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Abstract. Let R and R’ be rings with identity and let S be a strictly ordered
monoid equipped with twisting homomorphisms into the endomorphism rings of R
and R’. Using these data, we consider two skew generalized power series rings asso-
ciated with R and R’. Starting from an (R, R')-module M, we construct an induced
module consisting of generalized power series with coefficients in M and show that it
naturally becomes a module over the two skew generalized power series rings through
a suitable trilinear action. We then study homomorphisms in this framework. In
particular, we prove that every (R, R')-module homomorphism between two mod-
ules induces a corresponding homomorphism between their associated generalized
power series modules. Furthermore, we provide sufficient conditions describing when
a generalized power series belongs to the kernel of the induced homomorphism in
terms of the coefficientwise behavior of the original map. These results extend the
theory of skew generalized power series modules from the classical single-ring setting
to a two-ring context and provide a foundation for further developments, including
generalized isomorphism results and related algebraic applications.
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1. INTRODUCTION

A ring is defined as a nonempty set equipped with two binary operations sat-
isfying specific axioms [I]. Ribenboim [2] introduced the Generalized Power Series
Rings (GPSRs) [[R<]], extending the semigroup ring R[S] [3], the polynomial ring
R[X], and the power series ring R[[X]] [4]. The GPSR [[R%<]] imposes additional
restrictions, requiring the support supp(f) to be both Artinian and narrow. A
partially ordered set (5, <) is called Artinian if every strictly ordered sequence of
elements in S is finite, and narrow if every trivially ordered subset of S is finite [5].

Properties of GPSRs have been extensively studied [6,[7[8, 9}, 10, 11]. Varadara-
jan [I2] introduced the Generalized Power Series Module (GPSM) M|[S, <]], which
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generalizes the polynomial module M[X] over polynomial rings [I3]. Further stud-
ies on GPSMs and their Noetherian properties can be found in [14], [15] [16].

Mazurek and Ziembowski [I7] extended GPSRs by introducing a monoid
homomorphism w : S — End(R), forming the Skew Generalized Power Series
Ring (SGPSR) R[[S, <,w]]. Subsequent studies [I8, [19] 20, 21| 22] and related
works [23] 24, [25] 26], [27] 28] investigated various algebraic properties of SGPSRs.
Faisol et al. [29] [30] later constructed the Skew Generalized Power Series Module
(SGPSM) M][[S, <,w]], extending the theory of generalized power series to module
structures over SGPSRs.

While much work has been devoted to GPSRs and SGPSRs, existing studies
have predominantly focused on module structures over a single generalized or skew
generalized power series ring. In many algebraic settings, however, it is natural
to consider module structures involving two distinct skew generalized power series
rings equipped with possibly different skewing homomorphisms. In such situations,
the classical SGPSR-module framework is no longer sufficient, since module actions
and homomorphisms must simultaneously respect two independent skew structures.

Khumprapussorn et al. [31] generalized (R, R’)-bimodule structures by weak-
ening compatibility conditions and introducing (R, R’)-modules, while homomor-
phisms of such modules were further studied by Yuwaningsih et al. [32]. Never-
theless, these works do not address the case where the underlying rings themselves
are skew generalized power series rings. In particular, when considering mod-
ule homomorphisms between modules over two distinct SGPSRs R[[S, <,w]] and
R'[[S, <,w']], additional compatibility conditions arise from the simultaneous in-
teraction of the two skewing homomorphisms w and w’. These constraints do not
appear in the classical single-ring SGPSR setting and cannot, in general, be reduced
to previously studied cases.

This paper aims to fill this gap by developing a systematic framework for mod-
ules over two distinct skew generalized power series rings. In contrast to existing
approaches confined to a single skew generalized power series ring, our construc-
tion captures bimodule-like structures governed by two independent skew actions.
We investigate the resulting module homomorphisms and establish fundamental
properties, including sufficient conditions for elements to belong to their kernels,
thereby extending skew generalized power series module theory beyond the classical
single-ring setting.

To illustrate that the obtained results are not merely formal extensions, we
also provide explicit and nontrivial examples demonstrating how module homomor-
phisms over two skew generalized power series rings induce concrete, coefficientwise
kernel characterizations.



2. SKEW GENERALIZED POWER SERIES STRUCTURES

In this section we briefly recall the construction of skew generalized power
series rings and their associated modules. These structures will serve as the alge-
braic framework used in the next section to construct a (R[[S, <, w]], R'[[S, <,w']])-
module.

Throughout this paper, (S, <) denotes a strictly ordered monoid. Let R’ be
a ring with identity and let w’ : S — End(R’) be a monoid homomorphism. For a
function f': S — R/, we write

supp(f’) = {s € S| f'(s) # O}.

Generalized power series rings were introduced by Ribenboim [2]. Given the
homomorphism w’, the skew version developed by Mazurek and Ziembowski [17] is
defined as

R[S, <, ={f : S — R'|supp(f’) is artinian and narrow},

with multiplication
(f'g)(s) = D f'(@) (g (),
TY=s
where the sum is finite. Here the twisting acts on the second (right) factor of the
convolution, and we refer to this product as the standard right skew convolution.
If w, =idg for all s € S, one recovers the ordinary generalized power series ring.

For ' € R’ and s € S, define the elements ¢,» and f in R'[[S, <,w’]] by

cmmz{”’ﬁum (1)

0, otherwise,

and
1, ifu=s,

Jalw) = {O, otherwise, @)

for every u € S. These elements play the role of coefficient and basis elements in
the skew generalized power series ring.

The corresponding module construction, considered for instance in [12] 29],
is obtained as follows. Let M be a right R’-module and define

M[[S, <,w']] ={a: S — M | supp(«) is artinian and narrow}.
With pointwise addition, M[[S, <,w’]] becomes a right R'[[S, <,w’]]-module under
(ag")(s) =Y alx)w,(d' 1)), (3)
TY=s

where again the twisting occurs on the right factor of the convolution.
For m € M and s € S, define d2, € M[[S, <,w']] by

@moz{y’ﬁ“& @

otherwise.
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For a fixed s € S, the assignment
iy s M — M[S, <, W']], t(m) =d>,

defines an injective R’-module homomorphism.

By analogy with the above construction, one may also consider a left module
structure. Let R be another ring with identity and let w : S — End(R) be a
monoid homomorphism. If M is a left R-module, then M][S, <,w]] becomes a left
R][S, <,w]]-module under

(fa)(s) = > wal(f(@)) aly),

for f € R[[S,<,w]] and o € M[[S, <,w]]. Here the twisting acts on the left coeffi-
cient of the convolution, which is compatible with the left R-module structure of
M.

These constructions provide the algebraic setting for combining two skew
generalized power series rings, R[[S, <,w]] and R'[[S, <,«']], in order to construct
the (R[[S, <, w]], R'[[S, <,w’]])-module structure developed in the next section.

3. THE STRUCTURE OF MODULES OVER TwO SKEW GENERALIZED POWER
SERIES RINGS

To proceed, we recall the definition of an (R, R’)-module as introduced in
3.

Definition 3.1. [31] Let R and R’ be rings, and let M be an abelian group under
addition. The structure M is called an (R, R')-module if there exists a function

__e_:RxMxR —M
satisfying the following axioms:

(i)r-(m+n)er’ =(r-mer )+ (r-ner’),
(i) (r+t)-mer' =(r-mer’)+ (t-mer'),
(ii;)) r-me(r'+t)=(r-mer’ )+ (r-met’),
() r-(t-mer’)et = (rt)-me (r't'),

forallr,t € R, mne€ M, and r',t € R'.
The following examples illustrate Definition [3.1

Example 3.2 (Canonical example). Let R and R’ be rings, and let M be an
(R, R')-bimodule in the classical sense. Define

r-mer :=rmr,

forallr € R, me M, and v’ € R'. Then M is an (R, R')-module in the sense of
Definition|3. 1.
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Example 3.3 (Non-bimodule example). Let R = R’ =R and let M = R3. Define
the ternary operation

r-ues:i=rsu,
for allr,s € R and w € R®. Then M is an (R, R")-module that does not arise from
a classical bimodule structure.

The first example shows that the notion of an (R, R')-module extends the
classical bimodule framework, while the second example demonstrates that the
definition admits genuinely non-bimodule structures.

The following proposition records basic consequences of Definition [3:1} ex-
tending the axioms to finite sums in each variable.

Proposition 3.4. Let M be an (R, R')-module. Then, for anyr,ri,rs,...,7x € R,
m,mi,Ma,...,m, € M, and r',r],75,...,7, € R, the following properties hold:

(i) v (Shimi) o' =Sk, (romier)
(ii.) (Zle 7’) mer =3k (r ‘me r')
(iii.) 7-me (Zler;) =k, (r.m.r;)
(iv.) - (zle ti-mge r;) ot/ =% ((m) mg e (r;t/))

Proof. We prove each property as follows:

(i) For any r € R,r’ € R, and mq,ma,...,my € M,
k

T (Zmi>or':r-(m1+m2—|—~~-+mk)or’
i=1

:(T'm107“’)—|—(7“~m20r')+'~'+(T'mkor’)

:g(T.mi.w).

(ii) For any ri,7r9,...,7x € R,7’ € R/, and m € M,

k
(Zn)wnor':(r1+r2—|—~-~—|—rk)~mor’
i=1
=(r1-mer )+ (ro-mer )+ -+ (rp-mer’)

z(m)

(iii) Similar reasoning applies to r - m e (Zle ré), establishing the desired
equality.

(iv) The distributive properties of the operation ensure the validity of the fourth
property.

0



Throughout this paper, let R and R’ be rings, (S,<) a strictly ordered
monoid, and let w : S — End(R) and w’ : S — End(R’) be monoid homomor-
phisms.

For the left-hand ring R[[S, <, w]], we adopt a right-twisted skew convolution
compatible with the left module construction described in Section 2. Accordingly,
multiplication in R[[S, <,w]] is defined by

Fo)s) = > w(f@)gw) (5)
(z,y)€xs(f,9)
for all f,g € R[[S, <,w]].
For the right-hand ring R'[[S, <,w’]], we use the standard skew convolution
recalled in Section 2. Thus multiplication is defined by

PO = S FElw), (6)
(z:w)exs(f,9")
for all f',¢' € R'[[S, <,w']].
If M is an (R, R')-module as in Definition we define
MI[S,<]] = {a: S — M | supp(«) is artinian and narrow},

which is an abelian group under pointwise addition

(a+pB)(s) = als) + B(s), (7)
for all o, B € M[[S, <]].

We now extend the (R, R')-module structure of M to the level of skew gen-
eralized power series. To this end, we construct an operation combining the skew
multiplications in R[[S, <,w]] and R'[[S, <,w’]] with the (R, R')-action on M given
in Definition B.11

The construction is designed so that the twisting maps w and w’ act compati-
bly with the two-sided module structure, thereby producing a (R[[S, <,w]], R'[[S, <
,w']])-module.

For any f € R[[S, <,w]], @« € M[[S,<]], f' € R'[[S,<,w']], and s € S, define

xs(fra, f') = {(x,y,2) € supp(f) x supp(a) x supp(f’) | zyz = s}.  (8)

We emphasize that the ternary operation introduced below is a primary con-
struction. It is not obtained by iterating and @, but is designed to encode
simultaneously the skew multiplications and the (R, R’)-module action.

With this notation in place, define the ternary operation
—x ok R[S, < W] x M[S, <]} x R[[S, <,0')] — M[[S, <]]

(fxaxf)(s) = > wy (f(2)) - aly) ew, (f'(2)). 9)
(z,y,2)Exs (fra,f7)
Here the middle index y plays the role of a pivot. Both twisting maps w and
w' are evaluated at the same element ¥, ensuring compatibility of the two-sided
action.



The following lemma ensures that the above operation is well defined.

Lemma 3.5. If f € R[S, <,w]], a € M[[S,<]], and " € R'[[S,<,w]], then
frax e MI[S,<]].

Proof. By assumption, the supports of f, o, and f’ are artinian and narrow subsets
of (S, <). For any s € S, the sum defining (f*ax’ f')(s) involves only triples (z, y, 2)
such that x € supp(f), y € supp(«), and z € supp(f’) with zyz = s. Hence,

supp(f * a*’ f') C supp(f) + supp(a) + supp(f’).

Since finite sums of artinian and narrow subsets of a strictly ordered monoid
remain artinian and narrow (see [7]), it follows that supp(f *a*’ f') is artinian and
narrow. Therefore, f x a ' f' € M[[S, <]]. O

The next theorem shows that the above construction yields a genuine module
structure over two skew generalized power series rings.

Theorem 3.6. If M is an (R, R')-module, then the abelian group M|[S, <]],endowed
with the operations defined in and (9), is a (R[[S, <,w]], R'[[S, <,w']]) -module.

Proof. To prove that M[[S,<]] is an (R[[S, <,w]], R'[[S, <,w’]])-module, we verify
the axioms in Definition Let f,g € R[S, <,w]], a,8 € M[[S,<]], f',¢" €
R'[[S, <,w']], and s € S;

(i) Additivity of a:
(f * (4 B)+ f1)(s) = wy(f(2)) - (4 B)(y) e wy(f'(2))

= ) w,(f(@) - aly) e w)('(2))
+ 3wy (@) - Bly) swy(f'(2))

= (frax [)(s)+ (fx B [)(s).

Therefore, f+ (a+B)«" f' = fxax f'+ f+«3+ f.
(ii) Additivity of f:

(f+g)xax f)(s)= D wy((f+9)(x)) aly)ew,(f(2))

= 3 Wy (f(@) +g(x)) - aly) swi (f'(2)
= 3 (wy(f(@)) +wy(g())) - aly) e w) (f'(2))

7wy (f(@) - aly) ewy(f'(2))

TYyz=s



+ > wylg(@)) - aly) ewy(f'(2))

TYz=s

= (frax f)(s)+(gxax f)(s)
Hence, (f+g)xa* f/ = fxax f'+gxax* f.

(iii) Additivity of f”:

(f xa+ (f' +9))(s)

|
(]

(f(@)) - aly) e w, ((f"+9')(2))

8
<
©
Il
@

- wy(f(@)) - aly) e wy (f'(2) + ¢'(2))

= wy(f(2)) - aly) o (W,(f'(2) +w,(g'(2)))

Il
(S
<
—~
~
—
-

~ay) e wy, (f(2))

wy (f(x)) - aly) e wy (g'(2))

8
<
n
Il
»

+
N

I
~
*
Q
*

"I(s) 4 (f xax g)(s).
Thus, fxax' (f'+¢)=fxax f'+ fxax'g.

(iv) Associativity: For any s € S, we compute

(f(gxax [y« g)s)= > w(f(@)-(gxax [)(y) ew(d(2)).
TYz=s

By the definition of the ternary operation, each term (g * « ' f')(y) is
given by a finite sum over triples (a,b,c) with abc = y. Substituting this
expression and rearranging the finite sums, we obtain a sum over all tuples
(z,a,b,c, z) such that xabcz = s.

Using the monoid homomorphism properties of w and w’, namely w,, =
wy 0w, and w), = w!, owl, together with the associativity of the product
in .S, the summands can be regrouped to yield

wp ((f9)(1)) - a(b) @ wiy((f'g") (w)),
where t = za and w = cz with tbw = s.
Therefore,

(f *(gxax’ f1) " g')(s) = ((fg) x %' (f'g))(s),
which shows that the associativity axiom holds.
O

Example 3.7. Let S = (N,<) be the additive monoid of nonnegative integers
endowed with the natural order. Let R =7 and R' = Z[x]. Define homomorphisms

w:S — End(R), w(n) = idg,

WS = End(R), &' (n)(f'(x) = f'(«*),



foralln € S and f'(z) € Z[z].

Then R[[S,<,w]] and R'[[S,<,w']] are skew generalized power series rings
with different twisting behaviours: the left ring has trivial twisting, while the right
ring carries a nontrivial endomorphism action determined by w'.

Let M = Z|x], viewed as an (R, R')-module via the usual left and right scalar
multiplications. By Theorem the abelian group MI[S,<]] becomes a (R[[S, <
Lw]], R[S, <, w']]) -module.

In this case, for f € R[[S, <,w]], « € M[[S,<]], f' € R'[[S,<,w']], andn € S,
the ternary operation becomes

(fxaxf)n)= > f(i)- a()ew)(f (k).
i+j+k=n

Since ) (f'(k)) = £ (k)(x%), the right action depends essentially on the skew struc-

ture induced by w'.

The following example provides an explicit computation illustrating the in-
teraction between the two skew structures in the ternary operation.

Example 3.8. Let S = (N,+), R=7Z, and R’ = Z[z]. Define w, =idz and
wn(f'(2)) = £'(=*).

Let M = Z[z] be an (R, R')-module with the usual scalar multiplications.
Recall that the elements ¢, and fs in R[[S,<,w]] and ¢, and f. in R'[[S, <,w']] are
defined in and (2), while the elements d5, in M[[S,<,w']] are defined in ({).

Consider the elements
=TI a=d3, f'=f.

Since 1 +2+ 1 =4, the only triple contributing to (f xa " f')(4) is (1,2,1).
Hence

(f xax’ f)(4) = wo £(1)) a(2) wi(f'(1)).
Because f(1) =1, a(2) =z, and f'(1) = 1, we obtain
(f x o’ f1)(4) = wa(1) - 2 - wi(1).
Since wa(1) =1 and wh(1) =1, it follows that
(f o f)4) =
This computation illustrates how the skew action determined by w' appears in

the convolution process.

The twisting map w’ is defined on the coefficient ring R’ = Z[z], hence no
support condition is involved at this level. The artinian and narrow support as-
sumption appears only in the construction of the skew generalized power series
ring R'[[S, <,w']] and ensures that the sums arising in the multiplication and in the
induced module operations are finite.
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Example 3.9. Let R’ = 7Z and let S = N x N be the additive monoid endowed
with the product order. Define

Wy (B) =24k k€ Z.
en w o — 1 S a monoi omomorphism, an the skew generalize
Then " : S — End(R") i id h hi d the sk lized

power series ring R[S, <,w"]] is well defined.

This example shows that the theory applies to ordered monoids and twisting
actions that differ substantially from those appearing in Example[3.7

Examples and illustrate the robustness of the (R[S, <,w]], R'[[S, <
W' ]])—module framework with respect to variations in both the twisting mechanisms
and the underlying ordered monoid structures.

4. ON (R[[S, <, w]], R'[[S, <,w']])-MODULE HOMOMORPHISMS

We begin by recalling the definition of an (R, R’)-module homomorphism, as
introduced in [32].

Definition 4.1. Let M and N be (R, R')-modules. An additive map p: M — N
is called an (R, R')-module homomorphism if it satisfies

ur-mer’) =1 u(m) o1’
forallr€e R, me M, andr’' € R'.

Before defining homomorphisms between (R[[S, <,w]], R[S, <,w']])-modules,
we establish the following lemma.

Lemma 4.2. Let M and N be (R, R')-modules, and let M[[S,<]] and NJ[S,<
Il be (R[S, <, w]], R'[[S, <,w']])-modules. If p : M — N is an (R, R')-module
homomorphism, then:

(i) po(on+az)=(poar)+ (uoas),
(ii) po (frax"f)=fx(poa)«f
for all aq, a0 € M[[S,<]], f € R[[S, <,w]], and " € R'[[S, <,w]].
Proof. (i) follows directly from the additivity of p.
(ii) Let s € S. By definition of the ternary operation, we have

(frax [)(s)= D wy(f(@) aly) ew(f'(2)),

where the sum is finite. Since p is additive, we may apply p termwise to this sum.
Moreover, because p is an (R, R')-module homomorphism, it satisfies

ulr-mer’y=r.puim)er’ forallre R, me M, ' € R.

Therefore,

(o (frax f)(s)= Y u(wy(f(2)-aly)ew,(f'(2)))

TYyz=s
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= Y w(f(@) - plaly)) ewy(f'(2))
= (f*(noa)+ f')(s).
Hence, po (fxa+ f')=f*(uoa)« f. O

The following diagram describes how an (R, R’)-module homomorphism in-
duces a homomorphism between the corresponding skew generalized power series
modules:

M £ N
M L
M[[S,<,w]] = N[[S,<,]]

Here tj; and ¢y denote the canonical embeddings defined in , which iden-
tify each element with the skew generalized power series supported at a fixed s € S.
Explicitly,

wa(m) =d7,,  un(n) =d;.
With these identifications, the diagram is commutative; that is,
o(tar(m)) = en(u(m))  for all m € M,

or equivalently,
o(dy,) = djyim)-

Thus the assignment M +— M|[S, <, w]] is compatible with module homomor-
phisms.

Using Lemma we can extend the notion of an (R, R’)-module homomor-
phism to the setting of (R[[S, <,w]], R'[[S, <, w']])-modules.
Theorem 4.3. Let M and N be (R, R')-modules, and let M[[S,<]] and N[[S, <]]
be (R[S, <, w]], R'[[S, <,w')])-modules. If i : M — N is an (R, R')-module homo-
morphism, then there exists an (R[[S, <,w]], R'[[S, <,w']]) -module homomorphism

o : M[[S, <]] = NS, <]].
Proof. Define a map o : M|[S, <]] = NJ[S, <]] for every a € M[[S,<]] as o(a) =

poa. To prove o is an (R[S, <,w]], R'[[S, <, w']])-module homomorphism, we verify
the following:

(i) Additivity: For any oy, as € M[[S, <]],
olar +ag) = po(ag + az)
— (o) +(noas) by Lemma[idi)
=o(a1) + o(asg).
(ii) Scalar Multiplication: For any o € M][S,<]], f € R[[S,<,w]], and [’ €
RS, <,o']];
o(f xax f) = po(frax f)
=fx(uoa)* f by Lemma [£.2]ii)
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= fxo(a)« f.
Thus, o preserves addition and scalar multiplication. Therefore, o is an (R][S, <
,wl], R[S, <, w']])-module homomorphism. O

Next, we define the kernel of an (R[[S, <,w]], R'[[S, <,w']])-module homo-
morphism, extending the notion of the kernel for (R, R')-module homomorphisms
introduced in [32].

Definition 4.4. Let o : M[[S,<]] — N][[S,<]] be an (R[[S,S,w]],R’[[S,S,w’]])—
module homomorphism. The kernel of o is defined by

Ker(o) = {a € M[[S,<]] | o(a) = Onpis,<i }-
The following proposition gives a straightforward coefficientwise criterion for

membership in the kernel of the induced homomorphism.
Proposition 4.5. Let y: M — N be an (R, R")-module homomorphism, and let

o: M[[S, <,w]] = N[[S, <, w]]
be the induced (R[S, <,w]], R'[[S, <,w']])-module homomorphism defined by

ola) =poa.

If « € M[[S, <]] satisfies

a(s) € ker(u) forall s €S,
then o € ker(o).

Proof. If a(s) € ker(u) for all s € S, then p(a(s)) =0 for every s € S. Hence
o(a)(s) = (poa)(s) = u(a(s)) =0 forall s € S.
Therefore o(a) = 0 in N[5, <]], so a € ker(o). O
We conclude this section with examples illustrating the coefficientwise kernel
criterion in different algebraic settings.

Example 4.6. Let R =7 and R’ = Z/2Z. Consider the Z-modules M = N =7
and define the (R, R')-module homomorphism

w:7Z— 727, u(n) =7.
Then Ker(u) = 27.
Let (S, <) be a totally ordered monoid, for instance (N, <), and let
o : M[[S,<]] = N[[S, <]]
be the homomorphism induced by u, defined by
(o(a))(s) = u(a(s)) forall s e S.
Define a € M[[S, <]] by
a(s) =2s for all s € N.

Then a(s) € Ker(u) for every s € S, since 2s € 2Z. Hence, by Proposition we
obtain o € Ker(o). Indeed, o(«) is the zero element of N|[S, <]].
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This example shows that the kernel of the induced homomorphism is deter-
mined entirely coefficientwise. The presence of twisting maps does not affect this
criterion, since the induced map o acts pointwise on coefficients.

We now turn to situations where the twisting maps are nontrivial and the
skew structure plays an essential role.

Example 4.7 (A genuinely skew example). Let S = (N,+) and let k be a field.
Set R = k[z] and R’ = kly]. Define monoid homomorphisms

wn(f(2) = flz+n),  w,(9@¥) =gy+n),

for alln € N. Then w and w' are nontrivial homomorphisms from S into End(R)
and End(R'), respectively.
For a, B € R[[S, <,w]], the convolution product is given by

(axB)(n)= > a@wi(B() = > a@@)B()(z+i).
i+j=n i+j=n
Thus each coefficient B(j) is shifted by i before multiplication, and the product
depends essentially on the monoid index.

Therefore, the multiplication in R[[S, <,w]] cannot be reduced to the classical
generalized power series multiplication. The same phenomenon occurs in R'[[S, <
,W']], where coefficients are shifted in the y-variable. This provides a concrete
commutative example in which the skew structure is genuinely present.

The previous example remains commutative at the level of coefficients. We
next exhibit a genuinely noncommutative situation.

Example 4.8 (A noncommutative genuinely skew example). Let S = (N, +) and
let k be a field. Set R = R’ = Ms(k), the ring of 2 X 2 matrices over k.

Fiz an invertible matriz P € My (k) and define
wn(A) = P"AP™™, W (B)=P "BP",

n

for alln € N and A, B € My(k). Then w and w' are monoid homomorphisms from
S into Aut(Mz(k)) given by inner automorphisms.

For o, B € R[S, <,w]], the convolution product is

(axB)(n)= Y aldwi(Bl)) = Y a(i)P'BGHP

i+j=n 1+j=n

Thus each coefficient B(j) is conjugated by P* before multiplication with a.(i). Since
matriz multiplication in My (k) is noncommutative, the order of twisting and mul-
tiplication is essential, and the product cannot be simplified to a classical form.

Similarly, in R'[[S,<,w']] the coefficients are conjugated by P~¢, so that the
left and right twisting mechanisms act in opposite directions. Consequently, the
two skew generalized power series rings interact in a genuinely noncommutative
manner, reflecting the essential role of inner automorphisms in the skew convolution
structure.
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Taken together, the preceding examples illustrate three distinct aspects of the
theory. The first shows that the kernel of the induced homomorphism is determined
coefficientwise. The second demonstrates that nontrivial twisting already produces
skew behavior even when the coefficient rings are commutative. The third exhibits
a genuinely noncommutative skew interaction arising from inner automorphisms.
These examples clarify that the framework of two skew generalized power series
rings extends the classical theory both at the level of module homomorphisms and
at the level of convolution multiplication.

5. CONCLUDING REMARKS

In this paper, we developed a systematic framework for modules over two
distinct skew generalized power series rings. Starting from the notion of (R, R')-
modules, we constructed the induced module M|[S, <]] endowed with a trilinear
action

e # RIS, < wl) x M8, <I) x RIS, <,w/]) — M, <])

and proved that it satisfies the axioms of an (R[[S, <,w]], R'[[S, <,w’]])-module.
This construction extends the classical skew generalized power series module the-
ory to a two-ring setting, providing a natural algebraic framework that captures
bimodule-type behavior governed by two independent skew actions.

We further investigated the behavior of homomorphisms in this context.
Specifically, we showed that every (R, R’)-module homomorphism p : M — N
induces a homomorphism o : M[[S,<]] — N][S, <]] between the corresponding
modules over skew generalized power series rings. In addition, we established a
coefficientwise sufficient condition for elements of M[[S, <]] to belong to ker(o) in
terms of membership in ker(u). Although this characterization follows directly from
the induced coefficientwise action, it confirms the structural compatibility of the
construction within the two-ring skew framework. The examples provided illus-
trate how the presence of two independent skew actions influences the surrounding
module structure.

More precisely, the main contributions of this paper consist of: (i) the con-
struction of (R[[S, <,w]], R'[[S, <,w']])-module structures from (R, R’)-modules;
(ii) the extension of (R, R')-module homomorphisms to homomorphisms between
the associated skew generalized power series modules; and (iii) a coefficientwise suf-
ficient condition describing elements in the kernel of such induced homomorphisms.

The framework developed here provides a concrete algebraic foundation for
further investigations of modules over two skew generalized power series rings. In
particular, it offers a natural setting for studying isomorphism theorems, quotient
constructions, and exact sequences in this context, as well as for analyzing the
transfer of structural properties (for example, finiteness conditions and Noetherian-
type behavior) from (R, R')-modules to their associated skew generalized power
series modules. These directions constitute natural avenues for future research.



15

Data Availability Statement No new data were created or analyzed in this
study.

Declarations. The authors declare no conflict of interest.

Author Contributions. |[Ahmad Faisol: Conceptualization, formal analysis, in-
vestigation, methodology, project administration, resources, validation, writing-
original draft. Fitriani: Formal analysis, investigation, validation, writing-review
& editing. Muslim Ansori: Formal analysis and validation. Budi Surodjo: Formal
analysis, methodology, validation. All authors discussed the results and contributed
to the final manuscript.

Funding Statement. This research was funding by DGHERT under Research
Contract No: 057/E5/PG.02.00.PL/2024.

Acknowledgment. The authors would like to acknowledge the Directorate Gen-
eral of Higher Education, Research and Technology (DGHERT) of the Republic of
Indonesia for supporting this research.

REFERENCES

(1] D. S. Dummit and R. M. Foote, Abstract Algebra. New York: John Wiley and Sons, 2003.
https://share.google/oAfPPcRGwUQsCNgaq.

[2] P. Ribenboim, “Generalized power series rings,” 1990. https://doi.org/10.1007/
978-1-4899-2608-1_26.

[3] R. Gilmer, Commutative Semigroup Rings. Chicago: University of Chicago Press, 1984.
https://scispace.com/papers/commutative-semigroup-rings-2f jbpkaaxt.

[4] T. W. Hungerford, Algebra. New York: Springer, 1974. https://pdfcoffee.com/
algebra-by-thomas-w-hungerford-pdf-free.html.

[5] G. A. Elliott and P. Ribenboim, “Fields of generalized power series,” Archiv der Mathematik,
vol. 54, pp. 365-371, 1990. https://doi.org/10.1007/BF01189583.

(6] P. Ribenboim, “Rings of generalized power series: Nilpotent elements,” Abhandlungen aus
dem Mathematischen Seminar der Universitit Hamburg, vol. 61, pp. 15-33, 1991. https:
//doi.org/10.1007/BF02950748|

[7] P. Ribenboim, “Noetherian rings of generalized power series,” Journal of Pure and Applied
Algebra, vol. 79, no. 3, pp. 293-312, 1992. https://doi.org/10.1016/0022-4049(92)90056-L.

[8] P. Ribenboim, “Rings of generalized power series ii: Units and zero-divisors,” Journal of
Algebra, vol. 168, no. 1, pp. 71-89, 1994. https://doi.org/10.1006/jabr.1994.1221|

[9] P. Ribenboim, “Special properties of generalized power series,” Journal of Algebra, vol. 173,
no. 3, pp. 566-586, 1995. https://doi.org/10.1006/jabr.1995.1103.

[10] P. Ribenboim, “Semisimple rings and von neumann regular rings of generalized power series,”
Journal of Algebra, vol. 198, no. 2, pp. 327-338, 1997. https://doi.org/10.1006/jabr.1997.
7063l


https://www.elsevier.com/researcher/author/policies-and-guidelines/credit-author-statement
https://share.google/oAfPPcRGwUQsCNqaq
https://doi.org/10.1007/978-1-4899-2608-1_26
https://doi.org/10.1007/978-1-4899-2608-1_26
https://scispace.com/papers/commutative-semigroup-rings-2fj5pkaaxt
https://pdfcoffee.com/algebra-by-thomas-w-hungerford-pdf-free.html
https://pdfcoffee.com/algebra-by-thomas-w-hungerford-pdf-free.html
https://doi.org/10.1007/BF01189583
https://doi.org/10.1007/BF02950748
https://doi.org/10.1007/BF02950748
https://doi.org/10.1016/0022-4049(92)90056-L
https://doi.org/10.1006/jabr.1994.1221
https://doi.org/10.1006/jabr.1995.1103
https://doi.org/10.1006/jabr.1997.7063
https://doi.org/10.1006/jabr.1997.7063

16

(11]

(12]
(13]

14]

(15]

(16]

(17]

(18]

(19]

20]

(21]

(22]

23]

24]

(25]

[26]

27]

(28]

W. A. Pardedde, A. Faisol, and Fitriani, “The X [[S]]-sub-exact sequence of generalized power
series rings,” Al-Jabar: Jurnal Pendidikan Matematika, vol. 11, no. 1, pp. 299-306, 2020.
https://doi.org/10.24042/ajpm.v11i2.6760.

K. Varadarajan, “Noetherian generalized power series rings and modules,” Communications
in Algebra, vol. 29, no. 1, pp. 245-251, 2001. https://doi.org/10.1081/AGB-100000797.

K. Varadarajan, “A generalization of hilbert’s basis theorem,” Communications in Algebra,
vol. 10, no. 20, pp. 2191-2204, 1982. https://doi .org/10.1080/00927878208822829|

A. Faisol, B. Surodjo, and S. Wahyuni, “The sufficient conditions for R[X]-module M[X] to
be S[X]-noetherian,” European Journal of Mathematical Sciences, vol. 5, no. 1, pp. 1-13,
2019. https://ejmathsci.org/index.php/ejmathsci/article/view/245.

A. Faisol, B. Surodjo, and S. Wahyuni, “T’[[S]]-noetherian property on generalized power
series modules,” JP Journal of Algebra, Number Theory and Applications, vol. 43, no. 1,
pp. 1-12, 2019. http://dx.doi.org/10.17654/NT043010001.

A. Faisol, Fitriani, and Sifriyani, “Determining the noetherian property of generalized power
series modules by using X-sub-exact sequence,” Journal of Physics: Conference Series,
vol. 1751, p. 012028, 2021. https://doi.org/10.1088/1742-6596/1751/1/012028.

R. Mazurek and M. Ziembowski, “On von neumann regular rings of skew generalized power
series,” Communications in Algebra, vol. 36, no. 5, pp. 1855-1868, 2008. https://doi.org/
10.1080/00927870801941150.

R. Mazurek and M. Ziembowski, “The ascending chain condition for principal left or right
ideals of skew generalized power series rings,” Journal of Algebra, vol. 322, no. 4, pp. 983-994,
2009. https://doi.org/10.1016/j.jalgebra.2009.03.040.

R. Mazurek and M. Ziembowski, “Weak dimension and right distributivity of skew generalized
power series rings,” Journal of the Mathematical Society of Japan, vol. 62, no. 4, pp. 1093—
1112, 2010. https://doi.org/10.2969/jmsj/06241093.

R. Mazurek, “Rota-baxter operators on skew generalized power series rings,” Journal of
Algebra and Its Applications, vol. 13, no. 7, p. 1450048, 2014. https://doi.org/10.1142/
S0219498809003515.

R. Mazurek, “Left principally quasi-baer and left app-rings of skew generalized power series,”
Journal of Algebra and Its Applications, vol. 14, no. 3, p. 1550038, 2015. https://doi.org/
10.1142/50219498815500383.

R. Mazurek and K. Paykan, “Simplicity of skew generalized power series rings,” New York
Journal of Mathematics, vol. 23, pp. 1273-1293, 2017. https://nyjm.albany.edu/j/2017/
23-56.html.

A. Faisol, “Homomorfisma ring deret pangkat teritlak miring,” Jurnal Sains MIPA,
vol. 15, no. 2, pp. 119-124, 2009. https://www.researchgate.net/publication/346896347_
HOMOMORFISMA_RING_DERET_PANGKAT_TERITLAK_MIRING.

A. Faisol, “Pembentukan ring faktor pada ring deret pangkat teritlak miring,” in Pro-
siding Semirata FMIPA Universitas Lampung, pp. 1-5, 2013. http://repository.lppm.
unila.ac.id/1319/1/Pembentukan’20Ring}%20Faktor’20Pada/,20Ring}20Deret’%20Pangkaty,
20Teritlak}20Prosiding}20semirata202013.pdf.

A. Faisol, “Endomorfisma rigid dan compatible pada ring deret pangkat tergeneralisasi mir-
ing,” Jurnal Matematika, vol. 17, no. 2, pp. 45-49, 2014. https://ejournal.undip.ac.id/
index.php/matematika/article/view/12270.

A. Faisol, B. Surodjo, and S. Wahyuni, “The impact of the monoid homomorphism on the
structure of skew generalized power series rings,” Far Fast Journal of Mathematical Sciences,
vol. 103, no. 7, pp. 1215-1227, 2018. http://dx.doi.org/10.17654/MS103071215.

A. Faisol and Fitriani, “Matriks bersih kuat atas ring deret pangkat tergeneralisasi miring,”
Jurnal Matematika UNAND, vol. 10, no. 3, pp. 385-393, 2021. https://doi.org/10.25077/
jmu.10.3.385-393.2021,

A. Faisol and Fitriani, “ldempotent matrix over skew generalized power series ring,” Journal
of Fundamental Mathematics and Applications, vol. 5, no. 1, pp. 9-15, 2022. https://doi.
org/10.14710/jfma.vbi1.11644l


https://doi.org/10.24042/ajpm.v11i2.6760
https://doi.org/10.1081/AGB-100000797
https://doi.org/10.1080/00927878208822829
https://ejmathsci.org/index.php/ejmathsci/article/view/245
http://dx.doi.org/10.17654/NT043010001
https://doi.org/10.1088/1742-6596/1751/1/012028
https://doi.org/10.1080/00927870801941150
https://doi.org/10.1080/00927870801941150
https://doi.org/10.1016/j.jalgebra.2009.03.040
https://doi.org/10.2969/jmsj/06241093 
https://doi.org/10.1142/S0219498809003515
https://doi.org/10.1142/S0219498809003515
https://doi.org/10.1142/S0219498815500383
https://doi.org/10.1142/S0219498815500383
https://nyjm.albany.edu/j/2017/23-56.html
https://nyjm.albany.edu/j/2017/23-56.html
https://www.researchgate.net/publication/346896347_HOMOMORFISMA_RING_DERET_PANGKAT_TERITLAK_MIRING
https://www.researchgate.net/publication/346896347_HOMOMORFISMA_RING_DERET_PANGKAT_TERITLAK_MIRING
http://repository.lppm.unila.ac.id/1319/1/Pembentukan%20Ring%20Faktor%20Pada%20Ring%20Deret%20Pangkat%20Teritlak%20Prosiding%20semirata%202013.pdf
http://repository.lppm.unila.ac.id/1319/1/Pembentukan%20Ring%20Faktor%20Pada%20Ring%20Deret%20Pangkat%20Teritlak%20Prosiding%20semirata%202013.pdf
http://repository.lppm.unila.ac.id/1319/1/Pembentukan%20Ring%20Faktor%20Pada%20Ring%20Deret%20Pangkat%20Teritlak%20Prosiding%20semirata%202013.pdf
https://ejournal.undip.ac.id/index.php/matematika/article/view/12270
https://ejournal.undip.ac.id/index.php/matematika/article/view/12270
http://dx.doi.org/10.17654/MS103071215
https://doi.org/10.25077/jmu.10.3.385-393.2021
https://doi.org/10.25077/jmu.10.3.385-393.2021
https://doi.org/10.14710/jfma.v5i1.11644
https://doi.org/10.14710/jfma.v5i1.11644

29]

(30]

(31]

32]

17

A. Faisol and Fitriani, “The sufficient conditions for skew generalized power series mod-
ule M[[S,w]] to be TI[[S,w]]-noetherian R][[S,w]]-module,” Al-Jabar: Jurnal Pendidikan
Matematika, vol. 10, no. 2, pp. 285-292, 2019. https://api.semanticscholar.org/CorpusID:
210902291.

A. Faisol and Fitriani, “Homomorfisma modul deret pangkat tergeneralisasi miring,” Jurnal
Matematika Integratif, vol. 17, no. 2, pp. 119-126, 2022. https://doi.org/10.24198/jmi.
v17.n2.34646.119-126.

T. Khumprapussorn, S. Pianskool, and M. Hall, (R, S)-modules and their fully and jointly
prime submodules,” International Mathematical Forum, vol. 7, no. 33, pp. 1631-1643, 2012.
https://api.semanticscholar.org/CorpusID:59928749.

D. A. Yuwaningsih, I. E. Wijayanti, and P. W. Prasetyo, “On (R,S)-module homo-
morphisms,” Journal of Physics: Conference Series, vol. 1188, p. 012114, 2018. https:
//iopscience.iop.org/article/10.1088/1742-6596/1188/1/012114,


https://api.semanticscholar.org/CorpusID:210902291
https://api.semanticscholar.org/CorpusID:210902291
https://doi.org/10.24198/jmi.v17.n2.34646.119-126
https://doi.org/10.24198/jmi.v17.n2.34646.119-126
https://api.semanticscholar.org/CorpusID:59928749
https://iopscience.iop.org/article/10.1088/1742-6596/1188/1/012114
https://iopscience.iop.org/article/10.1088/1742-6596/1188/1/012114

	1. INTRODUCTION
	2. Skew Generalized Power Series Structures
	3. The Structure of Modules Over Two Skew Generalized Power Series Rings
	4. On (to.R[[S,,]], R'[[S,,']])to.-module Homomorphisms
	5. CONCLUDING REMARKS
	REFERENCES

