and T be an operator on H such that
T # 0 and |T|| < 1. Let o, B be real numbers such that 0 < o < 1, 0 < 8 < p,
0 < < 1. An analytic function f on the unit disk is said to belong to the class
Ak, (e, 8,0, T) if it satisfy the inequality

1£/(T) = pT? M| < dlla(f(T) = B) +p — B,

where () denote the zero operator on H.

The operator on Hilbert space were consider recently be Xiaopei [8], Joshi
[6], Chrakim et al. [1], Ghanim and Darus [5], and Selvaraj et al. [7].

2. MAIN RESULTS

Theorem 2.1. Let f € k, be defined by (2). Then f € Aky(«, 3,6, T) for allT # ()
if and only if
> (n+p)(1+6a)ansy, <5(p—B)(1+a). 3)
n=1
where 0 < a<1,0<8<p, 0<d<1.
The result is sharp for the function f given by
p_ (5(]?— ﬁ)(l +Oé) n+p

fz)==z mz , n>1. (4)
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Proof. Suppose that the inequality (3) holds. Then, we have
1F/(T) = pT? =] = dlla f(T) — B) +p — B

S0t P

n=1

< 370+ p)(1+ 80)ans, — 3(p — B)(a+a) < 0.
8,6.T)

Hence, f € Aky(a,
To show the converse, let f € Ak,(c, §,0,T). Then

1£(T) = pTP=H| < dllalf/(T) = B) +p — B,

gives

H =D (et p)ags, T

n=1

o0

S |lapTP~t — Z n+pan+T"+p1+p B(l+ «)

Setting T'=rI(0 < r < 1) in the above inequality, we get

Sy (N4 p)angpr" P

ES <0
apr=t =377 a(n 4 planypr™ P +p— B(1 4+ «)
Upon clearing denominator in (5) and letting » — 1, we obtain
> (n+p)anty <dp—B(1+a) =Y sa(n+p)anip-
n=1 n=1
Thus
> (n+p) A+ 6a)ans, < 5(p—B)(1+a),
n=1

which completes the proof.
Corollary 2.2. If f € Ak,(«,3,6,T), then

L p-P+a)
S (100"

Theorem 2.3. If f € Ak,(«,3,0,T) and |T|| <1, T # 0, then

i SO s <y < g+ 2= D0

(p+ 1)1+ da) (p+1)(1+da)

§||apTP=t — Z a(n +plan, TP +p— (1 + @)

I+
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and

p||T||p71 _ 5(}7 — ﬂ)(l + a)

p-B+a) .,
1+ da

1Tl <D < pITIP + = oo Il

The result is sharp for the function f given by

1@ =2 =0 7 6a) .

Proof. According to the Theorem 2.1, we get

- 6(p—B)(1+a)
z:: P S pE D +60)

Hence
£ = TP = angp | TP
n=1
> | TP —||T|P* Z Untp
d(p — ﬂ)(l +a)
> ||T|P - —II [
(p+1)(1+da
Also,

LA < ANTIP 4 ansp TN

n=1
o(p — 1+
< |T|P + w”mm
(p+1)(1+da)
In view of Theorem 2.1, we have
& 5(p— B)(1+a)
< .
S+ sy < LS
Thus
£/ > plITIP~ = (0 + p)ant, | TP
n=1
o0
>pITIP~ = TP D (0 + p)anty
n=1
o(p — 1
ZPHTHp_l _ (p /B)( +a> TP

14+ da Il



A Certain Subclass of Multivalent Analytic Functions

and

oo

P/ < pITIPH + TP Y (0 + p)andtsy

(o~ 5)(1 4 0)

< plT|P1
<p|T|P~" + 1+ 6a

1]®
Therefore the proof is complete.

Theorem 2.4. Let fo(z) = 2P and

(S(p B 6)(1 + Oé) Zn-i—p
(n+p)(1 + déa)

Then f € Aky(w, 8,9, T) if and only if it can be expressed in the form

n=0

n>1.

)

fn(z> =2 -

where A, > 0 and >0 o A, = 1.

Proof. Assume that f can be expressed by (6). Then, we have

_Oo _ D Ooa(p_6>(1+a) n+p
z)—ngo)\nfn(z)—z —;mkanr.

Thus

o0

(n+p)(1+a) 3(p = A1 +a) |
nzoé(pfﬁ)(lJra)( )(1+6a Z/\ =1-X <1,

and so f € Akp(a, 5,9,T).

n=0

Conversely, suppose that f given by (2) in in the class Aky,(«, 3,9,T).

Corollary 2.2, we have

< d(p—B)1+a)
"= (4 p)(1+da)

Setting
Ap =

and Ao =1—>>", \,. Then

n=0

This completes the proof of the theorem.

Theorem 2.5. The class Aky(c, 3,6,T) is a convex set.
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Proof. Let fi and fz be the arbitrary elements of Ak,(«, 3,9, T). Then for every
t(0 <t <1), we show that (1 —1¢)f1 +tfo € Ak,(e, 8,0,T). Thus, we have

e}
I—-t)fi+tfo=2"— Z (1 = t)antp + thyyp) 2"P.
n=1
Hence,

Z(” +p)(1+0a) (1 = t)antp + thnyp)

n=1

o0
(1—1) Z n+p) 1—|—(50¢)an+p—|—tz n—+p)(1+ 0a)bytp

n=1

<A =1)dp-B1+a)+td(p—-pF1+a)

This completes the proof. O
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