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Abstract. We consider a finite graph with vertex set V(G) and edge set E(G). Let
G be a graph of order n and f be an edge k-labeling that is a mapping from the set
of edged of G to the set of numbers from 1,2, ..., k. The labeling f is called modular
irregular labeling of the graph G if there exist a bijection wy : V(G) — Z, defined
by wy(u) = 3, pep ) f(uv) (mod n) where Zn is a group of integer modulo n.
The modular weight of a vertex u € V(G) is the value of wys(u). The modular
irregularity strength of G, denoted by ms(G), is defined as the smallest integer k
such that G admits a modular irregular labeling with k£ as its maximum label. In
this research, we focus on the corona product of a circulant graph with a null graph
of order p, we have results for the corona product of G and H where G is a d-regular
graph containing a perfect matching and H is a graph of order 3 by determining
the modular irregularity strength ms(G©® C3) =n+1 and ms(Go (P2UP;)) = 37"
Lastly, we find the modular irregularity strength ms(G ® Ps) = [%-‘

Key words and Phrases: modular irregular labeling, modular irregularity strength,
circulant graph, regular graph, corona product.

1. INTRODUCTION

Graph labeling is an assignment of numbers to vertices or edges (or both) [I].
Many types of graph labeling have been studied, which can be found in a graph
labeling survey by Gallian [2]. In this research, we consider a finite graph G that
has a set of vertices V(G) and a set of edges E(G). Let G be a graph of order n. A
graph G is called a regular graph if every vertex of G has the same degree and an
irregular graph if every two distinct vertices of G has different degrees. It is easy to
see that having an irregular simple graph is impossible. Motivated by an irregular
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graph, Chartrand et al. [3] defined an edge labeling f : E(G) — {1,2,...,k},k € N,
such that the weights for every two distinct vertices are different where the weight
of vertex u € V(G) is defined by wy(u) =3_,,cpe,) f(uv), where E(u) is the set
of edges in F(G) incident with w as an irregular labeling of G. The irregularity
strength of G, denoted by s(G), is defined as the smallest integer k such that G
admits an irregular labeling with k as its maximum label. If there is no possible
irregular labeling for G, then the irregularity strength of G is defined to be infinity,
that is, s(G) = oo. One clear example of a graph without irregular labeling is a
graph with isolated edges. Chartrand et al. give the lower bound of this invariant
for any connected graph of order greater than 3 as follows.

Theorem 1.1. ([3]) Let G be a connected graph of order greater than 3 having n;

vertices of degree i, then
i +i—1
s(G) > max {nl +? } )
1<i<A(G) i

In 2020, Baca, Muthugurupackiam, Kathiresan, and Ramya introduced mod-
ular irregular labeling [4]. Let G be a graph of order n and f is an edge k-labeling,
f: B(G) = {1,2,...,k},k € N. The labeling f is called modular irregular la-
beling of the graph G if there exist a bijection wy : V(G) — Z, defined by
wy(u) = X, epw) f(w) (mod n) where Z, is a group of integer modulo n. The
modular weight of a vertex u € V(G) is the value of wy(u). The modular irregular-
ity strength of G, denoted by ms(G), is defined as the smallest integer &k such that
G admits a modular irregular labeling with &k as its maximum label. Similarly to
the strength of the irregularity, if G has no modular irregular labeling, the mod-
ular irregularity strength of G is defined as infinity, that is, ms(G) = oco. By the
definition of modular irregular labeling, it is easy to see that any modular irregular
labeling of G is also an irregular labeling for G. Hence, we have the following.

Theorem 1.2. ([4]) Let G be a graph without isolated edges. Then, s(G) < ms(G).

Not all graphs have modular irregular labeling. Characterization such that
a graph does not have modular irregular labeling is also shown in [4]. In Theorem
1.3, the characterization is given.

Theorem 1.3. ([4]) If G is a graph of order n,n = 2 (mod 4), then G has no
modular irregular labeling, that is, ms(G) = co.

Several classes of graphs have been shown to have modular irregularity label-
ing. The modular irregularity strength of several classes of graphs, namely cycle,
star, triangular path, and gear graphs have been determined in [4]. Then, as an ex-
tension of the previous result of the cycle graph, the modular irregularity strength
for the corona product of a cycle graph with a null graph has been determined in
[5].

Recently, Barack et al. [0] determined the modular irregularity strength for
the corona product of a regular graph containing a 1-factor with a null graph of
odd order or with a path graph of order 3.
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Theorem 1.4. ([6]) Let G be a regular graph of order n containing a 1-factor and
K, be a null graph of odd order p. Then

ms(G © K,) = pn.

Theorem 1.5. ([6]) Let G be a regular graph of order n containing a I-factor, and
Ps5 be a path graph of order 3. Then

ms(GO P3) =n+1.

There are more results on modular irregularity strength of family graphs,
such as path graph, cycle graph, star graph, double-star graph, friendship graph,
generalized book graph, rose graph, daisy graph, sunflower graph, and firecracker
graph [4 [7, 8, @], [I0]. There are also results on the modular irregularity strength
of some dense graphs, such as complete graph and complete bipartite graph [11].
For disconnected graph, the modular irregularity strength of some disjoint copies of
graphs has been obtained, such as cycle graphs, sun graphs, middle graph of cycle
graphs and friendship graphs [12] [13].

Let n be an integer and let s;, i = 1,2,...,k be a strictly increasing sequence
of positive integers, with s; < L%J , Vi=1,2,...,k. The graph G of order n with
the vertex set V(G) = {0, 1,...,n — 1} and the edge set E(G) = {(u,v),v =
u+s; (modn),u € V(G),1 < i < k} is called the circulant graph, denoted by
Cn(s1,82,-..,8k). The circulant graph C, (1) gives the cycle graph C,,, and the
circulant graph C,, (1, 2,..., L%J) gives the complete graph K, [14].

As the cycle graph is a particular case of a circulant graph, in this research we
extend the previous result from ms (C,, ® K,) to ms (Cy,(1,2) ® K,). As a result
of Theorem Barack, Sugeng, Semanicova-Fenovéikova, and Baca have found
ms (G ® K3). We now determine ms(G'® H) where G is a regular graph containing
a perfect matching G and H = C5 or H = P> U P;. These results will complete
ms(GO H) for G is a regular graph containing perfect matching G and H is a graph
of order 3. We also extend the previous result of ms(G © P3) with ms(G © Ps).

2. MAIN RESULTS

Theorem 2.1. Let C,,(1,2) be a circulant graph of order n > 4 and let K, be a
null graph of order p. If (p+ 1)n # 2 (mod 4), then ms (Cn(L 2) @Fp) = pn.
Proof. Let

V(Cn(1,2) © Kp) = {as, bij: 1 <i<n;1 <j<p}

E(Cn(1,2) © Kp) = {aiais1, aiaiq2,a:ib;j: 1 <i<mn;1 < j <p}

be the vertex set and edge set of C,(1,2) ® K, where a; are the vertices of
the circulant graph C,(1,2) and b; ; are the pendant vertices. It is evident that
|V (Cn(1,2) ® Kp) | = (p+1)n. Therefore, according to Theorem if (p+1)n=2
(mod 4), ms (Cn(172)®7p) = oco. Let a1 = ap_1, ap = ap, apr1 = ay, and
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Gp+2 = ag. For the case where (p 4+ 1)n £ 2 (mod 4), the proof will be divided
into 2 cases, for odd p and even p. For odd p, define the edge labeling ¢ as follows.
plaibi;) = 4" ‘ . . ‘
jn+1—12 1<i<n;jeven,2<j<p—1.

Then, for the labeling of the edge a;a;+1 and a;a;42, we further divide into 3
subcases.

(1) Forpn——lz 0 (mod 4) orpn—;z (mod 4),
pn — Po=
p(aia;t1) = { J 1<i<n
bn —
p(aiait2) = { -‘ 1<i<n

)
{ngf],iolegign,

n—~—5— . .
P 2J, i even,2 <1 < n,

n — =1
w(a;aira) = \‘p42J , 1<i<n.
(3) For pn — 5% =3 (mod 4),
mep%lJ iodd,1<i<mn
1 ) y L S0 T
P(aitit1) = § Fpp_pot
[ 42—‘, i even,2 < i <n,

n— =1
p(aiaire) = {“—‘ , 1 <i<n.

Observe that in each case we obtain that ¢ is a pn-labeling.
Since the vertex b; ; is a pendant vertex, the weight of b; ; is the same as the
edge label that incident with it, that is:

n+1—4 1<i<n;jeven,2<j<p-—1.

wy(bij) = plaib ;) = {

The edges that are incident with the vertex a; in C,,(1,2) ® K, are the edges that
are incident with a; in C,(1,2) and the edges a;b; j,j7 = 1,2,...,p. Hence, the
modular weight of vertex a; under the labeling ¢ is:
P
wy(ai) = p(aiait1) + p(ai-1a;) + p(aiaiv2) + elai—2a;) + Y p(aibi ;)
j=1
n(p—1)(p+1)

=pn—+1t+ 9

=pn+i (mod (p+ 1)n).
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We find that the vertex weights are all distinct, and the set of all modular weights
of vertex v € V (Cy(1,2) © Kp):
{we () :v eV (Cu(1,2) 0K,)} = {wy(a):1<i<n}
U{wy(bij):1<i<n,1<j<p}
= {O,pn+L,pn+2,...,(p+1)n—1}
u{1,2,...,pn}
= {0,1,2, ...,(p+1n—1}.
Hence, ¢ is a modular irregular labeling for C,,(1,2) ® K,. and we can conclude
that:
ms (Cn(l, 2) @E) < pn. (1)
For even p, define an edge labeling ¢ as follows.
n+1—4, 1<i<n;jeven, 2<j5<p.

P(aib; ;) = {

Then, for the labeling of the edge a;a;1 and a;a;12, we divide furthermore into 3
subcases.

(1) For n =0 (mod 4),

; 1<i<z
a,a. - ’ . - _2’
#(aiait1) {2Ln+2}—zj+1, n<i<n,
¢( ) pn, 1=1,2 (mod 4), 1< <n,
a;a; = n— ; )
+2 ¥_17 i=0,3 (mod4), 1<i<n

Observe that for this subcase we obtain that ¢ is a pn-labeling.
Since the vertex b; ; is a pendant vertex, then the weight of b; ; is the
same as the label of the edge that incident with it, that is:

jn—m+1i, 1<i<mn;jodd, 1<j5j<p-1,
jn+1_l7 1§1Sn7jeven72g,7§p

wy(bi ;) = laibi ;) = {

The edges that incident with the vertex a; in C,(1,2) ® K,, are the edges
that are incident with a; in Cy(1,2) and the edges a;b; j, j = 1,2,...,p.
Hence the modular weight of vertex a; under the labeling ¢ is:

p
we(a;) = ¢laiaign) + ¢lai1a;) + Plaiaira) + dlaisai) + Y plaibi ;)
j=1
pn + 17 Z == 1,
pn — 2+ 2, 2<i< 5 +1,
we(a;) = T
(p+1)n—1, Z—§+2,
pm+1+2(n—1+14), F+3<i<n



We have that the vertex weights ar
weights of v € V (Cr(1,2) © K,):

{wy (v) 10 €V (Cr(1,2) ®Kp) }

e all distinct, and the set of all modular

{wg(a;) : 1 <i<n}
U{we(b; ;)11 <i<n,1<j<p}
{0,pn+1,pn+2,...,(p+1)n—1}
u{1,2,...,pn}

{0,1,2, ..., (p+1)n—1}.

Hence, for this subcase, ¢ is a modular irregular labeling for C,(1,2) ® K,

and we can conclude that:

ms (Cn(1,2) ® K) < pn.

Forn=1 (mod 4),

way = dille+2)n—(p-2
Plair) { 0+ 2~ (-2

P(aiaiy2) =pn, 1 <i<n.

= )=

4

)+ (i —=1),
) +2 [

Observe that for this subcase, we obtain that ¢ is a pn-labeling.
Since the vertex b; ; is a pendant vertex, then the weight of b; ; is the

same as the label of the edge that
jn—n+1,

wg (bi ;) = d(aibi;) = {jn 1

incident with it, that is:

1<i<njjodd, 1<j<p-1,
I <i<n;jeven, 2<j<p.

The edges that incident with the vertex a; in Cy,(1,2) ® K, are the edges

that are incident with a; in C,,(1,
Hence, the modular weight of vert

we(ai) = Plaaiyr) + dlai—1a;) + ¢(
pn+1,
pn — 2 + 23,

wg(ai) =

Ep+Dn+2(p+1)n,
pn+2n+3—2i,

We have the vertex weights are
weights of v € V (C,,(1,2) © K, :

{w¢(’l})ZUEV(Cn(172)®fP>} =

2) and the edges a;b; ;, j =1,2,...
ex a; under the labeling ¢ is:

) D-

p
aiit2) + $lai2a;) + > dlaibi ;)

j=1
i=1,
2<q< ol
i= " 41,

il 42 <i<n.

all distinct, and the set of all modular

{wg(a;) : 1 <i<n}
Ufwg(bij):1<i<n1<j<p}
{0,pn+1L,pn+2,...,(p+1)n—1}
u{1,2,...,pn}
{0,1,2,...,(p+1)n—1}.



Hence, for this subcase, ¢ is a modular irregular labeling for C,(1,2) ® K,
and we can conclude that:

ms (Cn(1,2) ® K)) < pn.
(3) Forn =3 (mod 4),

3)

i,
2[es=r] 1, 2

1
2<Mi2)+d)—L1§i§n

Observe that for this subcase, we find that ¢ is a pn-labeling.
Since the vertex b; ; is a pendant vertex, the weight of b; ; is the same
as the label of the edge that incident with it, that is:

P(azaiz1) = {

$(aiaiss) =

l<i<mn;jeven, 2<j<p.

jn—n+41,
n+1—1,

wy(bij) = laib; ;) = {

The edges that are incident with the vertex a; in C,,(1,2)® K, are the edges
that are incident with a; in Cp(1,2) and the edges a;b; ;, j = 1,2,...,p.
Hence, the modular weight of vertex a; under the labeling ¢ is:

p
$(aiaip1) + dai1a;) + d(aiaiv2) + plaisa) + ) $laibi;)

we(a;) =
j=1
pn+ 2, 1 =1,
war) = zn—3—|—2i7 iiig%ﬂ,
EBp+1n+(p+1)n, == +1,

pn+2n+4— 24,

We have the vertex weights are
weights of v € V (C(1,2) ® K,)

{wy (v) v eV (Cu(1,2) 0K} =

ol 4y 2<i<n.

all distinct, and the set of all modular
{wg(a;) : 1 <i<n}
Ufwe(bij):1<i<n1<j<p}
{0,pn+1,pn+2,...,(p+1)n—1}
U{1,2,...,pn}
{0,1,2, ...,(p+1)n—1}.

Hence, for this subcase, ¢ is a modular irregular labeling for C,(1,2) ® K,

and we can conclude that:

ms (C(1,2) ® K) < pn.

The modular irregularity strength

(4)

of C(1,2) ® K, is at least pn because

Cn(1,2)®K, has pn pendant vertices, and each pendant vertex must have a different

weight, that is:

ms (C(1,2) ® K) > pn.

()
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From ,,,,and , we can conclude that:
ms (Cn(1,2) ® K,) = pn.
O

As the circulant graph C,,(1,2) is also a regular graph containing a perfect
matching whenever n is even, for the case where n is even and p is odd, it is
a corollary of Theorem The example of Theorem for modular irregular
labeling in some corona product of circulant graph and complement of a complete
graph is shown in Figure [I] below.

FIGURE 1. The modular irregular labeling of Cs(1,2) ® K5 with
ms (Cs(1,2) ® K3) = 24 and the modular irregular labeling of
Cs(1,2) ® Ky with ms (Cs(1,2) © K>) = 16.

Theorem 2.2. Let G be a d-reqular graph of order n with d > 1 containing a
perfect matching and Cs be a cycle graph of order 3, then

ms(G© C3) =n+ 1.

Proof. Let G be a d-regular graph of order n,d > 1 containing a perfect matching

M(G). Leta,;, i =1,2,...,nbethe verticesof Gand b; ;,i =1,2,...,n, 1 =1,2, 3

be the vertices of an i-th copy of C3, adjacent to a;. For simplicity, let b; 4 = b; 1.
We define an edge labeling 7 as follows.

1; 1§Z§7’L7]:1’
T(bijbiji1) =<n+1, 1<i<n, j=2,

Z.a 1S’L§n7j:3,

]-a ].S’LS’IL]:]_’

T(aibj) =<n+1—i, 1<i<n, j=2,
n+1a 1S1Sn7j:3,



) = {V;J , e € B(G)\ M(G),
2n—(d—1) | %], ee M(G).
Observe that the maximum value of the labeling 7 is n + 1. Hence, we see that 7
is a (n + 1)-labeling.
The weight of the vertex b;;, 1 <4 < n,1 < j < 3 can be calculated as
follows

wr(bi1) = 7(aibi1) +7(bi1bia) +7(bighi1) =14+14+i=1i+2,
wr(bi2) = T(abi2)+ 7(bi2bis) + 7(bi1bi2)

= n+1—-9)+n+1)+1=2n+3—14,
wr(bm) = T(aibi,S) ( i, sz 1) ( i 2bi,3)

= n+)+i+(n+1)=2n+2+1,
Hence, we get the set of modular weights of vertex b; ;, 1 <i <n,1 < j <3, which

is

R

{wr;(bi;): 1<i<n,1<3j<3}=4{3,4,5,....,3n+2}. (6)

The edges that are incident with the vertex a; in G ® C3 are the edges that
are incident with a; in G and the edges a;b; j, 1 < j < 3.. Therefore, the modular
weight of the vertex a; under the labeling 7 is:

We get

wr(a;) =1+ n+1—14)+(n+1)+(d-1) R;’J +on—(d—1) K;%J

=4dn+3—1
And the set of modular weight of the vertex a;,1 <1i < n, is
{wr(a;): 1<i<n}={4n+2, 4n+1, 4n, ..., 3n+ 3} ™
=1{0,1, 2, 3n+3,3n+4,...,4n — 1}.
From @ and , we have the set of all modular weights of v € V(G ® Cs):
{w:(v) :veV(GOCs)} = {wr(a;): 1 <i<n}U{w,(bi;):1<i<n1<j<3}
=1{0,1,2,3n+3,3n+4,...,4n — 1} U {3,4,5,...,3n + 2}
=1{0,1,2,...,4n — 1}.
Therefore, 7 is a modular irregular labeling of G ® C3, and we can conclude that

ms(G © Cs) <n+ 1. (8)
Using Theorem [1.1] and Theorem [1.2] gives us

3n—1 n—1
mS(G@Cg)>S(G@C3)>maX{ 3 +1’7‘+3+1}
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ms(GOCs) >n+ g
Since modular irregularity strength of a graph must be an integer, we have
ms(G © Cs) >n+ 1. 9)
From and (@, we can conclude that
ms(G © Cs) =n+ 1.
O

Theorem 2.3. Let G be a regular graph of order n containing a perfect matching
and P, U Py be a disjoint union of path graph of order 2 with path graph of order

1. Then

Proof. Let G be a d-regular graph of order n containing a perfect matching M (G).
Let a;,1 =1,2,...,n be the vertices of G, b;,7 = 1,2,...,n be the vertex of an i-th
copy of P, adjacent to a;, and ¢; j,¢ =1,2,...,n,j = 1,2 be the vertices of an i-th
copy of P, adjacent to an a;. For simplicity, let H = P, U P;.

We define an edge labeling A as follows.

Acincip) = g +i, 1 <i<n,

noo1<i<nj=1
A i) = 2 >t x>, )
(aices) {3; 1<i<nj=2,
_ )Ll e € E(G)\ M(G),
Ae) =
n—(d—-1)]2], eeM(G).

It is clear that the maximum value of the labeling A is 37”, so A is a %—labeling.

The edge incident with the vertex b;,¢ = 1,2,...,n is only the edge a;b;, hence the
weight of the vertex b;,i =1,2,...,nis

and the set of modular weight in modulo 4n is:

{wx(b;) :1<i<n}=1{1,2,...,n}.

The edges incident with the vertex ¢; ;, i = 1,2,...,n,j = 1,2 are the edge a;c; ;
and c; 1¢; 2, therefore the weight of the vertex ¢; ;,7=1,2,...,n,j =1,2is
’(U)\(CiJ) = )\(aicm) + )\(Ci7107;72) = % + g +Z =n-+ ’i, 1 S 7 S n,

’(U)\(Cig) = )\(aici’z) + A(CZ‘JCLQ) = 3771 + % +1=2n+ i, 1 S ) S n.
Hence, the set of modular weight in modulo 4n is:

{wr(ei;):1<i<n1<j<2}={n+1,n+2,...,3n}.
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Lastly, the edges that incident with the vertex a;,i = 1,2,...,n are the edges
a;c; j,j = 1,2, the edge a;b;, and the edges that incident with a; in G, hence the
weight of the vertex a;,7 =1,2,...,nis
wx(a;) = Maicin) + Maiciz) + Aabi) + Y Ae)
e€Eg(a;)
n  3n

=S+ St {ZJ—FH—(d—l) L%J = 3n+i

Hence, the set of modular weight in modulo 4n is:
{warla;):1<i<n}={0,3n+1,3n+2,...,4n — 1}.
So, we have that the set of modular weights of all the vertices of G ® H is
{wr(v):ve GOH} = {wx(a;):1<i<n}U{wr(b;):1<i<n}
Ufwa(cij):1<i<n, 1<j<2}
= {0,3n+1,3n+2,....4n —1}U{1,2,...,n}
U{n+1l,n+2,...,3n}
= {0,1,2,3,...,4n — 1}
Therefore, A is a modular irregular labeling of G ® H, and we can conclude that
3
ms(G © H) < . (10)
To minimize the greatest label used, the greater weights must be in the
vertices with the greatest degree. Because G ® H has 1 as its minimum de-
gree, the weight 0 must be obtained at least by 4n. Suppose that the weights
of 3n + 1 up to 4n are located in the vertices of GG, because there are n vertices
with deg(v) = A(G ® H). Then, the weight of the vertices from H must consist of
1 to 3n. Let ms(G ® H) = s. Since we want to minimize s, the weight n + 1 to 3n
must be located in the vertices of degree 2, so we get

25 > 3n
3n
s > =5
Hence, we get the lower-bound
ms(G o H) > 3?” (11)
By and , we can conclude that
ms(GOH)=ms(Go (PUP)) = 3?”
O

Theorem 2.4. Let G be a reqular graph of order n containing perfect matching,
and Ps be a path graph of order 5. Then

ms(G © P5) = F”; 1} .



12

Proof. Let G be a d-regular graph of order n that contains a perfect matching
M(G). Let a;,i=1,2,...,n be the vertices of G and b; ; be the vertices of an i-th
copy of Ps, adjacent to an a;.

We define an edge labeling ¢ as follows.

1, 1<e<n,j=1,
|2, n=0 (mod6),1<i<n,j=23,
@(bijbij+1) = § rsmis =

[kl n=24 (mod6),1<i<mn,j=23,
’fl+1, ISZSW’)]:ZL
1, 1<i<n,j=1,
L%J*’L 1<i1<n,5=2,
2n+1 ; =0.4 d6),1<i<n,j7=3

(b(a/zb ,]) |72n3+1—| + 7:7 n ) (mO ) > ) >~ TL7] ’
| - |+ n=2 (mod6),1<i<n,j=3,
2] +n+1—4, 1<i<n,j=4,
[%d*2J7 n=0 (mod6),ec E(G)\M(G),
n 9 (d_l)r?d_QJ, n=0 (mod 6),e€ M(G),

oe) = 4 17522 n=2 (mod 6),c € B(G) \ M(G),

5n42 (d*l) L57§j1‘2J7 n=2 (mOdG)SGM( )
E=]N n=4 (mod 6),e€ E(G)\ M(G),
R -@-D %3], n=4 (mod6)ee M(G)

Observe that the maximum value of the labeling ¢ is |—
that ¢ is a {%1—labeling.

The weight of vertex b; ;, 1 <i <n,1 < j <5 can be calculated as follows
For j =1.

5";‘ 11. Hence, we obtain

wy (bi1) = daibin) + d(bibi2).
For j = 2,3, or 4.
wg (bi,5) = dlaibi ;) + ¢(bibij+1) + d(bij—1bi ;).
For j =5.
wy(bi5) = ¢aibis) + ¢(biabis).
Hence, we get
41, 1<i<n,j=1,
2n+1+41, 1<:<n,j=2,
we(bij) =<4n+1+4, 1<i<n,j=3,
An+2—-1, 1<i<n,j=4,
M+2—i, 1<i<n,j=5.
and the set of modular weight of vertex b; j,1 <7 <n,1<j <5, is
{wy(bi;):1<i<n1<j<5}={2,34,... 5n+1}.
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The edges that are incident with the vertex a; in G ® Ps5 are the edges that
are incident with a; in G and the edges a;b; j,1 < j < 5.. Therefore, the modular
weight of the vertex a; under the labeling ¢ is:

we(ai) =Y laibiy)+ Y dle).
j=1

e€Eg(a;)
Hence, we get
we(a;)) =dn+1+14, 1 <i<n.
The set of modular weights of the vertex a;,1 <i <mn, is
{we(a;): 1<i<n}={bn+2,5n+3,...,6n,6n+1}
={0,1,5n+2,5n+3,...,6n — 1}.
We have the set of all the modular weights of v € V(G ®@ Ps):
{wg (v) v e V(GO P} = {wela;): 1 <i<n}
U{wg (i) : 1<i<n,1<j<5}
= {0,1,6n+2,5n+3,...,6n—1}U{2,3,...,5n + 1}
{0,1,2,...,6n —1}.
Therefore, ¢ is a modular irregular labeling of G ® Ps5, and we can conclude that
5n + IJ

ms(G @ Ps) < { (12)

Using Theorem [I.1] and Theorem [I.3] gives us

2n—1 3n—1 n—1
GOoOP)>s(Go Ps) > 1 1 1
ms(G © Ps) >s(GO 5)_max{ D) +1, 3 + ’7‘+5+ }

2
ms(G © Ps) >n+ 3

Since ms(G © Ps) must be an integer, we have ms(G ® Ps) > n + 1.

Suppose that there exists an n + l-modular irregular labeling ¢ of G ® Ps.
The weight of vertices of degree 2 or 3 is in the range 2 < wg (v) < 2n+ 2 or
3 < wg (v) < 3n, respectively. Observe that only 3n + 2 weights are available for
these vertices, but the number of vertices of degree 2 or 3 is 5n. So, there must be
some vertices that have the same weight. Therefore, ms(G ® P5) > n + 1.

To increase the lower bound, we use a different approach. We can safely
assume that the highest weight must be in the vertices to the greatest extent to
minimize the highest label used k. Because G® Ps has 2 as its minimum degree, the
weights 0 and 1 must be obtained at least by 6n and 6n + 1, respectively. Suppose
that the weights of 5n+2 up to 6n+1 are located in the vertices of GG, because there
are n vertices with deg(v) = A(G ® Ps). Then, the vertices of P; must ”cover” the
weights from 2 to 5n + 1. Let ms(G @ Ps) = s. Since we want to minimize s, we
get that

3s>bn+1
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on+1
- 3
Hence, we get the new lower-bound
5 1
ms(G ® Ps) > { o w (13)
From and we can conclude that
5 1
ms(G @ Ps) = { n;— —‘ )
O

3. CONCLUDING REMARKS

In this research, we determined the modular irregularity strength for C,,(1,2)®
K, that is, ms (C’n(l, 2)® Fp) = pn, which we proved in Theoremby construct-
ing the modular irregular labeling for C,,(1,2) ® K, and show the lower bound for
its modular irregularity strength. We completed the previous result on the modular
irregularity strength for the corona product G ©® H, where G is a d-regular graph
containing a perfect matching G and H is a graph of order 3, as follows.

3n, if =~ K,
ms(G O H) =4 3, if H~ P,U P,
n+1, fHPyor H(C5andd> 1.

Lastly, we also determined the modular irregularity strength for the corona
product of a regular graph containing a 1-factor G with a path graph of order
5, ms(G ® Ps) = [2%tL]. Further research can be conducted to determine the
modular irregularity strength for the corona product of the circulant graph and the
complement of complete graph for other parameters of the circulant graph, e. g.
Cn(1,k) ©® K, or the modular irregularity strength for the corona product of the
graph G with path P, for m # 3 or m # 5.
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