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Abstract. The coupled fractional Fourier transform is a general form of the frac-
tional Fourier transform. In the present work, we demonstrate basic properties of
the proposed transformation, such as linearity, shifting and modulation. We also
propose convolution and correlation theorems and then explore a generalized uncer-
tainty principle for the coupled fractional Fourier transform. These crucial results
are modifications of the corresponding properties pertaining to the fractional Fourier
transform and the conventional Fourier transform.
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1. INTRODUCTION

The fractional Fourier transform (FrFT) [I1 2] [3, [4] is an effective mathemat-
ical tool that has been applied in quantum mechanics, neural networks, differential
equations, optics, radar, sonar, and other communication systems [5, [6l [7} 8, @].
It can be viewed as an expansion of the Fourier transform (FT). In the recent
work, the authors of [10, [TT] have proposed an extended form of the FrFT to the
coupled fractional Fourier transform (CErFT). The utility of the CFrFT kernel in
constructing the other general transformations, such as the short-time coupled frac-
tional Fourier transform and the coupled fractional Wigner-Ville distribution were
discussed in [12] [13] [14] [15]. Especially, the authors of [10] studied in detail various
uncertainty inequalities associated with the CFrFT. However, some properties of
the CFrFT like convolution and correlation theorems have not yet studied.
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Therefore, in the present research we first establish some basic results per-
taining to the CFrFT, which are missing in the existing literature. We then study
convolution and correlation operators related to the generalized transformation.
Finally, we also explore an uncertainty inequality associated with the proposed
CFrFT.

The paper is outlined as follows. In Section [2] we recall the definition of the
FrFT and some existing results related to the transformation. The definition of
the CFrFT is also introduced in this section. Section ] is devoted to definition
and properties of the CFrFT. We also present convolution and correlation theo-
rems related to the CFrFT. Section {4| deals with the derivation of an uncertainty
principles associated with the CFrFT. Lastly, Section [5| contains a brief conclusion
of the work.

2. PRELIMINARIES

First of all, we introduce the basic results related to the FrFT and the CFrFT.
We begin with the following definition.

Definition 2.1. The space L"(R?) is the set of measurable functions on R? satis-
fying

1/r
Il = ([ 1500 ae) - <o, 155 <o W

Here t = (t1,t2) € R2, dt = dt1dty. Also for every f,g € L"(R?) with f = g if and
only if f =g a.e.

In particular, when 7 = co we define L°°(R?)-norm

£l e r2) = ess supgege| f(#)], (2)

and if f is continuous, then

[ fllLoe 2y = sup |f(2)]. (3)
teR?
The inner product of L?(R?) is defined by
Faheeee) = [ F@a0 (1)

Definition 2.2. Let function f € L*(R?). The 2-D FrFT with parameter 9 is
defined by

5ol e) = [ 10K .t Q



where Ky(w,t) is given by

Aﬂefi(\t‘2+|w|2)¥+it~wCscﬂ’ 9 ?é ni
K ‘ 2ieit-wcscﬁ7 9= g 6
a(wt) = ot — w), 9 = 2nm (6)
ot +w), 9=02n+1)m,n € Z.
Here, 0(t — w) = §(t1 — w1)d(te — ws) and
1—idcotd —— 1+icotd
Ay — 1 CO R +12co . (7)

27 27
It is not difficult to check that the FrFT kernel fulfills the following basic
properties:
Ky(w,t) = K_y(w,t),

and

Ky(w, t)Ky(w',t)dt = 6(w — '),
R2
where Ky(w,t) is the conjugation of Ky(w,t).
Definition 2.3. Let f € L'(R?) and Fy{f} € L*(R?). The inverse formula of the
2-D FrF'T for the function f is given by

10 = [ Fol Y Kol t) do
:/ Fo{/}w) Apel D =5E mitwesed g, (8)
R2

Formula tells us how to generate the original function from its FrFT.
Next, we introduce a definition of the CFrFT.

Definition 2.4. The CFrFT of any function f belongs to L' (R?)NL?(R?) is defined
as [10] [11]

S (1) = [ K0 s, 0
where
Ko s(w, ) = d(y)e (eI el —t- M) (10)
In this case,
_a+p _a—pf _coty _ cosd
’Y - 2 I 6 - 2 9 (1(7) - 2 ) b(’%(s) - sin’y’

(7, 6) = sin § d(y) = ie~ M < b(v,9) c(’y,é)) 7

siny’ ~ 27siny’
with a, f € R and o + B ¢ 27Z.

Relation @D may be expressed in the form

Soalf ) = [ o) (st)e ) et e degy )
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Denoting
g(t) = f(E)e I, (12)
we easily get
l9(®)] = £ (). (13)

Now formula may be represented as

(d(7)) " g, g{fHw) = /RZ g(t)etMeat
=39} (Mw), (14)
which explains the direct interaction between the CFrFT and the 2-D Fourier trans-

formation. Here §{f}(w) denotes the 2-D Fourier transform of f € L?(R?) given
by (see [16], 17, [18])

§Uw) = [ fopetea (15)

where t,w € R?,t - w = tiw; + taws.
The original function can be obtained in terms of the CFrFT using the defi-
nition as below.

Definition 2.5. For any §as{f} and f in L*(R?), the inverse of the CFrFT is
calculated by

£0) = [ sl Fo oo, B

_ d(’}/)/ Sfoéﬁ{f}(w)ei(a(’Y)(‘t\2+|w‘2)7t.]\/lw) dw. (16)
]R2
As a particular case, when o« = (3, then one obtains

t 1
y=a, 06=0, a(a):CO2a, bla) =

1+icota )
c=0, d(a):727r , M(SIBO‘ 1 )




Substituting this into @ yields

1
1+icota - <t2+t2+w1+w2 (2) : (Sigo‘ .(1) ) (5;))]
Saﬁ{f}(w) = _ . f(t)e sin a dt

21
. t1 =
. —i (t2+|w|2)°°§‘*< )(J)‘“)]
1 t t Y
_ Ltcota ftye L 2/ \sina/ ] gy
27'(' R2
_ %ﬂ Ftyei L= (P el) - = 2] g
Y
_ 1+icota f( Jemi[e5® (17 Hw )~ ke (e tiaen)] gy
2w
_ Lticota f(t)e—i[%<|tl2+\w|2>—csw(tmﬂmﬂdt
2
_ ek [ ) )] g
s
1+ icota
C1-— zcotasa{f}( «)
= —e T F {fHw). (17)

In this case, Fo{f} represents the 2-D FrFT described by identity . It is not
difficult to verify that for 8 = a = 5, the CFrFT §, {f} becomes the 2-D FT

F{f} defined in relation (TF).

The next result will be needed to derive the uncertainty principle involving
the CFrFT in the next section.

Theorem 2.6 (Parseval’s formula). For all f,g € L?(R?), the following relation
holds true:

<fa g>L2(R2) = <Sa,ﬁ{f}a%a,ﬂ{g}>L2(R2)a (18)
and

1£172 2y = ISas{ HZ2 (g2 (19)

Proof. With the help of Parseval’s relation concerning the 2-D Fourier transform,
we find that

— 1
|, fwatda =

- / S HMw)F T (Mw)d(Mw)

w)§{g}(w)dw

det(M

_ / S H(Mw) 39} (M) dw (20)

472
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Applying equation to relation results in

Thdt= =i (Ve eI (M) deo
[ sttt = e [ 5500 HMe) (5B O} (M)

= e TR H@)Fap (g (@) e

 4n2sin?y Je
d—l 2
o R

472 sin

= [ BN T

and the proof is complete. (I

To verify the use of the CFrFT properties, we give an illustration with a
simple example.

Example 1. Consider the Gaussian function of the form

FH) =e I k> 0. (21)

Thus, with the help of equation (9)), we get

Sas{fHw)
= / o~ REFE)A(Y) =iy (18 +w]?) ~t-Mw) gy
R2

— i) (B + 3w +d) i <t1> ( b(y,0) e, 5)) (Wl)
= d(v) / TRt t) \=¢(0:0) by J\w2) gy
R2

2 2y - tl . b(776)w1+c(’7a5)w2
) (t) (—cw, d)wr +b(y, O)ws ) 4

:d(y)e—i(a(v)(wﬂw%)/ e
R2
_ d(,y)e—ia(v)(W?erg)
o / o R 43) gia(7)(E+13) =i (11 (b(v,0) w1 +e(r,6)ws) +Ea (—e(y,0)wr+b(7.6)w2)) g
R2
= d(7)eteMF(wited)
« / o~ (k+ia(n)t] o= (k+ia(n))t] ,—its (b(y,6)wiFe(y,0)wz) o —itz(—c(v.6)w1+b(y.0)w2) g
R2

(22)



Further, we obtain

ga ﬁ{f}(w) _ d(,y)e—ioc('y)(wf-i-wg) / e—(k:-l—ia('y)tf—itl (b('y,é)wl-l-b(v,é)wg)dtl
R

X/e—(k-i-ia(’y)tf—itz(—c(’y,&)wl+b('y,5)w2)t2dt2
R

) . i(b(7,8)wq +e(v,8)w
_ d(,y)e—za('y)(wf-i-wg) / e—(k+za("/))(t§+ S )kiia((;’) k Q)tl)dtl

R
_ . 2 i(=e(v,8)wi +b(v,8)wa)ta
x / e (Hialttt ) dts. (23)
R
Hence,
Sapl{fHw)
) i(b(v, 0wy t+e(v,0)wy) Y2 _ (i(b(y.8)wy +e(y,8)wa) |2
_ d(,y)e—ia('y)(wf—&-wg)/e_(k""mﬁ))((tﬁ' kel ) (gt en) ) >dt1
R

_ . i(—e(7.8)wi+b(v.8)wa) V2 _ (i(—e(r,8)w1+b(7.8)ws) )2

(ktia(y)) ((t2+ sty alen) )7 (Uosly e biiies) ) )

X e dtz
R

2 2
. 2 2 (b(’v,é)wl)+6(’v,5)w2) (*C(’Y,é)“’l‘Fb(’%é)wZ)
= d(fy)efm(”*)(“’ﬁ“’?)* kT ia() - IRFia(v)

_ . i(b(y,8)w+e(y,8)wa) )2 (L i(—c(y.8)wy +b(7.8)wa) )2
x/e (ktia(y) (1 +100gerte0e) ) dtl/e (k+ia() (ta+ 1) ) dts
R R

<b(w,6)w1+c<w,6>wz)2—(b<v,6>wz—c(mzm%)) T

_ d(ye- e @i+ed( ik ) — 24
(7)e k+ia(y)’ =y

as shown in Figure 1.

FIGURE 1. (a) Real part, (b) imaginary part of Example [l for

y=%0=%k=1lLa=5w =—-1.1w =—-1.1



3. PROPERTIES OF COUPLED FRACTIONAL FOURIER TRANSFORM

In this part, we investigate in detail several properties of the CFrFT. The
results are modifications of the corresponding properties of the 2-D FrFT.

Theorem 3.1 (Linearity). Let two functions f,g € L*(R?) with ki, ks € R, then
we have

Sa stk f(t) + kag(D) }w) = k18a,s{f(#)}(w) + k2Sa s{g(®)}(w).  (25)

Proof. Due to the definition of the CFrFT @, we get

Sorth (0 gt} e) =40 ~/]Rg (k1f(t) + kzg(t))e‘i(a<7><ltlz+\wlz)—t.Mw) dt
= d(v)/ klf(t)e_i(a(’Y)(lt|2+\w|2)—t.Mw)dt
R2

+ d(v)/ kag(8)e (e o) —6:0w) gy (96)
RQ
The above equation can be rewritten in the form

oL F (1) + hag(0)} () = k() [ fiage (0o mente) gy

+k2d(’7)/ g(t)e‘i(“(7)(\t\2+|w|2)—t-Mw)dt
R2
= k1Sa s {f (1)} (@) + k2B s{9(t)}(w). (27)

Thus, the theorem was to be proved. O

Theorem 3.2 (Shifting). Let f belongs to L*(R?) and T, f(t) = f(t —y), then we
have

Fa s (T, () Hw) = e e —vMog 17 (w), (28)

where f(t) = f(t)e 2Nty

Proof. With the help of equation @, we immediately obtain

sa,,ﬁ{Tyf(t)}(w) _ d(’}/) 5 f(t _ y)e—z(a(’Y)(‘t\2+|w\2)—tMw) dt. (29)



Substituting w = t — y in the above identity results in

Fup T f (B} ()
= d(’Y)/ f(’u,)e_i(a(’Y)(|“+y|2+|w\2)—(u+y).Mu)du
R2

= d(’y)/ f(u)eii(a(')')(|u|2+2u~y+|y‘2+|wl2)7u_Mw*y‘Mw) "
R2

d(v) (u)eiizaw)u'yeii(a(w(‘u|2+|w‘2)7u'M“’) e~ iaMyl*~y-Mw 7.,
R2

) [ Flaye i (@Ol —ue) —ia()lyl -y Mw gy,

Rz
= emiMyP -y Mog (1 (w), (30)
and the proof is complete. ([

Theorem 3.3 (Modulation). Assume that f € L?(R?). Let M,,, f(t) = 0, then
we have

a6 {Muo f }(w)

= eﬂ(a(v)(w_ wol"=2|(w+ M wo) M~ “’OI))Sa,ﬁ{f}(w + M wy). (31)

Proof. Tt follows from equation @ that
%Q’Q{Mwof}(w)
:d(v)/ Mwof(t)e*i(“(7)(\t\2+lw\2)7t-Mw)dt
RQ

=d itwo f(t *i(a(v)(ltIQHwIQ)ft-Mw) t
(’Y) /R2 € ( )e /
=d t 71‘(a('Y)(|t|2+‘W|2)*t-(Mw+wo)) t
(’Y) ) f( )e /

\t|2+\w+M*1wo*M’1wo\2)7t~M(w+M*1w0)>

= d(v) f(t)e*i(“”)( "

=d(v) /RQ f(t)

— (a('y) (1812l M~ wo > ~2| (w+ M~ w0)- M~ awo | +|M = wol?) —t-M(w-i—M*lwo)) "

X e

_i(a(’Y) (‘Mﬁlwo|2—2\(w+M*1w0).M*1w0|)>
=e

x d(7) f(t)eﬂ'(a(w)<|t|2+\u+M—1wo\2>,t.M(w+M_1wo))dt
R2

Fa.p{fHw + M w).
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This finishes the proof of the theorem. (I

Definition 3.4. For any functions f,g € L*(R?), the convolution operator for the
CFErFT is defined by

(f+g)(®) = . f(@)g(t — )= dg, (32)

As an easy consequence we get the following theorem.

Theorem 3.5 (CFrFT Convolution). Let f,g € L?(R?), one has

cia(nlw?
d(v)

Proof. In fact, we have
Sa,plf *gH(w)
= d(v)/ (f *g)e*i(a(v)<ltl2+\w|2>7t<Mw)dt
R2

- d(v)/ ( f@)g(t — :c)aiQa(v)m'(”)dw) ¢~ (eI el —t-Mw) gy
R2 R2

—d) [ [ ot -yt ) s,
R2 JRR?

— oy Sap{[Hw)Sa s{g}(w) = Fas{f * g} w). (33)

The change of variables z = t — x, yields
Saslf ol =d0) [ [ f@gmeoe
R2 JR2
« efz(a('y)(|z\ T2+ |w| +2z~m)fz»Mw7m-Mw)dzdx.

This equation implies that
Sa,o{f * g} (w) = d(v) / / f(@)g(z)e i (e P sl Hol) =2 Mo—eMw) g gy

_ d)d0) i 7)\w/ / e—i(a (2P +Hwl?) 2 Mw)
d RrR2 JR2

x e_l(“(’Ymml ool >—w-Mw)dzdm
ela()|wl?

e (a2l )~ Mw) 5o
d(y) (dm @ d )

X (d(’Y) /R? g(z)e_i<a(’)’)(|z2+|w2)_z_Mw)dZ>

gia(y)|w?

=00 — 5 Bas{[} W) s{g}(w).

This ends the proof of the theorem. O
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Definition 3.6. For any functions f,g € L*(R?). The correlation operator for the
CFrFT is defined by

/ f(x)g(t + x)e 20z (E+2) g (35)

Theorem 3.7. Let f,g € L?>(R?), we have

gia(y)|w|?

Sa,g{fog}(w) ( )

——Sap{H-w)Fas{g}(w). (36)

Proof. Applying results in

Sap{fog}(w)
=d(v) / (fo g)e—i(a(’Y)(‘tP-&-IwP)_t.M“’) gt
R2

- d(w)/ f(@)g(t + x)e 2eM= () gg =i (A Heo )t M) gy
R2 R2
/ F(@)g(t + )e 2o ) =i (a7l ) —t-Mw) gy gy
R2 JRR2

Setting z = t + x, we find that

Sap{fogt(w)
_ d / f 7i2a('y)z-ccefi(a('y)(|sz|2+\w|2)7(sz)~Mw) dzdx
R2

R2
7i2a('y):l:-z
R2 R2

2
> e—z a(w V(2|2 +|z)? — 22 24 |w|?) —z- Mwta- Mw)dzdiL'

= d(W)/ f(w)g(z)efi(“(7)(‘z|2+\w|2+\wlz)fz-Mwﬂc-Mw)dzdw
Rr2 JR2

eia('Y)Iw‘2 ( 2 2
_ d —i(at) (2P +Hwl) —2 M(-w)) 4
i)\ 40) [ T T

X d(’Y)/ g(z)ei(aﬁ)(lzl2+lw"’)z~Mu)dz>
RQ

ela(w?

=0 — 5 Bas{fH-w)Fas{g}(w),

which completes the proof. ([l
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4. UNCERTAINTY PRINCIPLE FOR COUPLED FRACTIONAL FOURIER TRANSFORM

Recently, the authors of [I3 14, 19, 20] have proposed several uncertainty
principles related to various transformations. In this part, we establish an uncer-
tainty principle related to the CFrFT. The following theorem will be useful for
deriving the main result in this section.

Theorem 4.1. Let f € L*(R?), one has [10]

{l |t|2|f(t)l2dt}% {L w|23’a,ﬁ{f}(w)|2dw}% > I ey (37

The extension of equation mentioned above is given by the following
result.

Theorem 4.2. Let f € LQ(RQ) with n, A > 1, the following inequality is satisfied:

ix :.8 %
([ lrigastre |"dw) ([ eisera) ™ = () I

(38)

Proof. Tt follows from Holder’s inequality for the CFrF'T that

/RQ (@I, {f} (@) dw
= [ oPBas @)
RQ
= [ ol sl H @) s R

< (/Rz ('wlﬂga,ﬁ{f}(w) 5)vdw>;
X (/RQ (|3a,6{f}(w)25>n"1dw>nn—1
(/ |w 7§ a,5{f}(w) 2dw> </ S s {3 )Qd“-’> N (39)

Applying Plancherel’s formula (|19)) to equation (39)), we get

[ oPlSastn) )P <( / iatsoras) ([ e

= ([P rBast P AR o
]R2

Hence, assuming that f # 0,

(/ 2|w2"|sa,g{f}<w>2dw) e L N
. 112
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In a similar way, we find that

([ pisopar) = e AGRL (2
R2 ( A )
11

By combining equations and , we easily obtain

W [*"Fap{ S} (w)[*dw % [t £ (8)2dt '
(L ) (Lersora)

fRz ol Bap {1} (w)Pde fgo 6211 (6)*dt

. (43)
+15
||fHL€@§2> *)
Applying equation (37) in Theorem u results in
{Eecd Al
([ el ustre 2dw> ([ i 2dt> > ML
il

This equation yields

(. |w|2n|ga,ﬂ{f}(“’)|2dw>;( /. ItI”If(t)Ithy > S 20 )

We finally arrive at

oy in8 ”n%
([ 1P l50ats) 2dw) ([ eirwra) = () 1

which completes the proof. O

Remark 1.

1 Note that inequality in Theorem[].3 also holds for f = 0.
2 The forthcoming paper will investigate how the Gaussian signals minimize in-

equality .

5. CONCLUSION

In this research paper, we have demonstrated several properties of the CFrF'T
including convolution and correlation theorems. We also established a generalized
uncertainty inequality related to the proposed CFrEFT. All these results are non-
trivial extensions of the 2-D FT and 2-D FrFT properties.

Acknowledgement. The author sincerely thanks the referees for the valuable
comments that helped to improve the presentation of the work. The author is
partially supported by the TRG scheme 2025 of Hasanuddin University, Indonesia.
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