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Abstract. In this paper, we use the representation morphism concept to analyze the connection
between two recurrent neural networks, primarily when we evaluate the neural network function
between two isomorphic neural networks. We construct the set of all isomorphic classes of
recurrent neural networks. We build the set by the action of the isomorphism group on the set of
all recurrent neural networks that have invertible weight. By the group’s action, we get the set of
orbits and call it the moduli space. We analyze the moduli space to get its dimensions.
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1. INTRODUCTION

Artificial intelligence is a technological breakthrough that impacts our lives. Arti-
ficial intelligence can help us solve many problems [L][2]. Because of this, some people
try to understand how artificial intelligence works. The standard artificial intelligence al-
gorithm is the artificial neural network. Artificial neural networks work by imitating the
human brain. The algorithm uses some linear algebra to extract raw data to turn it into in-
formation. The algorithm uses the information to give the machine knowledge by machine
learning. Currently, there are many machine-learning algorithms for artificial intelligence,
among which artificial neural networks are the most common. Because artificial neural
networks imitate how the human brain works, we can modify the algorithm to try to mimic
how humans learn. Recurrent neural networks are one type of algorithm that try to imitate
how humans learn [3]].

Like humans, who learn from experience, machines can be made to learn from data
history and experience. A recurrent neural network is an artificial algorithm using ex-
periental data to minimize learning errors. This study tries to find some mathematical
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properties of recurrent neural networks. Recurrent network quivers are used as a mathe-
matical model of recurrent neural networks. Recurrent neural networks are defined using
CC-representations of a recurrent network quiver. We will find some relations between two
neural networks using the representation theory concepts. Furthermore, the isomorphism
relation between two neural networks is discovered. A moduli space of recurrent neural
networks is created from the isomorphism relation and the dimensions are found. From
the dimensions of the moduli space, the complexity of the neural network can be seen,
primarily if the neural network uses ReLu(x) = max(0,z) as an activation function.
Furthermore, neural teleportation for recurrent neural networks with higher dimensions is
defined. Neural teleportation is a neural network algorithm that can jump processes from
one layer to another [4]. This jump will increase the algorithm’s speed because it needs
fewer layers to get the predictions.

fi f2 f3
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FIGURE 1. Example of Neural Teleportation

2. QUIVER REPRESENTATION AND GROUP ALGEBRA

2.1. Quiver Representation.

Let Q = (V, &, s,t) be a quiver where V is a set of vertices, £ is a set of arrows, and
s,t: & — V map every arrow € € & to its source vertex s(e) € V and target vertex t(e) €
V, respectively. A quiver can have loops[3]]. An arrow € € £ is a loop if s(e) = t(e).

Definition 2.1. [6] A quiver Q = (V, &, s,t) is arranged by layers if it can be drawn from
left to right, arranging its vertices in columns such that:

(1) there are no oriented edges from vertices on the right to vertices on the lefft,
(2) forevery € € €, we have s(€) = t(e€) if and only if s(¢), t(€) in the same column .

We can enumerate every column in a quiver that is arranged by layer. The first
layer is the left-most column and is called the input layer. The last layer is the right-most
column and is called the output layer. Columns between the input and output layers are
called hidden layers. The hidden layers are enumerated from left to right (the first hidden
layer, the second hidden layer, etc.). Vertices in the input layer are called input vertices,
while vertices in the output layer are called output vertices. A vertex v is called a bias
vertex if v is in a hidden layer and for all € € &, t(e) # v. A vertex v is called a hidden
vertex if v is in a hidden layer and is not a bias vertex.

Definition 2.2. [6] A quiver Q is called a network quiver if it satisfies the following con-
ditions:

(1) Q is arranged by layers,

(2) every input, output, and bias vertex does not have any loop,



(3) every hidden vertex has exactly one loop .

A delooped quiver Q° = (V,£°,°,t°) of Q is a quiver @ from which all loops of
Q have been removed|[6]].

Let O = (V,&,s,t) be a quiver. A representation of a quiver Q is defined by a
tuple W = ({W, }oev, {Wc}ece), where {W, },¢cy is a sequence of vector spaces that is
indexed by v € V and {W_}.c¢ is a sequence of linear transformations that is indexed by
€ € & such that for every € € £ we have

We: Ws(e) — Wt(e)'

Let U, W be two representations of Q. A morphism representation 7 : W — U is
a sequence of linear transformations 7 = {7, : U, — W, },¢y that is indexed by v € V
such that for every € € £ we have
Ti(e) We = UeTs(e)-

A morphism 7 is called an isomorphism if 7, is invertible for every v € V. We say W is
isomorphic to U if 7 is an isomorphism [6].

2.2. Convolution Representation.
Let G be a finite group and define

Cé={f:G-C}
as a set of functions from the group G to the complex number set C, We define the addition,
scalar multiplication, and inner product in C, respectively, as follows:
(1) forevery f,g € C% and z € G, we have (f + g)(z) = f(x) + g(z),
(2) forevery f € CY, 2 € C,and = € G, we have (zf)(z) = zf(z),

(3) forevery f,g € C%, wecandefine (f,g) = >, . f()g(z); g(x) as the complex
conjugate of g(x).

We know that C“ forms a vector space. We will define the pointwise multiplication (-)
operation in C%. Let f, g € C“ and define

(f - 9)(x) = f(z)g(x);Vz € C.
We can say that C€ is an algebra over C, because C is a vector space over C and a ring

with pointwise multiplication; we call C¢ a group algebra. We also define a convolution
operation in C¢ as follows:

(f*a)(@) =" Fw)aly"a)
yeG

for every f,g € C% and 2 € G [7].

The mathematical system (C“, -+, %) also forms a ring. Hence, C% can be consid-
ered as an algebra under the convolution operation [7].

We will consider C as a vector space and use it to get a quiver representation. Let
Q = (V,&, s,t) be a quiver. We can define a quiver representation ({C%}, ey, {We}eee),
where W, is a linear map from C% to C%. The representation is called the C“-representation

of O [8]].



Furthermore, we also can define the C“-convolution representation of Q. The C&-
convolution representation of Q is a C&-representation of Q such that for every ¢ € &
there is a w. € C% such that W, (a) = w, * a for every a € C% [8].

3. RECURRENT NEURAL NETWORK
Definition 3.1. [6] The hidden quiver of Q, denoted by Q = (V, &, 3,1), is defined by the
hidden vertices V of Q and all arrows & between the hidden vertices of Q that are not
loops. We will refer to the layers in Q as hidden layers.

Definition 3.2. [8] A recurrent network quiver Q is a network quiver Q augmented by
arrows from all vertices in the last hidden layer to all vertices in the first hidden layer.

Definition 3.3. [8] A CC-recurrent neural network over a recurrent network quiver Q is
a pair (W, f) where W is a C%-representation of delooped quiver Q° and f = {f,},cv
is a sequence of differentiable functions from C to C¢. The function f, : C¢ — C% is
called the activation function of vertex v.

Let ¢, = {e € E|t(e) = v}. Wecan also define ¢, = {e € ,|s(¢) in the right layer}
and (, = {e € (,|s(e) in the left layer}. Therefore, we can get that ¢, = ¢, |J(, and
¢, N ¢, = 0. Furthermore, we know that ¢, is () if  is not in the first hidden layer, which
implies that

- G, UG, ifwis in the first hidden layer,
R if v is not in the first hidden layer.

Let Q be a C%-recurrent network quiver. Let d be the number of input vertices of
Q. Let (W, f) be a CY-recurrent neural network over a recurrent network quiver Q. We
will define a sequence of functions a,, (W, f), : (C%)? — C& that maps an input data
r = {z,},ev,, € (C)9 to the output value of a vertex in Q where:

T, ;if v is an input vertex,
1 ;if v is a bias vertex,

an(W, o) = 4 I (Ssee, Wean-1(W, (s (@)

+2cee, Wean(W, £ (w)) ;if v is a hidden vertex,
>cec, Wean(W, flso (@) ; if v is an output vertex,
and ag(W, f),(x) = 0 for every v € V [8].

Definition 3.4. [8] Let (W, f) be a C®-recurrent neural network over a recurrent network
quiver Q. Let d be the number of input vertices of Q and k be the number of output vertices
of Q. Let us now define the recurrent neural network function as follows:

(W, f) :(CH)T = 1((C9)Y)
z = {an(W, ) (@) }vev,..

where Vo, is the set of all vertices in the output layer and 1((C%)¥) is the set of all
sequences of (C%)F.
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Definition 3.5. [8] Let (W, f) and (U, g) be two CC-recurrent neural networks over a
network quiver Q. A morphism of CC-recurrent neural networks is a morphism of CS-
representations T : (W, f) — (U, g) that satisfies

(1) 7, = 1foreveryv ¢ V;

(2) for every v € V, we have this commutative diagram:

(CG fv (CG

f" yu

CG v (CG

FIGURE 2. Commutative Diagram for Morphism of C-recurrent neu-
ral networks

where V is the set of all vertices in the hidden layer. If for every v € V), T, is bijective, then
T is an isomorphism and (W, f) is isomorphic to (U, g) .

Lemma 3.6. [8]] Ler Q = (V, &, s,t) be a recurrent network quiver, G be a finite group.
Define
Cr(Q) = {Thevi, x [] GL(C) x {Thev.,
veVv
where GL(C®) is a general linear group of CS. Then Cr(Q) is the group of all isomor-
phism of CC-recurrent neural networks over recurrent network quiver Q.

Proof. Tt is clear that Cr(Q) is a group. Let 7 € Cr(Q). Let (W, f) is a recurrent neural
network over network quiver Q. Define

<U7 g) = (TWT—laTgT_l) = ({Tt(E)WETsi(El}Gec‘;? {T’UgTv_l}ue\})

where V is the set of all vertex in hidden quiver Q of recurrent network quiver Q. From the
definition of (U, g), we get that 7 is a morphism of C%-recurrent neural network between
(W, f) and (U, g). Therfore, Cr(Q) is the group of all isomorphism of C%-recurrent neural
network over network quiver Q. O

Theorem 3.7. If (W, f) and (U, g) are two isomorphic CC-recurrent neural networks
then

YW, f)(z) = (U, g)(x).

Proof. Let (W, f) and (U, g) be two isomorphic C“-recurrent neural networks. This
means there is an isomorphism 7 such that 7o (W, f) = (V, g). Letz € (C%)? be an input
vertex for (W, f) and (U, g). For n = 0, we know that ag(W, f),(z) = 0 = ao(U, g),(z)
for every vertex v in quiver Q. For n = 1, we have

x, ;U isaninput vertex,

1 ;visabias vertex,

a1 (W, )o(@) = a1(U, g)u(z) = {

because 7, = 1. If v is in the first hidden layer, we have



al(Uag)V(x) = 0v Z Uﬁa()(Uag)s(&)(x) + Z Uéal(Uag)s(e)(x)

sely €€Cy

=gy |0+ Z Ueay (Ua g)s(e) (I)
€€Cy

=7 fu T;l Z UEal(U7g)s(e) (SC)

eefu

=7fu |7 " Z Tt(e)WeTs_(:)al(Uag)s(e)*l(‘T)
€cC,

= Tufu Z T,leuWeaJl (U, g)s(e) ('7;) ; since Ts(e) = 1= 7-9_(61)
€e€Cy

=Ty fo ZW€G1(U79)3(5)(x)

€€y

Since s(¢) is an input vertex, then a1 (U, g)(¢)(z) = a1(W, f) () (). Hence, we get

al(Ua g)v(x) = TVfV Z Weal(wa f)s(e) (Jf)

€EC,

Therefore, we get
al(Uvg)v(x) :Tval(wvf)v(x)' (1)

For v in other hidden layers, we will have ¢, = (,, from the definition of a recurrent neural
network. If v is in the second hidden layer, we have

a1(U, 9)u(z)(2) = go | Y Usao(U, 9)s5)(x) + > vear(U, g) (o (x)
sel, e€ly

=g, Z Ucar (U, g)s(e) () ; from the definition of
€eC,
recurrent neural network

= Tufu 7;1 Z Ueal(Uvg)s(e) (CL’)

€ECy

= Tufu 7'171 Z Tt(e)WETS?i)al(Uag)s(e) (SL’)
€e€Cy



=7fu Z TJITVWETQ:)Ts(e)an(Wv f)s(e) (I> ;since € € ¢,
€EC,

= Tufu Z Weal(w’ f)s(e) (I)

€EC,
=T1,a1(W, f),(x) ; from the definition of (W, f).

This means that if v is in the second hidden layer, we get

a1(U, ) (z) = par(W, f)u ().

Inductively, we get a1 (U, g), () = 17,a1(W, f),(x) for every v in a hidden layer. If v is
an output vertex, we have

a1(U, 9)u(z) = > _ Uear (U, g)y( (2)

€EC,

= Z Te(e) WeTs(e)a1(U, 9)s(e) (%)
€€Cy

= Z TVWETS_(:)TS(E)CM (W, f)se)(x) ;since s(e) is in a hidden layer
€EC,

= Z Wear (W, £ () ;since 7, = 1 forv € V.
€EC,

Therefore, we get
a1(U, g)u(x) = ar(W, f).(z).

Forn = 2,3, -, we have

x, ;v isaninput vertex

an(W, f)u(x) = an(U,g),(z) = {

1 ;v isabias vertex

because 7, = 1. If v is in the first hidden layer, we have

an(Umg)V(m) = 0v Z U5an71(U7g)s(5) (ZL‘) + Z Uean(Umg)s(e)(x)
56@2,, ecl,

=7.fv 7—1/_1 Z U5an71(U7g)s(§) ({L‘) + Z Uean(U7g)s(e)(x)

565,, Eeéu

=T1,f, 7-1/_1 Z Tt(,;)WgTsi(;)anfl(U,g)s((;) (:L')
5€l,



+ + Z Tt(e)WeTiel)an(Ua g)s(e) (:E)
eéfv

=7f ! Z TuwéTS_(;)Ts(é)an—l(Wy s (@)
sel,

+ + Z T, W e)an U g)s(e)( )
€cC,

= TVfV T,:lTu vV 57—3_; 7'5(5)0/»”_1( vV 7f)s(5)(x)
> ()
0ECy

+ Z Wean(U7 g)s(e) (Z‘) ; since Ts(e) = 1
e€Cy

=T fu Z Wsan—1(W, f)s(&) )+ Z Wea, (U g)s(e)( )

seé, €e€Cy

Since s(¢) is an input vertex, then a,, (U, g)(¢)(z) = an(W, f)s() (). Hence, we get

an(U,g)y(x) =7fu Z Wéanfl(wv f)s(6) (3?) + Z Wean(wa f)s(e) (.13)

5661/ €e€Cy
Therefore, we get
CLn(U, g)u(z) = Tuan(wv f)V(x) (2)

For v is in other hidden layers, we will have ¢, = (, from the definition of a C%-
recurrent neural network. So, we have

an(U,g),,(x)(x) = 0v Z U6an—1(U’g)s(5) (l‘) + Z Uﬁan(U’g)s(e)(x)

566,, eel,

Z Uean(U, 9)s(e)(®) ; from the definition of
€€y

recurrent neural network

= Tufu Ty_l Z Uean(Uvg)s(e) (:L’)

€ECy

= Tufu 7'171 Z Tt(e)WeTszel)an(U»g)s(e) ((L‘)

€ECy



=T7,f, Z TJITVWETS_(:)TS(QCL"(W, s () ;since € € (,
€EC,

= Tufl/ Z Wean(w’ f)s(e) (l‘)

€EC,
=T1,a,(W, f)y(x) ; from the definition of (W, f).
So, we get that
an(Uv g)u(x) = Tuan(wv f)l/(x)
for every v in a hidden layer. For v is an output layer, we will get

an(U, g),(z) = Z Uean(Uag)s(e)(I)
€cC,

= Z Tt(e)WeTs(e)an(U7g)s(e) (x)
€cC,
. —1 e .. .
= Z TVWJS(E)TS(E)an(W, f)s(e) (z) ;since s(e) is in a hidden layer
€ECy

= Z Wean(W, f)se) () ;since 7, = 1 forv € V,
€€y
Therefore, we get
an(U, 9)u(x) = an(W, f)u(z).
This means we get
(W, f) =¥(U,g).
([

Remark 3.1. This theorem tells us that if we have two neural networks over the same
quiver and they are isomorphic, then we can use a neural network that is simpler for
calculation and more efficient in memory usage [6], [4].

Example 3.8. Let Q be a recurrent network quiver that can be drawn as follows:
Let G = Zy and (W, f) be a CY-representation of Q with

1 3 1 5 4 3 11
Wel - (4 6) bl Wez - (7 4) 9 W€3 - <2 2) I W64 - (3 2) bl

4 1 2 1 1 0 20
S ) N A R

0 1 0 1 0 1 3 0
R ) PR ) N

Let 7 = {7, : W, = U, },ev be a morphism representation of () that induces a morphism
of a recurrent neural network from (W, f) to (U, g) over recurrent network quiver () with

10
=T =0 1



f1 f3

e ()

Vg —€3— Uy

€1 / \54 /\/ \611\

. €s
%41 Vg

N f2 fa
€2 €5 9 /
N O/ \N €12
V3 —€ — Us
*~e€10”

FIGURE 3. Example of Recurrent Network Quiver

and

(1 2 (12 (1 -1 (12
T:=\p 1) ™m=\1 0)0 ™T\o 1) ™m~\1 -1)°

Let (U, g) = 7(W, f)7~! then (U, g) is isomorphic to (W, f). So, we obtain

9 15 15 13 2 1 75
() e (F ) (). ()

4 3 2 6 -9
U€5 = (4 1) ’ UEG = < _4> I Ueg = (_2 1 ) I

3 —6 : 1 2 -1 3.0
= (o ) () e (B0) w0 )

Let us have f1(x) = fa(z) = f3(x) = fu(z) = (22)4eq. then we will have

— =
o
~_
o~
Y
Il
7N\
— =

g1 (:E) = TU3f1 (7—;3158)7 gg(.T) = Tv4f2(7—1211x)a 93($) = Tusf3(7_y;,1m)a g4($) = Tu6f4(7—;61x)~
We try to calculate an example of a result from recurrent neural network (W, f) and

(U, g) using input 1 = 2) using matlab program (you can see the code https://bit.ly/3ZyrZel)

1
that is shown in the below.

TABLE 1. Example of a result of the neural network function

Iteration (n) | ¥(W, f)(x) (U, g)(z)

0 0

0 0 0
| 1827103 1827103
2991981 2991981

3.4767 3.4767
27 27
2 10 <6.9831> 10 (6.9831)
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The table shows that the neural network function of two isomorphic neural networks will
be the same.

4. MODULI SPACE OF RECURRENT NEURAL NETWORK

Definition 4.1. [9] Let G be a group and X be a set. An action of G on X is a map
-1 G x X — X, denoted by a - x, such that

(1) e-x =z forevery x € X where e is the identity in G,

(2) a-(b-z)=(a-b)-xforalla,be Gandall x € X.
The set O = {a - x|a € G} is called an orbit of the action.

Let (CG(Q) be the set of (CG-representations of Q such that for every ¢ € £, W,

is invertible. Define I'(Q) as a group of all isomorphisms of representations of quiver Q.
Define an action of I'(Q) on C%(Q) as follows:

T W= TWr™h = {1 Wer ([ Jeee- 3)

Definition 4.2. [8] Let Q = (V, &, s,t) be a recurrent network quiver. Let C be a sub-
group of T(Q). Let C act on C%(Q) where the action is defined by T - W = TWr~! =
{Tt(e)WETS_(el)}eeg. The moduli space M(Q) of the CC-representation is the set of all
orbits of the action of C on C%(Q). The dimensions of the moduli space M(Q) is the
number of orbits of the group action.

Lemma4.3. Let Q = (V, &, s,t) be a cycle quiver. Let i € V and define
Cu(Q) ={r ={n}vev € T(Q)|7u = 1}.
Let C,,(Q) acts on CY%(Q) where the action is defined by W = TWr~1 = {Tt(e)WET;(El) bece-
The action of C,,(Q) on C%(Q) will form a moduli space M(Q) with
dim(M(Q)) = |G|*.

Proof. We know that C,(Q) is a subset of I'(Q). We also know that C,,(Q) contains
1 ={1,},ev. Let,0 € C,(Q), we have 7 - 071 = {r,0,'},cv. If v = u, we have
o, =10, =1%1=1.1Ifv # pu, we have 7,0, € GL(C%). Thus, C,,(Q) is a
subgroup of I'(Q). Therefore, M(Q) is a moduli space. Let Q = (V, &, s,t) be a cycle.
Without losing generality, let £ = {ep, €1, ,€,—1} and V = {vo,v1,- -+ ,Vp_1} with
s(€;) = v; and t(€;) = Vit1(mod n) Where mod is the modulo operator. Let W € C%(Q).
Now, we will construct a morphism of quiver representations 7 = {7, } {,cy}. Without
losing generality, we set © = vg and for¢t =1,2,--- ;n—1

_ -1 _ —1
=To(eir)We,l, = Tvila W

Ty, €1

Now, we get a new C%-representation of quiver (), that is:

_ -1 _ n—1
U=7Wr - {Tl’i+1(mod n)Wei TVi}i:O

; - -1

So,wegetU,, = 1fori=0,1,--- ,n—2and U,y =7, W, _, 7,0 =T[""g We,_,_,.
From the algorithm, we know that W, _, is not necessarily an identity map. Furthermore,
we know that the group action is free. So the number of orbits of the action must be equiv-
alent to the number of arrows with free weight; in this case, we have €,_;. On the other
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hand, we know that W, _, € GL(C%), where GL(C%) is a general linear group of C¢.
So we can conclude that the number of orbits of the action must be the same as the size of
We,,_,. Therefore, we can conclude that

dim(M(Q) = dim(C®) = |G|?
0

Theorem 4.4. Let Q be a recurrent network quiver. Let V;y, be the set of input vertices of
Q and V,,; be the set of output vertices of Q. Define

Cr(Q) = {I}vev,, x [] GL(CY) x {T}uev..,
veV
where GL(C%) is a general linear group of C¢. Let Cr(Q) acts on C%(Q) where the
action is defined by T - W = TWr~! = {Tt(e)WeTs_(el)}Eeg. Let M(Q) be the set of all

orbits from the action of Cr(Q) on C%(Q), then the set M(Q) will form the moduli space.
Furthermore, the dimension of the moduli space is |G|*(|€°| — |V)).

Proof. Firstly, we know that Cr(Q) is a subset of H GL(CY) =T(Q) and {1,},ey €
vey

Cr(Q). Let 7,0 € Cr(Q). We know that 7 - ot € Cr(Q) because for v € Vi, | Vouts

we have 7,0, = 1% 1 = 1 and forv € V, we have 7, ¥ 0} € GL(C%). Thus, Cr(Q)

is a subgroup of I'(Q). Therefore, M(Q) is a moduli space. Now, we will show that

the action of Cr(Q) on M(Q) by - is free. This means that we must show that for all

(W, f) € M(Q) wehave 7 - (W, f) = (W, f) implies 7 = {7, = 1},cv. Let W, f) be
an element of M (Q). From the definition of the group action, we have

T (Wa f) = (T : Wa T f) = ({Tt(e)WGTS?i)}E€57 {TVfVT;l}z/ef))'
If s(e) is in the input layer, then we have
Tt(e)WeTg(el) = Tye) We

This means that if 7 - (W, f) = (W, f) then 7,y must be an identity. If s(¢) in the first
hidden layer we will also get 7 - (W, f) implies 7,y = 1. So, using strong mathematical

induction, we will get that 7, = 1 for every v in V. Thus, we have that the action of Cr(Q)
on M(Q) by - is free.

Now, we will count arrows that have free weight. Let Q be a recurrent network
quiver with Q as the hidden quiver and Q° as the delooped quiver. Let W be a C&-
representation of quiver Q°. Let v € V. We know that there is an ¢ € £° such that
t(e) = v. We only choose one ¢ € £° that t(¢) = v for every v € V to build a new quiver
@”. Because of the construction, no two arrows have the same target, which implies
that Q¥ is a union of trees, and the intersection of any two trees can only be a source
vertex of Q. Furthermore, for any of those trees, only a hidden vertex is a unique source
corresponding to that tree. Now, we will construct a morphism of quiver representations
7 = {7, }{vevy. If v is the input vertex, set 7, = 1. If v is not the input vertex, we have

an arrow a € Q" such that ¢(a) = v. Therefore, we can set 7, = W, '7,(,). Using the
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recursive formula, we can get a new C-representation of Q¥ such that every arrow in Q¥
will be represented as an identity linear map from C“ to C“. We get that the number of
arrows with free weight is the number of arrows in Q° that are not necessarily the same as
an identity map. On the other hand, we know that every weight of the arrow is an element
of GL(C%). Therefore, the dimension of the moduli space is |G|2(|£°| — V) O

Remark 4.1. This theorem tells us to create a new way to make a more effective and effi-
cient recurrent neural network algorithm. We have tried to expand the approach proposed
by Armenta et al. [6]],[4]. We used group algebra to build the neural teleportation model
in Theorem[d.4) Unlike the neural network with additive time-varying delays proposed by
Shanmugam et al. in [10l], which optimizes operation between vertices, we consider some
combinatorics aspects of reducing arrows between vertices.

Example 4.5. Let Q be a recurrent network quiver that can be drawn as follows:

Vs €15 — IR
* €30 7

FIGURE 4. Recurrent Network Quiver O

We will remove all loops from the quiver and make quiver Q°.



€15 — /g
S e30 7

FIGURE 5. Delooped Quiver of Q
Now, we will make a new quiver, denoted by Q" as follows:

1 €22
V3 -€1— Vg
€1

L1 Vy

Vo V10

Vs €15 — IR
S €30~

FIGURE 6. Quiver Q"

If we have (W, f) is a neural network over (), we choose 7, = W, 7, = W;l,

_ wr—1 _ -1 -1 _ -1 -1 _ -1 -1
Tus - Wss s Tus - W€1 We7 > TV7 - W€5 W611 4 Tl/s - W€6 W€15 ’ and
= = = = i ion f v as follows:

Tvy = Ty, = Ty = Tuy, = 1 Thus, we will get a new representation for Q" as follows:
From this, we can conclude that the dimensions of the moduli spaces of recurrent neural

networks over Q are 24 x |G|%.



Wey Wegy We, Wey
¥ \
vy -1— Vg

e

I
" Yy

-

W, W
~
vy -1— V7

26 Wer1 Weg
\

Vo V10

Vs -1I—r IR

N /
WeeWezgWe s Weg

FIGURE 7. The New Representation for Q"

5. CONCLUSION AND FURTHER RESEARCH

We have obtained some properties of recurrent neural networks. We got the dimen-
sions of the moduli space from the morphism group action on the set of recurrent neural
networks with the invertible weight of the arrow. From this work, we can minimize the
algorithm complexity of recurrent neural networks. We need help applying this model to
actual data, which is possible because our model is used for raw data and is not equipped
with a prepossessing data algorithm. In further research, we will try to combine topo-
logical data analysis and recurrent neural networks. We will also use the present work in
future research for applications like picture recognition. We also want to see the moduli
space’s topology. We will combine this work with topological data analysis to create a
more effective and efficient neural network algorithm.
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