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Abstract. Building upon the works proposed in [I] and [2], we introduce an ad-
vanced version of regularized proximal point methods to solve nonlinear complemen-
tarity problems (NCP). Our contribution is characterized by two key innovations.
Firstly, we introduce an innovative square root quadratic term as part of the regu-
larized subproblem framework, replacing the commonly used logarithmic quadratic
term. Secondly, we implement the conjugate gradient algorithm in two stages: the
intermediate step and the correction step. This dual approach employs two op-
timal descent directions with two step lengths to achieve multiplicative progress
in each iteration, significantly accelerating convergence. We establish the global
convergence of our innovative algorithm, under the condition that F' exhibits mono-
tonicity. Initial numerical experiments are presented to confirm the algorithm’s
practical effectiveness.
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1. INTRODUCTION

NCP seeks to identify a vector x € R™ satisfying
x>0, F(zr)>0 and 2T F(z) =0, (1)

F represents a nonlinear function from R"™ onto itself. This study considers
F(x) to be continuous and monotone with respect to R’}. Additionally, it is as-
sumed that the solution set for , represented by Q*, is not empty.
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Richard W. Cottle’s introduction of NCP marked in his Ph.D. thesis during
the early 1960s. Since then, complementarity problems have captured the interest of
researchers, leading to numerous publications that lay down the essential theoretical
foundations of this field (see [3, 4]). A standard approach to addressing the NCP
involves identifying a vector z* € R’ such that 0 € O(z*), where the operator
O(z) = F(z) + Cry (z). Here, Cry (.) denotes the normal cone to the nonnegative
orthant.

A widely adopted strategy for tackling the NCP is the PPA method. This
method starts with an arbitrary z° € R7 and 8, > 8 > 0, generates z**! for
solving :

(PPA) 0 € BO(x) + Vauq (z,2%) . (2)
with
k 1 k(|2
a(e.%) = 3o =¥ ®)

Recently, numerous studies have focused on developing innovative interior
point methods to address NCP. These methods share a common characteristic
which enforce the new iterates {z*'} to stay in the interior of R",. Auslender,
et al. [5] have proposed a new type of proximal interior algorithms via replacing
the quadratic function by diste(x,2*) which could be defined as

disty(z,y) = Zy?d) (y;lxj) .
j=1

Let v > u > 0 be two predetermined constants, let

¢(t):{;/(t1)2+ugo(t) if ¢>0

400 otherwise

where ¢(t) is a p-divergence function that respects these necessary aspects:

1) The function ¢ is assumed to be twice continuously differentiable within
the interior of R".
2) The function ¢ exhibits strict convexity throughout its defined domain

3) tim W _

r—0+ dz
dp(1

4) @(1):$:0and = > 0.

Ld?p(1) d®p(1)

5) There exists v € (2 107 dg?

1\ (d*p(1) dp(t) _ d*p(1)

1—- t—1)) < < t—1) Vi>O0.
< t>( dx? +u )>_ de — dz? ( )

In [6], Auslender, et al. A specialized logarithmic-quadratic proximal (LQP) al-

gorithm has been employed by leveraging by using ¢;1(t) = t — log(t) — 1 in the

definition of ¢(t) (with v =2, u = 1).

(1)

) such that
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Later on, Noor and Bnouhachem [7] and [§], have proposed a new modified
LQP method by using ¢o(t) = tlog(t) —t + 1 as a p-divergence function (with
v=1Lpue (071))

DN | =

Let v =

p3(t) = (Vi -1

1
and p € (07 2), in our contribution, we used the ¢ function

2

~—

as proposed in [9] and [2], we get
1 2 2

o0 :{ JE= D2+ p(VE- 1) i £>0
400 otherwise.

Assume z* € RY, By > B > 0, the updated iteration zF*1 of the problem
becomes the unique solution of the following set-valued equation:

(SRQP) 0 € ,0(z) + V,disty (x, xk) , (4)
where
L k|2 S k k\2 [%j k)2 : n
disty (z,2") = sz—m | +MJ;1 (xjxj —2(a}) ;?+ () ) it zeRt,,
+00 otherwise.

(5)
It is evident to see that
2

j=1 \/> \F
_ %(m—wk)—&-u(:ﬂk—Xk (Vo)) (6)
X, = diag (\/EB,..., %]33) and \/z = (\/ﬂ,,\/ﬂ) )

Now, the problem () is equivalent to :
1 _
BF (@) + 5 (v —a*) +pu (a* = Xe (vVa) ') = 0. (7)

Solving the subproblem @ exactly presents significant challenges in practice,
often excluding practical applications. To mitigate this issue, it is advisable to
pursue approximate solutions Z* instead of exact ones. For this reason, we introduce
€% such that :

1
V.disty(z,z¥) = 5 z—aF +u

OmBkF(x)-i-%(x—mk) o (ah = X (Vo)) =€ (8)
and &% := B, (F (:ik) —F (:Ck)) satisfies
€k < allat 21, 0 <pm< . ©

In this paper, we proposed a prediction-correction method to solve ap-
proximately. Numerical results are provided to substantiate the efficacy of the
proposed method.



2. PRELIMINARIES

Key properties are essential for our subsequent analysis.
First, we denote Prpy (.) as: Prpy (z) = min {||z —z|]| =€ R}}.
A fundamental characteristic of this projection mapping is :
T
(y — Prg, (y)) (PrR1 (y) — x) >0, VyeR", VzeRn (10)
From , one can readily confirm that :

| Pr gy (v) — ul*> < |jv—ul?* = ||v— PTRi(v)HQ, Vv e R",ueR}. (11)
Definition 2.1. The operator F' : R™ — R™ is said to be monotone, if
Yu,v € R", (v —u)T(F(v) — F(u)) > 0.

3. THE PROPOSED METHOD AND CONVERGENCE RESULTS

At the kth iteration, Using a three-step SRQP approach, compute the exact
solution for the system of equations specified below:

BeF(2) + 3@ = o4) + (et = Xa(VE) ) =0, (12)

We now introduce an SRQP approach for solving problem (1). For given

z! >0, Dy =0 and Dy = 0, the suggested approach comprises three steps.
Step 1 : Find #* of , such that

1
OzﬂkF($)+§($*xk)+H($k — Xp(Vz) ) = ¢ (13)
and & 1= By (F(3%) — F(a%)) satisfies
- 1
1€ < mll=® = 2%,  0<mn< 3 (14)
Step 2: For oy > 0. Compute
d(z*) = Z(aF — 7)) + Lg’“ (15)
1+p> 7
and
Dy = d(xk) 4+ 01Dy, (16)
where o
—d(l‘ ) Dk—l)
0, = max | 0, 17
= mx (0. =950 (an
z*(ay,) is defined by
% (o) = Pge {xk - a;@Dk}, (18)
where
¢($k) Kk 1 k ~ky2 k=T ok
oy = and )= ——— || — 2 + ¥ — T 19
o= o ) = gt - 3 o (-39 (19



Step 3: For 0 < p < 1 Compute

g(zk) = 2% — z*, (20)
and
Dy, = g(«*) + A Dy, (21)
where
~ (kYT TS
0, = max | 0, —9@")" Dey (22)
[ Dr—1?
The new updated x*+1(8;) is
2 (8,) = p + (1 - p) Py [mk - 5kbk], (23)
where ~
U(a*) =y 2t = PP+ awyp(a)
= ——= and Y(x¥) = . (24)
1Dk 2

Remark 3.1. Leads to the conclusion that

1
(2% = a7 <mlla® =22 n <3 (25)
Remark 3.2. Consider the case where &8 = B (F(3%) — F(a*)). If F is Lipschitz
continuous within R, with L >0, i.e.,
|F(z") — F(&°)|| < Llj2* — 2"
If By satisfying 0 < B < 1, then the above inequalities are satisfied.

This Lemma is essential in analyzing convergence and plays a pivotal role in
this regard.

Lemma 3.3. if we let x > 0 and q € R™, Let x be the positive solution of the
following equation :

0+ 50 =)+ plat = X)) = 0, (26)

and Xy, = diag(\/x’fg, e \/x,’gg)) where /T = (\/T1, -y \/Tn),

then Yy > 0 we have
(2 =) () > T (= gl = e ) + =Lt a2 )
Proof. [2] O
Lemma 3.4. [I0] Using the definition of d(z*), g(«*), Sy and Dy, then
1Dyl < lld(*)]]- (28)

Proof. |2] O
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Lemma 3.5. [10] For any k > 1, we have
DI, (a?k —z*) >0
Proof. [2] O

Theorem 3.6. [L1] Let z* represent any solution of (1). For given z* € R} and
Br >0, let % and £* satisfy the condition , then it holds

(% — 2%)" Dy > p(ab) > -2

k_ k)2 s
> 72(1+N)Hx || > 0. (29)

Proof. 2] O

To guarantee that Z¥(ay) moves closer to the solution set compared to z*,
we introduce the following definition:

O(ak) = [la" — *|* — [|2* () — 2*1%, (30)

Theorem 3.7. Let O(ay,), Dy, and 1(x*) be defined by @, and respec-
tively, then Vx* € Q* and ap > 0, we have

O(ax) = d(ax), (31)
where
D () = 2a9(a) — a2|| Dy (32)
Proof.
2% (ax) = 2*|* = |[Pro[a® — axDi] — 2*||?

< ||xk T OszkH2
< la® = 2P — 20(a") + oF || Di ||
(33)

Using the definition of ©(«ay) and ®(ay), then is proved. O

The function ®(a) evaluates the progress achieved during the kth iteration.
A logical choice is to select a step length «ay that maximizes this progress. It is
important to note that ®(«y) represents a quadratic function of «, achieving its
maximum at

. ¥
RN (3
and
®(af) = ogpp(a”). (35)

In the following theorem, we demonstrate that both «; and ®(aj) maintain
bounds strictly greater than zero. This result plays a pivotal role in establishing
the proof of global convergence.
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Theorem 3.8. Given ¥ € R and By > 0, let % and & satisfy the condition
. Under these assumptions, we arrive at the following results :

1-—-2n
> TEE) (36)
and
b(ap) 2 L2 ok - 1)

Proof. 1f (z*F — #*)T¢F < 0, since p > 0 it follows from 7 , and
that

ID|? < ld(="))?
1 k ~k12 1 k12
< -z — 4+ —
< 4l | (Hu)gllf |
< flab -2 + 11”7
< 2llzF — 4|7, (38)

from and , we obtain

* w(xk) 1- 27’
"D T 4+ )

Otherwise, if (z* — #%)T¢k > 0, it follows that

2

1 k ~k |12 1
2(1+u)” | L+p

1 1 N
T{Zﬂxk -2+

P(2h) = (zF — &5 Tk

- 1 -
(aF =) Teh 2l — 2%}
k ~k\T ¢k 1 k|2

1+ p

11
> ——{la* - 3*)?

4(1 + p)
1
— d k\ |12
e LGl
1
pg——— WY
and thus
1 1—2n
> >

A1 +p) ~ AL+ p)

To ensure that z51(8;) is closer to the solution set than z*. For this purpose,
we define

O(0r) = lla* — a*|* = [la"** (dr) — =™ 1%, (39)



8

Theorem 3.9. Let x* € Q*, then we have

O(dx) > ®(6x), (40)
where
®(0) = (1= p) Ok {Ig(aM)I® + [|2* —2*|* = ||2" —«*|*} = 6*|Dy®)  (41)
Proof. [1].0
Remark 3.10. By using Theorem 3 and Theorem 1 in the reference [1], we get
1
5k Z 5)
and )
. (1—mn) k_ k|2
> _ 42
0(54) > (T mlle* — 1 (42)

From the computational point of view, a relaxation factor v € [1,2) is prefer-
able in the new iteration. It follows from and that there is a constant
¢ > 0 such that

12" (v0k) — 2% < [|l2* = 27||* = cfla® — 2¥|* Var e Q¥

The following result can be proved by similar arguments as those in [I]. Hence the
proof will be omitted.

oo
Theorem 3.11. [I,[7] If 11611% Br = B8 > 0, then the sequence {z*} generated by the
proposed method converges to some x°° which is a solution of the NCP.
4. PRELIMINARY COMPUTATIONAL RESULTS

In numerical experiments, determining the value of the approximate solution
is essential. In the specific scenario where

&8 = Bu(F(3") - F(2%)),

equation (13) can be rewritten as an equivalent system of nonlinear equations

jk

1
BrF(z*) + 5(93'6 — ")+ pla® — X, (Vi) =0, (43)
hence
3
L (V a:;“) L % k .
o TH BeFy(a*) = Saf +paj | =0, j=1,..n.
T

Then

1
S =i | Bt - Sk



The iterative procedure of the Newton method for addressing the specified problem
can be outlined as follows:

=T
J J 1+,LL

i =t 2 (o

The solution satisfies #¥ > 0. To prevent non-positive values of fjk during the

iteration process, we implement the following approach

v 2B

:Ejk = max{a:j 17 F; (mk) 7O}, j=1..n.
I

To test the suggested algorithm, we consider the NCP :

where
F(z) = D(a) + Mz +q,

with D(z) representing the nonlinear component and Mz + ¢ denoting the linear
component of F(x).

The linear component of the test problems is constructed in a manner similar
to the approach outlined by Harker and Pang [4]. Specifically, the matrix M
is formed as M = ATA + B, with A being an n x n matrix whose entries are
randomly selected within the range (—5,+5). Additionally, B is a skew-symmetric
matrix generated under the same conditions. The vector ¢ is drawn from a uniform
distribution within the interval (=500, 500). Regarding D(x), which represents the
nonlinear part of F(x), its components are defined as D;(x) = d; * arctan(z;),
where d; is a random variable within the range (0,1). Problems of a similar nature
have been previously explored in [I2] and [I13].

The iterations begin with #! = (1,...,1)7 and are terminated once the con-
dition

| min(e*, F(2*))] < 1077,

is satisfied. All codes were implemented in Matlab, and the proposed method
is compared with those presented in [I4]. The test results for problem are
summarized in Tables[dl1 and [4]2. Here, k represents the number of iterations, and
[ refers to the count of mapping calculations for F'.

Comparison to the method in [14] using only the first and second step of the
proposed method:
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Table 4.1 Numerical results for problem
with ¢ € (=500, 500)

Algorithm in [14] Suggested approach
n k 1 | CPU time in seconds k 1 | CPU time in seconds
200 || 371 | 792 0.105 243 | 496 0.035
300 || 410 | 875 0.087 269 | 548 0.048
400 || 417 | 886 0.125 290 | 595 0.081
500 || 455 | 952 0.197 318 | 646 0.142
700 || 441 | 922 0.841 294 | 598 0.475
800 || 376 | 800 0.942 264 | 544 0.645
1000 || 426 | 895 1.687 287 | 586 1.107

Comparison to the method in [I] using the three-steps proposed method:

Table 4.2 Numerical results for problem
with ¢ € (=500, 500)

Algorithm in [I] Suggested approach
n k 1 | CPU time in seconds || k 1 | CPU time in seconds
200 || 264 | 572 0.065 135 | 278 0.007
300 || 259 | 561 0.07 144 | 297 0.011
400 || 333 | 720 0.13 162 | 333 0.015
500 || 336 | 726 0.18 180 | 367 0.021
700 || 279 | 605 0.31 165 | 339 0.03
1000 || 295 | 638 1.17 168 | 345 0.15

5. CONCLUDING REMARKS

Tables[41 and [4]2 illustrate the enhanced efficiency of the proposed method.
The numerical findings reveal that this method substantially decreases the iteration
count and computational effort needed to compute the function F. This paper
introduces a novel category of proximal algorithms aimed at addressing nonlinear
complementarity problems, utilizing a novel SRQP term and a two-stage conjugate
gradient algorithm. This approach integrates two refined descent directions with
two optimal step sizes to achieve multiplicative improvements in each iteration,
considerably speeding up the convergence process.
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