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Abstract. A topological index is a numerical value that provides information about
the structure of a graph. Among various degree-based topological indices, the for-
gotten topological index (F-index) is of particular interest in this study. The F-index
is calculated for the zero divisor graph of a ring R. In graph theory, the zero di-
visor graph of R is defined as a graph with vertex set the zero-divisors of R, and
for distinct vertices a and b are adjacent if a - b = 0. This research focuses on the
zero divisor graph of the commutative ring of integers modulo 2p™ where p is an
odd prime and n is a positive integer. The objectives are to determine the set of
all zero divisors, analyze the vertex degrees of the graph, and then compute the
F-index of the zero divisor graph. Using algebraic techniques, we derive the degree
of each vertex, the distribution of vertex degrees, and the number of edges in the
graph. The general expression for the F-index of the zero divisor graph for the ring
is established. The results contribute to understanding topological indices for alge-
braic structures, with potential applications in chemical graph theory and related
disciplines.

Key words and phrases: topological index, forgotten topological index, zero divisor,
zero divisor graph, commutative ring

1. INTRODUCTION

There has been an increase in interest among researchers in graphs related
to rings, especially commutative rings. Additionally, graphs of finite commutative
rings can be used in robotics, information theory, elliptical curve cryptography, and
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physics [I]. In this article, we focus on the commutative ring of integers modulo
2p", denoted by Zsy,» where p is an odd prime and n is a positive integer. First,
the zero-divisors of a ring are generally defined as follows:

Definition 1.1. [2] A zero divisor in a ring R is an element a such that there
exists a nonzero element b in R where ab = 0.

In this research, a simple connected graph I of a ring R, denoted as I' (R),
consisting of two finite sets, namely the set of vertices and the set of edges, is of
concern. The zero divisor graph was proposed by Anderson and Livingston [3] in
1999, defined as follows:

Definition 1.2. [3] Let R be a commutative ring (with unity), the graph T' (R) is
defined as the graph with vertex set consisting of all zero divisors of R where two
vertices a and b are adjacent if and only if a - b= 0.

The following lemma is needed in the proof of our result in Section 3.

Lemma 1.3. [d] The sum of all the degrees of all the vertices of any graph T' is
equal to twice its size.

We denote the set of all zero divisors in a ring R as Z(R). Anderson and
Weber [0] investigated I' (R) when R does not have an identity, and they deter-
mined all such zero divisor graphs with 14 or fewer vertices. In 2020, Cherrabi et
al. [6] introduced a new graph extension of I' (R). Later, in 2022, the graphical
structure and the adjacency spectrum of T'(Z,)Bajaj and Panigrahi have studied
in [7]. Recently, Hanif et al. [8] calculated the entropy measure of I" (R) for various
rings.

Meanwhile, the topological index is a numerical value associated with the
molecular graph, which exhibits a strong correlation with specific physical prop-
erties of a molecule. From that, the topological index is used to model differ-
ent physicochemical properties and biological activities of chemical compounds [9].
This article focuses on a degree-based topological index, also known as F-index or
the forgotten topological index. In 2015, Furtula and Gutman [I0] introduced the
F-index as follows:

Definition 1.4. [I0] Let T be a connected graph. Then, the F-indez,

FTm) = Y 5,

acV(T")

where § (a) is the degree of vertex a and V (I') is the number of vertices of T.

The F-index of the line graphs of several popular chemical structures, which
is quite common in drug molecular graphs, has been presented by Mehak and
Bhatti [II]. Cancan et al. [12] figured out the F-index of triangular cactus man-
acles, tetragonal cactus restraints, hexagonal cactus restraints, and polyomino re-
straints. Gursoy et al. [I3] calculated the F-index of the ring Z, where n =

P, g, p°q, p*q*, par-
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2. THE ZERO DIVISORS IN Zy,n

In this section, we show the set of zero divisors and calculate the number of
zero divisors in Zg,n, given in the following propositions.

Proposition 2.1. The set of all zero divisors in Zy,n,
Z(Zopn) ={2,4,6,....2(p" = 1)} U{p,2p,3p,...,p (20" = 1)}.
Proof. Let a € Z (Zgpn) satisfy the given conditions:
(a) ged(a,2) > 1 and A is the set of all zero divisors of a. Then, A; = {2,4,6,...,
2 (p™ — 1)} with cardinality (p" —1).
(b) ged(a, p) > 1 and As is the set of all zero divisors of a. Then, Ay = {p,2p, 3p, ...
p(2p"~" — 1)} with cardinality (2p"' —1).
(c) ged(a,2p™) = 2p and Ay N Az are the set of all zero divisors of a. Then,
AN Ay ={2p,4p,6p,...,2p (p" "' — 1)} with cardinality (p"~* —1).
Thus, Z (Zapn) = A1UAs = {2,4,6,...,2(p" — 1)}U{p,2p,3p,....p (20" "' = 1)}.
O

)

Proposition 2.2. The number of zero divisors in Zopn, |Z (Zgpn)| = p"+p" 1 —1.

Proof. By using the inclusion-exclusion principle, |Z (Za,n)| = |A1 U Aa| = |Aq] +
|Aa| — Ay N As|. Then, using Proposition [2.1| with their cardinalities, |Z (Zayn)
(pn_l)_i_(Qpnfl_l)_(pn—l_l):pn_i_pn—l_l. 0

3. THE CONSTRUCTION OF THE ZERO DIVISOR GRAPH FOR Zy,»

In this section, the degree of each vertex, the number of vertices and the
number of edges of the zero divisor graph of Zs,n, denoted by I'(Zg,»), are deter-
mined. First, the degree of each vertex in I'(Zg,») is provided in Proposition
Proposition [3.2] and Proposition [3.3

Proposition 3.1. Let a € Z (Zapn) with ged(a,2p™) = 2,then deg(a) = 1.

Proof. Let a € Z (Zopn) with ged(a,2p™) =2, and let b € Z (Zy,n) with ged(b, 2p™)
= p’ where a and b are adjacent if and only if j = n. Since ged(b, 2p™) = p? and
J=m,800b¢€ p"Zoym and |p"Zopn | = |p"{0,1,2,3,...,(2p" —1)}| = 2p": —-1=
2 —1=1. Thus, since 0 ¢ Z (Za,n), so deg (a) = 1 with ged(a,2p™) = 2. O
Proposition 3.2. Let a € Z (Zayn) with ged(a,2p™) = pt, then deg (u) = p* — 1
fori=1,2,...,n.

Proof. Let a € Z (Zoyn) with ged(a,2p™) = p* and let b € Z (Zs,n) with ged(b, 2p™)
= 2p7, ged(b,2p™) = p? or ged(b,2p") = 2 where a and b are adjacent if and only
if i +7 > n. Since ged(b,2p") = 2p7, ged(b,2p") = p’ or ged(b,2p") = 2 where
J=n—i,80b€20" Zyyn and |2p" Loy | = [2p"7{0,1,2,3,...,(2p" = 1)} | =
200 1 =L —1=p -1 Thus, deg(a) = p' — 1 with ged(a,2p™) = p' for

2p71—i p—l
i=1,2,...,n. ([l
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Proposition 3.3. Let a € Z (Zapn) with ged(a,2p™) = 20", then

deg(a) = {sz Jo sl
2(p’ 71) , fori > L”21J .

Proof. The proof is divided into two cases:

(1) Let a € Z (Za,») with ged(a, 2p™) = 2p" and let b € Z (Za,») with ged(b, 2p™) =
207 and ged(b,2p™) = p? where a and b are adjacent if and only if i + j > n.
Since ged(b,2p™) = 2p7, ged(b,2p") = p? and j > n- i, 80 b € p"""Zy,m and
0" Ty = |0 {0, 1,2,3,...., (20" — 1} = '
Thus,deg():?p—lforzﬁ{ L.

(2) Let a € Z (Za,n) with ged(a,2p™) = 2p" and let b € Z (Zo,n) with ged (b, 2p™) =
207, ged(b,2p™) = p’ or ged(b, 2p™ ) = 2 where a and b are adjacent if and only
if i +j > n. Since ged(b, 2p") = 207, ged(b, 2p™) = p’ or ged(b,2p™) = 2 where
]>n—z sobep" Zopn and ’p" Lo pn ‘ ‘,0” ©{0,1,2,3,. (2,0”—1)}’:
Mo —2= 2 —2=2(p' —1). Thus, since 0 ¢ Z (Zgyn) and gcd(zpi, 2p") =
2p", so deg (a) =2 (p' — 1) for i > [25L].

O

Next, the number of vertices in I' (Zy,») for a given degree is divided into
three cases, given in Propositions and

Proposition 3.4. Let a € V (I' (Zgpn)), thus a € Z (Zg,n) where ged(a,2p™) = 2.
Then |V (T (Zgpn)) | = (p™ — p" ") fori=1.

Proof. Givena € Z (Zy,n) where ged(a, 2p™) = 2. Then |V (I (Zg,n))| = (p™ — p" )
for i = 1 and b € Z(Zy,») where ged (b,2) = 1 then |V (I'(Zg,n))| = 1. So
V(L (Zopn))| = (p* = p"77) (1) = (0" = p"7). O
Proposition 3.5. Let a € V (T (Zapn)), thus a € Z (Zayn) where ged(a, 2p™) = pt.
Then
n—i _ n—(i+1) . o
p p yfor 1<i<n—1,
V(T (Zayr >>|—{E ) Jor 15
p" ) , for i=mn.

Proof. Given a € Z (Zs,n) where ged(a,2p™) = p'. Then
(1) [V (D (Zapn))| = (pn=pm*D) for 1 < i < n—1and b € Z(Zym)
where ged(b,2) = 2. Then |V (I (Zgyn))| = 21 —2° = 1. So |V (T (Zap»))| =
(o7~ — =+ (1) = (pn~i — pn—(iﬂ))
(2) [V (T (Zopn))| = (p"%) for i = n and b € Z (Zopn) where ged(b,2) = 2. So
V(T (Zapr))| = (") -
(]

Proposition 3.6. Leta € V (T (Zapn)) , thus a € Z (Zayn) where ged(a,2p™) = 2p
for1<i<n-1.
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Proof. Given a € Z (Zs,») where ged(a, 2p™) = 2p". Then |V (T (Zopn))| = (p" "=

pn*<f+1>) for 1 <i<n—1andb€ Zyyn, where ged(b,2) = 1. So [V (I (Zapn)) | =

(pn—z _ pn—(z—i-l)) . O
The following theorem determines the number of edges in I' (Zg,n ).

Theorem 3.7. The number of edges in I (Zgyn ),

n_ g 200" -1) i3 "
|E (F (ZQp“))‘ = % [(p - P 1) (377' —-2- p&ﬁl(p_lg - pLB(yz—ﬁJ - > +p" = 1] .
pb 2 d(p-1)

Proof. Using Lemma [I.3] and utilising from Proposition [3.1] to Proposition we
get

EC @)=y Y 6

a€V(T(Zapn))
1 7 — = n—i n— (7 i
:2[(prz_p7L 1)+;<ﬂ —p (+1)> (p—l)
n . = | |
X T ) Y (e ) (20 - )
i=14n—1 i=1
n—1 ) ) )
+9 Z ([Onfz _ pnf(erl)) (pz _ 1)] )
SHEY

By employing summation rules and geometric sequences, a simplified general
expression is derived as follows:

pn—liPL%J

n— 2(p" -1 o)
|E (T (Zopm))| = 3 l(p” - ") <3n —2- pg’il(p—lg ENESY ) +p = 1] .
pb 2 d(p-1)

4. MAIN RESULTS

Finally, the following theorem presents our main result in this paper, namely
the F-index of the zero divisor graph for the ring Zg,n.

Theorem 4.1. The F-index of T’ (Za,n) ,

2 ( 2(n—1) _ n—1 _ n—1 __
FT (F (ZQpn)) = (pn - pnil) lgp (pp2 1 1) - % (/;) -1 1) - i£p1 (,0 _ 12
]_th%J (p[ngl—l — ]_) 12p (pnfl _ 1)
B p—1 B p—1
)

3n—1

o= (-1

+9(n—1)— + (" —1)%.
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Proof. By applying Definition [T.4] and using Proposition [3.1] to Proposition [3.6] we
obtain

FT(T(Zepe)) = Y. (6(a)’

a€V (T(Zapn))
n—1
— (,0" _pn—l) + Z (p’n—’L pn—(i+1)) (pi 1)3
i=1
n | 252 | |
+ Z P (yl _ 1) + Z (pnfz p 7(z+1)> (2pz 1)
1=14n—1 i=1
n—1
+2 Z (pnfz pn ('Hrl)) (pz 1)3
i=14 | 251 |
_ (p” B p"‘l) 9p? (pQ(nfl) — 1) B 3p (p"*l _ 1) - 9 (pnfl _ 1)
Pl p—1 pnt(p—1)
127 ([ -1 et B
( )*Hp(p 1)+18[” IWH
p—1 p—1 2
7 <pn71 — anglJ)

+9(n—1)— +(p"—1)%.

3n—1

ol (-1

O

An example of Zs is provided in the following in computing its set of vertices,
number of edges, and F-index using the definitions, propositions, and theorem.

Example 4.2. Using Definition [1.2} the vertices of I' (Z50) can be found which are
2,4,5,6,8,10,12,14, 15,16, 18, 20, 22, 24, 25, 26, 28, 30, 32, 34, 35, 36, 38, 40, 42, 44, 45,
46 and 48, as shown in Figure The edges are also found using Definition [1.2
From Figure [T} |V (T" (Zs0))| = 29 and |E (I (Zs))| = 46.

By Proposition [2.2] with p = 5 and n = 2, the number of zero divisors for
[ (Zso) is 5% + 5271 — 1 = 29. While by Theorem

. o-1 _ 2-1 _ |35
|E (T (Zso))| = % [(52 =5 ) (3(2) —2- ;(i (65— B N STWJ5(5 - 1))

+521]
= 46.

By Definition the F-index can be computed as follows:
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FT(T(Zso) = Y. d(a)

a€V (I'(Zso))

=(0@2)°+ 64+ 0(5)° +(3(6)°+(5(8)°
+(6(10)° + (5 (12))% + (5 (14))> + (6 (15))° + (5 (16))°
+(6(18))7 + (5(20))” + (5(22))° + (5(24))° + (5 (25))°
+(5(26))° 4 (5(28))* + (6 (30))® + (8(32)) + (6 (34))°
+(6(35))° + (6 (36))° + (6 (38))° + (5 (40))° + (6 (42))®
+(6(44))° + (6 (45))° + (6 (46))° + (6 (48))°

= 16148.

On the other hand, using Theorem

9(5%) (5°G-D —1) 3(5)(5*1—1) 2(5*'1-1)
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12 (L)) (5151 1) 1905y (521 - 1) 91
- — + 18| —— | +1
5—1 5—1 2

7(52—1—5L2%J) .
5% (5 - 1) (5=

+9(2-1)—

= 16148.

The answers derived from the example above have shown that the results are
identical using both methods.

5. CONCLUDING REMARKS

In this article, the general expression of the F-index of the zero divisors for
the commutative ring Zg,~» has been established. We also provided an example for
FT (T (Zs0)) to illustrate the main findings.
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