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Abstract. This study employs the continuous hidden Markov model (HMM) to
model the index data of the US Dollar index from 2018 to 2024. HMM is used to
predict and analyze hidden patterns that generated the data. The data is modelled
using a continuous HMM with 11 hidden states and lognormal distributions with
different parameters for each hidden state. The accuracy of the continuous HMM
is measured by MAPE. The MAPE value for both training and testing data is very
low, less than 4%. This means that the continuous HMM can be used to model the
data accurately. The plot shows accurate predictions between simulated data and
real data, and furthermore, the model can capture the fluctuations of the data.
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1. INTRODUCTION

The US Dollar index (USDX) is an indicator that reflects the price of US
Dollar futures contracts against several major world currencies, such as the Euro
(EUR), Japanese Yen (JPY), British Pound Sterling (GBP), Canadian Dollar
(CAD), Swedish Krona (SEK), and Swiss Franc (CHF). The fluctuations in the
value of the US Dollar index can provide clues about the strength of the US econ-
omy, Federal Reserve monetary policy, and market sentiment towards the currency.
As a crucial variable in international finance, exchange rates have a significant im-
pact on decision-making in international financial markets. For example, the crude
oil trade is denominated in the US Dollar. The changes in the US Dollar index have
a direct impact on crude oil prices [I]. Initially, futures contracts were commonly
used by hedgers or traders to hedge against the commodities they traded. However,
over time, the high volatility in commodity futures markets has been exploited by
speculators, also known as traders, to gain financial profits. Futures contracts in
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futures exchanges are alternative investment instruments that investors can use to
gain profits and minimize risks when they receive new information [2]. Information
from currency futures markets, including the US Dollar index, can be used to fore-
cast exchange rate movements and their implications in economic decision-making
3.

Research on this index is important because exchange rate fluctuations could
influence economic activity on global financial markets and international trade ac-
tivities [4]. Modelling the US Dollar index is crucial for the financial market, as
it provides valuable insights for stakeholders in managing currency risk, making
informed investment decisions, and planning effective business strategies. By un-
derstanding the dynamics and predicting the movement of the US Dollar, market
participants can anticipate currency volatility, manage currency risk exposure, and
make smarter asset allocation decisions. The US Dollar index was recently re-
searched to see its impact during the Covid-19 crisis [5]. Previous research has also
shown a relationship between the US Dollar Index and other financial factors, such
as the S&P 500 index [6]. The US Dollar index can be modelled using historical
data by examining the factors influencing it. One model that can be used is the
hidden Markov model (HMM). This model uses hidden states to represent market
conditions. In this model, a sequence of observations is inferred using sequences of
hidden states.

Besides HMM-based approaches, several other statistical and machine learn-
ing methods have been applied to model or forecast the US Dollar index. Time
series models, such as autoregressive integrated moving average (ARIMA) and ge-
neralized autoregressive conditional heteroskedasticity (GARCH), have been used
to study future trends formed by the Dollar Index [7]. In addition, various machine
learning methods, such as random forest, support vector machines, and artificial
neural networks, have been utilized and compared in predicting the US Dollar Index
[8]. Moreover, hybrid models that combine statistical and deep learning methods
have shown improved predictive performance in modelling complex financial indi-
cators, such as the US Dollar index [9]. These diverse approaches demonstrate that
various modelling frameworks can be utilized to understand and forecast USDX
dynamics, depending on the research objective and data characteristics. However,
the utilization of trend changes based on probabilistic approaches has not been
extensively explored.

The hidden Markov model has been widely used in the past, such as in mea-
suring earning quality [10], sleep monitoring for physical conditions [I1], electro-
cardiogram (ECG) analysis [12], and seismic analysis [13]. In biochemistry, HMM
has been used to model diploid plant crossing [I4]. Another application of HMM
includes researching the progression of dementia [15]. In finance, HMM has been
used to construct portfolios and asset allocation [16]. In [I7], HMM has been sys-
tematically reviewed in terms of its applications and development in various fields.
This approach can also be applied to other historical data, such as US dollar index
data.
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A hidden Markov model is based on a set of unobserved (hidden) states which
form a Markov chain and each state is associated with a set of possible observa-
tions. Hidden Markov models are categorised into two types: discrete HMMs,
which are used for discrete observation sequences, and continuous HMMs, which
are used for continuous observation sequences. This study models the data of the
US Dollar index using a continuous HMM. This choice is made because the USDX
data are continuous-valued time series, making the continuous HMM framework
more appropriate for capturing the probabilistic structure of such data. The data
used consists of the closing index of the US Dollar index from January 1, 2018, to
February 29, 2024.

This paper presents the development of a continuous hidden Markov model
(HMM) in detail. The modelling process involves several algorithms whose formu-
lations and implementation steps are also described. The analysis focuses on how
the resulting model captures the movement patterns derived from the data and how
the best-performing continuous HMM is identified for specific test data ranges. Fur-
thermore, the results and discussion sections provide an in-depth examination of
the model’s performance and behaviour based on the simulated data. Finally, the
paper concludes with a summary of the main findings, an overview of the study’s
limitations, and potential directions for future research and improvement.

2. CONTINUOUS HIDDEN MARKOV MODELS

According to [I8], a hidden Markov model (HMM) consist of a pair of discrete-
time stochastic processes {(Xt, Oy) : t € N}. {X;} which has a state space Sx =
{1,2,..., N}, represents a collection of unobserved states that form a Markov chain.
So {X;} is hidden behind an observation process {O;}. Based on the type of the
observations, hidden Markov models are divided into two types, discrete HMMs
and continuous HMMs.

For a continuous hidden Markov model, O; is a continuous random variable
and conditional distributions of O; | X; = 4, for « = 1,2,..., N come from a
certain family of parametric distributions. A continuous hidden Markov model is
characterized by the parameter A = (A, 0, 7) [14] which has the following properties.

(a) A = [a;j]nxn is a transition probability matrix, with a;; = P(X41 = j |
X, =i),fori,j=1,2,...,N and zj.vzlaij =1,fori=1,2,...,N.

(b) 8 =[f(o¢ | 0:)]nx1 is a probability density function matrix, with f(o; | 6;)
is the conditional probability density function of O; | X; = 4, for i =
1,2,...,N.

(¢) m = [m]Nx1 is an initial probability matrix, with =, = P(X; = i) for
i=1,2,...,Nand N m = 1.
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To estimate the parameters A = (4,6, 7) from observations o1, 09,...,0r, the
forward-backward algorithm, the Viterbi algorithm, and the Baum-Welch algo-
rithm are used [18] .

2.1. The Forward-Backward Algorithm.
Based on the characteristic of hidden Markov model, the joint probability
density function of 01,09, ...,07 given A = (A, 0, 7) is
N

T
p(01= 02,...,0T | )‘) = Z [H f(ol | emz)a$11ﬂvz‘| f(ol | 911)71—11' (1)
=2

T1,@2,. wr=1
For calculating this joint probability, [19] defines a forward variable fort = 1,2,...,T
a(z) = plor,09,...,0r,x¢ | A), zz=1,2,..., N. (2)
According to [I9], these are the steps of the forward-backward algorithm.
(1) Initialization
ar(xz1) =plor,x1 | A) =7y, f(o1 ] 0sy), x1=1,2,...,N.
(2) Induction for t =1,2,..., T —1,

N
oy1(e41) = [Z @t(xt)a:cta:m] flots1 [ 0z,1,), @41 =1,2,... N.
ri=1
(3) Termination
ar(zr) = p(o1,09,...,0r, 27 | A), 2r=1,2,...,N,
so that
N
p(01,02,...,07 | A) = Z ar(xr).
IT:1

To calculate the joint probablity in equation [I} we can also use a backward
algorithm. According to [20], for t =T —1,T—2,...,0, define a backward variable

Bt(xt) :p(0t+1,0t+2,...,0T | l‘t,A), Tt :1,27...,N. (3)
From [21], these are the steps that need to be taken in using backward algorithm.

(1) Initialization
5T(£CT) = ]., xrT = 1,2,...,N.

(2) induction

N
ﬂt(l’t) = Z axtlef(OtJrl | ewt+1)5t+1(xt+1>7 t=T-1,T-2,...,1

Tt41 =1
(3) Termination

N

(01,02, ;00 | A) = > flon | bay)7a, Ba(21).

Ilil
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Using the forward-backward variables in equation and , the joint probability

of 01,09,...,0r given A can be calculated as
N
p(o1,02,...,07 | A) = Z (01,02, .. ,0¢, Tt,0041,0t42,--.,07 | A)
=1
N
= Z p(01,02,. .., 0t | T, \)p(0t41,0t42, - .., o1 [ @, A)p(@e | A)
ri=1

I
M=

p(ola 02,...,0t,T¢ | A)p(ot-‘rla O¢42,...,0T | Tt, )\)

8

&
Il
-

I
] =

(1) Be (). (4)
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2.2. The Viterbi Algorithm.
The Viterbi algorithm is used to determine the most optimal hidden state
sequence x7, 23, ..., T wich generated observations o1, 02,...,0r. In other words

* * *
p(o1,02,...,0r, 2], x5, ...,z | \) = max_ p(01,092,...,07,T1, T, ...,z | A).
1,L2y.,XT

The Viterbi algorithm keeps track of states in every step to predict most probable
state sequence. The algorithm is as follows.

According to [22], defined &¢(x;) for t =1,2,...,T as

5t(xt): max p(017027~"70t7m13‘r27"'7xt|>\)7 xt:1727"~7N~ (5)
L1,T25 3Tt —1

Using induction, d;+1(x¢) will be follow equation below.

Or1(Tep1) = max mt[dt(fct)axtxt“]f(OHl [02,40); w41 =1,2,...,N. ()

1,Z2,.
Below are the steps that need to be taken [22].
(1) Initialization
01(z1) = 7y, f(01 | Ozy), 21 =1,2,...,N.
P1(xy) =0, x1=1,2,...,N.
(2) Recursion for t =1,2,...,T — 1 with

6t+1(‘rt+1) = . 7m§iX N[(St(mt)awtwt+1]f(0t+1 | 91Et+1)7 1 =12,...,N.
r¢=1,2,...,
Vi1 (Tey1) = arg ~_max 0u(2)ag,2prs Teg1 =1,2,...,N.
t— 1%y

(3) Termination

*
p* = xT:I{lﬁgf“’N[CST(IT)}-

ep=arg max  [or(zr)].



(4) Backtracking for t =T,7 —1,...,2,
ziy = Ye(y).

3 * * * . .
From backtracing {z%., 2% _,,...,z}} is obtained

2.3. The Baum-Welch Algorithm.
The last algorithm is the Baum-Welch algorithm. For the sequence of obser-
vation 01,02,...,0r and A = (A, 0, 7), we will find A = (A4, 0, 7) such that

p(015027"'50T | 5\) Zp(017025"'70T | )\)
To estimate A using the Baum-Welch algorithm, the expectation maximization
(EM) approach is used [23].

(1) E step
On this stage, define two functions G and H in A which is a set of all
possible parameter for HMM. For all X' = (A, 6',7') € A, define G(\, \),
H(X\ ), and I(\) as follow.

N
G(Av)\/) = Z p(xlaIQa"'axT|017027"'7OT5A)
TT, T —1,...,x1=1
x log [p(o1,02,...,07,21,%2,...,27 | \)]. (7)
N
H(Av)\/) = Z p(xlaQ:Qa"'axT|017027"'7OT5A)
TT, T —1,...,x1=1
x log [p(x1, o, ..., 27 | 01,09,...,010,\)]. (8)
I(N) = log[p(o1,02,...,00 | N)] =G\ N)—H(\N). (9)

(2) M step
On this stage, we will find A € A such that

N /
G\ ) = {\r}gR(G()\, ).

[22] showed that

IAN) =1 = G —HNA) = (G\N) — HAN))
= MA) =G N) + (HAA) — H(\ M)

[24] proved that
So that

This result prove that

IA) > 1(N).

Because logarithmic is an increasing function, it can be concluded that

p(01,02,...,oT|5\) > p(01,02,...,07 | A).
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Now, the optimization problem becomes finding the parameter A= (121, é, )
that maximize G with two constrains. The problem is

max G(\, \)
NeA

with G(A, \') in equation satisfies the following equation.

N
GAX) =" plai | 01,02, ..., 07, A) log ),

N N
+ Z Z p(mt | 01,02,...,0T, /\) IOg a;t$t+1 (10)

N T
+ Z Zp(xt | 01,02,...,07,\) log f'(0; | 0,)

zy=1t=1
with constrains
N
/ J—
E Ty, = 1
xe=1
N
/ —_— —
z : a(l}'t$¢+1_1) xt—LZ,...,N.
Tir1=1

This problem can be solved using the multiplier Lagrange. From , define
the Lagrange equation for A’ € A as

N
L) = GON) +m (Z - 1)

xe=1

(11)
N N
+ Z "2 Z a;tﬂcwl o
wtzl $t+1:1

with 77 and 79, are Lagrange multiplier variables. By solving three equations below

oL oL oL
/ = 0’ a, = 0’ Y TE = O
onl,, ay, ., . | o0,
[20] obtained the estimate parameter A and 7 as follows .
~ ZT:_1£ (l‘ y L 1) ~
Aaiwspr = : lle o 7= y1(z).
D=1 (@)
where
&t (e, we41) = P(@t, o1 | 01,02, 07, ). (12)
and

Ye(zt) = p(zt | 01,00, ... 01, \). (13)



These probabilities can be calculated using the forward and backward vari-
ables in equation , , and as follow.
(%) Az, [ (0141 | Oy, ) Bear (Te41)

Z:],;Vt:l (1) Be(e)

§e(Te, w41) = , t=1,2,...,T. (14)

and

o) = Qel@dBra(@e) g
el Zi\i:lat(zt)ﬂt(zt)’ : B 15)

Based on equation and , both variable has relationship as follow [25].

N
Ye(we) = Z &z, xe41), t=1,2,...,T. (16)

Trp1=1

For parameter 6, the result depends on distribution of f(o; | 6, ). In this research,
the distributions used was selected from family continuous distribution such as
Weibull, gamma and lognormal distributions.

3. MODELLING THE US DOLLAR INDEX

This research uses data obtained from investing.com sites. The data used are
daily closing data for the US Dollar index for the period from January 1, 2018, to
February 29, 2024. The number of data is 1593. The data is divided into training
and testing sets, with 1274 (80%) training data and 319 (20%) testing data. This
division is used to compare the accuracy of prediction results over the modelling
and testing time range. A graph of the daily closing price can be seen in Figure [I]

-115__1 T T T T T T T T T T T T T T T T __
110F ;
105 - 1

100 - .

Daily closing index (X;)

95k :

o :

0 500 1000 1500
Time (t)
F1GURE 1. Daily closing index of US Dollar index
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Figure [1] shows that daily closing data for the US Dollar index moves fluctu-
atingly and does not have a tendency to form a particular pattern. The data has
a range of 88.170 to 114.047, with a mean of 97.638. The first step in data mod-
elling is to determine the optimal number of hidden states and their corresponding
distribution. One method for determining model selection is to utilise the Akaike
information criterion (AIC).

The Akaike information criterion can be calculated using the following equa-
tion.

AIC = —2log L + 2k (17)
where L is the likelihood value of the data and k is called the penalty term [26]. In
this research, the penalty term is calculated using the following formula.

k=N?+pN -1 (18)
with IV is the number of states in the Markov chain and p is the number of param-
eters from the distribution used to create the model. The likelihood of the HMM
can be calculated using equation @ Using equation and 7 the results of

the AIC values for several types of continuous distribution and different numbers
of states can be seen in Table [I] below.

TABLE 1. AIC value for several types of distribution and different
number of states

Number of states (N) | Weibull | Gamma | Lognormal
2 6366.78 | 7706.04 6431.47

3 5079.10 | 7720.04 | 4974.31
4 4443.11 | 6568.98 4261.26
5 4054.90 | 7760.04 | 3911.06
6 3742.01 | 7786.04 | 3646.61
7

8

3424.81 | 7816.04 3321.88
3311.56 | 5524.89 3196.90

9 2994.28 | 5086.25 2906.07
10 2918.02 | 5128.14 2766.96
11 2833.39 | 5172.04 2647.12
12 2749.49 | 5228.27 2559.63
13 2590.39 | 5262.23 2452.02
14 2540.32 | 5079.10 2425.92
15 2485.60 | 4805.12 2376.33
16 2462.89 | 4834.50 2347.56
17 2431.35 | 3668.91 2314.54
18 2467.47 | 3304.49 2348.06
19 2481.36 | 3332.27 2372.03
20 2515.42 | 3399.94 2406.39

From Table [1] above, it can be seen that the AIC value get smaller as N
increases. We find that minimum AIC value for each state always reached by
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lognormal distribution. To determine the optimal value for N, we define

| AICN41 — AICYK | B
AAICYy = TN , N=2,...19 (19)
where AICYy is the AIC value of N-state HMM. The plot of AAIC)y for lognormal

distributionscan be seen in Figure [2}

0.20 B

0.05

AAIC= o‘oc?\/\,_v_

000F
5 10 15

Hidden state (n)

FI1GURE 2. Plot of AAICy for lognormal distribution

In this research, AAICy < 0.03 is set as a benchmark for the optimal value
of N. The Figure [2| shows that AAIC tend to decrease as N increase. AAICy <
0.03 occurs in state 11 and 12. The AIC value difference in state 11 and 12 is
0.033052 or almost zero, so 11 is chosen to be best number of state for HMM with
lognormal distribution.

Using the Baum-Welch algorithm for N = 11 and lognormal distribution,
the estimated parameters of the hidden Markov model consisting of the transition
probability matrix between states A are obtained , the probability density function
matrix 6, and the initial probability vector 7 can be calculated. Using Mathematica
12.3 software, we obtain the estimated parameter A= (121, é, 7) as follows.

r 0.90 0.03 0. 0.07 0. 0. 0. 0. 0 0. 0. 7
0.03 0.96 0.01 0. 0. 0. 0. 0. 0 0. 0.
0. 0.0 0.98 0. 0. 0. 0. 0. 0 0. 0.
0.04 0. 0. 0.90 0.05 0. 0. 0. 0 0. 0.
~ 0. 0. 0. 0.05 0.90 0.04 0. 0. 0. 0. 0.
A= 0. 0. 0. 0. 0.0 0.85 0.1 0. 0. 0. 0.
0. 0. 0. 0. 0. 0.06 0.89 0.05 0. 0. 0.
0. 0. 0. 0. 0. 0. 0.05 0.92 0.03 0. 0.
0. 0. 0. 0. 0. 0. 0. 0.03 0.95 0.0 0.
0. 0. 0. 0. 0. 0. 0. 0. 0.01 0.98 0.0

L 0. 0. 0. 0. 0. 0. 0. 0. 0 0.02 0.98 |




11

r lognormal[4.522,0.004] r
lognormal[4.505,0.005
lognormal[4.491, 0.005
lognormal[4.533, 0.003
lognormal[4.543, 0.003
lognormal[4.556, 0.004
lognormal[4.566,0.003
lognormal[4.576, 0.004
lognormal[4.596, 0.009
lognormal[4.650, 0.018

L lognormall[4.706,0.016] L

>
I
=1
I
CELLeeoooor

The matrix A shows the transition probability between hidden states. Each
state tends to remain in its current state, with a slight chance of moving to a
nearby state. Matrix 0 shows the parameter of the lognormal distribution for data
generated by each state. The matrix 7« shows that the model started with hidden
state 1.

Using the Viterbi algorithm, we can estimate the parameter A= (A, 0, 7) and
determine the sequence of hidden states that generated the data. These hidden
states are visualized in 11 different colors. The data and the estimated hidden
states are shown in Figure 3| as follows.

1M5F7 ' ! ' T Tl state 1
i 1 state 2
110F 1mm state 3
. ! ] state 4
. {u state 5
% 105f Jmm state
§ i 1pm state 6
2 100k {mm state 7
2 i 1gm state 8
‘_;’, ! | ™ Igm state 9
E“ 95 * epn I s 'y 7 state 10
i ' W\f" 1B state 11
90 b
0 200 400 600 800 1000 1200
Time (t)

FIGURE 3. Visualization of the data and its hidden state

Figure[3]shows how hidden state moves from one state to another. This figure
also shows range of the values of the data generated by each hidden state. From
Figure[3] a certain amount of data is generated a hidden state. To make sure that
the data for each hidden state is generated by lognormal distribution, we do the
Kolmogorov-Smirnov test with the hypothesis:

Hj: that the data distributed lognormally.
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Hli

that the data does not distributed lognormally. For each state, the

amount of data, distribution parameters that describes the data, and the p-value
result for KS-test can be seen in Table [2| below.

TABLE 2. A summary of the data for each continuous HMM
hidden state with lognormal distribution

Hidden states | Number of data generated Distribution p-value
1 85 lognormal[4.522,0.004] | 0.813
2 122 lognormal[4.505,0.005] | 0.106
3 63 lognormal[4.491,0.005] | 0.627
4 128 lognormal[4.533,0.003] | 0.183
5 111 lognormal[4.543,0.003] | 0.281
6 111 lognormal[4.556,0.004] | 0.460
7 186 lognormal[4.566,0.003] | 0.384
8 176 lognormal[4.576,0.004] | 0.107
9 125 lognormal[4.596,0.009] | 0.421
10 107 lognormal[4.650,0.018] | 0.050
11 60 lognormal[4.706,0.016] | 0.300

Based on Table [2] it can be seen that the 1274 data is divided into 11 states.
The amount of data for each state formed varies. The p-value for each data point
for each state is greater than 0.05, so it can be concluded that there is not enough
evidence to reject Hy, meaning that all data points for each state come from a
lognormal distribution with the parameters that have been obtained. A comparison
of the mean and variance between theoretical and actual data is presented in Table

Bl below.
TABLE 3. Comparison between theoritical and actual data
States | Actual Mean | Theoritical Mean | Actual Variance | Theoritical Variance
1 92.0291 92.0202 0.1053 0.1355
2 90.4289 90.4695 0.2190 0.2046
3 89.1938 89.2117 0.2152 0.1989
4 93.0088 93.0377 0.1013 0.0779
5 93.9839 93.9727 0.0958 0.0795
6 95.1452 95.2027 0.1508 0.1450
7 96.1421 96.1591 0.0664 0.0832
8 96.9906 97.1259 0.0878 0.1509
9 97.9837 99.0912 0.1577 0.7954
10 99.6662 104.6020 0.3754 3.5456
11 103.1150 110.6230 1.1329 3.1332

Based on Table[3] it can be concluded that the actual data and the estimated

distribution have almost the same mean and variance.

This also suggests that
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the distribution can effectively represent the original data. Even though there are
differences in mean and variances values in the data range that are too high.

The HMM A = (A, 6, #) that has been obtained is then used to generate
1274 simulation data as much as the training data used. Data is generated to find
the best seeds to make predictions on daily closing data for the US Dollar index.
Simulations to identify the optimal seeds were conducted using Mathematica 12.3
software. To determine the accuracy of the model, this research utilises the mean
absolute percentage error (MAPE) to calculate it. The MAPE can be calculated
using the formula [27] as follows.

1| Xy — Xy |
MAPE:—E — x 100%, 20
ni Xi ) % (20)

where X; is actual data at time %, X, is prediction data at time ¢, and n is the
number of data.

Based on the simulation results, the continuous HMM training yielded a
MAPE of 1.39819%. Visualization of the training data and the results of continuous
HMM training, with a MAPE of 1.39819% can be seen in Figure @ below. Figure
[ shows that the model simulation results closely follow the ups and downs of the
original data.

115 e L B B L

110 _ —— Prediction w*
< 105 Actual !r ]
= r ‘ 1
@ C ]
e 100F X .
o r ,“I -\ M, X 1
£ : 2N AT Y ad 1
8 st JWRERTY v " Fa, 3
; L AJ "I\ ‘\;’ ]
= b J J 4
T 90 :—"“'\- g 4 :
851 3
80 : P T R B [ T R

0 200 400 600 800 1000 1200

Time (1)
FIGURE 4. Plot training data simulation results with MAPE 1.39819%

Predictions are made on testing data using the HMM X = (4, 6, #) that
has been estimated from training data. Simulations were carried out using Mathe-

matica 12.3 software. MAPE summary results for various testing data ranges can
be seen in Table [ below.
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TABLE 4. MAPE values for simulated testing data

Prediction time (days) | MAPE (%)
20 2.63494
40 2.82689
60 3.46179
80 3.94428
100 4.19032
120 4.38700
140 4.26673
160 4.52996
180 4.61455
200 4.29501
220 4.17964
240 4.15056
260 3.90854
280 3.79830
300 3.71390
319 3.66477

From Table [4] the MAPE results of simulated test data for data all range
prediction times are smaller than 4%. This means that the HMM A= (/1, é,fr)
provides very accurate forecasts. Table [4] also show that the MAPE gets bigger
if the prediction time span longer. Plot of simulated data (prediction) and actual
data from continuous HMM with MAPE 3.66477% can be seen in Figure [5| below.
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FIGURE 5. Prediction results on testing data with MAPE 3.66477%
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From the Figure |5} it can be seen that the prediction results of the testing
data are accurate. There is still error in this prediction, but the difference is not
very significant. So we come to the coclusion that the continuous HMM can well
predict the up and down of data. In Figure [6] the visualisation of the combined
training and testing data is shown, illustrating the movement of the simulated data
across both datasets as generated by the continuous HMM model.

115F R

—— Actual (Traming)
Acmual (Testing)
— Predicted (Training)
—— Predicted (Testing)

110}

105+

100+

Daily closing index (X;)

a0

L
4] 500 1000 1500

Time (1)

FIGURE 6. Visualization of the combined training and testing data

Figure [ illustrates that the continuous Hidden Markov Model effectively
captures the primary dynamics of the time series, including both short-term fluctu-
ations and longer-term trends, in both the training and testing datasets. The simu-
lated values closely follow the actual data, indicating good generalisation. However,
the model still struggles to detect sudden or extreme price changes caused by rapid
market shifts. Overall, these results suggest that the continuous HMM can model

complex time-series patterns and provide useful forecasts for financial indicators
such as the US Dollar index.

4. CONCLUDING REMARKS

Daily closing data on the US Dollar index from 2018 to 2024 can be modelled
using a continuous HMM with 11 hidden states and lognormal distributions with
different parameters for each hidden state. MAPE measures the accuracy of the
model. The MAPE value for both training and testing data is very low, which
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is smaller than 4%. This indicates that the continuous HMM can model the data
very accurately. The plot shows strong agreement between the simulated and actual
data, and the model effectively captures the upward and downward fluctuations of
the US Dollar index.

However, this study has several limitations. The model utilises only uni-
variate USDX time-series data and does not incorporate external factors, such as
interest rates, inflation, or commodity prices, that may influence index movements.
Although the use of 11 hidden states performs well empirically, it may not fully
represent actual market regimes and could be improved with a more systematic
selection process. Additionally, the assumption of constant parameters within each
state may not accurately capture structural changes in global financial conditions.

Future research can address these limitations by incorporating multivariate
inputs or relevant macroeconomic indicators. Hybrid models that combine HMM
with deep learning methods, such as LSTM, may help capture more complex tem-
poral patterns. Additionally, using dynamic HMMs or regime-switching models
with time-varying parameters could better reflect changes in currency market be-
haviour. These improvements may enhance both the interpretability and predictive
accuracy of the model for the US Dollar index and other financial time series.
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