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Abstract. We investigate the space of pointwise multipliers of Orlicz-Morrey
spaces. Using the Holder inequality in Orlicz-Morrey spaces, we prove that the
space of pointwise multipliers of Orlicz-Morrey spaces contains an Orlicz-Morrey
space. We also prove a partial reverse inclusion of this result. In addition, we
describe the space of pointwise multipliers of Orlicz-Morrey spaces by adding some
growth conditions on Young functions. Our results can be viewed as an extension
of the results on pointwise multipliers of Morrey spaces.
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1. INTRODUCTION

Suppose that we have two function spaces. One way to compare these spaces
is to define a simple transformation from one into another function space that is
bounded with respect to the norms of the function spaces. The transformation is
the pointwise multiplier of a function from one function space to another, called
a multiplier operator. The multiplier function lies in the third Lebesgue space
in the multiplier transformation in two Lebesgue spaces. Explicitly, consider the
multiplier operator T' : LP(R™) — LY(R™) with p > ¢, and Ty(f) = gf, then

g € L"(R™) with — = — 4+ —. In the case p = ¢, then r = co. For the case p < g,
q p T

we have g = 0, when the measure in R” is a Lebesgue measure. But this is not
the case with the multiplier operator for two Morrey spaces. This set of multiplier
functions can only happen to certain Morrey spaces, either containing some Morrey
spaces or the set is contained in a Morrey space. See [T}, 2] B] for the details.

The positive results also happen for multiplier operators in two different Or-
licz spaces (see []). The set of multiplier functions is another Orlicz space with the
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Young function that can be derived from two given Young functions with a similar
relation to Lebesgue spaces. We refer the reader to [5] and [6] for the characteri-
zation of pointwise multiplier operators in weak Orlicz spaces and weak Morrey
spaces, respectively.

In this paper, we generalize this multiplier transformation to some Orlicz-
Morrey spaces (see Definition [2.1)). At this time, the results obtained are limited
because the relation of the parameter in Lebesgue spaces and Morrey spaces cannot
be directly extended in terms of Young functions. Nevertheless, we get several
results about spaces of pointwise multipliers of Orlicz-Morrey spaces. Our first
result is the fact that the space of pointwise multipliers from an Orlicz-Morrey space
to another Orlicz-Morrey space contains the third Orlicz-Morrey spaces where their
parameters are related by the usual assumption of the Holder inequality in these
spaces (see [7] and references therein). The partial reverse inclusion of this inclusion
is our second result. Moreover, we prove a characterization of spaces of pointwise
multipliers of Orlicz-Morrey spaces in terms of Orlicz-Morrey spaces by assuming
additional growth conditions on Young functions (see Definition .

The remaining sections of this manuscript are organized as follows. We recall
the definition of the space of pointwise multipliers and several facts about Orlicz-
Morrey spaces in Section 2. Our main results and their proofs will be given in
Section 3. Throughout this paper, the notation A < B means the inequality
A < CB holds for some C > 0, independent of A > 0 and B > 0. Write A ~ B if
the inequalities A < B and B < A hold.

2. PRELIMINARIES

This section recalls some definitions, notations, and basic facts. Let X and Y
be Banach spaces of measurable functions on R™. The space of pointwise multipliers
from X to Y is defined by

PWM(X,Y):={g: f-geY forall fe X}.
For every g € PWM(X,Y), we define

llgllpwni(x,y) = sup {”fg”Y feX, f# 0},
1f1lx

Let us recall the definition of Orlicz spaces. The function ® : [0, c0) — [0, 00)
is called a Young function if @ is continuous, convex, and increasing with ®(0) = 0.
Assume that ® is not identically zero. The Orlicz space L? is defined to be the set
of all measurable functions f for which

/;I)(W) dx < o0,

for A > 0. The norm in this space is defined by

f Il ::inf{A>0:/n®<|f(;)|> dx<1}.
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If ®(t) := tP with 1 < p < oo, then L® = LP. The characterization of the spaces
of pointwise multipliers of Orlicz spaces can be found in [4]. The result of the
characterization of spaces of pointwise multipliers on Musielak-Orlicz spaces can
be seen in [§]. Related results in the setting of Musielak-Orlicz-Morrey spaces can
be found in [9).

As mentioned in the first section, we will investigate the pointwise multipliers
in Orlicz-Morrey spaces. These spaces are introduced in [10] and can act as a
generalization of Morrey spaces. We recall the definition of these spaces below.

Definition 2.1. [10] Let B(x,r) be any ball centered at x € R™ and r > 0. Define

: 1 If(y)]
I fllo.Bm :=inf ¢ A >0: <I>( dy<1p.
®;B(z,r) |B(z,7)| /B A

Let ¢ : (0,00) — (0,00) be an increasing function and suppose that the function t —
t="p(t) is decreasing. The Orlicz-Morrey space My is the space of all measurable
functions f such that
[fllamg == sup  o(")[|flle;B(xr) < oo
zER™ r>0
If ®(t) := t9 and @(t) := t~» where 1 < ¢ < p < oo, then M$ is equal to the
Morrey space

1

ME=<¢f: sup |[B(z,7)]

_1 !
z (/ L)l dy) <00
zER™,r>0 B(z,r)

Remark that there are two other variants of Orlicz-Morrey spaces (see [I1], 12} 3]
14]). In this paper, we only consider Definition

We also assume the following growth conditions in describing spaces of point-
wise multipliers of Orlicz-Morrey spaces in Theorem (3.3

Definition 2.2. The Young function ® is said to satisfy the A’'-condition if ®(st) <
D(s)D(t) for every s,t > 0. If there exists a constant C > 0 such that inequality
D(5)D(t) < CP(st) holds for every s,t > 0, then we call ® satisfies the V' -condition.

3. MAIN RESULTS

Our first result is that the space of a pointwise multiplier from an Orlicz-
Morrey space to another Orlicz-Morrey space contains certain Orlicz-Morrey spaces.

Theorem 3.1. Let &y and ®, be Young functions. Let ®5 be a Young function
satisfying the inequality

(I)l(St) 5 (I)Q(S) + (I)Q(t)
for every s,t > 0. Suppose that vy and @1 are positive and increasing functions on
(0,00) such that t™"po(t) and t~"p1(t) are decreasing functions. If ps is a function
that satisfies

p1(r) < @o(r)pa(r)
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for every r > 0, then
Mg CPWM(ME, MZ!).

Proof. Let f € Mg and g € Mg>. We will show that
Tg f=g-f
is a bounded operator from Mg’ to Mg'. We show that the inequality

”f : g||<I>1;B(z,T) < 2||f||<1>o;B(m,r)HgH<I>2;B(z,T) (1)
holds for every x € R™ and r > 0. Note that, for every € > 0 we have
1 1/ (W) >
—_— Dy ( dy <1
|B(.Z‘,T‘)| B(zx,r) ||fH<I>0,B(a:77‘) +e

and

1 l9(y)| )
L[, ( dy < 1.
|B(z,7)| B, 9]0z, B(xr) +€
By the relations of ®g, ®;, and ®o, we get
_ B, < f(»)g(w)|
|B(@,7)| B2, 2(Ilflleo,B(z,r) + )9l 02, B2,y +€)
Therefore, we obtain the inequality .

Finally, we have that the multiplier operator is bounded from Mgg into Mgll,
then

) dy < 1.

g € PWM(ME, M21).
(]

We now prove a partial reverse inclusion of Theorem [3.1} namely, the space of
pointwise multipliers of Orlicz-Morrey spaces can be realized as a subset of Orlicz-
Morrey spaces.

Theorem 3.2. Let &g and ®; be Young functions. Assume that oo and py are
positive, increasing on (0,00), and also the functions t™"@o(t) and t~"p1(t) are
decreasing. If o satisfies ©1(r) ~ po(r)pa(r) for every r > 0, then

PWM(ME, Mg) € Mg:.
Proof. Let g € PWM(MZ, Mg'), x € R", and r > 0. Since xp(s,r) € Mg., we
have
”gXB(x,r)”Mgi
@o(r)
Since g € PWM(Mg?, Mg') and HXB(I,T)HM:;?) ~ (1), we see that

e1(r)

p2(r)]lgll LA lgll <
T . ~ . ”
2 9ll®y;B(x,r) 0(7“) 9ll®,;B(x,r)

||9XB(x7r)HM§g S ”g”PWM(Mf;g,ME;i)QDO(T)' 3)
Combining the inequalities and , we obtain

e2(r)ll9lle,; B S ”g”PWM(Mgg,Mgi)'



Therefore, g € Mg? with

||9||Mg§ S ||9||PWM(M§3,M;1 :
This completes the proof. O
Under some additional growth assumptions on Young functions, we give the

following characterization of the space of pointwise multipliers of Orlicz-Morrey
spaces.

Theorem 3.3. Let g and ®1 be Young functions. Assume that &y and P, satisfy
A’ and V' conditions. Define oo and @5 by

_all) ey B0
pa(t) := o) d o5 (¢): .
D0 0 @5 (20 (1))

P2 (1)
fy the condition in Theorem then

PWM(ME, ME!) = M52

Assume that is increasing. If v, 1, P2, g, P1, and Py also satis-

Proof of Theorem@ The inclusion Mg2 € PWM(MgZ’, Mg') is a consequence
of Theorem (3.1} To prove the reverse 1nc1us1on let g € PWM(M%, Méll ), we will
show that g € M“Oz For every L > 0, define

gL ‘= gXB(0,L)n{|g|<L}-
Since g, € LE(R™) and L (R™) € Mg (R™), we see that g;, € M2 (R™). Observe
that,
®1(®; " ([lg - (P20 ‘1’51(\9L\)XB(I,T))HMQ )

@1 (05" (p1(r)))
The assumption g € PWM(MZ’, Mg') implies

920y B2 <

llg- (P20 (I)al(|gLDXB(ZL’,T))HMgi < ||g||PWM(Mgg,M§i)H‘I)2 o CI’61(|9L|)><B(gc,r)||M;jg~
(4)
Using the A’-condition of @y, we get
1920 @5 (lgzDxBnlage S (@208 ) (l9eXB6m )

where 9 1= &5 Lo ®g 0 ¢y. We calculate the right-hand side of the last inequality
to obtain
Y(r)

lorxs@n sy, < lorlmg o5
(el Maz o (r)’
Combining the previous estimates, we have
P29 ll0:8.0) S (@10 @3 ) (lgllpwaiage ) (@10 5 ) gzl a2 )-

Taking supremum over all z € R™ and r > 0 and then using the V’-condition of
D, we get

lgrllaeg S ‘I’l(‘I’z_l(||9||PWM(Mgg,Mg1))‘1351(”9”/\/1;;))-



Combining the last inequality with the definition of ®5, we obtain

||9LHM3;;§ S ”g”PWM(MfI';g,Mf;i :

Thus, g € ./\/lgz follows from the last inequality and Fatou’s lemma. This shows
that PWM(ME, M3!) C Mg2. O

4. CONCLUDING REMARKS

In this paper, we obtain three results about the space of pointwise multipliers
between two Orlicz-Morrey spaces. Our first result is these spaces contain an
Orlicz-Morrey space. The second result is a partial reverse inclusion of the first
result, namely the space of pointwise multipliers of Orlicz-Morrey spaces, which
can be recognized as a subset of an Orlicz-Morrey space. The last result is a
characterization of pointwise multipliers of two Orlicz-Morrey spaces as a third
Orlicz-Morrey space under some additional growth conditions of Young functions.
The complete description of pointwise multipliers between Orlicz-Morrey spaces
with weaker assumptions can be further investigated in future research.
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