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Semi-Riemannian Manifold Equipped With (I, m)-Type
Connection
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Abstract. This research work introduces the geometry of the SG (Screen Generic)-
lightlike submanifolds of a locally bronze semi-Riemannian manifold endowed with
an (1,m)-type connection. The characterization theorems on geodesicity of such sub-
manifolds with respect to the integrability and parallelism of the distributions are
established. It is shown that there exists no coisotropic, isotropic or totally proper
SG-lightlike submanifold of a locally bronze semi-Riemannian manifold. Assertions
for the smooth transversal vector fields in totally umbilical proper SG-lightlike sub-
manifold are obtained. Furthermore, the structure of a minimal SG-lightlike sub-
manifold of a locally bronze semi-Riemannian manifold is detailed with an example.
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1. INTRODUCTION

De Spinadel [I] developed the theory of metallic means family, in which bronze
ratio has an important location in studying topics such as dynamical system and
quasicrystals. The geometry of bronze structures has an important relation with
pure Riemannian metrics according to the corresponding structure. Pandey [2]
introduced the concept of bronze structure on Riemannian manifold which was
further studied by Aknipar [3]. Moreover, Duggal and Bejancu [4] initiated the
theory of lightlike submanifolds of semi-Riemannian manifolds which provides an
outstanding framework for geometric characteristics and has versatile applications,
particularly in general relativity.

In view of this, Jin [5] developed generic lightlike submanifolds for an in-
definite cosymplectic manifold which was further explored by [6], [5] for indefinite
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Sasakian manifold and indefinite Kaehler manifold, respectively. Several new con-
nections such that semi-symmetric non-metric connection [7], non-metric ¢- sym-
metric connection [§] etc. applied to the SG-lightlike submanifolds came into exis-
tence. As the generalization of screen Cauchy Riemann(SCR) and generic lightlike
submanifolds, Dogan et al. [J] introduced the notion of SG-lightlike submanifold
for indefinite Kaehler manifold. Then, a few more similar classes namely, contact
totally umbilical SG-lightlike and minimal SG-lightlike submanifolds of indefinite
Sasakian manifolds were researched by Gupta [I0]. Recently, the theory of SG-
lightlike submanifolds was investigated for golden semi-Riemannian manifold [I1],
cosympletic manifold [I2] and semi-Riemannian product manifold [13].

Jin[T4] introduced the notion of non-symmetric and non-metric (I, m)-type
connection on semi-Riemannian manifold as follows:
A linear connection Q on a semi-Riemannian manifold (M°,g') is called an (I, m)-
type connection if its torsion tensor T° satisfies

To(X°,Y°) = {O(Y°)X° — 0(X°)Y°} + m{0(Y°)J X° — 0(X°)J Y°}

where [ and m are smooth functions, J' is a tensor field of (1,1)-type and @ is a
1-form associated with a smooth unit spacelike vector field 1, which is called the
characteristic vector field, by (X°) = g (X°,n). We set (I,m) # (0,0) and denote
by X°,Y° and Z°, the smooth vector fields on M°. Jin et al. [I5] further developed
the geometry of generic lightlike submanifolds for an indefinite Kaehler manifold
equipped with an (I, m)-type connection. However, the concept of this connection
for a locally bronze semi-Riemannian manifold having SG-lightlike submanifolds is

yet to be investigated.

In this paper, we introduce the bronze structure for semi-Riemannian man-
ifold and analyze the geometry of SG-lightlike submanifolds of a locally bronze
semi-Riemannian manifolds equipped with an (I, m)-type connection. The inte-
grability, parallelism and geodesicity of the distributions are characterized. We
prove the non-existence of coisotropic, isotropic or totally proper SG-lightlike sub-
manifold of a locally bronze semi-Riemannian manifold. Totally umbilical proper
SG-lightlike submanifolds for locally bronze semi-Riemannian manifolds are also
worked upon. Additionally, the structure of a minimal SG-lightlike submanifolds
has been substantiated with an example.

2. PRELIMINARIES

Let (M°, g ) be an (m~+n)-dimensional semi-Riemannian manifold with semi-
Riemannian metric g' of constant index ¢ such that m,n>1,1<¢<m+n—1.
Let (M°, gI) be an m-dimensional lightlike submanifold of M°. There exists a
smooth distribution RadTM®° on M®° of rank r > 0, known as radical distribution
on M?° such that RadT'M; = TM®°, N TMO;‘,V p € M° where T'M7 and TMO;‘
are degenerate orthogonal spaces but not complementary. Then M° is called an
r-lightlike submanifold of M°.
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Consider complementary distribution of radical distribution in TM°, called screen
distribution, denoted by S(T'M°)

i.e. TM® = RadTM® 1 S(TM°),

and S(TM ot ), called screen transversal vector bundle which is a complementary
vector subbundle to Rad(TM°®) in TM°*

TM°" = RadTM° L S(TM°H).
Since S(T'M?°) is a non degenerate vector subbundle of TM°|,,., we have
TMe|,;e = S(TM®) L S(TM°)*,
where S(TM°)* is the complementary orthogonal vector subbundle of S(TM°) in
TN®| .
Let ¢tr(T'M°) and ltr(TM°) be complementary vector bundles to TM° in TM°|,
and to RadTM°® in S(TM°*)L . Then

tr(TM®) = ltr(TM®) L S(TM°™"),
TMe|,;. = TM® & tr(TM°),
= (RadTM° & ltr(TM°®)) L S(TM°®) L S(TM°™").

Following four cases exist for the lightlike submanifold (M°, q,S (TM°),S(TM °Ly):
1) M° is r-lightlike if r < min(m,n),
) M° is co-isotropic if 7 = n < m, i.e. S(TM°*) = {0},
) M?° is isotropic if r = m < n, i.e. S(TM°) = {0} and

(
(
(
(4) M° is totally lightlike if 7 = n = m, i.e. S(TM°*) = {0} = S(TM°).

2
3
4
Theorem 2.1. [4] "Let (M°, g, S(TM°),S(TM°L)) be ar-lightlike submanifold of
a semi-Riemannian manifold (M®, ’/). Then there exists a complementary vector
bundle ltr(TM?°), called a lightlike transversal bundle of RadTM?® in S(TM°*)*,

and a basis of I'(ltr(TM°®)|,.) consisting of smooth sections {N7,--- ,NZ} of
S(TM°H)L e, where U° is a coordinate neighborhood of M°, such that

gl(Nioﬂg;):(sijv g/(Nio7N;):03 1,7 =0,1,---,r

where {£7,--- , &} is a lightlike basis of I'(RadTM?®)|;..”

Let V° be the Levi-Civita connection on M°. Then, the corresponding Gauss
and Weingarten formulae are as follows:
VoY =V Y°+h°(X°,Y°), VX°Y°el(TM°), (1)
Vo VO = —Aye X° + VO VO, ¥V X° € (TM°),V° e T(tr(TM®)), (2)
where {V.Y°, AyoX°} and {h°(X°,Y?°), V°%o N°} belong to T'(TM®°) and
L (tr(TM°®)), respectively. V° and V°' are linear connections on M° and on the
vector bundle tr(TM°®), respectively.



Considering the projection morphisms L and S of tr(T'M°) on ltr(TM°) and
S(TM ol) respectively, we have

VoY = Vo Y° 4+ o (X°,Y°) + ho*(X°,Y°), (3)
V%o N® = —Ano X° + V°L o N® + D°°(X°, N°), (4)
Ve W® = —Apo X + V5% W° 4 D°Y(X°, W°), (5)

where h° (X°,Y°) = Lh°(X°,Y®), h**(X°,Y°) = Sh°(X°,Y°),
{VoxoY° Ane X°, Ao X°} € T(TM®), {V°ho N°, D°(X° W°)} € T(Itr(TM°))
and {V°5. W°, D°*(X°, N°)} € [(S(TM°")). Then, considering (3) — (5) and the
fact that V° is a metric connection, the following holds:

g (h°(X°,Y°),W°) +7 (Y°,D°(X°,W°)) = g (Aw=X°,Y°), (6)
g (D*(X°,N°),W°) = g (AwoX°, N°). (7)
Let J' be a projection of TM® on S(TM?). Then, we have
Voxe YO = V5 J Y + h*(X°,JY®), (8)
VOxo€® = —ALX° + V°X.£°, (9)

for any X°,Y° € D(TM°) and £° € T'(Rad(TM°)), where{V°%.J Y°, Af.X°} and
{(h°*(X°, 0 Y°), VOiL.£°) belong to I'(S(T'M®)) and T'(RadT M°®), respectively.
By using the above equations, we obtain

g (h°'(X°,JY°),6%) = g (ALX°, T Y°), (10)
g (" (X°,JY°),N°) = g (AnoX°, T Y°), (11)
7 (h°'(X°,€°),6°) = 0, AL.£° = 0. (12)

In general, the connection V° on M° is not metric connection. Since V° is a metric
connection, from , we derive

(Vg )(Y°,2°) =g (h°'(X°,Y°), 2°) + g (h°'(X°, 2°),Y°),
for any X°,Y°, Z° € I'(TM°). Here, V°* is a metric connection on S(T'M°).

Definition 2.2. A polynomial structure on a semi-Riemannian manifold Me is
known as bronze structure if it is determined by J' such that

JP=3] +1. (13)
where J' is a tensor field of type (1,1) on Me.
Definition 2.3. If a semi-Riemannian metric g' satisfies the equation
g (X2, JY°) =g (J'X°,Y°), (14)
which yields
g (JX°,JY°) =35 (X°,JY°) +g (X°,Y°), ¥V X° Y° e I(TM°),  (15)
then § is called J -compatible.
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Definition 2.4. ”If semi-Riemannian metric g/ s compatible with the bronze struc-
ture J , then the pair (g ,J') is called a bronze semi-Riemannian structure and
(Mo,gl, J') a bronze semi- Riemannian manifold.”

Definition 2.5. If (M°,g ,J') is a bronze semi-Riemannian manifold and
veJ =0, (16)

then (MO,g/, j/) is termed as a locally bronze semi- Riemannian manifold.

Let (Me, §/7 J /) be a locally bronze semi-Riemannian manifold, where g/ is a
semi-Riemannian metric and J is a bronze structure. Then,
For each X° tangent to M°, J X° can be written as follows

j/XO:f/Xo‘i’w/Xo:f/Xo+w;Xo+w;Xo, (17)

where f/Xo and w' X° are the tangential and the transversal parts of j/XO, w2 and
w, are the projections on ltr(TM®) and S(TM°L), respectively. In addition, for
any V° € D(tr(TM°)), J V° can be written as

JVe=BV°e+CVe, (18)

where B'V° and C'V° are the tangential and the transversal parts of J /V", respec-
tively.

3. SG-LIGHTLIKE SUBMANIFOLDS

Definition 3.1. [9] A real r-lightlike submanifold M° of locally bronze semi-Riemannian
manifold Me is said to be a SG-lightlike submanifold of M° if the following condi-
tions are satisfied:

(a) Rad(TM°®) is invariant with respect to J , that is

J (RadTM°®) = RadTM°, (19)
(b) There ezist a subbundle B, of S(TM?°) such that
B, = J (S(TM°)) N S(TM°), (20)

where B, is a non-degenerate distribution on M°.
The above definition implies that there exist a complementary non-degenerate dis-
tribution B in S(TM°) such that

S(TM°) =B, & B, J(B)Z S(TM°), J (B') ¢ S(TM°"). (21)

Let J,, J1 and Q be the projection morphisms on B,, Radl' M° and B respectively.
Then for all X° € T(TM°®),

X°=J,X°+ 1 X° +QX°=J X° +QX°,
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where B = B, L RadT'M°, B is invariant and J X° € T(B), QX° e T(B').
It is clear that J (B') # B'.
Now for a vector field Y° € I‘(B/) and using , we have

JY° =y +uw'ye, (22)
where f'Y° € D(B) and w'Y° € T(S(TM°L)).
M?° is said to be a proper SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold if B, # {0} and B # {0}.

Proposition 3.2. Let M° be an SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold (M°,g ,J"). Then, the distribution ltr(TM?°) is invariant
with respect to J'.

4. (I, m)-TYPE CONNECTION

For Levi-Civita connection V° on the locally bronze semi-Riemannian mani-
fold (M°,g ,J"), we set
QxoY® = V%V +0(YO){IX° +mJ X°}, (23)
for any X°,Y° € I'(TM°). Since V° is torsion free and metric connection, therefore
we obtain
(Qxog )(Y°,2°) = = {O(Y°)g (X°,Z2°) +0(Z°)g (X°,Y°)}

e o (24)
—m(Y°)g (J'X°, Z°) —mb(Z°)g (J X°,Y°),

To(X°,Y°) ={8(Y°)X° — 0(X°)Y°} +m{O(Y°)J X° — 0(X°)J Y°},
for any X° Y° Z° € T(TM?), where TOQ is a torsion tensor of the connection ,
where [ and m are smooth functions and 6 is a 1-form associated with a smooth
unit spacelike vector field 7, termed as the characteristic vector field, by 0(X°) =
g (X°,m). Setting (I,m) # (0,0), Q) is called an (I, m)-type connection. Since M°
admits a tensor field J of type (1, 1), therefore for any X°,Y° € T'(TM°), we have

(Qxo J YY) ={8(JY°)X° —O(Y°)J X°} +m{0(J Y°)J X°
—30(Y°)J X° —0(Y°)X°},
QxoJ Y =J (QxoY°) + Z{H(j'YO)XO — G(Yo)j/Xo} + m{@(j'YO)j'XO

_ (25)
—36(Y°)J' X° - (Y°)X°}.

Let (M°,g',S(TM®), S(TM°L)) be a SG-lightlike submanifold of a locally bronze
semi-Riemannian manifold (M°, §) with an (I,m) type connection €. Let © be the
induced linear connection on M° from €. Therefore the Gauss formula inherent in
its structure is as follows:

QxoV° = QxoY° + 7o' (X°,V°) + ho*(X°,V°), (26)
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for any X°,Y° € T'(TM°®), where Qx.Y° € T'(TM°) , and I{OZ, he® are lightlike sec-
ond fundamental form and the screen second fundamental form of M°, respectively.

Now from , , and , we obtain

QxoV° = VxoY° +10(Y°)X° + ml(Y°)f X°, (27)
R (X°,Y°) = h°Y(X°,Y°) + mO(Y°)w, X°, (28)
he®(X°,Y°) = h°5(X°,Y°) + mO(Y°)w,X°, (29)

Moreover using, , 7 and , we get,
(Qxeg)(Y°,2°) = g (°'(X°,Y°),2°) + ¢ (Y°,h°'(X°, 2°))
—U6(Y°)g (X°, 2°) +6(2°)g (Y°, X°)) (30)
—m(0(Y°)g (f X°,2°) +0(2°)g (Y°, f Z°)),
T°2(X°,Y°) = {O(Y°)X° — 0(X°)Y°} + m{0(Y°) f X° — 0(X°)f YV°},

for any X°,Y°, Z° € T(TM°), where T°% is torsion tensor of the induced connec-
tion 2 on M°. Hence, the following result holds:

Theorem 4.1. The induced connection Q@ on the SG-lightlike submanifold M° of
a locally bronze semi-Riemannian manifold M° with an (I, m)-type connection ),
is also an (I, m)-type connection.

Suppose that he! vanishes identically on M°. Therefore
(Qxeg )(Y°, 2°) = = 1(0(Y*)g (X°, 2°) +0(2°)g (Y°, X)) (31)
—m(0(Y°)g (f X°.2°) +0(2°)g (Y°. [ Z°)),

follows from .

Consequently, we attain the following result:

Theorem 4.2. For a SG-lightlike submanifold M® of a locally bronze semi-Riemannian
manifold M° with an (I, m)-type connection S, the induced connection Q on M° is

also an (I, m)-type connection if and only if he! wanishes identically on M° and the
characterstic vector field ¢ € T(S(TM°L)) such that 0(X°) =g (X°,¢).

Corresponding to an (I, m)-type connection (2, the Weingarten formulae are
given by:
QxoN°® = —AnoX° + QY N° + D°°(X°,N°), (32)
QxoW° = — Ao X° + Q% WO + DO (X°, W), (33)
N° € T(ltr(TM°)) and W° € T(S(TM°™)), where { Ao X°, Ao X°} € T(TM°®),
{QL.N°, ﬁOl(XO, We)} € D(ltr(TM°)) and {5, W°, D°*(X°, N°)} € T(S(TM°*)).
Q' and Q° are linear connections on ltr(TM°) and S(TM L), respectively. Both
Apno and Ao are linear operators on I'(T'M°).



Now, employing equations , 7 , and (33]), we attain
AnoX® = AnoX° — I0(N°)X° — mO(N°)f X°,
Q4o N° = VoL o N° + mO(N®)w, X°,
D°°(X°,N°) = D°*(X°, N°) + mf(N°)w,X°,
Ao X° = Ao X° —IO(W°)X° — mO(W°) f X°,
Q%o W° = Vi W° + ml(W)w, X°,
Dol (X°, W°) = D (X°, W°) + mO(W°)w, X°,
Now, using equations @, @, , and , we obtain
g (RN (X°,Y°),W°) +g (Y°,D°'(X°,W°)) = § (A X°,Y°)
+10(W°)g (X°,Y°) +mO(W°)g (f X°,Y°)
+mO(Y°)g (w,X°, W°) +mh(W°)g (X°,w,X°),
g (D°°(X°,N°),W°) = g (AwoX°, N°) +16(W°)g (X°, N°)

+mO(W®)g (f X°,N°) +mb(N°)g (w,X°, W°),

(38)

Let J' be the projection of TM® on S(T'M°), then any X° € I'(TM°®) can

be written as X° = J X° 4+ %7_ 7;(X°)&?

)

ni(X°) = g(X°, N7),

where {£0}7_, is a basis for Rad TM°. The subsequent decomposition w.r.t § is

Qxod Yo = Q%o J Y + b7 (X°, T Y°),
Qxof® = —ALX° + Q¥.¢°,
for any X°,Y° € I'(TM°), where {Q OJ/Y°7A§0X°} e I'(S(TM°)) and
{ho"(X°, T Y°), Q3L.€°} € T(RadT M®).

From , @[), , and , we obtain

Qo J YO = V%o J Yo +mf(J Y)J f X°+16(JY°)J X°,
he™(X°,JY°) = ho*(X°, J Y°) +16(J Y°)SI_ n:(X°)E2

+mO(J YOS mi(f X°)E;,

AL X® = AL X° —10(€°)T X° —mO(€°)J f X°,
Q€0 = VOXE +10(E)n(X°)E° + mb(€)n(f X°)&°,

Further, using , , , and , we derive
g (' (X0, J'Y°),6%) = ¢ (AL X°, JY°) +10(¢°)g (J X°, T Y°)+
mb(€°)g (T ' X°, T Y°) +mh(J Y°)g (w, X°,€°),



g (h°"(X°,JY°),N°) =g (AnoX°,J Y°) +18(N°)g (X°,J Y°)
+mO(N°Yg (f X°, T Y°) +mb(J Y°)(f X°),
g (h (X, €0),€7) = mb(€)g (w X°,€°),
A€ =—10(8°)J & —mb(€°)J f £°,

5. SG-LIGHTLIKE SUBMANIFOLDS WITH AN (I,m)-TYPE
CONNECTION

Definition 5.1. 7Let M° be a lightlike submanifold of a locally bronze semi-
Riemannian manifold M°. If

J Rad(TM°®) = Rad(TM°®), J S(TM°)=S(TM°), (43)

then M® us an invariant lightlike submanifold of a locally bronze semi-Riemannian
manifold M°.”

Proposition 5.2. A screen Cauchy Riemann (SCR) lightlike submanifold of a
locally bronze semi-Riemannian manifold is a SG-lightlike submanifold such that
distribution B’ is totally anti-invariant , that is,

S(TM°*H) =w'B & e, (44)

/ . . . . .
where w is the normal component of bronze semi-Riemannian structure and u° is
a non-degenerate invariant distribution.

Proposition 5.3. There is a non-existence of coisotropic , isotropic or totally
proper SG-lightlike submanifold M° of a locally bronze semi-Riemannian manifold.
If M° is SG-isotropic, coisotropic or totally lightlike submanifold, then it is invari-
ant lightlike submanifold.

Proof. Let M° be a proper SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold M°. Let M° is isotropic, S(TM°) = {0} which implies
that B, = {0} and B = {0}. Therefore, .J' Rad(TM°) = Rad(TM°). Hence,
TM° = Rad(TM°) = .J' Rad(TM°) which shows that M? is invariant submanifold
with respect to J'. If M° is coisotropic, then S(TM°*) = {0}. Therefore, using
, we obtain ;° = 0 and J'(B') = 0. Also, TM° = B, @ J'(B') ® Rad(TM?°)
and M?° is invariant with respect to J'. Further, if M° is totally lightlike, then
S(TM°) = {0} and S(TM°*) = {0}. Thus, we obtain TM® = Rad(TM?°) which
proves M° is invariant.

This proves the assertion. [l

Example 5.4. Consider a locally bronze semi-Riemannian manifold M° = (R3S, g')

of signature (—, —, +,+, +, +, +, +,+,, +, +, +, +, +, +, +) with respect to the basis
{028,025,023, 023,022, 02§ , 022,028,025, 027, 0271, 0275, 0273, 027, 027, 023},
where the bronze structure J' is defined by

J,(Z?7 ZS? ZICS)& ZZ’ Zg’ Zg’ Z?’ Zg? Zsc))v Z?Oa Z?la 2527 2537 2547 Z%sv ZfG) = (O—Z?v 0237 JZ§7 022;
(3—0)25,025,027,028, (3—0)z5, 0270, (3—0) 271, 0219, 3273214, 275, 3275 +276, 215) -
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Let M° be a submanifold RS defined as

’

o __ / o __ !
21 = Y1 — Y2, 22 = O0Yy,
o ’ ! 1) ’ !’

Z3 =Yz + Y5, 24 = Yo T+ Y3,

o !’ IS ! /
25 =Yg %6 = Y3 — Ys,

o ! ’ o ’ ! o ’
27 =Y+ Y1, 28 = —Yg T Y3, Z9 = —COSQ Y,
’ ’ ’
210 = —COSQ Yg, 27 = SINQ Yg, 215 = SINQ Y,
o _ . ’ h ’ o _ O o _ ’ . h ’ o _ O
213 = —S8WNYy COSNYg, Z14 = U, Z15 = COSYy SINNYg, 216 = U.

Here TM® is spanned by {B1, B2, B3, By, Bs, Bg, B7, Bg, Bg}, where
By = —02] + 0z + 0z7 — 0zg,
By = 0235 + 0z + 0zg + Ozg,
Bs = 027 + 027,
By = 0z5 — 0z,
Bs = 00z3 + 0z5,

Bg = —cosa 0zg + sina 0211,
B7 = —cosa 0z]y + sino 0275,
’ ’ ! !
Bg = —cosyy; coshyg 0275 + siny; sinhyg 0275,

By = cosy; coshyg 0275 + siny, sinhyg 0273,

Therefore, M° is a 2-lightlike submanifold with Rad(TM°) = Span{By, B2} such
that J'By = 0By and J (By) = 0By. This shows that Rad(TM°) is invariant
with respect to J'. Since J' By = 0B, J By = 0By, J Bg = (3 —0)Bgs and
i’B7 = oBy. Therefore, B, = Span{Bs, By, Bg, Br} is invariant with respect to

J'.

Furthermore, S(TMOL) is spanned by {Wy, Wo, W5, Wy, W5}, where
W1 = sina 0z + cosa 0z71,
Wy = =025 + 0025,
W3 = sina 0z7) + cosa 0z7s,
Wy = siny’7 Sinhy;3 0274 + Cosyl7 coshyé 0276,

’ ’ ’ ’
Wy = —cosy, coshyg 0z7, + siny, sinhyg 027,

We derive, J' Bs = 3Bs — Wa, J Bg = 3Bg + W5 and J' By = 3Bg + Wi,

which means B = Spgn{B57Bg,Bg}, is mot invariant with respect to J and
J(B') ¢ S(TM°) and J' (B') ¢ S(TM°*).

Therefore, ltr

—~

TM?°) is spanned by

Ny = (=02 — 025 + 025 + 023), Na = i(azg — 025 + 028 — 929),

> =
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which is invariant with respect to J'. Further, J Wy = (3 — o)Wy, J Wz =oWs,
which shows that J'p° = p°, where p° = Span{Wy, W3} i.e., u° is invariant with
respect to J'.

Hence, M° become a proper SG-2-lightlike submanifold of Ri°.

Definition 5.5. Let M° be a SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold (MO,J’,g/) with an (I, m)-type connection Q. Then the
distribution B is said to be integrable if and only if [X°,Y°] € T'(B) for any
X°,Y° e I(B).

Remark 5.6. The above definition implies that the distribution B is said to be
integrable if and only if ¢ ([X°,Y°],Z°) = 0 for any X°,Y° € T'(B) and Z° €
I'(BY).

Theorem 5.7. Let M° be a SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold M° with an (I, m)- type connection ). Then, B, is integrable
if and only if the following conditions hold:

(i) g (h°"(X°,J'Y°),J N°)+3g (h°"(Y°,J' X°),N°) = g (h°"(Y°,J X°),J N°)+
3¢ (h°7(X°,J'Y°),N°).

(ii) g (Vo YO, f Z°) + g (he*(X°,JY°),J Z°) + 3¢ (%o J X°, Z2°) =
G (Vo X, f Z°) + g (h°°(Y°, T X°),J Z°) 4 3¢ (. J Y°, Z°),

for any X°,Y° € T(B,), Z° € I(B') and N° € T(itr(TM?)).

Proof. The distribution B, is integrable if and only if
g ([X°,Y°],N°) =0, g([X°Y°],Z2°) =0.
Therefore, from equations , , ,, , and , we obtain

7 ([X°,Y°],N°) =g (Qx-Y°,N°) — 6(Y°)g (X°,N°)
—mb(Y°)g (J'X°,N°) — g (QyoX°,N°)
+10(X°)g (Y°,N°) +mb(X°)g (J'Y°,N°)
=3 (QxoJ (J'Y°),N°) — 35 (Qx-J Y°,N°)

— G (QyeJ (J'X°),N°) + 37 (QyeJ X°, N°)
=g (h°"(X°,J'Y°) — h°"(Y°,J X°),J N°)

- 3{9’(60*()(0, JY°) — he* (Y, j’X°),N°)}
=0.
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Similarly, on applying , , , , and , we obtain
g ([X°,Y°],2°) =g (QxeY° — O(Y°){IX° + mJ X°}, Z°)
— 7 (QyeX° — 0(X°){IY° + mJ' Y°}, Z°)
=G (VxeJ'Y°,J Z°) — 35 (QxoJ Y°, Z°)
+316(J'Y°)g (X°,2°) —10(J'Y°)g (J X°, Z°)
—mB(J'Y°)g (X°,2°) — § (QyeJ X°,J Z°)
+35 (QyeJ X°,2°) — 316(J X°)g (Y°, Z2°)
+10(J X°)g (J'Y°,2°) +mb(J X°)g (Y°, Z°)
— g (U S YO, Z°) + g (h°°(X°, J'Y°), ] Z°)
139 (e X°,2°) — g (Vo J X°, f 2°)
— g (R°°(Y°,J'X°),J Z°) — 3¢ (o J'Y°, Z°)
= 0.

The required assertion is obtained. O

Theorem 5.8. The distribution B’ of a SG-lightlike submanifold M° in a locally

bronze semi-Riemannian manifold M° with an (I, m)-type connection Q is integrable
if and only if

(i) Voo f Z°+ AryoZ° +3Q5.Y° — Qb f YO — A1,V — 303, 2°
has no component in I'(B,),
(i) A, yoZ° + h" (Yo, f Z")+3h°"‘(ZO Yo)
=A, 7 Y°+ ho*(Zo f Y°) + 3h°*(Y° Z°),
for any Y°,Z° e I(B'), X° eI'(B,), N° e T(ltr(TM°®)).
Proof. B’ is integrable if and only if g ([Y°,Z°],N°) =0, g ([Y°, Z°} °) 0.
Since, ) is an (I, m)-type connection, therefore applying equations (14 , (125)),

. . ) and ., we obtain
G ([Y°,Z°,N°) = g (QyoZ° —10(Z°)Y° —mb(Z°)J'Y°,N°)
— G (QzY° —16(Y°)Z° —mb(Y°)J Z° N°)
=g (Qyef Z°,J N°) +g (—A, ,.Y°, J N°)
— 39 (QyoZ°, J' N°) — g (Qzo f Y°, J N°)
— g (=A, 4o Z° J N°) +3g (QzY°, J N°)
=0.

Now, using equation , we get

g (he7(Y°, [ 2°), J'N°) = g (A, 2Y°, T N°) = 3¢ (h°"(Y°, 2°), ' N°)
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—g (he(Z°,F'Y°), I N°) + g (A, y.Z2° J N°) + 3¢ (h°"(Z°,Y°), ] N°) = 0.

Similarly,

G(Y°, 2, X°) = g (Vo f Z°,0 X°) 4 g (Ayryo Z2°,J X°) + 3¢ (Y, J' X°)
+ (9m +3D{0(2°)g (f'Y°, X°) = 6(Y°)g (/' Z°, X°)}
+3m{0(Z°)g (Y°,X°) = 6(Y°)g (2°,X°)} — g ([ Y°, T X°)
— g (Ay 5 Y°, T X°) =3¢ (0. 2°, T X°)

— (L4 3m){0(J 2°)g (f Y°,X°) = 0(J'Y°)g (f 2°,X°)}
—m{0(J'Z%)g (Y*, X%) = 0(J Y *)g (2%, X°)}
=0.
Then, from the equations and , we get the desired result. O

Theorem 5.9. For a SG-lightlike submanifold M® of a locally bronze semi-Riemannian
manifold with an (I,m)-type connection ), the distribution B is integrable if and
only if

§ Oxed'Y°, £ 2°) + g (" (X2, J'Y®), 7' 2°) + 3 Qe T X°, 2°)
=g Qe X° [ 2°) 4+ (B°°(Y°, T X°), ] 2°)
+39 (Qx-J'Y°, Z°),
for any X°,Y° € I'(B), Z° € I'(B') and N° e T(itr(TM°)).

Proof. Since M° is a locally bronze semi-Riemannian manifold equipped with an
(I,m)-type connection €2, therefore

7(X°,Y°,2°) =g (QxoJ (J'Y°),2°) = 35 (Qx T Y°, 2°)
— G (QyoJ (J'X°),Z°) + 35 (QyoJ X°, Z°)
—10(Y°)g (X°,2°) — mO(Y°)g (J' X°, Z°)

+10(X°)g (Y°,Z2°) +mb(X°)g (J'Y°, Z°),
Now, using and , we obtain

7 (X°,Y°,2°) = g (QxeJY°, [ 2°) + g (h°(X°, T Y°),w 2°)
+310(J'Y°)g (X°,2°) —160(J'Y°)g (J X°, Z°)
—ml(J'Y°)g (X°, Z°) — 3¢ (QUxeJ Y°, Z°)
— g (Qye X, f Z°) — g (ho°(Y°, J X°),w Z°)
—316(J' X°)g (Y°,Z°) +16(J X°)g (J'Y°, Z°)
+mb(J X°)g (Y°,Z2°) + 3¢ (QyoJ X°, Z°,
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Since B is integrable, therefore gl([XO,YO],Z") = 0. Also, M° is SG-lightlike
submanifold.
Thus,

9 (QxoJ'Y°, £ Z2°) + g (h°°(X°,J'Y°), J Z°) + 3¢ (e J X°, Z°)
— g (QyeJ X°, f 2°) — g (h°°(Y°,J' X°),J Z°) — 3g (QUx-J Y°, Z°) = 0.
O

Theorem 5.10. Let M° be a SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold M° with an (I, m)- type connection Q. Then, the distribution
B, is parallel if and only if the following conditions hold:

(i) ¢ (B (X°,J'Y®),J'N°) =3¢ (h°"(X°,J'Y°),N°), .
(it) g (Ui Y, f'Z2°) 4+ ¢ (h°(X°,J'Y°),J Z°) = 3¢ (. J Y°, Z°),
for all X°,Y° € I(B,), Z° € (B') and N° € T(Itr(TM°®)).
Proolf, Since the distribution B, is parallel, therefore for all X° Y° € T'(B,), Z° €
I'(B ) and N° € T'(itr(TM°)),
g (QxeY°,Z°) =0, g (QxeY°,N°) =0, (45)
T/he concept of 10(33,1131 bronze semi—Riemanni,aI} manifold leads to
g (QxoY° N°) =g (QxoJ (J'Y®),N°)— 35 (Qx0J'Y°, N°),
Employing equations and , we obtain
g (QxeY°, N°) =g (QxoJ'Y°, J' N°) +318(J Y°)g (X°, N°)
+16(Y°)g (X°,N°) —16(J'Y°)g (J X°, N°)
+mB(Y°)g (J X°,N°) —mf(J'Y°)g (X°,N°)
— 39 (QxeJ Y°, N°),
Equations and leads to
g (QxeY°,N°) = g (o J Y, J' N°) + g (h°*(X°,JY°),J N
— 39 (o JY°, J N°) — 3¢ (h°"(X°,J'Y°),
=0.
Similarly, from equations 7 , and , we get
g (QxeY®,2°) =G (Qxo T Y, £ 2°) + G (Qxo J Y°, 0 Z°)
— 37 (QxoJ'Y°, Z°) 4+ 310(J Y°)g (X°, Z°)
+16(Y°)g (X°,2°) —16(J'Y°)g (J X°, Z°)
+mB(Y°)g (J' X°,Z°) —mB(J'Y°)§ (X°, Z°),

From (26)), and ([45)), we attain ) ) )
7 (QxeY°, 2°) = ¢ (Du J'Y°, f 2°)+g (1o (X, JY), J' 2°) =3¢ (Qiea J'Y°, Z°)
=0. ([l

°)
J' N°)
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Theorem 5.11. For a locally bronze semi- Riemannian manifold M® with an (I, m)-
type connection Q, the distribution B of a SG-lightlike submanifold M° is parallel
if and only if
(i) g (h°7(Y°, f 2°),J'N°) +3g (A, Y, N°) =3¢ (h°"(Y°, f 2°), N°) +
g (Aw/ZOYO7 J:No)v
(it) g (Ve f 2%, X°) +3g (A, Y °, X°)
+ 39 (5. f 2°,X°),
for any Y°,Z° € T(B'), X° eT(B,) and N° € T'(Itr(TM°)).

g/ (Aw’ZOYo7 j/Xo)

Proof. Let the distribution B’ is parallel. Therefore, for all Y°, Z° € F(B/), X° e
F/(BO) and N° € I‘(ltr/(TMo)),
g (QyoZ°,X°) =0, g (QyeZ°, N°) =0,
Now, using equations and , we obtain
g (QyeZ°,N°) =g (J' (QyeJ Z°),N°) + g (I{30(J Z°)Y° + 6(Z°)Y°
—0(J' Z°)J'Y°},N°) + g (m{6(Z2°)J Y°
—0(J Z°)Y°},N°) — 35 (QyoJ Z°,N°),
Employing , , and , we attain
9 (QyeZ°,N°) = g (Qyof 2°,J' N°) + ¢ (h°'(Y°, f 2°), ] N°)
+9 (h°(Y°, fZ°),J N°)+ g (=4, ,Y°,J N°)
+4 (Qow' Z°, T N°) + ¢ (D' (Y°,w' 2°), J'N°)
~ 3¢ (Qyef 2°,N°) = 3¢ (h°'(Y°, f 2°),N°)
— 3¢ (h°°(Y°, f Z°),N°) — 3¢ (=A,/ ,.Y°,N°)
— 3¢ (Q.w' Z°,N°) — 3¢ (D°' (Y°,w' 2°), N°),
Further, from equation, we get
g (QyeZ° N°) = g (Voo f Z°, ' N°) + g (h°*(Y°, f Z°),.J N°)
+9 (A, ,.Y°, J N°) =3¢ (Mo f Z°, N°)
=3¢ (R (Y°, f 2°),N°) =39 (—A,0 2. Y°,N°)
=0.
Similarly,

g (QyeZ°,X°) =g (QyoJ Z°, 0 X°) +316(J Z°)g (Y°, X°)
+10(Z°)g (Y°,X°) —16(J Z°)g (J'Y°,X°)
+mb(Z2°)g (J'Y°,X°) —mb(J Z°)g (Y°,X°)
— 3¢ (QyeJ Z°,X°),
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Equations , and leads to
9 (QyoZ°,X°) = g (o f Z°+ 0" (Y°, [ 2°), T X°) 49 (= Ay £Y°, T X?)
=39 (Ve f 20+ heT(Y°, £ 2°), X°) = 39 (=AY, X°)
=0.
O
Definition 5.12. [II] M° is a screen B-geodesic SG-lightlike submanifold if its
second fundamental form satisfies
h°(X°,Y°)=0, VX° Y°el(B), (46)
Remark 5.13. M° is B-geodesic SG-lightlike submanifold of M° endowed with an
(I,m)-type connection if
he'(X°,Y°) = ho°(X°,Y°) =0, ¥ X°,Y° € T(B). (47)

Theorem 5.14. The distribution B of a SG-lightlike submanifold of a locally bronze
semi-Riemannian manifold with an (I, m)-type connection Q defines a totally geo-
desic foliation in Me° if and only if M° is B-geodesic and B is parallel with respect
to Q on M°.

Proof. If B defines totally geodesic foliation in M°, then for all X°,Y° € T'(B),
QxoY° € I(B) and g (Qx-Y°,£°) = 0, § (QxoY°,W°) = 0, g (QxoY?°, 2°) =
0, for all £° € T(Rad(TM?®)), Z° € T(B') and W° € T'(S(TM°)).

Using equations , and , we get

_ A o o ! 7ol o o o
g(QX°Y7€):g(h (X7Y )75)
=g (h°'(X°,Y°),€) + mO(Y°)g (w, X°,€°),
G (QxeY°, W°) =g (h°°(X°,Y°), W°)
=g (h°(X°,Y°),W°) + mf(Y°)g (w,X°, W°),

Since M° is SG-lightlike submanifold of M °. Therefore, the distribution B is in-
variant with respect to bronze structure J'. Hence, w, X° and w,X° vanishes.

Thus, h°°(X°,Y°) = I{OI(XO, Y°) = 0, which implies that M° is B-geodesic and B
is parallel with respect to £ on M°.

Conversely, let M° be B-geodesic and parallel with respect to €2 on M°. Therefore,
he®(X°,Y°) = EOI(XO,YO) =0 V X°,Y° € T'(B), which implies that Qx.Y*° €
I'(B).

O

Definition 5.15. [I1] "M° is a mized geodesic SG-lightlike submanifold of a locally
bronze semi-Riemannian manifold if its second fundamental form satisfies

ho(X°,Y°) =0,V X° €I(B), Y° €T(B') (48)
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Remark 5.16. If its second fundamental forms satisfies the conditions
he'(X°,Y°) = ho®(X°,Y°) =0, ¥V X° e (B), Y° e I(B), (49)

then M° is said to be mized geodesic SG-lightlike submanifold with an (I, m)-type
connection.

Theorem 5.17. Let M° be a SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold (MO,g’,J’) equipped with an (I, m)-type connection Q. Then
M?° is mized geodesic if and only if

. "ol o g’ 70 ) o\, (T yo ¢o o\, (T yo ¢o
(i) g (he (X°, f 2°),€ )+l9(_Zl )g (J'X°,£°) +3mb(Z°)g (J'X°,£°) +
mb(Z°)g (X°,£°) = —g (D° (X, w 2°),§°) +10(J" 2°)g (X°,£°)
+77}0(J'Z°)g (J’Xo_, £°), )
(ii) 3g (h°°(X°, f %") +Q%ow Z°,W°) +g ({lwaoXO,f we) =
g (Qxof Z°+ ho°(X°, f Z°), T W°) + g (Q%ew Z°,w W°),
for all X° € T(B), Z° € T(B') and W° € T(S(TM°1)).
Proof. Since M° is mixed geodesic, therefore
g (' (X°,2°),¢°) = 0, (h°°(X°, 2°),W°) = 0, for all X° € [(B), Z° € I'(B),
€° € T(Rad(TM°®)) and W° e T(S(TM°*)).
Using Gauss formula, we derive
G (2x02°,6°) =0, g (Qx-Z°,W°) =0
From equations , and , we infer
7 (Qx02°,€°) = g (Qx02°,J'€°)
=G (Qxof 2°,6°) +§ (Qxow 2°,6°) +10(2°)5 (J X°,£°)
+3mB(Z°)g (J'X°,6°) + mh(Z°)g (X°,£°) —10(J Z°)g (X°, &%)
—mb(J Z°)g (J X°,€°)
= O’
Similarly, using equations , , and , we get
G (QxoZ°,W°) =g (e (J 2°),W°) = 35 (QxeJ Z°,W°)
_ QI(QXOf/ZO’ f/WQ) +§/(onf/zo7w/wo) + gl(onw/Zo’f/WO)
+ 7 (Qxow Z°,wW°) =35 (Qxo f Z2°,W°) — 35 (Uxow Z°,W°),
Employing equations and (3], we attain
7 (Qxe2°,W°) = g (Uxo f 2°, F W) + g (h°°(X°, £ 2°),w' W)
g (A 20 X° f W) + g (Qow Z2°,w W°)
— 3¢ (R°°(X°, f Z°),W®) — 3¢ (V%o Z°, W°)
=0.
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Theorem 5.18. Let M° be a SG-lightlike submanifold of a locally bronze semi-
Riemannian manifold M®° e,quipped with an (I,m)-type connection Q. Then, for
any X° € I'(B,), Z° €I'(B), B
I (Qxe f/Z°—Aw/Zo{(°)+B/(H°s()(/°, FZ0)+Q5% 0w Z°)+3A 0 5o XO+310(J Z°) X°+
10(Z°)X° +mb(Z°)J X° =3Qxof Z°+10(J Z°)J X° + ml(J Z°)X° + Qxo Z°.
Proof. Using (13), and (25)), we get
Qxo2° = J (Qxo f 2°) + J' (Qxow Z°) + 310(J Z°)X° +10(Z°)X° —16(J Z°)J X°
+mO(Z°)J' X° —mb(J Z°)X° — 3Qxo f Z° — 3Qxow Z°,
From , , and , we obtain
Oxo2° = [ (Qxe [ 2°) + ' (Qxo £ 2°) + B/ (R (X°, 1 2°)) + C' (5 (X°, £ 2°)
+ B (he*(X°, ' 2°) + C' (h°°(X°, f Z°)) + f (A, 4. X°)
tw (=4, ;. X°) + B (Q%ew 2°) + C (Vxow 2°) + B/ (D (X°,w' Z°))
+C(DPN(X°,w' Z°)) + 310(J Z°)X° +10(Z°)X° — 10(J Z2°)J X°
+m(Z°)J X° —mb(J Z°)X° — 3Qxe f Z° — 3k (X°, f 2°)
— 3h°°(X°, F Z°) + 34, 5. X° — 3Q%.w Z° — 3D°' (X° W' 2°),
Comparing tangential parts in the above equation,
QxoZ° = f (Qxof Z° — Ay e X°) + B (h°°(X°, f Z°) + Q%ow Z°) + 34,/ 50 X°
+316(J Z°)X° +10(Z°)X° + mb(Z°)J X° — 3Qxo f Z° —16(J Z°).J X°
—mé(J Z°)X°.
t

Theorem 5.19. For a locally bronze semi-Riemannian manifold (MO,g', j') with
an (I, m)-type connection 2, a SG-lightlike submanifold M° is mized geodesic if and
only if the following conditions hold

(i) C(h'(X°,f 2°) + D' (X°,w'2°)) = 0,
(i) w (Qxof Z° = Ay 5. X°) = =C'(h°*(X°, f Z°) 4+ Q%ow Z°),
(iii) he*(X°,f 2°) + D' (X° w' Z°) = —he' (X°, f Z°) — Q%ow' Z°,
for any X° € T(B), Z° e T(B).
Proof. Let M° be a mixed geodesic SG-lightlike submanifold.
From , , and , we get
ho(X°,2°) = J (Qxof Z°) + J' (Qxow Z°) + 316(J Z°)X° + 16(Z°) X°
—10(J' Z°)J X° +mb(Z°)J X° —mb(J Z°)X°
—3Q0yo f Z° — 3Qxow Z° — Qo Z2°,
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Employing , , and on above equation and comparing the transver-
sal parts, we obtain
ho(X°, 2%) = w (e £ 2°) + C' (W (X°, £ 2°)) + O (h" (X°, ' 2°)
Fw (A, 5. X%) + C (5w 2°) + C (D' (X°, f Z°))
—3he!(X°, ' 72°) — 3h°° (X°, f Z°)
— 305w Z° — 3D°' (X°, w0 Z°)
=0.

6. TOTALLY UMBILICAL SG-LIGHTLIKE SUBMANIFOLDS

Definition 6.1. [16] ”Consider a lightlike submanifold (M®, g') of a semi-Riemannian
manifold (Mo,gl) is said to be totally umbilical in M©° if there exist a smooth
transversal vector field H® € T'(Itr(T'M®)) on M®, called the transversal curvature
vector field of M°, such that, for all X°,Y° € T'(TM°),

ho(Xo,Yo) :Hog/(XO7YO)7” (50)

The Gauss and Weingarten equations for M° implies that M° is totally um-
bilical if and only if on each coordinate neighborhood U®, there exist smooth vector
fields H°' € T(itr(TM°)) and H°® € T(S(TM°1)), such that

hOZ(XO7YO) _ Holg’(Xo’YO)’ hOS(Xo7YO) _ Hosg’(Xo’YO)’ DOI(XO,WO) — O,
for all X°,Y° € I(TM°),W° € I'(S(TM°")).

Lemma 6.2. Let M° be a totally umbilical proper SG-lightlike submanifold of a

locally bronze semi-Riemannian manifold M° with an (I,m)-type connection Q.
Then,

(i) QxofY°— AyryeX© = Ayryo X —10(J'Y°) X0 — mO(J'Y°)f X°
= f'QxoY° 4+ B'h°°(X°,Y°) —10(Y°)f X° — 3mb(Y°)f X° —mh(Y°)X°,
(ii) he'(X°, f'Y°) + Qow Y — m(J'Y°)w, X°
= w QoY + C'he (X°,Y°) — 10(Y°)w, X° — 3mO(Y°)w, X°,
(iii) he*(X°, f'Y°) 4+ Do (X%, w,Y°) + Q%ow,Y° — mf(J'Y°)w,X°
= w, Qxo Y+ C ho*(X°,Y°) — 10(Y°)w,X° — 3mb(Y°)w,X°,
for any X°, Y° € T'(TM°).

Proof. Since M ° is a locally bronze semi-Riemannian manifold, it implies that
Vo J' Y =T (VaY°),

Following equation , we obtain

Qxo JY°—10(J Y°) X —mO(J Y°)J X° = J Qe Y°)—10(Y°).J X°—mh(Y°).J * X°,



20

Using equations 7 and , we get
Qxo f Y+ Qxow, YO + Qxow,Y° — 10(J Y°) X°
—mb(JY°) f X° —mb(J Y )w, X° — mO(J Y°)w,X°
=J (QxoY°) —10(Y°)f X° —10(Y°)w, X° — 16(Y °)w, X°
—3mBA(Y°)f X° — 3ml(Y°)w,; X° — 3mh(Y°)w,X° — mb(Y°)X

From equations , , and , we attain

Qxo [V + R (XO, FYO) + ho* (X, fY°) = Aryo X° + Qow,Y
+ D°*(X°,w Y ) = Ay X° 4 leowsw —10(J'Y°)X°®
—mb(JY°)f X° —mbB(J Y w,; X° —mb(J Y°)w,X°
= FQxe Y + w0, Qxe YO + w,QxoY° + C R (X°,V°)
+ B'he*(X°,Y°) + C ho’(X°,Y°) — 10(Y°) f X° — 10(Y°)w, X°
—10(Y°)w,X° — 3mA(Y°) f X° — 3mO(Y°)w, X° — 3mO(Y °)w, X°
—mf(Y°)X°,

Thus the required result is obtained by comparing the tangential and normal parts
of above equation. O

Theorem 6.3. If M° is a totally umbilical proper SG-lightlike submanifold of a
locally bronze semi-Riemannian manifold M° with an (I,m)-type connection €,
then H°*® ¢ T'(°).

Proof. Let M° be a totally umbilical proper SG-lightlike submanifold of a locally
bronze semi-Riemannian manifold, then V%.J'Y°® = J (V.Y °).
Now, using equations , , , , and comparing transversal parts,
we obtain -
ho*(X°,J X°) +mb(J X w,X° = C'h°*(X°, X°) + C'mf(X°)w,X°V X°,Y° €
r(B),
From the concept of totally umbilical submanlfold M? of Me°, we get

(X° J X°)H®® +mb(J’ X")w X°=yg (X° X°)C'H®® + ' mG(Xo)w X°,
Slnce M? is a SG-lightlike submanifold of M°, it is inferred that the dlstrlbutlon B
is invariant with respect to J'. Also, if we take X° =Y°, then ¢ (X°, X°)C' H°® =
0, w,X° =0.
Hence, H®® ¢ T'(u°). O

Theorem 6.4. Let M° be a totally umbilical proper SG-lightlike submanifold of
a locally bronze semi-Riemannian manifold M° with an (I, m)-type connection Q.
Then the necessary and sufficient condition for induced connection to be metric is
10(Y°)g (X°, Z°)+mb(Y°)g (' X°, 2°) = —16(2°)g (Y°, X°)—mb(Z°)g (Y°, | Z°),
VvV X° Y° Z° e I(B,).
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Proof. Lemma implies

hel (X°, FYO)+Qow, YO —mB(J Y °)w) X° = w) Qxo YO +C R (X°,Y°)—10(Y°)w, X°—
3mO(Y°)w, X°,

Since M° is a totally umbillical proper SG-lightlike submanifold, therefore

heH(X°, J'Y°) + mO(J Y°)w, X° = C'h°'(X°,Y°) + C'm(Y°)w, X°,

Since the distribution B, is invariant with respect to bronze structure J ", we have
wl/X ° = 0. Also, from equations and , we attain

g (X°, JY°)H°! = ¢ (X°,V°)C H°', which leads to 2¢' (X°, J'Y°)H' = 0.

If we take X° = j'YO, then Ho! = 0, so equation implies that hel = ,
Employing equation 7 we have

(x-9 )(Y°, 2°) = —U(0(Y°)g (X°. Z°)+0(2°)g (Y°, X°))~m(0(Y°)g (/' X°, 2°)+
0(2°)g (v°, 1 2°)) = 0. .

7. MINIMAL SG-LIGHTLIKE SUBMANIFOLDS

Definition 7.1. [I7] A lightlike submanifold (M°,g ,S(TM°®),S(TM°%)), of a
semi-Riemannian manifold (M°.,g), is said to be minimal if :

(i) h°® =0 on Rad(TM°®) and

(ii) trace h° = 0, where trace is written with respect to g restricted to S(TM°®).

The above definition is independent of S(T'M°) and S(TM°*), but is depen-
dent on tr(TM?°).

Example 7.2. let M° = Ri! be a semi-Riemannian space of signature
(= +,+,+,+,+,+,+,+,+,+), with canonical basis

{8y‘f, ayg? ay§7 ay27 ayg7 ayga 6:1/'?, 8y§7 ayS? ayi}o’ ay?l}
Let M® be a submanifold of (R}, .J') given by

. R D
y1 =0, y5 = 5(\/§t4+t2),

1 ’ ’ ’ ’
Ys = 5(*\/5152 +t4), yi =ty Y5 =1y,
Yo = sint; sinhtg, yr =0, yg = sint; coshté,

y; = O7 yi)o = \/5 COSt; COSht%, yil =0.

Consider the bronze structure J' defined by J' (YS, US, US, Us, U, Yes US, Us, US s
Yio,y11) = (wyf, B—w)y3, B—w)ys, wys, (3—w)ys, 3yg +¥7, Y6, 3ys +¥3, Y3, 3yio +
Y11, Y50)-
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Then, TM® is spanned by {B1, B2, Bs, By, Bs}, where

By = 3 (~V3045 +043),
By = 0yj,
By = 02 + 5 (V303 +045),
By = costy sinhtg Oy + costy coshts dyg — /2 sints coshtg Oy,
Bs = sinty coshtg dyg + sinty sinht dyg + /2 costy sinhty 0yS,.
where Rad(TM°) = Span{Bs} and B, = Span{Bi, B2}. It is proved that

i,Bg = (3 — w)Bs, which shows that Rad(TM?®) is invariant under J'. Since,
J'By = (3 —w)By, J' By = wBy. Therefore, B, = Span{Bi, Bz}, is invariant

under J'.
Upon caleulation, we derive that ltr(TM°®) is spanned by

V3

1 o 1 o 3 o
N = 5{—5’195 + 5893 + 78292},

such that J'N = (3 — w)N, which implies that ltr(TM°®) is invariant under J'.
Also, S(TM°™) is spanned by

Wi = 0y,

Wy = cost; sz’nht;; oy7 + cost/5 coshté dys — V2 sint; cosht;i 0y11,

W5 = Sint;, coshté Oyr + sint; sinhté dys + V2 cost; sinhté Y11,

Wy = —V/2 sinhty coshty Oy2 + V2 (sinty + sinh>ty) dy + sinty costs Oy,

W5 = —V/2 sinhtg coshtg Oyg + V2 (sin’ts + sinh>ty) dyS + sinty costs Oy,

Since, J Wy = Wi, J Wy = 3Ws+Wy, we see that p° = Span{Wy, Ws} is invariant
under J'. Now, B = Span{By4, Bs} such that J By = 3By + Wy and J By =
3Bs + W, which shows that J' (B') ¢ S(TM°®) and J'(B') ¢ S(TM°*).
Therefore, M° is a proper SG-1-lightlike submanifold of Ri*.

Also, we derive upon calculation

V%, Bj=0,i=1,2,3,1<; <5, and h° (B4, Bs) = 0, h°'(Bs, Bs) = 0,

V2 sinty cosht,
(sin?ty 4 2sinh?tg)(1 + sint; + 2sinh?ty)

V2 sinty cosht,
(sin?ty 4 2sinh?tg)(1 + sint; + 2sinh?ty)
Hence, for all X° € T(TM°®), h°*(X°,B3) =0,
That is h°® = 0 on Rad(TM°®) and traceh®|s(rnrey = h°*(By, By) +h°*(Bs, Bs) =
0.
Therefore, M° is minimal proper SG-lightlike submanifold of R}!.

h°*(By, By) = —

W57

h°*(Bs, Bs) =

W5a
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Theorem 7.3. The distribution B, in a SG-lightlike submanifold M° of a locally
bronze semi-Riemannian manifold (Mo,g J ) with an (I, m)-type connection Q is
minimal if and only if

3{g (/' X°, Awe f X°) +16(W°)g (X°, f*X°) + mo(W°)g (' X°, " X°)}
= —2(g (Awef X°,X°) + 10(W°)g (X°, ' X°) +mO(W°)g (X°, £~ X°)},
for any X° € T(B,) and W° € T'(S(TM°%)).
Proof. B, is minimal if and only if
QxoX°+ Q5 J X — {0(X°)X° +0(J X°).J X°}
—m{B(X°)f X° + 0('X°)f *X°} € T(B,), o

for all X° e I'(B,).
Since M° is a SG-lightlike submanifold of M°. Therefore, the distribution B, is

invariant w.r.t J'. Also using equatlons . . ‘ ) and . we get
g'(QXoX",j’WO) — lO(X")g'(X",j'WO) — mG(X")g (f X°,JW°)
=g (J'X°, Ao X°) +10(W°)g (X°,J X°) + mO(W°)g (J X°, f X°),
and
9 Qo I X, T W) —10(J X°)g (J' X°, T W°) — mO(J' X°)g (f X, J W)
=g (3J X° 4+ X°, AweJ X°) +10(W°)g (3J X° + X°,J X°)
FmI(WO)g (3T X° + X°, fX°),

for any X° € T'(B,) and W° € I'(S(TM°™)).
Also, since the shape operator is symmetric on S(TM°), we obtain

9 (Qxe X+ Q0 J X = 1{O(X°)X° +0(J X°)J X°}
—m{B(X°)f X° 4+ 6(J X°) £ X°), Jwe)
=g (J'X°, Ao X° +10(W°)X° + mO(W°)f X°)
44 (BTX° + X°, Ao d' X° + 10(W°)J X° +m(W°) f~X°),
for any X° € T'(B,) and W° € T['(S(TM°™t)).
Employing on above equation, we attain
3{g'(F'X°, Awo £ X°) +10(W°)g (X°, f°X°) + mo(W*)g (/' X°, £ X°)}
= —2{g (Awef X°,X°) +10(W)g (X°, ' X°) +mo(W)g (X°, f " X°)}.
O

Theorem 7.4. A SG-lightlike submanifold M° of a locally bronze semi-Riemannian
manifold M° with an (I, m)-type connection  is minimal if and only if



24

(i) trace[lgz|s(TMo) = trace/_lw,o|5(TMo) =0,
(i1) g’(D_°l(X°,W°),Y°) 10(W°)g (X°,Y°) +mb(W°)g (f X°,Y°),
YV X°,Y° € D(Rad(TM°)), W° € D(S(TM°L)), where
dim(TM®) = m, dim(tr(TM°)) = n, dim(Rad(TM®)) = r, {£&} is a basis
of Rad(T'M°) and W} € D(S(TM°L)) fork e {1,....r} andj € {1,...,n—7}.

Proof. M° being minimal submanifold implies that ~
traceh®|s(raey = traceh®|p, +traceh®| g = X% h°(B;, B;) +Xb_ h°(E;, E;) = 0,
and hoS|Rad(TMO) =0.

If we choose an orthonormal basis of S(T'M°) as {e;};~,", then we get

a

b
To ! 3 ! 3
traceh®|sirarey = Y €i(h° (e, e:) + 7" (ei,e)) + Y (R (ej,e5) + h°" (e, €5))
j=1

i=1
a 1 , it —ol o o
:ZQ‘ ;Ek:L‘J (he (e, eq), )Ny
i=1

1 n—r="170% o o

erzj:lg (he~(ei,ei), W; )WJ}
b 1 y

£ 6 (10 (') 0O

j=1

+7Z;L {g (ho (6j,€j)7W;))WjO:| s

where {W, WS, .....,W2_, }is an orthonormal basis of S(TM°™).

. =1 1Tk -3
Since, g (h° (e;,€:),60)Nf = g (Agzei,ei)N,g and g (hoé(ei,ei)WJ‘?)W]? =
g/ (flep €, ei)W;’, we derive
traceh®|s(rae) :_traceA%"3 |B,eB’ + tiaceAW; |B,@B
Therefore, traceAZZ|Bo@B/ and traceAWJp|Bo@B, =0.

On the other hand, using concept of minimal SG-lightlike submanifold with equa-

tion , we obtain
g (he"(X°,Y°),W°) = =g (D°'(X°, W°),Y°) + 10(W°)g (X°,Y°)
+mb(W°)g (f X°,Y°)

Y X°,Y° € I'(Rad(TM?)),W® € T(S(TM°*)), which proof is completed. O
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8. CONCLUDING REMARKS

This research work has initiated the lightlike geometry of screen generic light-
like submanifolds in the bronze semi-Riemannian manifold equipped with an (I, m)-
type connection.

The bronze Riemannian manifolds and bronze means are the impoprtant
classes of metallic means family, are instrumental as the basis of proportion to
design sculptures. These manifolds are of great use to physicists to analyze the
behaviour of nonlinear dynamic systems in the transition from periodicity to semi-
periodicity. The study undertaken suggests that there is a potential for further
investigation of various metric or non-metric connections derived from (I, m)-type
connection equipped with bronze semi-Riemannian manifold. Also, the geometry of
screen generic lightlike submanifolds can be examined for various classes of metallic
semi-Riemannian manifold equipped with distinct connections inherent to their
structure. Also, the bronze semi-Riemannian manifolds, being intrinsically related
to the theoretical explanation of behavior in quantum physics, can motivate the
geometers to delve into the applications of this noteworthy area of study.
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