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Abstract. We discuss a SAT-based approach for solving Suguru puzzles—one-

player puzzles similar to Sudoku that were confirmed NP-complete in 2022. We

first discuss the formal rules of the puzzles and provide a rigorous technique to

translate such rules into propositional formulas in conjunctive normal form (CNF).

The resulting formulas form what is called a SAT encoding, and we prove that the

number of clauses and variables in our encoding is polynomially proportional to

the puzzle’s dimension. This encoding allows one to reduce Suguru puzzles to SAT

problems, and we use this encoding to construct a declarative SAT-based program

without any search algorithm in C++ for solving general Suguru puzzles. We per-

form experiments involving 230 test cases for Suguru instances of size n× n where

6 ≤ n ≤ 15. Finally, we derive some empirical results from these experiments and

argue that, in terms of running time, our SAT-based approach outperforms the pre-

viously proposed backtracking technique in solving larger puzzles.
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1. Introduction

Single-player games that involve filling rectangular grids with numbers or
symbols according to specific rules can be both challenging and captivating. Some of
these games are inherently challenging and have a similar interesting property: find-
ing solutions to these puzzles is typically “hard”, but once the solutions are found,
checking whether these solutions satisfy the puzzles’ rules is relatively “easy”.1 A
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1We refrain from formally defining the notion of “hard” and “easy” in this introduction, but

“hard” informally refers to the condition in which no polynomial time algorithm is known to solve
such a problem in general settings. “Easy” means that the solution to such a problem can be
found in polynomial time.
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famous example of these puzzles is Sudoku. Another example is Suguru, a one-
player game invented by Naoki Inaba, a prominent Japanese logic puzzle designer.

Suguru first emerged in 2001 [1] and gained popularity in the theoretical
computer science community in 2022 after Robert et al. proved its NP-completeness
[2]. The puzzles are played in rectangular grids; a grid is partitioned into one
or more regions. Each region contains one or more orthogonally connected cells.
Initially, some cells in the grid might be empty or filled with positive integers.
These pre-filled cells are called the hint cells or simply hints. The objective of this
puzzle is similar to the famous Sudoku—each empty cell must be filled with exactly
one positive integer satisfying particular constraints. Suguru puzzles basically only
have two rules: (1) for every region, each cell in that region must be filled with a
unique integer between one and the number of cells in such a region, and (2) any
two adjacent cells in the grid, either orthogonally or diagonally, must be filled with
distinct integers.
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(a) A Suguru puzzle instance of size
6× 6.
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(b) A solution to the instance in
Fig. 1a.

Figure 1. An instance of a Suguru puzzle (Fig. 1a) and its solu-
tion (Fig. 1b). The bold numbers in the cells indicate the hints of
the puzzle (the pre-filled cells). Notice that the solution in Fig. 1b
satisfies all rules of Suguru puzzles.

Fig. 1 illustrates an example of a Suguru puzzle instance and its solution.
Here, we consider a Suguru puzzle of size 6 × 6. The instance in Fig. 1a consists
of nine regions: there are six regions of size 5 and one region each of size 1, 2, and
3. The instance has seven hint cells. Notice that the solution to this instance in
Fig. 1b preserves these hint cells.

The computational aspects of various one-player puzzles have attracted in-
terest in the theoretical computer science community, especially in their connection
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to NP-complete problems. In the last six years, many single-player logic puzzles
were proven NP-complete, such as Calculation Solitaire [3], Choco Banana [4], Ju-
osan [5], Path Puzzles [6], Suguru [2], Tatamibari [7], Tilepaint [8], Yin-Yang [9],
and ZHED [10]. Various techniques have been proposed to solve some of these
NP-complete puzzles. Most of them consider imperative approaches, such as the
exhaustive search for solving Tatamibari [11], the prune-and-search technique for
solving Yin-Yang [12], as well as various backtracking approaches for solving Juosan
[13], Path Puzzles [14], Suguru [15], and Tilepaint [16]. Typically, these algorithms
involve sophisticated search-based criteria in their computational steps. One of
them, namely the backtracking approach for solving Suguru puzzles explained in
[15], exhibits a factorial upper bound for its running time complexity—which is not
optimal for an NP-complete problem.

The Boolean satisfiability problem (SAT problem) is a fundamental problem
in theoretical computer science and mathematical logic. It is the first established
NP-complete problem [17], [18], [19], [20]. Theoretically, all NP-complete problems
can be transformed into SAT problem instances. This property enables various NP-
complete problems to be solved by SAT solvers—algorithms specifically designed
to determine the satisfiability of propositional formulas. Due to its versatility, SAT
solvers have been used to assist various problems in computer science, such as
automated planning and scheduling [21], automated theorem proving [22], formal
software or hardware verification [23], [24], solving complex optimization problem
[25], and various aspects of artificial intelligence [26].

Numerous studies have investigated SAT-based approaches for solving single-
player logic puzzles, such as binary puzzles [27], edge matching puzzles [28], fill-a-pix
[29], Juosan [30], Path Puzzles [31], Skyscraper [32], Sudoku [33], [34], [35], and
other various single player puzzles [36]. A recent extensive investigation by Bright
et al. demonstrates the effectiveness of the SAT-based approach in solving puzzles
using the declarative approach [36]. In this approach, one focuses on describing the
problems and their constraints as sets of Boolean formulas, rather than providing a
sequence of imperative commands. Some empirical performance comparisons of the
SAT-based and imperative search-based approaches for solving logic puzzles were
recently discussed in [30], [31]. Ammar et al. showed that Juosan puzzles with up
to 1350 cells can be solved in less than one second on a standard personal computer,
significantly outperforming the backtracking approach, which required four days or
more to solve the same puzzles on the same machine [30]. Sakti et al. showed that
the SAT-based approach outperforms the backtracking algorithm for solving Path
Puzzles if the number of cells is sufficiently large [31]. Nevertheless, one should note
that, in earlier studies, the imperative paradigms still outperformed the SAT-based
ones for small-sized puzzles.

This paper comprehensively discusses the SAT-based approach for solving
Suguru puzzles. The analysis of this approach is discussed rigorously from both
theoretical and experimental perspectives. The rest of the section in this paper
is divided into four main parts. Section 2 discusses the preliminaries and related
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works, including an outline of the earlier algorithmic investigation of Suguru puz-
zles and some notational conventions. Section 3 comprehensively explains Suguru
puzzles as SAT problem instances, which includes the SAT encoding for Suguru
puzzles and its analysis related to the number of variables and clauses of the result-
ing propositional formulas. Section 4 presents the experimental results and their
analyses, including the running time comparison between the previous backtracking
technique and our proposed SAT-based approach. Finally, Section 5 concludes the
paper with important findings and some open problems.

2. Preliminaries and Related Works

2.1. Representation and Rules of Suguru Puzzles

An instance of a Suguru puzzle can be represented using a two-dimensional
grid, divided into one or more regions, as depicted in Fig. 1. The objective of this
puzzle is to fill each cell with a number satisfying the following constraints:

(1) every two distinct cells in a region must contain two different integers;
(2) the integer in a cell within a region must be between one and the number

of cells in such a region;
(3) two adjacent cells in the grid, either orthogonally or diagonally, must con-

tain two different integers.

Notice that the first two constraints above are derived from the first rule stating that
each cell in a region must be filled with a unique integer between one and the number
of cells in the region it belongs to. We divide the first rule into two constraints to
make the translation of the rules into Boolean formulas more understandable.

A natural way to represent a Suguru instance and its solution is by using
two-dimensional arrays as explained in [15]. However, we refrain from discussing
this data structure in detail because it is irrelevant to our SAT-based approach for
solving this puzzle. Nevertheless, we introduce some notations similar to those in
[15] to ease our analysis, namely:

(1) the size of the grid is m× n if it contains m rows and n columns,
(2) a cell in an m×n grid is denoted by (i, j) where 1 ≤ i ≤ m and 1 ≤ j ≤ n,
(3) the overall number of regions in the grid is denoted by R,
(4) the overall number of hint cells in the grid is denoted by H,
(5) a region is labeled with an integer k (1 ≤ k ≤ R); for a region k, the number

of cells in this region is denoted by sk.

Other notations are introduced when we discuss the representation of a Suguru
puzzle instance as a SAT problem.

The cells are numbered in row-major order, i.e., the top-leftmost cell is the
cell (1, 1) and the bottom-rightmost cell is the cell (m,n). The regions are also
numbered in a row-major order, with the first visited region being region 1 while
the last visited region being region R. For example, in Fig. 1, the top-leftmost cell
is the cell (1, 1) and the bottom-rightmost cell is the cell (6, 6). Moreover, in Fig. 1,
there are nine regions (thus R = 9) with s1 = 5 (the region with three hint cells
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containing 3, 4, and 5), s2 = 3 (the region with one hint cell containing 2), s3 = 5
(the region with one hint cell containing 1), s4 = 5 (the region with one hint cell
containing 3), s5 = 1 (the region containing a single cell), s6 = s7 = 5, s8 = 2, and
s9 = 5 (the region with one hint cell containing 4). In Fig. 1, we also have H = 7.

2.2. Recent Algorithmic Investigation of Suguru Puzzles

Some general forms of Suguru puzzles were recently proven NP-complete in
2022 by Robert et al. [2]. The proofs involve a polynomial-time reduction from
the Planar Circuit SAT problem, known to be NP-complete, to the Suguru puzzle.
However, Robert et al. did not explicitly discuss the algorithm for solving the
Suguru instance in general.

Recently, Butrahandisya et al. have discussed elementary algorithmic ap-
proaches for solving Suguru puzzles [15]. They proved that verifying whether a
configuration is a solution to a Suguru instance takes polynomial time in terms of
the puzzle’s size. Specifically, this verification takes O(mn) time for a Suguru con-
figuration of size m× n. They also proposed an optimized backtracking algorithm
for solving arbitrary m × n Suguru instance with R regions and H hints cells in
O(R · (mn−H+2)!) time. This result provides a factorial upper bound for solving
Suguru puzzles in general, although it is not the optimal one since Suguru puzzles
are NP-complete. Their experimental results showed that Suguru instances with
no more than 100 cells can be solved using a personal computer in less than 0.5
seconds. On the theoretical side, they also proved that any Suguru instance of size
m× 1 or 1× n is tractable (i.e., solvable in polynomial time) for arbitrary m and
n. This result provides a special subproblem of Suguru puzzles where the solution
can be found quickly.

Despite the positive results introduced in [15], the backtracking approach for
solving the Suguru puzzle still has some limitations. Theoretically, the asymptotic
upper bound for this algorithm is still factorial in terms of puzzle size, which makes
it not optimal (in terms of the running time for an NP-complete problem) and
might make it practically less efficient for larger puzzles. In addition, the algorithm
is not straightforward to implement due to its complex search criteria (cf. [15,
Algorithm 2]). This complicated search criteria also makes the algorithm struggle
to solve specific types of instances in which it encounters many invalid states during
its exploration before finally settling on the correct solution states. The general
idea of the optimized backtracking algorithm for solving Suguru puzzles in [15] is
as follows:

(1) Suppose we are given an instance of a Suguru puzzle. The cells are filled
in row-major order. The hint cells are left unchanged. For each empty
cell (i, j), the algorithm attempts to fill it with a value from a possible set
of integers corresponding to the region to which the cell (i, j) belongs. In
particular, if a cell (i, j) belongs to the region k, then the algorithm tries
to fill (i, j) with an integer from the set {1, 2, . . . , sk} (in increasing order).
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(2) Suppose the algorithm assigns an integer t to a cell (i, j), then it checks
whether a backtracking is necessary based on the following conditions:
(a) if any of the cells adjacent to (i, j) is filled with an integer t, then the

algorithm performs a backtrack;
(b) if there is another cell within the same region as the cell (i, j) that is

filled with an integer t, then the algorithm also performs a backtrack.
A backtrack is performed by undoing the filling of the cell (i, j) and then
trying to fill (i, j) with another integer. However, if there are no values
that can fill the cell (i, j), the backtracking is performed further by moving
back to the previous cell (in row-major order), and changing the entry of
this previous cell with another integer.

(3) The algorithm terminates if exactly one of the following conditions is reached:
(a) all cells have been successfully filled, here the algorithm terminates,

and a solution to the instance is found;
(b) the algorithm backtracks to the cell (1, 1) (i.e., the top-leftmost cell),

here the algorithm terminates and concludes that the instance has no
solution.

2.3. Propositional Logic, Conjunctive Normal Form (CNF), Satis-
fiability (SAT) Problem, and SAT Solver

Propositional logic is a simple but powerful logical system that serves as the
building block for other logical systems [37]. This system is constructed using
propositions and logical connectives (or operators). A proposition is a statement
with a truth value, either true or false (but not both). These propositions are
represented using Boolean variables that can be combined using logical operators
to form formulas.

In this paper, we assume that the readers are familiar with the syntax and
semantics of propositional logic. For extensive references, see, e.g., [37, Chapter 2]
and [38, Chapter 1]. Here, we only discuss some concepts and notations that are
relevant to our approach. The symbols ¬, ∧, and ∨ respectively denote negation,
conjunction, and disjunction operators.

An atomic proposition is a proposition that cannot be further decomposed.
A literal is either an atomic proposition or its negation. A clause is a disjunction
of one or more literals. A formula is in conjunctive normal form (CNF) if it is a
conjunction of one or more clauses. More formally, a formula ϕ is in CNF if it is
defined by the following Backus-Naur Form grammar:

λ ::= p | ¬p
α ::= λ | λ ∨ α
ϕ ::= α | ϕ ∧ α.

(1)

In (1), λ denotes a literal, α denotes a clause, and ϕ denotes a formula in CNF.
According to [37, Theorem 4.3] and [38, Section 1.5.2], every propositional logic
formula can be transformed into an equivalent CNF formula. In this paper, we
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consider CNF as the canonical form for propositional formulas (instead of other
forms, such as the disjunctive normal form (DNF)) because it is a standard input
form for many SAT solvers.

The SAT problem, also known as the Boolean satisfiability problem, is a prob-
lem of determining the satisfiability of a propositional logic formula, i.e., finding out
if there exists an interpretation (a well-defined truth value assignment for each of the
propositional atoms) that makes the formula true [18], [20], [37], [38]. This problem
is the first established NP-complete problem (see, e.g., [17], [18, Lemma 34.5 and
Lemma 34.6], [19], and [20, Theorem 7.37]). Technically, the NP-completeness of
the SAT problem implies that every NP-complete problem is reducible to it. More-
over, since NP-complete problems are reducible to one another, every NP-complete
problem is also reducible to the SAT problem.

Currently, the NP-completeness of the SAT problem intuitively means that
checking whether an interpretation makes a propositional formula true is easy (i.e.,
it can be done in polynomial time), but finding such an interpretation is not. This
intuition also applies to other NP-complete problems. For Suguru puzzles, checking
whether a configuration is a solution to a Suguru instance is easy, while finding such
a solution from scratch is generally hard.2

A SAT solver, as the name suggests, is a computer program specifically de-
signed for solving the SAT problem. Since all NP-complete problems are reducible
to the SAT problem, these problems can be transformed into the SAT problem.
A SAT solver takes a propositional formula as an input, typically in CNF, and
outputs the satisfiability status of such a formula (i.e., whether the formula is sat-
isfiable or not). It has been extensively studied in computer science (see, e.g., [37,
Chapter 6] for extensive preliminary references). When this paper is compiled, the
fastest algorithm known for solving the SAT problem is the biased-PPSZ algorithm
discussed by Hansen et al. in [39]. Until now, the optimal upper bound for the
asymptotic complexity of algorithms for solving the SAT problem remains an open
question.

The NP-completeness proof of the Suguru puzzle reduces the Planar Circuit
SAT problem, a type of SAT problem, to the Suguru puzzle. However, it is natural
to ask whether the explicit reverse reduction from the Suguru puzzle to the SAT
problem is also possible. This paper partially addresses this concern by discussing
an efficient (i.e., polynomial-size) encoding from the Suguru puzzle to the SAT
problem. This encoding allows the puzzle to be solved using a SAT solver efficiently,
as in the case of other NP-complete one-player games (see, e.g., [27], [30], [31], [32]).

3. Suguru Puzzles as SAT Problem Instances

This section discusses a systematic approach for encoding Suguru puzzle in-
stances and rules into propositional formulas. Suppose we consider an instance
represented using an m×n grid divided into R regions. For a region k (1 ≤ k ≤ R),

2Recall that, informally, we call a computational problem hard if there is no known polynomial
time algorithm to solve such a problem.
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sk denotes the size of such a region (i.e., the number of cells in such a region). We
define ri,j = k if and only if the cell (i, j) belongs to a region k. We can say that
ri,j is the region label for the cell (i, j) in a Suguru instance grid.

To represent a Suguru puzzle as a SAT formula, we define a propositional
variable gi,j,v that is true if and only if the cell (i, j) contains an integer v. Here,
1 ≤ i ≤ m, 1 ≤ j ≤ n, and 1 ≤ v ≤ sk where ri,j = k. The definition of this
propositional variable is similar to that used in the Sudoku puzzle (see, e.g., [33],
[34], and [40, Section 1.3]). We also write gi,j,v = 1 to signify that gi,j,v is true and
gi,j,v = 0 to signify that gi,j,v is false (which is equivalent to ¬gi,j,v is true). In
practice, we can also define gi,j,v = 0 for a cell (i, j) with ri,j = k if v > sk.

3.1. SAT Encoding for Suguru Puzzles

A non-empty Suguru instance is represented as a propositional formula. In
particular, the instance corresponds to a conjunction of several atomic propositions
of the form gi,j,v where (i, j) is the hint cell filled with value v.

34
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(a) An instance of a Suguru puzzle
of size 3× 3.

34
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3 5 1
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(b) A solution to the instance in
Fig. 2a.

Figure 2. An example of a Suguru instance (Fig. 2a) and its so-
lution (Fig. 2b). Bold numbers in the cells indicate hint cells. The
solution in Fig. 2b fulfills the aforementioned rules of the Suguru
puzzle.

For example, suppose we consider a 3 × 3 Suguru puzzle in Fig. 2. The
instance in Fig. 2a corresponds to the formula g1,2,2 ∧ g3,1,4 ∧ g3,3,3 since the cells
(1, 2), (3, 1), and (3, 3) are respectively filled with values 2, 4, and 3. We may also
write this condition as g1,2,2 = g3,1,4 = g3,3,3 = 1. One solution to the instance in
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Fig. 2a is depicted in Fig. 2b and corresponds to the following formula ψ:

ψ ≡ g1,1,1 ∧ ¬g1,1,2 ∧ ¬g1,1,3 ∧ ¬g1,1,4
∧ ¬g1,2,1 ∧ g1,2,2 ∧ ¬g1,2,3 ∧ ¬g1,2,4
∧ ¬g1,3,1 ∧ ¬g1,3,2 ∧ ¬g1,3,3 ∧ g1,3,4
∧ ¬g2,1,1 ∧ ¬g2,1,2 ∧ g2,1,3 ∧ ¬g2,1,4
∧ ¬g2,2,1 ∧ ¬g2,2,2 ∧ ¬g2,2,3 ∧ ¬g2,2,4 ∧ g2,2,5
∧ g2,3,1 ∧ ¬g2,3,2 ∧ ¬g2,3,3 ∧ ¬g2,3,4 ∧ ¬g2,3,5
∧ ¬g3,1,1 ∧ ¬g3,1,2 ∧ ¬g3,1,3 ∧ g3,1,4 ∧ ¬g3,1,5
∧ ¬g3,2,1 ∧ g3,2,2 ∧ ¬g3,2,3 ∧ ¬g3,2,4 ∧ ¬g3,2,5
∧ ¬g3,3,1 ∧ ¬g3,3,2 ∧ g3,3,3 ∧ ¬g3,3,4 ∧ ¬g3,3,5.

(2)

The construction of ψ in (2) can be explained as follows. Notice that the
instance in Fig. 2a contains two regions; the first region is the top one with s1 = 4
and the second region is the bottom one with s2 = 5. Each cell in the first region
can be filled with any integer between 1 and 4 (inclusive), while each cell in the
second region can be filled with any integer between 1 and 5 (inclusive). The
filling of each cell must adhere to the rules of Suguru puzzles. In addition to the
formula ψ in (2), the solution in Fig. 2b can also be described using the following
interpretation for each possible atomic proposition involved:

(1) for the first region, we have g1,1,1 = g1,2,2 = g1,3,4 = g2,1,3 = 1 and g1,1,2 =
g1,1,3 = g1,1,4 = g1,2,1 = g1,2,3 = g1,2,4 = g1,3,1 = g1,3,2 = g1,3,3 = g2,1,1 =
g2,1,2 = g2,1,4 = 0;

(2) for the second region, we have g2,2,5 = g2,3,1 = g3,1,4 = g3,2,2 = g3,3,3 = 1
and g2,2,1 = g2,2,2 = g2,2,3 = g2,2,4 = g2,3,2 = g2,3,3 = g2,3,4 = g2,3,5 =
g3,1,1 = g3,1,2 = g3,1,3 = g3,1,5 = g3,2,1 = g3,2,3 = g3,2,4 = g3,2,5 = g3,3,1 =
g3,3,2 = g3,3,4 = g3,3,5 = 0.

For the first region in Fig. 2a, each propositional variable represents whether a
cell (i, j) ∈ {(1, 1), (1, 2), (1, 3), (2, 1)} can be filled with a value between 1 and 4 (in-
clusive). Thus, there are 4 ·4 = 16 propositional variables representing the possible
cell configurations for the first region. For the second region in Fig. 2a, every propo-
sitional variable signifies whether a cell (i, j) ∈ {(2, 2), (2, 3), (3, 1), (3, 2), (3, 3)} can
be filled with an integer between 1 and 5 (inclusive). Hence, there are 5 · 5 = 25
propositional variables signifying the possible cell configuration for the second re-
gion. Accordingly, the total number of propositional variables needed to model
the puzzle in Fig. 2 is 16 + 25 = 41. A general analysis for the total number of
propositional variables in a general Suguru puzzle will be discussed separately in
Section 3.2. Notice that the formula ψ in (2) preserves the truth values of the propo-
sitional variables corresponding to the hint cells, namely g1,2,2 = g3,1,4 = g3,3,3 = 1.

To formally construct formulas relating to Suguru puzzles, we consider the
following three rules, which are refined and formalized from the constraints of Sug-
uru puzzles in Section 2.1:
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(1) Every cell (i, j) in the instance contains a unique value in a region. In
other words, there is some v such that (i, j) contains v and there are no
two values v and v′ with v ̸= v′ such that (i, j) contains both v and v′.

(2) For every region k (1 ≤ k ≤ R) containing sk cells, every value v ∈
{1, 2, . . . , sk} must occur in one of the cell (i, j) within such a region.

(3) No two adjacent cells contain the same number. In other words, if (i, j)
and (i′, j′) are two adjacent cells, then the values within (i, j) and (i′, j′)
must be different.

Notice that the combination of the first and second rule above ensures that every
cell (i, j) within a region k (1 ≤ k ≤ R) must be filled with a unique integer taken
from the set {1, 2, . . . , sk} where sk denotes the number of cells in such region.

In the following sections, we discuss the encoding of each rule and analyze
the size of the resulting formulas in terms of the number of clauses and literals.
Measuring the size of the CNF formulas in terms of the number of clauses and
literals is common in SAT-based approaches for solving a problem (see, e.g., [27],
[29], [30], [31]).

3.1.1. SAT Encoding of the First Rule: Each Cell Contains a Unique Integer in a
Region.

This section focuses on the SAT encoding of the first rule, which states that
each cell (i, j) in a region k (1 ≤ k ≤ R) of size sk must contain exactly one integer
from the set {1, 2, . . . , sk}. We denote the propositional formula representing this
rule as ϕ1. We introduce two sub-formulas ϕ1,1 and ϕ1,2 which decompose ϕ1
into more understandable parts. Here, ϕ1,1 ensures that each cell contains at least
one integer from the set {1, 2, . . . , sk} (i.e., a cell cannot be empty), whereas ϕ1,2
guarantees that no two distinct integers present within the cell (i, j) for every
1 ≤ i ≤ m and 1 ≤ j ≤ n (i.e., a cell cannot contain more than one value).

We define the formula ϕ1,1 as follows:

ϕ1,1
def≡

m∧
i=1

n∧
j=1

sk∨
v=1,
k=ri,j

gi,j,v. (3)

The construction of ϕ1,1 in (3) is explained as follows. For a cell (i, j) in any region
k, the clause gi,j,1∨gi,j,2∨· · ·∨gi,j,sk is introduced, which can be concisely written
as
∨sk

v=1,k=ri,j
gi,j,v. This clause guarantees that the cell (i, j) in region k contains

at least one integer from the set {1, 2, . . . , sk}. Since this clause must be true for
every cell (i, j) where 1 ≤ i ≤ m, 1 ≤ j ≤ n, and (i, j) is in region k, we obtain the
formula ϕ1,1 as defined in (3).

The formula ϕ1,2 ensures that no two distinct values are present within the
same cell (i, j). If this condition holds, then every cell contains at most one value.



11

We define the formula ϕ1,2 as follows:

ϕ1,2
def≡

m∧
i=1

n∧
j=1

sk−1∧
v=1,
k=ri,j

sk∧
v′=v+1,
k=ri,j

(¬gi,j,v ∨ ¬gi,j,v′). (4)

The idea for the construction of ϕ1,2 in (4) is explained as follows. We first set
the rule that for a given cell (i, j), this cell cannot contain two different integers
v and v′ simultaneously. Notice that if (i, j) contains two different integers v and
v′, we have gi,j,v ∧ gi,j,v′ where v ̸= v′. Accordingly, the formula ¬(gi,j,v ∧ gi,j,v′)
with v ̸= v′ means that there are no distinct integers v and v′ satisfying both
gi,j,v and gi,j,v′ . Since ¬(gi,j,v ∧ gi,j,v′) ≡ ¬gi,j,v ∨ ¬gi,j,v′ , we introduce the clause
¬gi,j,v ∨ ¬gi,j,v′ , which evaluates to false if and only if the cell (i, j) contains both
integers v and v′. To include this clause for every possible combination of integer
pairs (v, v′) where v ̸= v′ and v, v′ ∈ {1, 2, . . . , sk} for the cell (i, j) in region k, the
following expression is used:

ϕ′1,2
def≡

sk−1∧
v=1,
k=ri,j

sk∧
v′=v+1,
k=ri,j

(¬gi,j,v ∨ ¬gi,j,v′). (5)

This expression is commonly known as the pairwise encoding [41]. Since the expres-
sion (5) must hold for every cell (i, j) in region k where 1 ≤ i ≤ m and 1 ≤ j ≤ n,
we obtain ϕ1,2 as defined in (4).

Finally, we arrive at ϕ1 which combines ϕ1,1 and ϕ1,2:

ϕ1
def≡ ϕ1,1 ∧ ϕ1,2. (6)

The expression (6) asserts that each cell within a region k (1 ≤ k ≤ R) contains
exactly one integer. The following lemma discusses the number of clauses and
literals in ϕ1.

Lemma 3.1. The formula ϕ1 in (6) consists of mn+
∑R

k=1(s
2
k ·(sk−1))/2 clauses.

In addition, each clause in the sub-formula ϕ1,1 associated with a region k (1 ≤ k ≤
R) has sk literals, while each clause in the sub-formula ϕ1,2 has two literals.

Proof. The number of clauses in ϕ1,1 is straightforward to determine, as it is equal
to the total number of cells in the puzzle, which is mn, with each cell contributing
one clause. For the number of literals in each clause, notice that for each region
k, we have sk values of v from the set {1, 2, . . . , sk}. This means the number of
literals in a clause of the form

∨sk
v=1,k=ri,j

gi,j,v is sk.

The number of clauses in ϕ1,2 follows a different pattern. For each cell in
region k where sk > 1, clauses are constructed by selecting two distinct values,
v and v′, from the set {1, 2, . . . , sk}, for all possible combinations of v and v′.
Consequently, each cell contributes

(
sk
2

)
= (sk · (sk − 1))/2 clauses. Considering

all mn cells, the total number of clauses in ϕ1,2 can be expressed as the sum∑m
i=1

∑n
j=1,k=ri,j

(sk · (sk − 1))/2. By observing that there are sk cells in every

region k (where 1 ≤ k ≤ R), we can further simplify the summation into
∑R

k=1(s
2
k ·
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(sk − 1))/2. Notice that each clause in ϕ1,2 contains two literals, i.e., ¬gi,j,v and
¬gi,j,v′ .

We combine the number of clauses from both ϕ1,1 and ϕ1,2 to obtain the

overall number of clauses in ϕ1, resulting in mn +
∑R

k=1 s
2
k · (sk − 1)/2 clauses.

Notice that this condition also holds if one of the regions contains a single cell—
such a region contributes 0 clauses to the sub-formula ϕ1,2. □

3.1.2. SAT Encoding of the Second Rule: Every Value in a Specified Range Must
Be Assigned to a Cell.

This section focuses on the SAT encoding of the second rule, which states
that every value from the set {1, 2, . . . , sk} (for every region k where 1 ≤ k ≤ R)
must be assigned to a cell. We represent this rule using the formula ϕ2.

Efficient construction of ϕ2 can be done as follows. The second rule empha-
sizes the condition that every value v ∈ {1, 2, . . . , sk} in a region k (1 ≤ k ≤ R)
containing sk cells must occur at least once in the cell (i, j) (that belongs to the
region k). Suppose we consider a region k and a value v ∈ {1, 2, . . . , sk}, if at least
one cell (i, j) in such region contains v, then gi,j,v is true for some cell (i, j) within
this region. Consequently, we have the following formula

ϕ′2
def≡

m∨
i=1

n∨
j=1,
ri,j=k

gi,j,v, (7)

for a region k and for every value v ∈ {1, 2, . . . , sk}. Notice that ϕ′2 in (7) is true if
and only if at least one cell in region k contains v ∈ {1, 2, . . . , sk}. To include ϕ′2
for every value v in {1, 2, . . . , sk}, we use the following formula

ϕ′′2
def≡

sk∧
v=1

ϕ′2

≡
sk∧
v=1

m∨
i=1

n∨
j=1,
ri,j=k

gi,j,v.
(8)

Thus, to ensure that ϕ′′2 in (8) is included for every region k where 1 ≤ k ≤ R, we
obtain the formula ϕ2 as follows:

ϕ2
def≡

R∧
k=1

ϕ′′2

≡
R∧

k=1

sk∧
v=1

m∨
i=1

n∨
j=1

ri,j=k

gi,j,v.

(9)

The following lemma discusses the number of clauses and literals in ϕ2 in (9).

Lemma 3.2. The formula ϕ2 in (9) consists of
∑R

k=1 sk clauses where each clause
associated with a region k has sk literals.
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Proof. Determining the number of clauses in ϕ2 is straightforward. In each region
k, we have sk values from the set {1, 2, . . . , sk}, where each value corresponds to a
single clause. Hence, the total number of clauses in ϕ2 can be obtained by summing

sk across all regions k (1 ≤ k ≤ R), which is expressed as
∑R

k=1 sk.

The number of literals in each clause in ϕ2 varies. From ϕ′2 in (7) and ϕ′′2 in
(8), we know that for a clause associated with a region k (1 ≤ k ≤ R), the number
of literals equals to the number of cells in such region. This is because the formula
ϕ′2 represents the condition when at least one cell (i, j) in region k (1 ≤ k ≤ R)
contains the value v ∈ {1, 2, . . . , sk}. Since there are sk cells in such region, we
obtain sk as the number of literals in the aforementioned clause. □

3.1.3. SAT Encoding of the Third Rule: No Two Adjacent Cells Contain the Same
Number.

This section delves into the SAT encoding of the third rule, which prohibits
the presence of the same number in any two adjacent cells, be it horizontally,
vertically, or diagonally. We denote ϕ3 as a propositional formula representing this
rule.

To break down ϕ3 into manageable parts, we introduce eight sub-formulas,
denoted by ϕ3,1, ϕ3,2, ϕ3,3, ϕ3,4, ϕ3,5, ϕ3,6, ϕ3,7, and ϕ3,8, each corresponding to
one of the eight possible adjacent directions for any given cell (see Fig. 3). These
sub-formulas incorporate the clause ¬gi,j,v ∨¬gi′,j′,v, which states that a cell (i, j)
and its adjacent cell (i′, j′) cannot contain the same value v. Notice that the clause
¬gi,j,v ∨ ¬gi′,j′,v is false when both gi,j,v and gi′,j′,v are true, i.e., when both cells
are filled by the same value v.

1 2 3

4 (i, j) 5

6 7 8

Figure 3. A cell (i, j) and the position of its adjacent cells in
row-major order label (i.e., the ℓ-th neighbor). Notice that some
adjacent cells may not be available if they are out of the grid. Cell
1 (first neighbor) corresponds to the cell (i− 1, j − 1) while cell 8
(eighth neighbor) corresponds to the cell (i+ 1, j + 1).

To ensure that every value v ∈ {1, 2, . . . , sk} does not appear in two adjacent
cells (i, j) and (i′, j′), we consider the following formula

ϕ′3
def≡

sk∧
v=1,

k=min{ri,j ,ri′,j′}

(¬gi,j,v ∨ ¬gi′,j′,v). (10)
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Notice that in (10), the cell (i, j) belongs to region k, but its neighbor (i′, j′) does
not necessarily appear in region k. The value k is set to avoid out-of-bound indices
for the variable v. Although we can set k = ri,j and define gi′,j′,v = 0 whenever
the value v is larger than k, we can set k = min{ri,j , ri′,j′} to minimize the number
of propositional atoms in ϕ′3. Then, to ensure that ϕ′3 in (10) is considered for
every cell (i, j) in a region k and its adjacent cell (i′, j′) where 1 ≤ i, i′ ≤ m
and 1 ≤ j, j′ ≤ n, we obtain the sub-formulas of the form ϕ3,ℓ, where 1 ≤ ℓ ≤ 8,
representing that the cell (i, j) in region k and its ℓ-th neighbor (according to Fig. 3)
contain distinct values. The sub-formulas of the form ϕ3,ℓ are respectively defined
in (11)–(18).

ϕ3,1
def≡

m∧
i=2

n∧
j=2

sk∧
v=1,

k=min{ri,j ,ri−1,j−1}

(¬gi,j,v ∨ ¬gi−1,j−1,v). (11)

ϕ3,2
def≡

m∧
i=2

n∧
j=1

sk∧
v=1,

k=min{ri,j ,ri−1,j}

(¬gi,j,v ∨ ¬gi−1,j,v). (12)

ϕ3,3
def≡

m∧
i=2

n−1∧
j=1

sk∧
v=1,

k=min{ri,j ,ri−1,j+1}

(¬gi,j,v ∨ ¬gi−1,j+1,v). (13)

ϕ3,4
def≡

m∧
i=1

n∧
j=2

sk∧
v=1,

k=min{ri,j ,ri,j−1}

(¬gi,j,v ∨ ¬gi,j−1,v). (14)

ϕ3,5
def≡

m∧
i=1

n−1∧
j=1

sk∧
v=1,

k=min{ri,j ,ri,j+1}

(¬gi,j,v ∨ ¬gi,j+1,v). (15)

ϕ3,6
def≡

m−1∧
i=1

n∧
j=2

sk∧
v=1,

k=min{ri,j ,ri+1,j−1}

(¬gi,j,v ∨ ¬gi+1,j−1,v). (16)

ϕ3,7
def≡

m−1∧
i=1

n∧
j=1

sk∧
v=1,

k=min{ri,j ,ri+1,j}

(¬gi,j,v ∨ ¬gi+1,j,v). (17)

ϕ3,8
def≡

m−1∧
i=1

n−1∧
j=1

sk∧
v=1,

k=min{ri,j ,ri+1,j+1}

(¬gi,j,v ∨ ¬gi+1,j+1,v). (18)

Notice that the sub-formulas ϕ3,ℓ in (11)–(18) exhaustively represent that the
values in two adjacent cells (i, j) and (i′, j′) must be different. For example, the
sub-formula ϕ3,1 means that the cell (i, j) and (i− 1, j − 1) are filled with different
values. The upper and lower bounds for the indices i and j in (11)–(18) are adjusted
to avoid the cells that are out of the grid (e.g., i < 1, j < 1, i > m, or j > n).
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Finally, we obtain the formula ϕ3 as defined in (19), which conjuncts all
sub-formulas in (11)–(18):

ϕ3
def≡ ϕ3,1 ∧ ϕ3,2 ∧ ϕ3,3 ∧ ϕ3,4 ∧ ϕ3,5 ∧ ϕ3,6 ∧ ϕ3,7 ∧ ϕ3,8. (19)

This formula asserts that no two adjacent cells contain identical values. For prac-
tical purpose, we may define gi,j,v = 0 for any v if i < 1, j < 1, i > m, or j > n.
However, the implementation detail of the SAT solver might allow us to exclude
the clause that corresponds to the cells that are not within the grid.

Determining the exact number of clauses in ϕ3 is a little bit cumbersome be-
cause the number of clauses corresponding to a cell (i, j) depends on the number of
neighbors of (i, j). A cell might have three, five, or eight neighbor cells. Neverthe-
less, we can estimate an upper bound for the number of clauses by considering the
fact that an empty cell has at most eight neighbors. The following lemma discusses
the upper bound for the number of clauses in ϕ3 and the number of literals in each
clause.

Lemma 3.3. The formula ϕ3 in (19) consists of no more than
∑R

k=1 8 · s2k clauses
where each clause has two literals.

Proof. We first analyze the number of literals for each clause in ϕ3 defined in (19).
Notice that ϕ3 is a conjunction of sub-formulas of the form ϕ3,ℓ defined in (11)–(18).
Each of the sub-formulas ϕ3,ℓ is instantiated from the formula ϕ′3 in (10) containing
two literals. As a result, each clause in ϕ3 has two literals.

For the number of clauses, notice that a cell has at most eight neighbors (see
Fig. 3). From the definition of ϕ′3 in (10), for each pair of adjacent cells (i, j) and
(i′, j′), the number of clauses is at most given by sk, where k = min{ri,j , ri′,j′} ≤
ri,j . Subsequently, by considering all possible pairs of adjacent cells (i, j) and
(i′, j′), ϕ3 contains no more than

∑m
i=1

∑n
j=1,k=ri,j

8 ·sk clauses. By observing that

there are sk cells in every region k (where 1 ≤ k ≤ R), we can further simplify this

expression to
∑R

k=1 8 · s2k. □

3.2. The Number of Variables and Clauses

This section examines the number of variables and clauses required to solve a
Suguru puzzle of sizem×n using a SAT-based approach considering the SAT encod-
ings mentioned earlier. The significance of this examination lies in its connection
to the asymptotic time complexity of a SAT-based approach, which is determined
by the number of variables and clauses present in the resulting propositional for-
mulas [42]. Our analysis is also motivated by recent works (e.g., [30], [31]), which
consider the number of variables and clauses to evaluate their theoretical efficiency.
The following theorem discusses this examination.

Theorem 3.4. The total number of clauses in formulas (6), (9), and (19) required
for solving an m×n Suguru puzzle containing R regions, where the size of each re-

gion k (1 ≤ k ≤ R) is sk, is bounded above bymn+
∑R

k=1

[
(s2k · (sk − 1))/2 + 8 · s2k + sk

]
.
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Moreover, the number of variables for solving the aforementioned Suguru puzzle is∑R
k=1 s

2
k.

Proof. We determine the number of clauses and variables by analyzing ϕ1, ϕ2, and
ϕ3. Notice that each of these formulas utilizes all variables gi,j,v for 1 ≤ i ≤ m, 1 ≤
j ≤ n, and 1 ≤ v ≤ sk where k = ri,j .

First, we calculate the number of variables by considering the number of
possible values for each cell (i, j) in the puzzle. For a region k (1 ≤ k ≤ R) consisting
of sk cells, there are sk possible values that can be filled into each cell. Therefore,
each region k requires s2k variables to represent all possible value assignments; each
assignment corresponds to a specific configuration. To obtain the total number of
variables for all R regions, we sum up the variables needed for each region, resulting

in
∑R

k=1 s
2
k.

As for the number of clauses, we use the result from the previous lemmas for
each constraint encoding:

(1) from Theorem 3.1, ϕ1 consists of mn+
∑R

k=1(s
2
k · (sk − 1))/2 clauses;

(2) from Theorem 3.2, ϕ2 consists of
∑R

k=1 sk clauses;

(3) from Theorem 3.3, ϕ3 consists of at most
∑R

k=1 8 · s2k clauses.

We obtain the upper bound for the total number of clauses in the resulting formula
by adding the number of clauses from each lemma. □

The following corollary follows from Theorem 3.4.

Corollary 3.5. Suppose we consider an m × n Suguru puzzle instance with R
regions where each region contains sk cells (1 ≤ k ≤ R). The total number of vari-
ables in the resulting formula for representing such an instance is bounded above by
O(m2n2), while the total number of clauses in the resulting formula for representing
the same instance is bounded above by O(m3n3).

Proof. For an m × n Suguru puzzle instance with R regions where each region
contains sk cells (1 ≤ k ≤ R), we have R ≤ mn and sk ≤ mn for each 1 ≤ k ≤ R.

We also notice that
∑R

k=1 sk = mn since sk represents the number of cells in a
region k (1 ≤ k ≤ R) while mn represents the total number of cells in the grid.
Since sk ≥ 1, we also have

R∑
k=1

s2k ≤

(
R∑

k=1

sk

)2

= (mn)2 = m2n2, and (20)

R∑
k=1

s3k ≤

(
R∑

k=1

sk

)3

= (mn)3 = m3n3. (21)

By Theorem 3.4, the total number of variables for solving the instance is∑R
k=1 s

2
k, which is bounded above by O(m2n2) according to (20). To obtain the

upper bound for the number of clauses, we notice that s2k(sk − 1) = s3k − s2k < s3k if
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sk ≥ 1 and observe the following inequality

mn+

R∑
k=1

[
(s2k · (sk − 1))/2 + 8 · s2k + sk

]
= mn+

R∑
k=1

[
(s3k − s2k)/2 + 8 · s2k + sk

]
< mn+

R∑
k=1

[
s3k + 8 · s3k + s3k

]
= mn+ 10

R∑
k=1

s3k

< mn+ 10 ·m3n3 (by (21)),

that is, the number of clauses in all formulas is bounded above by O(m3n3). □

The results in Theorem 3.5 infer that the total number of variables and clauses
in our proposed encodings are polynomially proportional to the puzzle’s size. In
particular, when considering a Suguru puzzle of size m × n, the total number
of variables is bounded above by O(m2n2), while the total number of clauses is
bounded above by O(m3n3). These imply that it is possible to transform a Suguru
puzzle instance to a SAT problem instance using a polynomial-size transformation
with respect to the input size. These theoretical results suggest that the SAT solver
can be used to solve the Suguru puzzle efficiently if the construction of variables
and clauses is made appropriately.

It is also important to note that the number of hints does not asymptotically
affect the number of variables and clauses in the resulting formula. As stated earlier
at the beginning of Section 3.1, hints are represented as a conjunction of several
atomic propositions associated with the pre-filled cells. Despite not affecting the
asymptotic upper bound for the number of variables and clauses, the number of
hints might potentially reduce the search space for the SAT solver in our SAT-based
approach.

4. Computational Experiments: Design, Results, and Analysis

The results in Theorem 3.5 suggest that an instance of Suguru puzzles can be
transformed into a SAT problem instance efficiently, thereby allowing one to find the
solution to a Suguru instance using the SAT solver effectively. The main purpose
of this section is to describe the design, results, and analysis of our computational
experiments. Experiments were conducted to evaluate the running times of our
proposed SAT-based approach against various test cases. These running times
were also contrasted with the running times of the previous backtracking algorithm
proposed in [15] to provide a performance benchmark and for comparative purposes.

The experiments used the same computational environment as in [15]. Namely,
we used a standard laptop with a 64-bit Windows 10 operating system equipped
with an Intel(R) Core(TM) i7-1070H processor at 2.60 GHz and 16 GB of RAM.
The SAT-based approach was implemented using MiniSat—a lightweight C++ li-
brary that provides a SAT solver interface and has historically been one of the most
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influential and widely studied SAT solvers. Although MiniSat is no longer actively
maintained, it remains a popular choice for research and education purposes due
to its simplicity and stable API. We selected MiniSat because it is implemented in
C++, the same language used in [15] for the backtracking approach, ensuring objec-
tive and consistent performance evaluation between the two methods. MiniSat also
provides a stable baseline with numerous examples and tools built around it. One
should note that our main focus is on the SAT encoding rather than solver perfor-
mance. However, we acknowledge that modern SAT solvers such as Glucose [43],
CaDiCaL [44], or Kissat [45] could potentially offer improved efficiency. Suguru
rules and hints were represented using propositional formulas that were translated
into MiniSat inputs.

As the experiments in [15], we considered the comprehensive 180 test cases
collected from [46]. These test cases include Suguru puzzles of size n × n where
6 ≤ n ≤ 10. Of these test cases, 52 of them are of size 8 × 8. In addition to
these test cases, we also randomly generated 50 test cases for further evaluation.
These additional test cases are of size n× n where 11 ≤ n ≤ 15, hence introducing
puzzles of larger sizes to the experiments. The hint cells in the additional test cases
constitute no more than 40% of the total number of cells. All instances in the
test cases, both from [46] and the additional ones, are guaranteed to have a unique
solution.

The procedure for generating additional test cases with guaranteed unique
solutions is as follows. We first generate random Suguru board structures of size
n × n where 11 ≤ n ≤ 15 using a randomized breadth-first search algorithm to
create connected regions of 4 − 8 cells in each structure. For each blank grid,
we employ our SAT-based solver to find a complete solution, then apply a greedy
hint minimization algorithm that iteratively removes filled cells while preserving
solution uniqueness.

Uniqueness verification for an additional test case is performed using exhaus-
tive SAT-based checking. The algorithm removes the hints one by one. After each
hint removal, we solve the SAT instance to obtain the first solution, then add a con-
straint to exclude this solution, and attempt to solve the puzzle again. To check for
another solution, we convert the first solution into a propositional formula, negate
it, use the negated formula as a constraint, and try to find the second solution. If
a second solution exists, the removed hint is restored as essential. The algorithm
continues to remove hints until removing any additional one would result in a puz-
zle with multiple solutions. This way, the final puzzle is guaranteed to have exactly
one solution. Our algorithm is also set so that the final puzzle contains at most
40% of cells as hints.

From multiple generation attempts across different board sizes, we success-
fully created 50 instances with a mathematically guaranteed unique solution. For
each n × n board where 11 ≤ n ≤ 15, we were able to construct 10 Suguru in-
stances that have a unique solution with at most 40% of their cells as hints. The
generation process involves multiple SAT solver calls for uniqueness verification,
requiring substantial computational time that is separate from the puzzle-solving
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time, which is the main concern of our experimental investigation. The technical
details of the method to generate a Suguru puzzle with a unique solution are de-
scribed in https://github.com/abcqwq/suguru-sat/tree/main/additional_

testcases_generator.

We performed ten independent runs for each test case to obtain objective
and accurate results regarding the running times for solving instances of Suguru
puzzles. The measurements represent real elapsed times (wall clock times) observed
during execution. It should be noted that the reported solving times measure only
the time needed to solve the final puzzle with hints and do not include the time
required to generate the puzzle. The running time data were then classified by grid
size, and the average running time for each classification of Suguru puzzle instances
was calculated. The C++ scripts, test cases, raw experimental results, and other
relevant documents related to the experiment are available at https://github

.com/abcqwq/suguru-sat. Our interactive SAT-based Suguru puzzle solver is
available at https://github.com/abcqwq/interactive-suguru-playground.

To provide an objective and comprehensive analysis, we also re-run the ex-
periment in solving the Suguru puzzles using the backtracking approach explained
in [15]. Table 1 summarizes and contrasts the running times needed for solving
the Suguru puzzles using the backtracking approach in [15] and our proposed SAT-
based approach. Although there are some differences between the results in [15,
Table 1] and those in Table 1 for the running times of the backtracking algorithm,
their differences are less than 10% and can be considered negligible. These differ-
ences might occur due to some background processes in the computational device
during the experiment. To provide more intuitive insight into the experimental
results, we present and contrast the distribution of the running times for both
backtracking and SAT-based approaches using boxplots in Fig. 4.

From Table 1, we notice that the SAT-based approach solves all instances
in less than 12 milliseconds. The data in Table 1 and its representation in Fig. 4
indicate that the average running times of the SAT-based approach are less than
that of the backtracking algorithm for larger puzzles, with crossover point as low
as n = 11. The running time variances of the SAT-based approach are also sig-
nificantly smaller than those of the backtracking algorithm as indicated in Fig. 4.
As discussed in Section 3.2, the running time of our SAT-based approach does not
directly depend on the number of hints—the main contributor to this running time
is the size of the puzzle. On the other hand, the running time of the backtracking
algorithm in [15] depends on the number of regions and hints, specifically the as-
ymptotic running time for solving an m× n Suguru instance containing R regions
and H hints is O(R · (mn−H + 2)!) (cf. [15, Corollary 1]).

Although the average running times for the SAT-based approach for solving
the n × n puzzles where 6 ≤ n ≤ 10 are higher than those of the backtracking
algorithm (with the exception for the 8× 8 puzzles), the maximum running times
for solving the instances for SAT-based approach are less than those of the back-
tracking algorithm for the puzzles of sizes 6 × 6, 8 × 8, and 9 × 9. Moreover, one
challenging instance of size 8 × 8 that takes almost 480 milliseconds to be solved

https://github.com/abcqwq/suguru-sat/tree/main/additional_testcases_generator
https://github.com/abcqwq/suguru-sat/tree/main/additional_testcases_generator
https://github.com/abcqwq/suguru-sat
https://github.com/abcqwq/suguru-sat
https://github.com/abcqwq/interactive-suguru-playground
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Table 1. Running times (in milliseconds) for 230 test cases taken
by the backtracking algorithm (denoted by BT) proposed in [15]
and SAT-based approach (denoted by SAT) proposed in this pa-
per. The min., max., and avg. respectively denote the minimum,
maximum, and average running times for solving the puzzles for
particular instances. The number of instances for each dimension
is denoted by # TC.

Puzzle Size # TC
Min. Max. Avg.

BT SAT BT SAT BT SAT

6× 6 42 0.024 0.837 3.677 1.053 0.243 0.918

7× 7 24 0.032 1.275 0.595 1.574 0.119 1.402

8× 8 52 0.038 1.714 474.484 2.136 11.761 1.903

9× 9 24 0.093 2.596 21.586 3.038 1.837 2.819

10× 10 38 0.137 3.501 3.876 4.020 1.084 3.703

11× 11 10 1.294 4.514 517.712 5.536 111.622 5.008

12× 12 10 3.478 5.652 684.979 6.776 193.156 6.007

13× 13 10 7.768 7.113 19764.900 7.877 4146.783 7.336

14× 14 10 24.439 8.078 88028.100 9.163 18835.462 8.606

15× 15 10 61.329 9.119 573389.000 11.067 94464.486 10.000

by the backtracking algorithm can be solved in under 2.5 milliseconds by the SAT-
based approach. This challenging instance—which is also discussed in [15, Fig.
7]—is depicted in Fig. 5. In terms of the minimum running time, the data in Ta-
ble 1 shows that the SAT-based approach outperforms the backtracking algorithm
for solving Suguru instances of sizes n× n where n ≥ 13.

Based on the average running times data in Table 1—we see that, on average—
our proposed SAT-based approach is at least around 20 times faster than the back-
tracking algorithm in solving the n × n puzzles for 11 ≤ n ≤ 15. Furthermore,
based on the minimum running times data in Table 1, we see that the SAT-based
approach is at least three times faster than the backtracking algorithm in solving
the n×n puzzles for n ∈ {14, 15}. Interesting results occur for the 15× 15 puzzles,
in which the SAT-based approach is at least six times faster than the backtrack-
ing algorithm for solving all instances and is up to 50 000 times faster than the
backtracking algorithm for solving some specific instance.

One should note that unlike the backtracking technique proposed in [15], the
number of regions, the number of hints cells, and the hint cells’ arrangement do
not directly affect the asymptotic running time of our SAT-based approach. Based
on these experimental results, we might infer that our SAT-based approach is more
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Figure 4. Boxplots illustrating the running time distributions
of the backtracking algorithm and the SAT-based approach. For
each point on the horizontal axis, the left-side dashed boxplot rep-
resents the running time distributions for the backtracking algo-
rithm, while the right-side white boxplot represents the running
time distributions for the SAT-based approach.
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efficient for solving larger Suguru puzzles—although it is not always efficient in
solving the smaller ones.
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(a) A challenging instance of a Suguru
puzzle.
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(b) The solution to the Suguru instance
in Fig. 5a.

Figure 5. A challenging Suguru instance in [15, Fig. 7], bold
numbers represent the hints. The SAT-based approach can solve
the instance in Fig. 5a in less than 2.5 milliseconds (i.e., 1.849 ms).
Such an instance also provides an example in which the SAT-based
approach outperforms the backtracking technique by a factor of
approximately 255 in terms of running time.

5. Concluding Remarks and Open Problems

In this paper, we have demonstrated an efficient SAT-based technique for solv-
ing general Suguru puzzles. We express the rules of Suguru puzzles in propositional
formulas in CNF and discuss their properties regarding the number of variables,
clauses, and literals. In Theorem 3.5, we show that the number of variables and
clauses in the resulting formulas is bounded above by some polynomials represent-
ing the puzzles’ sizes. Thus, our proposed encoding is polynomially proportional to
the dimensions of the puzzles, which allows for the efficient transformation of Sug-
uru instances into SAT problem instances. This encoding also provides a technique
for reducing Suguru puzzles into SAT problems.

We utilize MiniSat, implemented in C++, for our experiments. Although
MiniSat is no longer actively maintained, it remains widely used in research and
educational contexts. For future research, we recommend implementing our SAT-
based approach using more efficient SAT solvers such as Glucose [43], CaDiCaL
[44], or Kissat [45]. The results from such experiments could serve as benchmarks
for evaluating algorithmic strategies in solving the Suguru puzzle.
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The summary of experimental results in Table 1 and Fig. 4 suggests that our
proposed SAT-based approach outperforms the backtracking technique for solving
larger puzzles in terms of running time, although it is not always efficient for solving
smaller puzzles. We obtained a crossover point as low as n = 11 for the average
running time—meaning that, on average, solving n × n Suguru puzzles using the
SAT-based approach is faster than the backtracking technique for n ≥ 11. In
terms of the maximum running time, we also see that the SAT-based approach is
always more efficient than the backtracking technique for solving n× n puzzles for
n ≥ 11. Moreover, based on the minimum running time, we see that the SAT-based
approach is always faster than the backtracking one for solving n × n puzzles for
n ≥ 13. According to the experimental results, the running time variances of our
proposed SAT-based technique are much smaller than those of the backtracking
technique. These empirical outcomes support the theoretical result discussed in
Section 3, which states that the main contributor to the running time of the SAT-
based approach is the dimension of the puzzle. Unlike the backtracking approach
discussed in [15], the running time of our SAT-based approach does not directly
depend on the number of hints, the positions of the hints, and the arrangements of
the cells in a region. One should note that, despite the efficiency exhibited by the
SAT-based approach for solving Suguru instances of larger sizes, the backtracking
technique still prevails in solving smaller puzzles.

There are some interesting open problems related to solving Suguru puzzles.
First, we do not prove the optimality of our SAT encoding technique. It might be
possible to construct a SAT encoding that is more efficient (in terms of the number
of variables and clauses) than our proposed encoding in Section 3.1. A possible
improvement can be made by considering a more efficient SAT encoding for the
third rule, stating that no adjacent cells contain the same integers. Second, our
experimental results are limited to n× n Suguru puzzles, even though the puzzles
can be defined over rectangular grids m×n where m ̸= n. The main reason for this
is because our test cases are mainly taken from [46] (which is also used in [15]). One
can consider additional experiments that use more diverse test cases by employing
Suguru instances of size m×n where m ̸= n, and then can investigate the resulting
empirical consequences concerning the theoretical results in Theorem 3.5. Third,
our SAT-based algorithm can be used to construct a Suguru puzzle generation
algorithm described in Section 4. Our current puzzle generation algorithm employs
an exhaustive SAT-based checking approach, which requires a substantial amount of
time to generate a puzzle with a unique solution. To our knowledge, investigations
into the technique for constructing a Suguru puzzle with a unique solution are still
underexplored. Finally, our SAT-based approach can also be modified to solve
Suguru puzzle-related problems, such as counting the number of solutions for a
given Suguru instance. To our knowledge, theoretical and computational problems
related to counting the number of solutions for a Suguru puzzle instance remain an
open problem.
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