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Abstract. In this digital era, a lot of data can be collected to be extracted and

used for decision making through mathematical models in solving cases in certain do-

mains. This paper will focus on solving nonlinear least squares problems in building

an optimal model, namely one that has good accuracy and is efficient. In practice,

the model is built using numerical methods. The main objective of this study is

to investigate the effect of stochasticity in numerical methods that utilize gradi-

ents, namely Levenberg-Marquardt, on accuracy and computational efficiency. In

addition, several numerical results from several variants of Stochastic Levenberg-

Marquardt sampling and data taken in clusters with K-Means will be compared.

The results of this paper are Stochastic Levenberg-Marquardt with 100, 200, 300,

400, and 500 data sample sizes outperformed classical Levenberg-Marquardt since

they have very low relative errors to Levenberg-Marquardt and are faster in compu-

tational time than Levenberg-Marquardt. Therefore, when solving nonlinear least

squares problems with large data sets, the Levenberg-Marquardt method requires

only a small number of samples, which suggests that using the Stochastic Levenberg-

Marquardt approach is advantageous.

Key words and Phrases: nonlinear least squares, stochastic Levenberg-Marquardt,

cluster, accuracy, K-means, computational efficiency.

1. INTRODUCTION

Advancements in mathematics, science, and technology has driven humans
to digital and information era. This modern era leads to the exponential growth of
creating, collecting, and utilizing data as stated in Kapadiya et al. [1] and Horvitz
and Mitchell [2]. As data collection and processing have advanced, the need for
effective methods to extract meaningful insights from this data has become increas-
ingly apparent. The development of mathematical models that capable of handling
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complex dataset is a necessity as well. Hokanson [3] stated that among the vari-
ous approaches to model data, nonlinear least squares problems have emerged as
a critical area of focus, particularly for their applications in data fitting and para-
meter estimation across diverse fields such as engineering, economics, and machine
learning.

Nonlinear Least Squares problems involve finding the best fit curve to a set
of data points by minimizing the sum of the squares of the residuals, which usually
called the objective function of this problem. This task for finding optimal model
that has high accuracy or lower error and has computational efficiency led to the
development of numerous of numerical methods [4, 5]. In Nocedal [6] and Yuan [5],
Gradient-based numerical methods is one of those methods for solving nonlinear
least squares problems.

With the growth of data created, recent advances have explored the inte-
gration of stochastic elements into these numerical methods to potentially enhance
their performance and its applications [7, 8, 9, 10]. One specific method, Stochas-
tic Gradient Descent that introduce randomness into the optimization process can
influence both accuracy and computational efficiency as in Robbins [7] and Kiefer
[8]. The impact of such stochastic methods on gradient-based numerical methods
remains a topic of ongoing research.

The Levenberg-Marquardt algorithm has been extensively studied for solving
nonlinear least squares problems. Early applications include the analysis of EPR
spectra (1996) [11] and the development of damping and undamping strategies
(1997) [12]. More recent efforts have focused on improving the accuracy and com-
putational efficiency of the algorithm. For example, Yan et al. proposed AdaLM
(Adaptive Levenberg-Marquardt), which adapts the step size to enhance perfor-
mance [13]. Building on this line of work, Hong et al. (2020) introduced a stochastic
version of the Levenberg-Marquardt algorithm by using randomly selected subsets
of data. [14]. In contrast, our approach introduces a new variation of stochastic
sampling: at each iteration, a different random subset of the data is selected. Fur-
thermore, this study incorporates K-Means clustering, using cluster centroids as
representative data points, which differentiates our method from previous work.

The main purpose of this research is to investigate the influence of stochastic
in numerical methods that utilize gradients, especially for Levenberg-Marquardt
method, on accuracy and computational efficiency. In this study, numerical result
with data taken in clusters will be compared to Stochastic Levenberg-Marquardt.

2. PROBLEM STATEMENT AND METHODS

2.1. Least Squares Problem.

When we have data (xi, yi), i = 1, 2, . . . ,m, the relationship of xi and yi can
be written in equation (1)
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yi = M(p, xi) + ϵi , (1)

where p = [p1, p2, . . . , pn]
T is a vector consist of model parameters, M(p, xi)

is a fitting model, and ei is measurement error on the data ordinate.

For any choice of p, residuals can be computed by

fi(p) = yi −M(p, xi). (2)

The least squares problem is to minimize the sum of the squared residuals
by obtaining p∗ as the minimizer. Madsen [15] define least squares problem in
Definition 2.1

Definition 2.1. [Least Squares Problem] Find a local minimizer p∗ for

F (p) =
1

2

m∑
i=1

(fi(p))
2 , (3)

where fi : Rn 7→ R, i = 1, 2, . . . ,m are given functions, and m ≥ n.

As an objective function, F (p) can also be called as loss function or cost
function.

2.2. Gradient Descent.

Gradient Descent is an iterative optimization numerical method that uses
first order derivative approach with the aim of minimizing the objective function.
In Ruder [16], Gradient Descent is a way to minimize objective function F (pk; ζ)
parameterized by its model parameters pk ∈ Rn by updating the value of param-
eters with opposite direction of gradient of objective function. In Tian et al. [17],
updating the value of parameters p using Gradient Descent can be written as in
equation (4)

pk+1 = p− τ k∇F (pk; ζ), (4)

where k denoted as iteration of the simulation. Symbol τ k called as learning rate
which usually constant greater than zero that regulate updating steps using gra-
dient. Symbol ζ : (xi, yi), i = 1, 2, . . . ,m is all samples used when calculating
∇F (pk; ζ) for every iteration.

Garrigos and Gower [18] showed one way about convergence of Gradient
Descent as written in Theorem 2.3

Definition 2.2. Let F : Rn → R and L > 0. F is said L−smooth if it is differen-
tiable and if ∇F : Rn → Rn is L−Lipschitz:

for all x, y ∈ Rn, ∥∇F (x)−∇F (y)∥ ≤ L ∥x− y∥ .
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Theorem 2.3. Suppose we want to minimize a differentiable function F and min-
imizer (argmin) F ̸= ∅. Assume F convex and L−smooth, L > 0. Let (pk)k∈N be a
sequence of iterates generated by Gradient Descent algorithm, with a learning rate
satisfying 0 < τk < 1

L . Then, for all p∗ ∈ argmin F , for all k ∈ N, we have

F (pk)− inf F ≤
∥∥p0 − p∗

∥∥2
2τkk

.

As the number of data samples increases, the associated computational cost
also rises accordingly. Therefore, recent advances introduce randomness or stochas-
tic elements into Gradient Descent. It is done by sampling the data uniformly. In
Tian et al. [17] stated that Stochastic Gradient Descent computes gradient only
uses one random sample in each iteration. Mini-Batch Stochastic Gradient Descent
randomly sampled small-batch data Bj to compute gradient. These two variants
save a lot of memory in computation which might lead to speed increased. In this
study, Stochastic Gradient Descent term will be used interchangeably for those two
variants. With Bj , j = 1, 2, . . . ,m batch data, updating parameters value can be
written by

pk+1 = p− τ k∇F (pk;Bj). (5)

To show one way about the convergence of Stochastic Gradient Descent, Gar-

rigos and Gower [18] depicts the objective function as a sum of functions F (p)
def
=

1
dΣ

d
i=1Fi(p), where Fi : Rn → R is bounded from below and argmin F ̸= ∅. They

said sum of functions problem as Sum of Convex when Fi : Rn → R is assumed
to be convex. They said sum of functions problem as Sum of Lmax−smooth when

Fi : Rn → R is assumed to be Li−smooth and denoted Lmax
def
= maxLi. Garrigos

and Gower [18] showed one way about convergence of Stochastic Gradient Descent
as written in Theorem 2.4.

Theorem 2.4. Let the problem hold Sum of Lmax−smooth and Sum of Convex
assumptions. Consider (pk)k∈N be a sequence of iterates generated by Stochastic
Gradient Descent algorithm, with a learning rate satisfying 0 < τk < 1

2Lj
. It

follows that

E[F (pk)− inf F ] ≤
∥∥p0 − p∗

∥∥2
2
∑k−1

t=0 τt(1− 2τtLj)
+

∑k−1
t=0 τ2t∑k−1

t=0 τt(1− 2τTLj)
σ∗
j ,

where p̄k
def
=

∑k−1
t=0 uk,tp

k with uk,t
def
=

τt(1−2τtLj)∑k−1
i=0 τi(1−2τiLj)

.

2.3. Levenberg-Marquardt.

Levenberg-Marquardt (LM) is an iterative optimization numerical method
that uses second order derivative approach with the aim of minimizing the ob-
jective function. While Gradient Method solely uses first order derivative, this
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method leverage the second order derivative. As this method may be considered as
an extension of Gauss-Newton’s method, the Levenberg-Marquardt also based on
solving linearized least squares problems. In Madsen [15], the Levenberg-Marquardt
method is based on a linear approximation to the components of f in the neighbor-
hood of p. For small ||h||, the Taylor expansion is

f(p+ h) ≈ l(h) ≡ f(p) + J(p)h. (6)

Thus, F denoted as

F (p+ h) ≈ L(h) ≡ 1

2
l(h)Tl(h)

=
1

2
fTf + hTJTf +

1

2
hTJTJh

= F (p) + hTJTf +
1

2
hTJTJh,

(7)

where J is Jacobian. Linear approximation for Gradient and Hessian respectively
are

F ′(p) = L′(0) = JTf F ′′(p) = L′′(0) = JTJ. (8)

Updating the value of p using hlm with Levenberg-Marquardt method is done
by solving equation (9)

(JTJ+ µI)hlm = −g with g = JTf and µ ≥ 0. (9)

Constant µ is the damping parameter which influences both the direction and
the size of the step [15]. It is stated that the initial value of µ is related to the size
of the elements in A0 = J(p0)

TJ(p0) by letting

µ0 = θ ·max
i

{a(0)ii } (10)

where θ is chosen by user. Updating value p is controlled by gain ratio q in equation
(11). If q is large value, L(hlm) is a good approximation on F (p + hlm). If q is
small, L(hlm) is a poor approximation.

q =
F (p)− F (p+ hlm)

L(0)− L(hlm)
. (11)

The pseudocode which details the step for updating parameters value using
Levenberg-Marquardt are shown in Algorithm 1.
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Algorithm 1 Levenberg-Marquardt

Input: θ > 0, initial p ∈ Rn, data ζ : (xi, yi), i = 1, 2, . . . ,m
Output: p
Initialize: ν = 2, A = J(p, ζ)TJ(p, ζ), g = J(p, ζ)T f(p, ζ), µ = θ ·maxi{a0ii}
1: for k = 1, 2, . . . ,maximum iteration do
2: Solve (A+ µI)hlm = −g
3: pnew = p+ hlm

4: Calculate q = (F(p, ζ)− F(pnew, ζ))/(L(0, ζ)− L(hlm, ζ))
5: if q > 0 then ▷ Step accepted
6: p = pnew

7: Calculate A = J(p, ζ)TJ(p, ζ), g = J(p, ζ)T f(p, ζ)
8: ν = 2
9: else

10: µ = µ ∗ ν; ν = 2 ∗ ν
11: end if
12: end for

2.4. Stochastic Levenberg-Marquardt.

While Stochastic Gradient Descent randomly sampled data for calculating
gradient (first order derivative), in Stochastic Levenberg-Marquardt (SLM), ran-
domly sampled data used for calculating gradient as well as Hessian matrix, specif-
ically for calculating Jacobian matrix (first order and second order derivative) [19].
In Levenberg-Marquardt, Jacobian matrix, gradient, and Hessian matrix are calcu-
lated with all data samples, while Stochastic Levenberg-Marquardt calculate those
with randomly sampled data. The pseudocode that details the step for updating
parameters value using Stochastic Levenberg-Marquardt are shown in Algorithm 2.

2.5. K-Means.

In this study, data will be sampled with centroid-based clustering algorithm,
specifically K-Means. Centers from clustering algorithm will represent the data
to get the optimized model. K-Means is preferred in this study since the num-
ber of centroids (K) could be specified. K-Means algorithm initially proposed by
MacQueen [20] in 1967. This method classifies given object to k different clusters
[21].

K-Means algorithm used in this study is K-Means++. Let X be data points,
let C = {c1, c2, . . . , ck} are centers, and let D(x) denote the shortest distance from
a data point to the closest center which have already chosen, as stated in Arthur
and Vassilvitskii [22] the steps for K-Means++ are

(1) Take one center c1, chosen uniformly at random from X .

(2) Take a new center ci, choosing x ∈ X with probability D(x)2∑
x∈X D(x)2 .

(3) Repeat step 2 until k centers have taken altogether.
(4) For each i ∈ {1, 2, . . . , k}, set the cluster Ci to be the set of points in X

that are closer to ci than they are to cj for all j ̸= i.
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Algorithm 2 Stochastic Levenberg-Marquardt

Input: θ > 0, initial p ∈ Rn, data ζ : (xi, yi), i = 1, 2, . . . ,m
Output: p
Initialize: ν = 2, select one or few samples data randomly Bj , j ∈ {1, 2, . . . ,m},
A = J(p,Bj)

TJ(p,Bj), g = J(p,Bj)
T f(p,Bj), µ = θ ·maxi{a0ii}

1: for k = 1, 2, . . . ,maximum iteration do
2: Solve (A+ µI)hlm = −g
3: pnew = p+ hlm

4: Calculate q = (F(p,Bj)− F(pnew,Bj))/(L(0,Bj)− L(hlm,Bj))
5: if q > 0 then ▷ Step accepted
6: p = pnew

7: Calculate A = J(p,Bj)
TJ(p,Bj), g = J(p,Bj)

T f(p,Bj)
8: ν = 2
9: else

10: µ = µ ∗ ν; ν = 2 ∗ ν
11: end if
12: end for

(5) For each i ∈ {1, 2, . . . , k}, set ci to be the center of mass of all points in Ci.
(6) Repeat step 4 and step 5 until there are no any changes in C.

3. SIMULATION SETUP

3.1. Data and Preprocessing.

Apple’s Stock Price Data (AAPL) from December 12, 1980 to May 16, 2024
was used for building the model. The dataset was taken from Yahoo! Finance with
10,948 rows of data. In this study, 5th degree polynomial model l(x) = a + bx +
cx2 + dx3 + ex4 + fx5, x ∈ [0, 10947] is built.

In the dataset, there was a difference in x and y scale. With scale different,
it caused the sensitivity for model’s parameters. Wan [23] stated that to obtain
better convergence using Gradient Descent, the normalization method could help.
Thus, in this study, the data were normalized with Min-Max Normalization [24].
This method is chosen since the distribution of x and y are not normal or close to
normal. Min-Max Normalization is shown in equation (12)

xnew =
x−min(x)

max(x)−min(x)
. (12)

Loss function used in this study is Mean Squared Error (MSE) which show
in equation (13)

https://finance.yahoo.com/quote/AAPL/history?period1=345479400&period2=1715904000
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MSE =
1

m

m∑
i=1

fi(p)
2. (13)

Apart from Levenberg-Marquardt simulation, Stochastic Levenberg-Marquardt
with 1, 100, 200, 300, 400, and 500 randomly sampled data were simulated. For
Cluster-Levenberg-Marquardt, cluster with 100, 200, 300, 400, and 500 centers were
simulated. These numbers were selected after experimenting with random sample
far below 100, which had similar result with 1 random sample, and above 500,
which had similar result with 500 random samples.

3.2. Parameters Setup.

Initial setups for Levenberg-Marquardt, Stochastic Levenberg-Marquardt and
Cluster-Levenberg-Marquardt are

(1) Maximum iteration = 50
In the next section, it will be shown that it does not require higher itera-
tion since the fluctuation of loss function was similar in higher maximum
iteration.

(2) θ = 1× 10−7

As a rule of thumb, small value of θ is chosen, but the algorithm is not very
sensitive by the choice of θ [15].

(3) Initial p = (a, b, c, d, e, f) =
(−0.75276, 2.70429, 1.39196, 0.59195,−2.06389,−2.06403).
The initial guess is uniform randomly generated. The initial guess could
be chosen by the user or randomly generated.

Computer specifications for running Python simulation program was ASUS
Desktop 12th Gen Intel(R) Core(TM) i7-12700, 2100 Mhz 12 Core(s) 20 Logical
Processor(s).

4. SIMULATION RESULTS AND DISCUSSION

The loss function comparison of Levenberg-Marquardt, Stochastic Levenberg-
Marquardt, and Cluster-Levenberg-Marquardt is displayed in Figure 1. Levenberg-
Marquardt has the lowest loss function since it computes the Jacobian using all
sample data, as illustrated in Figure 1. It is observed that after completing 50
iterations, the loss function of the stochastic Levenberg-Marquardt with 1 sample
model does not approach Levenberg-Marquardt, as shown in Figure 1a, where
the loss function is significantly higher than Levenberg-Marquardt. The minimum
MSE of SLM 1 sample from 50 iterations is significantly higher, as displayed in
Table 1, than the minimum MSE of LM. It is suspected that additional iterations
are required for loss function of SLM 1 sample to get closer to LM.
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Table 1. Loss Function Comparison and Relative Error

Method Minimum MSE Relative Error (%)
LM 0.001574695911 0
SLM 1 0.239841356826 15130.96333412
SLM 100 0.001575429783 0.046604042483
SLM 200 0.001578011113 0.210529695116
SLM 300 0.001575371382 0.042895308592
SLM 400 0.001576264816 0.099632261320
SLM 500 0.001575898006 0.076338215123
Cl 100 0.001610635152 2.282297240011
Cl 200 0.001606480400 2.018452474183
Cl 300 0.001617227325 2.700928708518
Cl 400 0.001613599200 2.470527099832
Cl 500 0.001612992396 2.431992407551

Next, Figure 1b, Figure 1c, Figure 1d, Figure 1e, and Figure 1f compares
loss function for Levenberg-Marquardt, Stochastic Levenberg-Marquardt with 100
samples, and Cluster-Levenberg-Marquardt with 100 centers, and so forth. With
Cluster-Levenberg-Marquardt are slightly higher than Levenberg-Marquardt. How-
ever, it never approach Levenberg-Marquardt loss function. In Table 1, the rel-
ative error of the minimum MSE of Cluster Levenberg-Marquardt to the mini-
mum MSE of Levenberg-Marquardt are below 2.71%. On the other hand, be-
cause of the stochastic elements in iterations, in Stochastic Levenberg-Marquardt,
there are some iterations has MSE are high, even higher than Cluster-Levenberg-
Marquardt. Nevertheless, in certain instances, the MSE of Stochastic Levenberg-
Marquardt approaches the MSE of Levenberg-Marquardt. In Table 1, the relative
error of the minimum MSE of Stochastic Levenberg-Marquardt to the minimum
MSE of Levenberg-Marquardt are below 0.22%. Thus, the accuracy of Stochastic
Levenberg-Marquardt is superior than the Cluster Levenberg-Marquardt.

Figure 2 shows the 5th degree polynomial curve with Levenberg-Marquardt,
Stochastic Levenberg-Marquardt, and Cluster Levenberg-Marquardt. It is difficult
to see any differences in the curve, except SLM 1 sample, as the relative error are
below 2.71%.

Figure 3 shows the computation time comparison among the variants of meth-
ods and Table 2 shows total iteration of optimization simulation. For Cluster
Levenberg-Marquardt, merely cluster with 100 centers have a lower cumulative
computation time compared to Levenberg-Marquardt. In contrast, clusters with
200, 300, 400, and 500 centers have a higher cumulative computation time since
K-Means clustering requires a large amount of computation time. On the other
hand, despite the fact that the total number of iterations required for the simu-
lation reaches the maximum number, Stochastic Levenberg-Marquardt has lower
computation time compared to Levenberg-Marquardt.
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(a) Loss Comparison LM - SLM 1
sample

(b) Loss Comparison LM - SLM 100
samples - Cluster LM with 100 centers

(c) Loss Comparison LM - SLM 200
samples - Cluster LM with 200 centers

(d) Loss Comparison LM - SLM 300
samples - Cluster LM with 300 centers

(e) Loss Comparison LM - SLM 400
samples - Cluster LM with 400 centers

(f) Loss Comparison LM - SLM 500
samples - Cluster LM with 500 centers

(g) Loss Comparison LM - SLM - Cluster
LM

Figure 1. Loss Comparison of Levenberg-Marquardt, Stochastic
Levenberg-Marquardt, and Cluster-Levenberg-Marquardt
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Figure 2. Curve of 5th Degree Polynomial Model Comparison

Table 2. Iteration Comparison

Method Total Iteration
LM 24
SLM 1 50
SLM 100 50
SLM 200 50
SLM 300 50
SLM 400 50
SLM 500 50
Cl 100 22
Cl 200 25
Cl 300 24
Cl 400 23
Cl 500 24

In general, the computation time of Stochastic Levenberg-Marquardt and
Cluster-Levenberg-Marquardt (excluding K-Means computation) are lower than
Levenberg-Marquardt as shown in Figure 3. Reducing computational time comes
at the cost of accuracy, as these methods typically use smaller sample sizes. Smaller
sample sizes contributes in faster computational cost for calculating Jacobian ma-
trix, gradient, and Hessian matrix. Although computational time is reduced,
the relative error compared to the Levenberg-Marquardt method remains low as
the relative error are below 0.22% for the Stochastic Levenberg-Marquardt ap-
proach and below 2.71% for Cluster-Levenberg-Marquardt. With a small relative
error compared to the Levenberg-Marquardt method and reduced computation
time, this research demonstrates that Stochastic Levenberg-Marquardt outperforms
to Levenberg-Marquardt and Cluster-Levenberg-Marquardt in computational effi-
ciency.
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Figure 3. Computation Time Comparison

5. CONCLUSION

This research aims to investigate the influence of stochastic in the Levenberg-
Marquardt numerical method and sampling using cluster centers on accuracy and
computational efficiency. Stochastic Levenberg-Marquardt with 100, 200, 300, 400,
and 500 have relative error to Levenberg-Marquardt below 0.22% and have lower
computational time in 50 maximum iteration. Cluster Levenberg-Marquardt with
100, 200, 300, 400, and 500 centers have relative error to Levenberg-Marquardt
below 2.71% and have higher computational time, except 100 centers. To sum-
marize, Stochastic Levenberg-Marquardt with 100, 200, 300, 400, and 500 out-
performed Levenberg-Marquardt and Cluster-Levenberg-Marquardt with very low
relative error and reduced computational time, which suggests that using Stochas-
tic Levenberg-Marquardt approach is advantageous. Finally, further research may
include a better stopping criterion for Stochastic Levenberg-Marquardt to stop be-
fore maximum iteration, applying the methods in bigger datasets, and exploring
other clustering methods for better results in Levenberg-Marquardt.
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