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Explicit Formulas for the Anti-Trace of 3-by-3 Matrix
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Abstract. We study the anti-trace—the sum of anti-diagonal entries—of powers
of 3-by-3 matrices. Unlike the ordinary trace, the anti-trace has no spectral charac-
terization, so closed forms for the anti-trace of matrix powers are valuable. Starting
from the Cayley—Hamilton recurrence for matrix powers and solving a trivariate
generating function, we derive explicit closed-form expressions whose coefficients
are signed multinomial combinations of the sums of principal minors and their anti-
principal counterparts. The formulas are purely algebraic and remain valid over
any commutative ring. As a structural application, we analyze block anti-diagonal
matrices of size 3m-by-3m.
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1. INTRODUCTION

The trace of a matrix is the sum of its diagonal entries and appears throughout
mathematics and its applications. In particular, traces of matrix powers arise in
network analysis, number theory, dynamical systems, and control [I]. For instance,
in a connected simple graph the total number of triangles equals Tr(A3)/6, where
A is the adjacency matrix [2]; for integer matrices one has the Euler congruence

Tr(AP") = Tr(Aprfl) (mod p")
for all primes p and r € N; and in dynamical systems and control, traces of matrix

polynomials enter Lefschetz numbers and Lyapunov equations [3|[4]. Because Tr(A)
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equals the sum of eigenvalues, Tr(A™) is spectrally transparent: it is the sum of
eigenvalues raised to the nth power.

By contrast, the anti-trace T'r,(A)—the sum of the anti-diagonal entries—has
no analogous spectral identity. In the absence of such a formula, computing
Trq(A™) by first forming A™ is expensive and obscures structure. Recent work ad-
dresses special cases for traces (e.g., tridiagonal or persymmetric matrices [5] 6} [7])
and gives closed forms for 2 x 2 powers in terms of trace and determinant [8, [9].
For anti-trace, [10] obtained a 2 x 2 formula involving trace, anti-trace, and deter-
minant. To the best of our knowledge, explicit closed forms for Tr,(A™) beyond
2 x 2 have not been written down in a way that is both exact and ring-valid.

To clarify the contribution of this work relative to the existing literature,
we emphasize that earlier studies on traces or anti-traces of matrix powers of-
ten rely on eigenvalue-based methods or recursive computational techniques over
the real or complex numbers. In contrast, the present paper provides genuine
explicit closed-form formulas with explicitly described multinomial coefficients, de-
rived via a generating-function framework combined with the Cayley—Hamilton
theorem. The approach avoids spectral arguments entirely and remains valid over
arbitrary commutative rings.

Organization. Section 2 recalls basic notions (trace/anti-trace and generating
functions). Section 3 develops the generating-function method and presents the
closed forms. The same section records the block—anti—diagonal consequences.

2. PRELIMINARIES

We assume familiarity with standard linear algebra. This section records the
notation and basic tools used later. Throughout, R denotes a commutative ring
with identity, and M, (R) the ring of n X n matrices over R. For readability we
sometimes specialize to R = R in examples, but every algebraic identity below
holds over R.

2.1. Trace and anti-trace.
For A = [a;j] € M,(R), the trace is

T’I"(A) = i Qi
i=1

It is linear and cyclic: Tr(aA+B8B) = aTr(A)+ S Tr(B), and for any conformable
matrices
T’I“(XlXQ-'-XT) :TT‘(XQ--'XTXl). (1)

When R is a field— or R C F embeds in a field F—then over an algebraic closure of
F, Tr(A) equals the sum of the eigenvalues of A counted with algebraic multiplicity;
see [11].

The anti-trace is the sum of the anti-diagonal entries,

Tra(A) = ain + az n—1 + -t ant.
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Let J € M,(R) be the exchange (reversal) permutation matrix with ones on the
anti-diagonal and zeros elsewhere. Then J? = I and J ' = J, and

Tro(A) = Tr(JA) = Tr(AJ). 2)

Forn=3,J= ( gé), s0 Trqa(A) = a13 + as + asy, consistent with [10].

OO

2.2. Generating functions and multinomials.

Given a univariate sequence (f,,)n>0, its ordinary generating function (OGF)
is F(x) =), fn2z". For a three-term linear recurrence fy,13 = afni2 +bfny1 +
cfn with fixed a, b, ¢, the OGF satisfies

(1 — ax — bx® — ca®) F(z) = a polynomial determined by fo, f1, fo.
We will also use trivariate OGF's of the form
il? Y, 2 Z Hi,j, kxiyjzkv
i,7,k>0
together with the multinomial coefficients
r d
= — i,j,k>0,i+j+k=nr.
(Hk> ik Bk 20 vty

All generating functions are formal power series (no convergence issues). These
tools let us encode and solve the coefficient recurrences appearing later.

3. MAIN RESULTS

The goal of this section is to obtain an explicit closed formula for the anti—trace
of powers of 3 x 3 matrices over R via generating functions, and to record structural
consequences for block—anti-diagonal matrices.

Let
ail a2 a13
A= |ax ax a3 | € Ms3(R),
aszy Q32 ass
and let A;; denote the submatrix obtained by deleting the jth row and kth column.
Write Sy, for the sum of the k x k principal minors:

S1 = ar1tagetazs = Tr(A), Sy = det(Aq1)+det(Aaz)+det(Ass), S3 = det(A).
Likewise, define the anti—principal minors
Q1 = ag1+ass+tais = Tr.(A), Q2 = det(Asy)+det(Ags)+det(As3), Q3 = det(A).
Note that S3 = Q3. Now, by the characteristic equation of A,
AP — S1A% + Soh — S3 =0,
and by Cayley—Hamilton,
— S1 A% 4 Sy A — S3T = 0.
Hence, for all n € N,
A3 = G A2 G AT L G A, (3)
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Applying the linear functional Tr, to yields the third—order recurrence
Tro(A"T3) = 8 Tr (A"2) — Sy Tr (A" + S5 Tr (A™), n>0. (4)

3.1. Anti—trace formula via generating functions.
Using (4) we compute the first ten values of Tr,(A™):

TABLE 1. Tr,(A"™) from the recurrence

[n [ Tra(A")
L [ (D)
2 [ Q1(S1) +Q2(1) —
3 1 QST — Sz)+c22(sl) S3(51) + 55
4 [ Qi(St —25:(51) + 33) + Q2(ST — S2) — S2(SF) + 55 + S5(S1)
5 Q1(54 —355(57) + 53 +255(51)) + Q2(S7 — 252(S1) + S3) — S2(57)

+253(S1) — 25253 + S3(S3)

6 Q1(Sf — 45’2(5%) + 353(81) + 353(5%) - 25253) + CQQ(Si1 — 352(812) + 522 + 253(51))
—S5(S) +3S3(SF) + S5(St) — S5 — 48255(S1) + S5

7 [ Q1(SY —552(ST) +653(S7) — S5 + 455(S%) — 65255(S51) + S3)
+Q2(S? — 452(S3) + 352(S1) + 353(5%) — 25253)
_52(515) + 53(5%) + 4535? — 65253(8%) — 353(51) =+ 25%(31) + 35’%53

8 | Q1(ST —652(S7) +1053(5%) + 5S55(S1) — 125253(57) — 455 (51) + 355(S1) + 35355)
+Q2(S% — 585(ST) + 453(S3) + 653(S7) — 65255(S1) — S5 + 52)
—55(8%) + S3(52) 4 553(S1) — 85255(S3) — 655(57) + 353(S%) + 95353(S1) + S5 — 35253

9 | Q1(S —752(S%) +655(ST) + 1557(ST) — 205255(S7) — 1055 (S7) + 652(S7)
+1255555(S1) + S5 — 3592553)

+Q2(S7 — 6S2(S3) + 5S3(St) 4 1055(S3) — 125255(S7) — 455(S1) + 353(S1) + 35353)
—55(ST) + S3(SY) + 653(S?) — 1052.53(ST) — 1055 (S5) + 453 (S3)

+185355(S3) + 453(S1) — 95255(S1) — 45355 + S5

10 | Q1(ST — 852(ST) + 755(S%) + 2153(ST) — 305255(ST) — 2053 (S7) + 1053(S5)

+3055595(S7) + 553(S1) — 125253 (S1) — 45555 + S3)

+Qa(SE — 78985 + 65753 + 155152 — 2055.53(SF) — 1055 (S?) + 65752 + 12515255 + S5 — 35253)
—52(S8) + S3(ST) + 753(S%) — 12575253 — 155155 + 553(S1) + 305255(S3) + 105755
—1859553(St) — 1659555(S1) + 35155 — S5 + 65353

The pattern suggests

Tra(A") = Q1 > i kSiSISE | + Q2 > BiykSisssy
i+2j+3k=n—1 i+2j+3k=n—2
+ Z ik S1 535, (5)
i+2j+3k=n

with o j k, Bij ks Vi,j,k depending only on (i, j, k).
e Term o ;1
Using equation , the coefficients of S%.53S% on both sides implies

Qijk = Qi—1,j,k — Qi j—1k T Qi jk—1



where i, j, k > 1. Define a generating function Fj(x,y, z) as follows

{E y Y, 2 E azgkxy Z
1,4,k>0

Accordingly, we obtain
Fi(z,y,2) —xFi(z,y,2) T yFi(z,y,2) — 2Fi(z,y,2) =2 —y + 2 (6)
The above equation is true since for ¢+ j+% > 2 the function oy ;1 satisfies
ozi7j,kmiyjzk - ozi_l’j,kxiflyjzka: + aiﬁj_ljkxiyjflzky — Q k-1 szk lz2=0
Therefore, by equation @ it implies

rT—Yy+z
l-z+y—=z

=(x—-y+2) <1+Z x—y—i—z)t)
E T (aharons)

t=1 ki+ko+kz=t

= (z—y+2) <1+Z ) (1)k2<k171§2,k3)xk1yk%k3>
)=+

Fl(xay7z) =
m—y+z

t=1 ky+ko+ks=t
Then, it follows that
i+j+k—1 iafititk—1 fititk—1
ik = (=1 —-1)!
i = )< 1)k -tk )TV
. —1 ] -1 L+ 7 -1
_(~1) Z—|Tj+]€' n z—¢.-j'+k . H}—jﬂ—k
2_17]7k Zvj_lvk 27.77k_1
. (i+j+k—1) 1 1 1
— (1) L4
W (Do ya Ge w5

-0 (= e ()

B (i 45+ k)!
= (=1 ik

o yfitatk
(1)< i,J,k

As a conclusion, the function o ;1 can be written as

(it+it+k
=0 (10 g

o Term ;1
Without loss of generality, the same technique is applied in order to find



Bi,jk- It yields a similar expression as o j -

Bisn = (—1) (z +J7+ k)

i,k ®)

o Term ~; ;1
Interestingly, using the same method for finding v, ; ;. differs slightly from
the other cases. By comparing the coefficient of SiS5S5 on both sides and
using equation 7 this implies for 4, j, k > 1.
Vigk = Yi-1j.k = Vij—1,k T Vigjk—1
Define the following generating function
Fy(z,y,2) = Z Vight'y 2
i,5,k>0
Consequently, it results
F2(xa yaz) - IFQ(JI,y, Z) + yF2(x?y7 Z) - ZF2($7ya Z) =-—y+z (9)
The above equation is true since for i 4 j+& > 2 the function +; ; i satisfies
Vi gy 2 =y e Ty e ety T Y — ety 22 = 0
Therefore, by equation @ it implies
—y+z
l—z+y—=z

=(-y+2) <1+Z(x—y+z)t>
:(_y+z)<1+§: 2 (khéb%)xh(_whz%>

t=1 ky+ko+ks=t

B (_y " Z) <1 " Z Z (_1)k2 <k1 ;2 kS)xklyk22k3>

t=1 ki+ko+kz=t

Fg(x,y,Z) =

Then, it follows that

L fititk—1 itirk—1
i :__1317’ —1)7
e == (I cap (TR

() ()
- (=5t (7 5)

-0 (i (e )

(i+j4+k—1)
— (L=




U (1)
(i+7+k)\ 44,k
As a conclusion, the function v; ;5 can be written as
o U+k) [ititEk
Yigk = (—1)].(.)< 7 >
(G+7+k)\ 4,4,k
For example, if 7121 = 9, then the coefficient of 515283 is 9 in Tr,(A®)
and this is true based on Table [Tl

To sum up, by substituting equations , , and into equation ,
hence the explicit formula for anti-trace is obtained and stated in the following
theorem.

(10)

Theorem 3.1. For a 3 x 3 matriz A and positive integer n,

TroA =i Y (_1)j<ifi+k)s;sgs§

i, 7,k
i+2j+3k=n—1 005

vl 2 (T ) sisgsy
i+2j4+3k=n—2 (ENE
+ (—l)jw<i+.j:+k>sisgs§.
i+2j+3k=n (i+j+k)\ 4,5k
O
Example 3.2. Let

Then
Sl = 6, 52 = det(Au) + det(AQQ) + det(Agg) = ].].7 Sg = det(A) = 6,

and the anti—principal sums are
Q1 = az; +ase + a1z =4, Qs = det(Agl) + det(AQQ) + det(A13) = —1.
Since A is upper triangular with (1,3) entry 2, one checks directly that
(A")13 =3" -1, (A")22 =27, (A™)31 =0,
hence
Tre(A") =2"4+3"—1 foralln>1.
We now compare with the theorem.

e For n =4, the table/recurrence gives
T’I‘a(A4) = Ql(Sf — 25551 + S3) + QQ(S% —S) — 525% + SS + 5351

=4(216 —2-11-6+6) + (—~1)(36 — 11) — 11-36 + 11> +6 - 6
= 96,
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which matches 2* +3* —1=16+81 — 1 = 96.

e Forn =25,

Tra(A%) = Q1(S] — 35257 + S5 +25351) 4+ Q2(S7 — 25,51 + S5)
5,5 + 2525, — 25,55 + 55,57
— 4(1296 —3-11-36 + 121 +2-6-6) + (—1)(216 — 2- 11 6 + 6)
—11-216+2-121-6—2-11-6+6-36
— 274,

which matches 2° +3%° —1 =32+ 243 — 1 = 274.

3.2. More results on block—anti—diagonal matrices.
We investigate the anti-trace of powers of block—anti—-diagonal 3m x 3m ma-
trices with 3 x 3 blocks.

Theorem 3.3 (Even number of blocks). Let m be even and

0 o - 0 A,
o o --- A,.1 O
A= K : R Ay € M3(R)
0 Ay, --- 0 0
A 0 .- 0 0
Then for allmn > 1:
(i) Trq(A?") = 0.
(Z’L) T’I"a (A2n+1) = Z T?“a((Amle,iAi)n Am+17i) .
i=1
Proof. A direct block multiplication shows
A2 = diag(AmAl, AmflAQ, ey AlAm).

Hence A" is block-diagonal for every n. When m is even, the global anti-diagonal
of the m x m block grid passes between diagonal blocks,

(AmAl)n 0 0 0 0
0 (A1 A)™ - 0 0
A% = : : . : :
0 0 o (A0
0 0 . 0 (A1 Ap)"

Then every entry on the (full) anti-diagonal of A" is zero; thus Tr,(A%*") = 0.



For odd powers, we have

0 0 . 0 (AmAy)" A,
0 0 e (Am—1A2)nAm—1 0
A2l : : ) : :
0 (AgAp_1)" Ay - 0 0
(A1 Ap)" Ay 0 - 0 0

As we can see, A?"*! has nonzero blocks exactly on the block anti-diagonal:

(A2n+1)i,vrz+1—i = (A7n+1—iAi)n Am+1—i-
Along the full matrix anti diagonal, one picks out the anti-diagonals of these blocks

yleld T’I" A2n+1 ZTTa m+1—i 1)” Aerlfi) O

Example 3.4 (Even number of blocks). Take m =2 and

0 A . .
A= , A; = diag(1,2,3), A, =diag(4,5,6).
A0
Then

A? = diag(A2A;, AyAy) = diag(diag(4, 10, 18), diag(4, 10, 18)).

Because m 1is even, the global anti-diagonal of A?" passes through off-diagonal
blocks only; hence Tro(A?™) = 0. In particular, Tr,(A?) = 0.

For odd powers,

5 (A2A1A2 0

0 A1A2A1) — T’I‘G(AS) = TTa(AgAlAQ) —+ T’I“a(AlAQAl).

Since the anti—trace of a diagonal 3 x 3 matriz diag(d,ds, ds) equals da, we get
Tro(A2A1A2) =50,  Tre(A1AsA;) =20,  Tre(A%) =10,

exactly as predicted by Theorem[3.3(ii) with n = 1.

Theorem 3.5 (Odd number of blocks). Let m be odd and ¢ = L. With A as
above, for allm > 1:

(i) Tro(A%") = Tra([Ac]Q")

(ii) Tro(A2HY) = Tr,([A.)20H1) ZTra m1—iAD)™ Amii—i).
z;ﬁc
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Proof. As before, A?" is obtained via direct block multiplication,

(AmAl)n 0 0 0
0 (Am—1A2)n 0 0
AQTL: [AC]QTL
0 0 (A2Amfl)n 0
0 0 0 (AlAm)”

When m is odd, the global anti-diagonal meets only the central diagonal block, so
Tr,(A%) reduces to the anti-trace of [A.]?".

For odd powers, we have

0 0 0 (Am AD)™ Ar,
0 0 c e e (A1 A9) Ay 0
2n+1
A - [AC]2n+1
b (asAmayrds LT 5 5
(AlAm)nAl 0 0 0

So, A?"*1 = A2m A has nonzero blocks on the block anti-diagonal with

(Am+1-iAi)" Apy1-i, 1 # ¢,
[Ac)> T i=c.

(A2, i = {

Taking the sum of the anti-traces of these blocks along the full anti-diagonal gives

Tra(A2n+1) = Tra([Ac}szrl) + ZTTQ((Am—&-l—iAi)n Am+1—i)
iZe
([l

Example 3.6 (Odd number of blocks). Let m = 3 with central index ¢ = 2 and

0 0 A
A=|0 Ay 0], A; = diag(1,2,3), Ay = diag(4,5,6), As = diag(7,8,9).
A 0 0

Then
A? = diag(As Ay, A3, A1A3)
so the global anti—diagonal meets only the middle block. Therefore
Trq(A?) = Tr,(A3) = Tr,(diag(16,25,36)) = 25,
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confirming Theorem[3.5(i) for n = 1.
For odd powers,
AzA1A; O 0
A3 = 0 A3 0
0 0 AjAsA
and hence, using Tr,(diag(dy,ds, ds)) = da,

TT'a(A3) :T’I“a(Ag) + T’I“a(AgAlAg) + T’I“a(AlAgAl)
=125 4+ 128 4 32 = 285,

which matches Theorem [3.5(it) with n = 1.

3.3. Computational Remarks.

For a single numerical instance (A,n), computing A™ by exponentiation by
squaring and then taking T'r, is typically faster than evaluating the closed form.
A 3 x 3 matrix power by squaring uses ©(logn) matrix multiplications; each 3 x 3
multiplication costs a fixed number of scalar operations (e.g., 27 multiplies and 18
additions in the naive scheme), so the overall cost is ©(logn).

By contrast, the closed form

. -
Tra(A") = Q1 > i kSiSiSy | + Q2 > BiikSisiss
i+2j+3k=n—1 i+2j+3k=n—2
i @J ok
+ Y 7kSiSES,
i+2j+3k=n

has ©(n?) terms. Indeed, the number of triples (i, j, k) € N3 with i +2j +3k =n
is

[n/3] 2

MOESY ({";MJ +1) - 71‘—2 +0(n),

so a direct evaluation of the multinomial sums scales quadratically in n (after a one-
time extraction of S1, S92, 53, @1, Q2 from A). This explains the observed timings:
for a single large n with floating-point entries, the direct method is usually faster.

However, the closed form remains computationally useful in exact and mod-
ular arithmetic. Over general commutative rings (e.g., Z, Z/p"Z, or polynomial
rings), the recurrence/closed form permits exact computations and congruence ar-
guments; forming A™ numerically would either be impossible or unreliable. The
structural block anti-diagonal identities in Subsection 3.2 also reduce large problems
to 3 x 3 blocks, which a direct power need not reveal.

In summary, for a single floating-point instance (A, n) the direct method is
often the fastest (O(logn)), while the closed form (and its induced recurrence) is
preferable for symbolic/modular settings, when many values T'r,(A™) are required,
or when exploiting block structure.
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4. CONCLUSION

We developed an exact, generating—function approach for computing the
anti—trace Tr,(A™) of powers of 3 x 3 matrices over R, yielding closed formu-
las whose coefficients are multinomial combinations of principal and anti—principal
minors. The key point is that anti-trace admits an algebraic treatment via the
Cayley—Hamilton recurrence; no spectral information is required. In the block
setting, the resulting identities are driven purely by placement along the block
anti—diagonal, and they therefore remain valid over any commutative coefficient
ring. Practically, the formulas avoid forming A™ and the block rules let one read
off anti—traces from constituent 3 x 3 blocks. Natural next steps include extend-
ing the coefficient description beyond 3 x 3, studying congruence refinements, and
exploring additional structured classes.
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