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Abstract. This study aims to find necessary conditions for the boundedness of
Stein-Weiss Operator on Orlicz-Morrey spaces. It is well known that the Orlicz-
Morrey space is the generalization of the Lebesque space. In particular, by con-
sidering power function as Young’s function and zero as Morrey Space index, the
Orlicz-Morrey space is a Lebesgue space itself. Orlicz-Morrey space and several
operators in the space have been studied intensively by several researchers. In this
study, we find a necessary condition for the boundedness of the Stein-Weiss operator
on Orlicz-Morrey spaces. The technique to achieve our purpose is by substituting
dilation of a radial function on a ball into inequality of boundedness assumption,
and some basic properties of Young’s function. Due to the properties of the di-
lation, the result will be presented as an inequality involving suitable parameters.
As a result we get the necessary condition. As a discussion, we try to find several
examples that satisfy the inequalities. The most important, the result shows that
there is a significant factor to see the boundedness of the Stein-Weiss operator on
Orlicz-Morrey spaces. Since Stein-Weiss operator is a generalization of fractional
integral operator, the result shows that it generalize the boundedness of fractional

integral on Orlicz space.
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1. INTRODUCTION

Let A > 0, the fractional integral operator T is an operator on a function

space given by
@) = [ U
R yl

n |z —
In one dimension, Hardy and Littlewood proved that % = % — A is a necessary
condition for the boundedness of Ty from the Lebesgue space LP([0,00) to the
Lebesgue space L1([0,00)). Then, Stein-Weiss extended their result in a weighted
n-dimensional space. They show that

11 + atpf-A (1)
q P n
is a necessary condition for the boundedness of T from the weighted Lebesgue
space L? (R™, |- |*) to the weighted Lebesgue space L (R™, |- |7).
The Stein-Weiss operator is a generalization of the fractional integral opera-
tor, and was first introduced by Stein-Weiss [I]. That is,

Tury = /R f(y) i @)
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n ylofe =yl )P

Several authors have studied further about quasilinear operators on several
classical spaces, such as Orlicz Spaces, Morrey Spaces, Orlicz-Morrey Spaces, etc.
Nakai [2] and Hashimoto et al. [3] obtained the sufficient conditions for the bound-
edness of generalized fractional integral operators on an integrated version of Orlicz
spaces. Guliyev and Deringoz [4] derived the necessary and sufficient conditions for
the boundedness of the fractional maximal operator on generalized Orlicz-Morrey
spaces. Hésto [0] investigates the properties of the maximal operator on generalized
Orlicz spaces. Cianchi [6] have acquired the necessary and sufficient conditions for
boundedness of several classical operators on Orlicz spaces, and the results are very
sharp. In Theorem 1, 2, 3 [6], he found the necessary and sufficient condition for
the weak and strong boundedness of maximal operator, fractional integral operator,
and singular integral on Orlicz spaces. In addition, Sawano et al. [7] have found the
results of hard work for inequalities of fractional operators on Orlicz-Morrey spaces.
Those are available in Theorems 2.8, 2.9, 2.10, and Corollary 2.11. Salim et. al.
8], [9], [10] extend Adams [II] results about the boundedness of rough fractional
integral operator and Stein-Weiss operator on Morrey spaces.  Fatimah et. al.
[12] have provided a necessary condition for boundedness of Stein-Weiss operator
on Orlicz space, they prove that U ¢~ (t) <171 () is necessary condition for
boundedness of Stein-Weiss operator T, ) g on Orlicz space L? (R") to LY (R™).
We denote f(t) S g(t) if there exist a constant C' > 0 such that f(t) < Cg(t) for
any t > 0. In this research, we want to generalize Fatimah’s[I2] result. The re-
sults in [I3] [14] motivate further investigation into the necessary condition in more
generalized settings.

To describe the Orlicz-Morrey spaces, we need to recall several basic defini-
tions as followings.
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Definition 1.1 (Young’s Function and Its Inverse). A function ¢ : [0, 00) — [0, 00)
is said to be a Young’s function if ¢ is convex function on [0,00), ¢(0) = 0, and
lim; o0 ¢(t) = 0. The inverse of a Young’s function ¢ is given by ¢~ 1(s) =

inf{t >0 | ¢(t) > s}.

Young’s function ¢ : [0,00) — [0,00) at Definition is surjective, so the
set {t > 0| ¢(t) > s} is not empty for any s € [0, 00), which implies its inverse at
Definition [[1]is well-defined.

Definition 1.2 (Luxemburg’s Norm). Suppose that ¢ : [0,00) — [0,00) is a
Young’s function, and f : R™ — R is a measurable function. Luzemburg norm
of [ over ¢ is given by

|f||L¢(R”):inf{b>0 | ¢(|f(;)|> dm<1}.

R

Definition 1.3 (Orlicz Spaces). Suppose that ¢ : [0,00) — [0,00) is Young’s
function (Definition . The set

L*(R") = {f :R™ - R | f measurable, 11l Lo rny < 00}

is called Orlicz space. ||.||;ogn) denote the Luzemburg norm as described in Defi-

nition 1.2

Definition 1.4 (Morrey Spaces). Suppose that 0 < ~v <n and 1 < p < co. The
set

LPY(R™) = {f :R" = R | f measurable, ||f| 1o @n) < oo}

is called Morrey space, which

1

1 P

f P,y (R?) — sup 7/ f.’E P dx .
iy = s (55 [, @)

Both Orlicz and Morrey spaces are generalization of Lebesgue space, by choos-
ing ¢(t) =t and v = 0 implies L?(R") = LP°(R") = LP(R"™).

Definition 1.5 (Orlicz-Morrey Spaces). Suppose that ¢ : [0,00) — [0,00) is
Young’s function and 0 < vy <n. The set

LYY (R™) = {f tR™ = R | f measurable, || f|| o gn) < oo}

is called Orlicz-Morrey space, which

. 1 |f(2)]
sy = sup inf<{b>0 —/ ( de <1;.
oy = _sup_ { e (5

Notice that L#°(R") = L?(R"), and by choosing ¢(t) = t? we get L*7(R") =
LPY(R™). These show that Orlicz-Morrey space is generalization of both Orlicz and
Morrey spaces. Useful elements of Orlicz-Morrey spaces and its properties will be
provided in Section



2. PRELIMINARIES OF ORLICZ-MORREY SPACES

Orlicz-Morrey space is not empty. Theorem [2.1] shows that a radial power
function on unit ball is an element of any Orlicz-Morrey space.

Theorem 2.1. Suppose that ¢ : [0,00) — [0,00) is a Young’s function, 0 <y <mn,
and a > 0. Let f: R™ — R which f(z) = |#|*Xp(o,1)(z), then f € L?7(R™).

Proof. By Definition [T.5]

i 1 lz|“x B 0,1
||f||L¢”Y(]Rn) = sup inf<b>0: —’y\/ ( (0,1)
acR™, r>0 r B(a,r)

1 «
= sup inf<b>0:— <|;z:| >
a€R”, r>0 B(a,r)NB(0,1)

1nf{b>0 ( )|B(GTZ)HB(0 1)| 1}

| /\
H,_/

< sup
acR”™, r>0

| /\

QERW’ = ¢! (|B(a,r)r:B(O,1)|>
1

= sup . :
20671 (|B<o7)ms<r,1>|)

The last equality is obtained since ¢! is increasing and |B(a,r)N B(0,1)| <

|B(0,r) N B(0,1)|. Notice that, for r > 1,

o <|B(O,r)7gB(0,1)|> - <|B(g”'2
>¢! <|B(0,1)1mB(0,1)I)

1 1

— 1 — r ’
¢ 1(|B(o,1>r313(o,1>|) ¢ 1(|B(o,r>§B<o,1)|)

1
sup = Ssup

>0 ¢t (\B(O,T)TF:B(O,I)\) O<r<l ¢ <\B(0 HAB0,1) )

implies

Vv

So we have

I
)
=i

T
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This proves f € L®7 (R™). O

Theorem 2.2. Suppose that ¢ : [0,00) — [0,00) is a Young’s function, 0 <y <mn,
a >0 and [ be a function in theorem|2.1. For any t > 0, define g:(x) = f(tx),
then
< 1
191l o ey < @»

an

which a,, = |B(0,1)|.

Proof. By Theorem f(x) = |z|*XB0o,1)(x) is element of Orlicz-Morrey space
L®7 (R™), then g,(x) = f(tz) is also element of Orlicz-Morrey space L7 (R™).
Notice that

tx|¢ t
/ b <9t($)|> de :/ ) <| z| XB(0,1)( x)>dx
B(a,r) b B(a,r) b
_ t_"/ & <x|aXB(O,1)($))dx
B(ta,tr) b

e o (Y
B(ta,tr)nB(0,1) b

<7 |B(ta, tr) N B(0,1)] (2) .

Then we have,

19¢ll Lo ey €R™ 250 "

t=" | B(ta,tr) N B(0,1)] ¢ (&
<  sup inf{b>0: |B(ta, tr) ©, )|¢(b)<1}

1 Y
su inf<b>0: ~ )<
a€R 750 { 0 (b) = t7"|B(ta,tr) N B(0, 1)|}

! 3)

sup
a€R™,r>0 Qﬁ*l

(t*"|B(ta;:~)ﬂB(0,1)|>
Since ¢! is increasing and | B(ta,tr) N B(0,1)| < |B(0,tr) N B(0,1)|, we have
1 1

sup = - :su% — - )
ack™r>0 ¢ (t*"\B(ta,tr)ﬁB(O,l)l) >0 ¢ (t*"\B(O,tr)ﬁB(O,l)l)

1\
t

For tr > 1, then i r é we have

I8 J—
FRBONBO,D] . T RBO.1)] ~ T ABO)ABO1)]

1 1
sup = sup

— Y r — Yy '
>0 ¢t (t—"\B(o,tr)mB(O,l)\) st gt (t‘"IB(QtT)ﬂB(O,l)\)




~

Y _ Y _ 1 1 _ (l)
For tr <1, then =rpmimaBon] = FoB0m)] = o= > o= = FBODABOD]’
we have
1 1
sup = sup
tr<l -1 ( o ) tr=1 -1 ( joal )
= TAB0,tr)NB(0,1)] TAB(0,tr)NB(0,1)]
1

From and we have

1
el o gny < m

The proof is complete. O

Our objective is to find the necessary condition for the boundedness of the
Stein-Weiss operator on Orlicz-Morrey space. There are at least three big steps to
achieve our objective. First, the boundedness of Stein-Weiss Operator on Orlicz-
Morrey spaces will be assumed. Second, we will substitute specific function

f(x) = |z*XxB 0,1 (2)
and its dilation
gif () = f(tz)
into the inequality
||Ta,>\,BfHL¢2,vz(Rn) SJ ||f||L<¢>1w1 (R7) *

Third, we will estimate || f| ¢, (gn) from above and [|Ta x gf[l fos.75 (gny from be-
low to get some relation between ¢1, ¢2,71, 72, @, A, B, which is it will be our neces-

sary condition. The relation between the parameters will be presented in conclusion
of Theorem B.11

3. MAIN RESULTS

In this section, we provide a necessary condition for the boundedness of the
Stein—Weiss operator on Orlicz—Morrey spaces, presented as follows.

Theorem 3.1. Suppose that ¢1, ¢o are Young’s function and a, = |B(0,1)|. Let
a, B>0,0<v <n, and 0 <y < n. If T, p is bounded from L?7 (R™) —

L%272(R™) then
_ _ t"—’)’l B t"—'yz
et (S g0 (). 5)

an an
Proof. Suppose that T, » s is bounded from L#1:7t (R") — L%2> 72 (R™), then

”Ta,)\ﬁhHLabzﬂz(Rn) S, ”hHL¢1w1 (R™) »
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for every h € L% (R"). By Theorem f(z) = |z|*XB(0,1)(x) is element
of Orlicz-Morrey space L?171 (R™), then g;(z) = f(tx) is also element of Orlicz-
Morrey space L?171(R™) for any ¢ > 0. Therefore,

1T 3¢ oy S 19 or e gy (6)

for any ¢t > 0. First, we will estimate the right hand side of Inequality (@ By
Theorem [2.2] we have

1
196l Lor 1 my < m
1

An,

Next, we will estimate ||Ta,x,f| .05 (gny from below. By using change of
variables method, we have

9¢(y) a+B—X
Taxp9:(x) =/ dy =t Toxpf(tx).
re (Y% —y|" " z|P
Therefore,
o _ . t=" T(x,)x, f X
1T 50| omra gy = 15777 sup inf{b>0: / bs ("*”')dml
a€R™,r>0 72 JB(ta,tr) b

Notice that,

Taxpf(x) :/ L dy.

B(0,) [T —y["Ax|P

Since the value of ﬁ is radially decreasing, we have

T A o Y
/ o Jb0.1) = P dxg/ bo JB0.1) = P de.
Bl(ta,tr) b B(0,tr) b

Therefore,

1
t" o Y
sup inf<b>0: / P2 IB(O’D o=y Aal” der <1
a€ER™,r>0 rz B(ta,tr) b
1
t—n =Nz dy
=supinf¢b>0: / P2 fB(O’l) lo=yl" A al? dr <1
>0 2 JB(0,tr) b

1
t_n r—y|n—Nzx dy
> sup inf<b>0: / P2 fB(O’l) lo=yl" al” dr <15.
0<r<zz T B(0,tr) b
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Also, if 0 < tr < § and & € B(0,tr) we have B(z,tr) C B(0,1). Therefore,

1
T, x, tr) Jz—y["—> dy
/ ¢2<| a,A,Bf(x)|>dmz/ s Ja( ,t>1| %\ X e
B(0,r) b B(0,tr) btx|
an(tr))‘
= 10} < )d:c
/B(o,tr) 2\ Mzl

> an(tr)" ¢o <an(t)7\°l)f5> :

So, we have,

—n n an(tr)xfﬂ>
> potB—A inf . t an(t’r) (b? ( Ab <
ITax 89t ponve @y =t sup infdb>0: <1

0<r< 2 T
A=pB
== qup —af(tr)
0<T<% )\qbz_ (ﬁ)
A-B
> taJrﬁf)\ sup ail (tT)
hr<d 707 (5= )
1

> t9tPA qup ——
~ 1 1 4—1 1
2 <r<s; ¢ (m)
1
=)
2 an
Since T, s is bounded from L9171 (R™) — L% 72 (R™), then
1 < 1 .
_ 4£) 72 ~ — n—
oyt (U)ot ()

Since ¢2_1 concave and 4”772 > 1, we have ¢2_1 (%) S ¢2_1 (%) So

_ _ th—m _ 2
ta—l—ﬁ )\¢11( )§¢21( )
Gnp Gp,

The proof is complete. O

> ta+5—)\

toHrﬂ*)\

Theorem in [12] generalized Theorem 1 pg. 3796. Specifically, for v; =

~v2 = 0, we have
o ()20 (2)
an, n,

By replacing t with (ant)% we have the inequality in Theorem 1 in [12], which is
a necessary condition for boundedness of Stein-Weiss Operator T, » g from Orlicz
space L (R™) to Orlicz space L?? (R™).



A necessary condition of the boundedness of Stein-Weiss operator in Morrey
spaces can be recovered from Theorem [3.1| by substituting ¢1(¢) = t#* and ¢2(t) =
tP2 into we have

jotBoA I o mon
for every t > 0. Consequently,

n— n—

atB-A+ D02 (7)
b1 P2

Which means, is anecessary condition for boundedness of T, 5 g from LPt:7 (R™)

to LP272 (R™).

4. CONCLUDING REMARKS

A necessary condition for boundedness of Stein-Weiss operator is already
provided in Theorem [3.1} The idea behind the construction of Theorem [3.1] consists
of the following three main steps:

(1) boundedness assumption of T, g from L?171(R") — L9272 (R");
constructing g; f(x) = f(tx), wit x) = |z|“XB(0.1)(Z), to be substitute

2 i ith “XB(0,1) be substi d
into the boundedness assumption;

(3) estimate [|f[| ;6,4 (gn) from above, and estimate ||Ta,x,.f| 1625 gny from
below.

In case of 77 = 72 = 0, Inequality become a necessary condition for
boundedness Ty, 55 : L? (R") — L2 (R"). While in case of ¢1(t) = tP* and
¢2(t) =72, we have a necessary condition for boundedness T, 5 g : LP27 (R™) —
LP272 (R™). For further research, we are taking interest in sufficient condition for
boundedness of Ty, 5 g : L?17 (R") — L% 72 (R™).
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