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Abstract. In this paper, we compare different characterizations of the takaful or-
ganization. We propose two different characterizations with one being based on
conventional firm theory from microeconomics (“corporate” takaful) and another
being based on the mutual/cooperative insurance literature (“community” takaful).
We find that both characterizations imply different strategies due to different objec-
tives and operational conditions. We also find that if participants in a community
takaful organization are altruistic, those overseeing the organization must make sure
that participants do not spend more than they have when paying for claims made
by the community.
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1. INTRODUCTION

The actuarial sciences and financial mathematics literature is well-established
and contributes valuable insights to the insurance industry from those related to
the pricing of various insurance aspects to insurance strategy itself. However,
many question the applicability of these insights to the Islamic concept of insur-
ance mainly referred to as takaful. According to Fatwa No. 21/DSN-MUI/X /2001
issued by Indonesia’s DSN MUI, takaful is (roughly translated) a mutual effort to
protect and aid on the basis of doing good, which is a definition acknowledged in
the literature such as in El-Gamal [I] and Khan [2]. However, El-Gamal [I] notes
that the implementation of takaful seems to have deviated from its spirit as there
is a noticeable lack of mutuality in the operation of significant takaful operators,
which Kassim [3] comments as possibly being a necessary evil.

The implication of this perspective is that takaful organizations should not be
modeled as profit-maximizing firms such as in Rothschild & Stiglitz [4] and Khan
[2] or even perfectly competitive insurance markets as in Aase [5]. They should in-
stead be modeled as mutual/cooperative insurance organizations which has its own

2020 Mathematics Subject Classification: 91B06, 91B41, 91B43

Received: 10-09-2024, accepted: 12-11-2024.
1


mailto:lukman.hanif@ui.ac.id

literature, contemporary examples of which include Ambrus et al. [6] and Levantesi
& Piscopo [7]. While Albrecht & Huggenberger [8] notes that this might not lead
to a fundamental difference, a significant amount of papers on mutual/cooperative
insurance modeling portray such organizations as placing more emphasis on the
human aspect instead of financial strategies, such as in Charness & Genicot [9
and Bourlés & Rouchier [I0]. We therefore model both organizational forms and
investigate whether there would be any differences in operational strategy.

2. CORPORATE TAKAFUL

In this section, we discuss the implications of our characterization of a “cor-
porate” takaful manager/operator’s optimization problem. We first characterize
“corporate” takaful as a firm that wishes to maximize its profit 7. The following
are also assumed regarding corporate takaful:

e The takaful organization is a price-taker so its contributions (i.e. premiums)
p are (mostly) exogenously determined

e The takaful organization is risk-neutral such that its objective function can
simply be represented by its profit function

e The general operating costs of the organization scale with the number of
participants (i.e. policyholders) n and assumed to take the form %n2

e The takaful organization knows that there are two types of participants;
high-risk participants with a probability qg of making a claim of size X
and low-risk participants with a probability ¢; of making a claim of size
Xy,

e The takaful organization cannot tell the difference between the two types
and charges them the same contribution amount

e The takaful organization only knows that a portion § of its participants
are high-risk

e The takaful organization can screen for high-risk participants to reduce
the proportion of such participants at a cost of ¢ which, as is common for
economic models, is assumed to be increasing at an increasing rate as it
justifies the need for an optimal level of ¢; it is more specifically assumed
that 8(c) = e~ ¢

The manager of the takaful organization therefore only has control over how
many participants to service n and the amount of resources c it wishes to dedicate
to screening for high-risk participants. The associated maximization problem is:

max 7 =np - (1-=p5(c))nqr Xt — B(c)nqgu Xy — %nQ —c (1)

which incorporates features of insurance/takaful operators used in Rothschild
& Stiglitz [4] and Khan [2].

Proposition 2.1. The optimal capacity n* of the takaful organization is (i) pos-
itively affected by the level of contributions (ii) negatively affected by the expected
claims payable to low-risk participants (iii) not affected by the expected claims
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payable to high-risk participants (iv) only positive if an implicit loading factor is
charged as determined by p — qp, X1 > 2.

ProOF. The manager/operator of the corporate takaful solves the profit maxi-
mization problem in , resulting in the following first-order conditions:

Z% =p—(1—-p(c)qrXr — B(c)gu Xy —n =0

or
B = "(¢)ngr X1, — B'(c)ngu Xy —1=0
The optimal level of profit for the corporate takaful organization is therefore
characterized by the two conditions:

n=p—q.Xr+B(c)qr XL — quXp) (2)

1
Ben=————- 3
© Xy —quXnu )
By substituting the second condition into the first and making use of the fact
that 5’'(c) = —f(c), the following expression can be obtained:

1
n=p—qrXy——
n

Multiplying both sides by n and taking the positive root of the resulting
quadratic equation results in a closed-form expression for the optimal capacity for
corporate takaful:

X+ VX4
P L+ (217 qr.Xr1) (4)

which mathematically expresses our first proposition. (I

The first two parts of this first proposition are to be expected as they simply
follow from applying firm theory from microeconomics to takaful modeling; the
selling price of a good (in this case the contributions of the policyholders) increases
the optimal quantity to be produced whereas the cost of production (which in
this case the expected claims payable to low-risk policyholders is a component
of) decreases the optimal quantity to be produced. The fourth is arguably not
that surprising either as it follows from the classic analysis of the adverse selection
problem in Rothschild & Stiglitz [4]; it is to be expected that in order to meet all
claims, an insurance company must charge more than the expected value of claims
made by low-risk policyholders if the company cannot perfectly price discriminate
between low-risk and high-risk policyholders. What is highly surprising is the third
part of this proposition, namely that the model implies that the expected value of
claims made by high-risk participants has no effect on the organization’s optimal
capacity. One should expect results similar to those in Rothschild & Stiglitz [4]
which incorporates the expected claims from high-risk policyholders into the loading



factor and yet this is not the case. However, Rothschild & Stiglitz’s [4] results
is based on deriving optimal premiums whereas our result comes from modeling
optimal capacity, which might explain the difference between the results.

Proposition 2.2. The optimal level of high-risk participants is inversely related to
the difference in expected claims payable between high-risk and low-risk participants.

PROOF. Based on and again making use of the fact that §'(c) = —5(c), we
obtain:

* ¥ ol % * 1
From' = B’ = e (5)

which represents the optimal amount of high-risk participants. O

Proposition 2.3. The optimal level of low-risk participants is positively related to
the difference in expected claims payable between high-risk and low-risk participants
and has a positive relationship with optimal capacity.

PROOF. By definition, the optimal number of low-risk participants is the optimal
total number of participants n* less the optimal amount of high-risk participants
which is represented by equation . The optimal level of low-risk participants is
therefore:

1

n*(1-p5"()=n"— ——
(1=57(e) qaXg —qr. X

(6)

O

Note that this implies the optimal mix of high-risk and low-risk participants

is indirectly affected by the factors affecting n*, namely the implicit loading factor

(i.e. difference between the contributions collected) as well as the expected value
of claims to be made by low-risk participants.

We consider these propositions are results which are novel but sensible with a
somewhat interesting interpretation. The direct interpretation is that the optimal
number of high-risk participants (and therefore how important it is to screen for
them) depends on the difference in value between the expected claims they make
and the ones made by low-risk participants. If both types of participants are ex-
pected to make claims that are high but not too different in value, the model implies
that the operator might as well not screen at all which makes sense. It is slightly
different for low-risk participants as the optimal amount of low-risk participants is
influenced by the optimal number of participants and therefore indirectly affected
by the implicit loading factor. The overall implication here therefore is that if the
difference in expected claims value between low-risk and high-risk participants is
not significant, resources would be better spent extracting more contributions from
participants.

Proposition 2.4. The optimal level of screening costs is (i) positively affected
by the difference in expected claims payable between high-risk and low-risk partic-
ipants (i) positively affected by the optimal capacity of the takaful organization



(iii) affected indirectly by the factors affecting the optimal capacity of the takaful
organization.

PROOF. Beginning with equation , simply divide both sides by n and take the
inverse of 3(c), which results in:

¢ =log[(quXnu — qrXr)n"]
O

As the interpretation of the expression for optimal screening costs is mostly
similar to what has been discussed concerning the optimal number of high-risk and
low-risk participants, we shall not elaborate further.

3. COMMUNITY TAKAFUL

In this section, we discuss the implications of our characterization of a com-
munity takaful organization’s optimization problem. Note that we have not used
the terms “manager” or “operator” as decision making for this type of organization
might not be centralized. In fact, we assume that decision-making occurs at the
individual level. Other assumptions we make regarding community takaful are as
follows:

e There are n participants in the community but there is no discrimination
between high and low-risk participants; we assume that each member of the
community naively believes that everyone has a probability ¢ of incurring
some loss X

e All participants care about their wealth W; and do not like spending it

e All participants contribute the same amount p to the community takaful
pool of funds

e All participants have what Clavien & Chapuisat [II] refer to as degree
altruism such that their utility function has the form

Ui = uis(-) + dui o)

this means that each participant ¢’s total utility U; is dependent on their
own utility u; s (or utility of self) and the utility of others u;, with ¢
being a parameter representing how much a given participant cares about
the utility of others

e All participants are risk-averse with respect to their wealth and the commu-
nity’s pool of funds (because it is suboptimal for those who are risk-neutral
and risk-loving to buy insurance), which is represented by having utility
functions of the form u(z) = z* where 0 < a < 1 and lower levels of «
represent higher levels of risk aversion

e Each participant maximizes their expected utility by making a claim C;
which will be paid out if there are enough funds in the community takaful
pool of funds; note that this claim does not have to be equal to the actual
loss incurred



e Each participant assumes that each claim made by other participants is
equal to X

Each participant therefore faces the following maximization problem:

max E[U;] = Elu; s + du; o]

where each participant’s personal net wealth is assumed to be affected only by
the following factors: (i) their contribution to the community takaful pool p (ii)
whether or not they incur a loss X (iii) how much compensation they receive C;
when they incur a loss (iv) the probability of incurring a loss g. A participant’s
expected utility concerning their personal wealth is therefore expressed as:

Eluis] = qWi —p— X +Ci)* + (1 - q)(W; —p)® (7)

As for the community takaful pool of funds, it is assumed to be affected

only by inflows and outflows of funds. However, the aggregate amount of losses

incurred by the other n — 1 participants is a binomial random variable which can

complicate the economic aspect of the analysis. For parsimony, we assume that

there are only two participants such that the possible outcomes are (i) either both

participants make claims (ii) only one makes a claim, or (iii) neither participant

makes a claim. A participant’s expected utility concerning the community pool of
funds is therefore:

Elu; o) = ¢*(2p— X —C;)*+q(1—q)(2p—C;)* +q(1—q) (2p—X)*+(1—¢)*(2p)* (8)

The first order condition of a given participant’s expected utility maximiza-
tion problem is therefore:

OE[U]
oC;

which can be rewritten as:

= (Wi—p—X+C;)* ' —¢q(2p— X —C;))* ' —p(1—q)(2p—C:)* 1 =0 (9)

Wi—p—X+C)* P =0q2p— X —C)* + (1 —q)(2p—C))** (10

This rearrangement of the first-order condition is common in the econom-
ics field, in this case the left side represents the marginal benefit of increasing
C; whereas the right side represents the marginal cost of decreasing it. A sim-
ple interpretation is that while demanding more compensation for loss increases
one’s personal wealth, it also detracts from the participant’s other concern which
is ensuring that there are enough funds in the pool for the community. From this
perspective, it can be seen that the ”altruism parameter” ¢ helps to psychologi-
cally penalize the participant from demanding too much compensation from the
community pool of funds. Assuming that the other participant incurs a loss with
certainty ¢ = 1 allows for a closed-form solution and an easier analysis without loss
of generality:



(Wi—p—X+Ci)* " =¢(2p— X - C;)*! (11)

which can be rearranged to obtain the following closed-form expression for a
given participant’s optimal claim:

1

1+ ¢t
Proposition 3.1. The optimal level of claims C; made by a given community
takaful participant i is (i) negatively affected by the amount of wealth W; they have
(i) positively affected by the contributions p paid by each participant (i) positively
or negatively affected by the loss incurred X depending on the level of altruism ¢
(iv) positively or negatively affected by the level of altruism ¢, depending ultimately
on the amount of funds in the community pool after the claims of other participants
have been paid out (v) indirectly affected by risk-aversion « in that increases in
risk-aversion weaken the effect of altruism

PROOF. Points (i)-(iii) in Proposition [3.1]follow from equation (12)); the variables p
and W; have unambiguous effects on C; whereas the effect of X on C; depends on
whether or not (;Sﬁ > 1. For points (iv) and (v) it helps to rearrange equation
into the following form:

¢

(It +207 ]+ [1 - 97 7)X — W7 (12)

O = (- X) (X~ W) (13)
1/¢pa=T +1 14 ¢a—T

which should help accentuate the fact that at higher levels of altruism ¢,
optimal compensation depends only on how many funds are left in the community
pool after all other claims have been paid out. Equation also makes it easier
to see that as « decreases (i.e. risk-aversion increases), the exponent of all altruism
parameters ¢ decreases and therefore the effect of the altruism parameters on C}
also decreases. (]

Proposition highlights some key implications of the different operational
basis of community-based takaful organizations compared with corporate takaful
organizations. One of the more important implications is that the more decentral-
ized nature of community-based takaful can be a double-edged sword. One one
hand, Proposition shows that a sufficiently high level of altruism prevents the
moral hazard of participants making higher claims then necessary. In fact equa-
tion allows for negative claims if altruism is sufficiently high and if losses are
sufficiently high relative to contributions. On the other hand, a significant amount
of the model depends on the beliefs of each participant regarding the condition and
behavior of other participants which can make managing such an organization very
complex and difficult.

4. CONCLUDING REMARKS

We have constructed and discussed mathematical representations of two forms
of takaful organizations based on some assertions as to what they should be like.



The “corporate” form is profit maximizing and risk-neutral whereas the “com-
munity” form is built upon a community of participants with varying degrees of
risk-aversion and concern for the good of the community. Key insights we have
demonstrated include that there are theoretically significant differences between
both takaful organizational formss; while both are ultimately driven by market
conditions, the community form is also driven by personal perceptions and concern
for society. Further questions to be investigated include conditions in which one
form is preferred to the other, whether there are social concern aspects of corporate
takaful, and how different social dynamics can affect the decision-making associated
with both organizational forms.

REFERENCES

[1] M. A. El-Gamal, “Mutuality as an antidote to rent-seeking shariah arbitrage in islamic
finance,” Thunderbird International Business Review, vol. 49, no. 2, pp. 187-202, 2007.
https://doi.org/10.1002/tie.20139.

[2] H. Khan, “Optimal incentives for takaful (islamic insurance) operators,” Journal of Economic
Behavior € Organization, vol. 109, pp. 135-144, 2015. https://doi.org/10.1016/j. jebo.
2014.11.001.

[3] Z. A. M. Kassim, “The primary insurance models,” Takaful and mutual insurance: Alter-
native approaches to managing risks, pp. 21-31, 2013. https://documents.worldbank.org/
curated/en/978831468321853261/pdf/732870PUBOEPI00200pub0date010017012. pdf #page=
43.

[4] M. Rotschild and J. Stiglitz, “Equilibrium in competitive insurance markets: An essay on
the economics of imperfect information,” Quarterly Journal of economics, vol. 90, no. 4,
pp. 629-649, 1976. https://doi.org/10.7916/D8P277RB.

5] K. K. Aase, “Optimal risk sharing in society,” Mathematics, vol. 10, no. 1, p. 161, 2022.
https://doi.org/10.3390/math10010161.

6] A. Ambrus, W. Gao, and P. Mildn, “Informal risk sharing with local information,” The
Review of Economic Studies, vol. 89, no. 5, pp. 2329-2380, 2022. https://doi.org/10.1093/
restud/rdab091.

[7] S. Levantesi and G. Piscopo, “Mutual peer-to-peer insurance: The allocation of risk,” Journal

of Co-operative Organization and Management, vol. 10, no. 1, p. 100154, 2022. https://doi.

org/10.1016/7 . jcom.2021.100154.

P. Albrecht and M. Huggenberger, “The fundamental theorem of mutual insurance,” Insur-

ance: Mathematics and Economics, vol. 75, pp. 180-188, 2017. https://doi.org/10.1016/

j-insmatheco.2017.06.002.

[9] G. Charness and G. Genicot, “Informal risk sharing in an infinite-horizon experiment,”
The Economic Journal, vol. 119, no. 537, pp. 796-825, 2009. https://doi.org/10.1111/
J-1468-0297.2009.02248.x.

[10] R. Bourles and J. Rouchier, “Evolving informal risk-sharing cooperatives and other-regarding
preferences,” 2012. https://shs.hal.science/halshs-00793706v1.

[11] C. Clavien and M. Chapuisat, “The evolution of utility functions and psychological altruism,”
Studies in History and Philosophy of Science Part C: Studies in History and Philosophy of
Biological and Biomedical Sciences, vol. 56, pp. 24-31, 2016. https://doi.org/10.1016/j.
shpsc.2015.10.008.

8


https://doi.org/10.1002/tie.20139
https://doi.org/10.1016/j.jebo.2014.11.001
https://doi.org/10.1016/j.jebo.2014.11.001
https://documents.worldbank.org/curated/en/978831468321853261/pdf/732870PUB0EPI00200pub0date010017012.pdf#page=43
https://documents.worldbank.org/curated/en/978831468321853261/pdf/732870PUB0EPI00200pub0date010017012.pdf#page=43
https://documents.worldbank.org/curated/en/978831468321853261/pdf/732870PUB0EPI00200pub0date010017012.pdf#page=43
https://doi.org/10.7916/D8P277RB
https://doi.org/10.3390/math10010161
https://doi.org/10.1093/restud/rdab091
https://doi.org/10.1093/restud/rdab091
https://doi.org/10.1016/j.jcom.2021.100154
https://doi.org/10.1016/j.jcom.2021.100154
https://doi.org/10.1016/j.insmatheco.2017.06.002
https://doi.org/10.1016/j.insmatheco.2017.06.002
https://doi.org/10.1111/j.1468-0297.2009.02248.x
https://doi.org/10.1111/j.1468-0297.2009.02248.x
https://shs.hal.science/halshs-00793706v1
https://doi.org/10.1016/j.shpsc.2015.10.008
https://doi.org/10.1016/j.shpsc.2015.10.008

	1. INTRODUCTION
	2. CORPORATE TAKĀFUL
	3. COMMUNITY TAKĀFUL
	4. CONCLUDING REMARKS
	REFERENCES

