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Abstract. An option is a financial instrument that investors often use for specula-
tion or hedging purposes. Calculating the profit in the investment using options also
considers its price, so the investor needs to know the proper value of the option’s
price or at least the range of these values. This paper aims to improve the Bino-
Trinomial tree model for determining the price of a European call option with a
volatility parameter in the form of a triangular Fuzzy number. The Bino-Trinomial
tree model is a combination of the Binomial and Trinomial trees that aims to control
the values of its branches. Due to the involvement of the Fuzzy number, the ob-
tained value of the option price is in a range or interval, so the investor could use it
appropriately in arranging investment strategies. In the proposed model, the Fuzzy
volatility parameter is utilized to capture the uncertainty of the estimated volatility
in the financial market which can fluctuate from time to time. This parameter is
expected to provide reasonable ranges and appropriate Fuzzy membership functions
for option pricing so that investors can expect different optimal values for different
risk preferences. We also adjusted the formulation of the increase and decrease fac-
tors in the Fuzzy Binomial tree to model stock price movements. Using different
values of the volatility’s sensitivity level and the option period, the results of nu-
merical simulations show that prices of European call options given by the market
are always within the option price range of the proposed model’s result. Likewise,
the results of the defuzzification of options prices in our Fuzzy Bino-Trinomial tree
model are not much different from the prices given by the market. This shows that
the Fuzzy Bino-Trinomial tree model performs better in determining the price of
European call options than the Fuzzy Binomial tree and Fuzzy Trinomial models.
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1. INTRODUCTION

As a financial instrument, an option is a contract between a seller and a buyer
that gives the buyer the right, not the obligation, to buy or sell an underlying asset
at or before maturity time for a specified price. The option buyer must pay a fee to
the option seller to obtain the right, which is called the option price. Currently, the
global Over-The-Counter (OTC) trading on all contracts exceeds 632.238 trillion
with a gross market value of 18.438 trillion [I]. Both the buyer and seller must
be aware of the appropriate values of the option’s price, or at least its range, to
calculate the profit on their investment utilizing options. Many methods have
been developed for determining the option prices. In many cases, they resulted
in theoretical prices that unfortunately are not close to the market’s selling prices.
Therefore, the study of option pricing is essential for traders and investors in theory
and practice.

The option pricing formula, especially for the European type, was first de-
veloped by Black and Scholes by deriving a closed-form solution of the partial
differential equation known as the Black-Scholes formula for European options [2].
Several years later, the method of European option pricing using a discrete ap-
proach was developed by Cox, Ros, and Rubenstein, where it was discovered that
the Black-Scholes continuous model formula was a particular case of the Cox-Ross-
Rubinstein (CRR) Binomial tree discrete model[3]. Since the development of the
CRR Binomial tree model, many researchers have developed discrete option pricing
models for vanilla options ([, [5], [6], [7]) and exotic options ([8], [9], [I0], [11],
[12], [13], [14], [15]).

The focus of option price modeling studies that have developed over the past
two decades is related to the relaxation of the assumptions in the Black-Scholes
continuous model. These established assumptions include: (1) price fluctuations of
the underlying asset should follow a log-normal distribution; (2) the short-term risk-
free interest rate remains unchanged; and (3) stock volatility remains constant [3].
Some input parameters in the Black-Scholes model or Binomial CRR model cannot
always be determined precisely and realistically, because financial market conditions
fluctuate from time to time [I6]. One theory that can be used to describe the
uncertainty conditions of input parameter values in models of mathematical finance
is the Fuzzy set theory, which was introduced by Zadeh [I7] in 1965. Applying Fuzzy
parameters in option price modeling is expected to provide a reasonable range.
Thus, investors may interpret different optimal values of the obtained option prices
for particular risk preferences.

The study of Fuzzy Binomial modeling for option pricing initiated by Muzzi-
oli and Torricelli [I8], where the generation of underlying asset’s prices using a
one-period Binomial tree is in Fuzzy numbers with forms of triangular and L-R
Fuzzy numbers. The principle of no arbitrage was applied as in the standard Bino-
mial method of option pricing [3], and the obtained prices of the standard method
became a special case of the Fuzzy method for o = 0, where the « refers to the
a-cut of the Fuzzy numbers.
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In [19], the previous authors developed the multi-period Binomial Fuzzy
method and improved it by defining the increase and decrease factors of stock
prices, which are u and d, as Fuzzy triangular numbers. Appadoo and Bector [20]
improved the method in [I9] by defining those factors in the trapezoidal type. Liu
et al. [2T] modeled the increase and decrease factors of the price of basic assets as
a Fuzzy variable in the credibility space. Yu et al. [22] incorporated an element of
uncertainty in the volatility parameter, whose form was Fuzzy triangular numbers.
Yoshida [23] analyzed both American option pricing in the continuous and discrete
time-parameter indexes. In particular, the study discussed the problem of deter-
mining the optimal downtime or maximizing the price of American options in an
environment that contains randomness and uncertainty. Muzzioli and Reynaerts
[24] constructed the American option pricing using the Fuzzy Binomial method in
[19], where the Fuzzy number forms were triangular and trapezoidal. Xu et al. [25]
developed a Fuzzy Binomial method for pricing Vulnerable options by assuming
the instantaneous volatility of the underlying stock and company values, and the
rate of recovery as Fuzzy variables. Muzzioli and De Baets [26] conducted a litera-
ture review on option pricing modeling using a Fuzzy approach. They stated that
although there were many contributions in discrete option price models, there is
still room for developing other applications.

Some implementations of the Fuzzy Binomial method in investments have
been conducted. Liao an Ho [27] used the method for a project valuation under un-
certainty that was embedded with real options. Sumarti and Nadya [28] utilized the
obtained fuzzy numbers of the American option price for developing the dynamic
portfolio that was adjusted periodically, and the strategies of buying or selling the
options were determined by their membership level of the Fuzzy numbers. Future
research development can be carried out by investigating the usefulness of the Fuzzy
Binomial method to determine the price of exotic options with American features.
In addition, Trinomial trees and other non-recombination trees can be explored in
the Fuzzy parameter setting to enlarge the possible states at each tree level.

Prior to this work, we had constructed A Fuzzy Binomial method for pricing
European call options with constant and exponential barriers [29]. In this paper,
we utilize the Bino-Trinomial method, which was firstly proposed by Dai and Lyuu
[12] for solving some barrier option problems. This type of model fits the challenge
to define the volatility as a Fuzzy number, which means it is in a range as it happens
in real world. Overall, this paper is structured as follows. An overview of Fuzzy
set theory is presented in Section 2. In Section 3, we explain the Fuzzy Binomial,
Trinomial, and Bino-Trinomial tree methods for pricing European call options. We
define volatility levels and risk-free interest rates in the form of triangular Fuzzy
numbers. The numerical analysis are shown in Section 4. The conclusions are
stated in Section 5. m
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2. FUZZY SET THEORY

This section presents some of the basic Fuzzy properties of Fuzzy numbers
used in this paper. The Fuzzy set A is the set of ordered pairs (x, u(z)), where
x € X, X CR. Here p(z) is the membership function of 2 € X that maps x into
the real number interval [0,1]. The Fuzzy subset A is defined by its membership
function A : R — [0,1]. Throughout this paper, the universal set X is assumed
to be the set of all real numbers having a regular topology. Suppose f is a real-
valued function defined on X, then f is said upper semi-continuous if {z|f(x) > a}
is a closed set for every a. Generally, a Fuzzy number is a subset defined over
real numbers. The Fuzzy number A that corresponds to a real number A can be
interpreted as values around A, and p; = 1.

Definition 2.1. [I6] The Fuzzy set Ay in R™ is called a convex Fuzzy set, if and
only if for any r1,29 € R" dan 0 < a <1,

i (axy + (1 —a)ze) = min{p g, ) Hig,
Definition 2.2. [I7] The following conditions must be met for A to be defined as
a Puzzy number :
(1) A is a normal and convex Fuzzy set.

(2) The membership function y ; is upper semi-continuous.
(8) The o — cut set of A is constrained to all a € [0,1].

Proposition 2.3. (Identity Resolution) [I7] Suppose A is a Fuzzy set with a mem-
bership function pz and o — cut set of A, that is Aq = {x|,uA(x)2a}, then
pa(z) = sup O‘I(A)a(x), (1)
a€l0,1]
where 1 ; the indicator function of the set A, which is defined as follows: () =1
ifre A and1z(x) =0 ifx ¢ A

Note that o — cut set of A is a set of crisp numbers. Zadeh [17], proves that
if A is a Fuzzy number, then its o — cut is a convex and compact set, which is
denoted by A, = [[lé, Ag}

Definition 2.4. [I6] A is called a crisp number with the value m if its membership
function is

1, x=m,
1A :{0 £ 4m (2)
which is denoted by A = i{m}.
It is easily to follow that (i{m})i = (i{m})g =m , Ya € [0,1], so any real

number can be considered a crips number.
Let we denote F be the set of all Fuzzy subsets of R, f(x1,z2,---,z,) be
real-valued function from R™ to R, and Ay, As, -+, A, are n—Fuzzy subsets in
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Using the extension of principle [30], we can induce a Fuzzy-valued function
: I — F according to the real-valued function f (1,2, ,x,). In other words,

f ([11, Ag, -+ ,/In> is a Fuzzy subset of R with the degree of membership defined
as follows [31].

\l%

Hi(AyAs, o A,) (1) = sup min{pg (v1),-- 1z, (o)}
' T {(181,582,“',:Cn)"f=f($1,$2,~~,xn)}
(3)

Proposition 2.5. [31] Let f (z1,22, - ,x,) be a real-valued function defined on
R™ and Ay, As, -+, A, isn Fuzzy subsets of R. Let f : F* — Fbe a fuzzy-valued
function induced by f (x1,22, -+ ,x,) via the extension principle defined in @
Suppose that each membership function pa, is the upper semi-continuous in R for
1=1,2,--- ,n and each (x1,22, - ,x,)|r = f (x1, 22, , ) is a compact subset
of R™ (it will be a closed and bounded set in R™) for r in the range of f. Then the

a—level set 0ff</~11,/~12,~-~ ,x‘h) 18

(f (fh,flz,'“ JM))Q = {f(xlvx%"' J ) |21 € (A1), an € (An)a}

Definition 2.6. [32] A is the Fuzzy set in the set of real numbers R with its
reference function p z(x) satisfies the listed below conditions for a,b,c,d € R, and
(a <b) is known as a generalized L-R type fuzzy number,

(1) pi(x) is a piece-wise continuous mapping from the real line R onto the
interval [0,w] where w is a constant lying in the unit interval [0, 1],

(2) pi(x) =0, for all x € (00, al,

(3) pnji(x) is continuously growing on [a,b),

(4) pi(x) =w, for all xinb,c,

(5) () is continuously diminishing on (c,b+ 7],

(6) 1y =0, for all z € [b+,00].

Definition 2.7. [32] The generalized L-R Fuzzy number in deﬁmtion 18 repre-
sented by A = (a,b, B,v;w) and its membership function pz(x) is stated as

:U‘fi(x)’ VS [afﬁyaa]a

w, x € [a,b],
I . 4
PATY 1), @ e bb+n] @
0, otherwise

where ,u% () : [a— B,a] — [0,w] is continuously increasing, called the left member-
ship function and M}E(x) 2 [0,0+ 7] = [0,w] is continuously decreasing, called the
left membership functions of A = (a,b, 3,~;w)
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Definition 2.8. If the membership function of A = (a, B,7)n has the following
form:

I_(G_B)> , T €Ela—pBa]
b x:a7
). welaata]’

, otherwise,

()

then A = (a, B,7)n is called generalized triangular Fuzzy number, which has the core
is a, the left width is 5 = p1 x a, and the right width is v = paxa , 0 < p1,p2 < 1.
The value of p1 and ps can be equal or different. If n =1, A = (a,B,7) which is
known as a triangular Fuzzy number.

Let A= (a, 8,7),, express generalized triangular Fuzzy number, then a— cut
set of A for all a € [0, 1] has the following form:

jla:(flé,flg):{(a—ﬁ)—i—a% x,@,(a—i—'y)—a% x| . (6)
Cardinality of a Fuzzy number A described by is the value of the integral

a+y
5 i _7+8
CardA = /G_ﬂ pi(z)de = v (7)

Proposition 2.9. The median value of Fuzzy]mmber A described by (@ denoted
by m z is the real number from the support of A such that

mz a-+y
[ st = [ e (8)
a—f3 mz
For practical purpose expressionwe can rewritten equation as [33):
TYLA -
/ pi(z)de = 0.5 x CardA (9)
a—p3

We can classify Fuzzy numbers with respect to the ”distribution” of their cardinality
as follows: a Fuzzy number A = (a, 3,7), described by () is called

(1) a Fuzzy number with equally heavy tails if [ _phi(z)de = faﬂ pi(x)de
(2) a Fuzzy number with a heavy left tail [ shi(z)de >0.5x fa—? pi(x)dz
(3) aFuzzy number with a heavy right tail fa'w i(x)dx > 0.5x fa—? pi(z)dx

Proposition 2.10. If A = (a,$3,7)n described by (@ is a Fuzzy number with
equally heavy tails, then

mi=a (10)

and pi(mz) =1
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Proof. Because f;—ﬂ pi(z)de = ff-w p i (z)dzx, the median value that is m ; must
be in the core of A. Then

/amA pi(z)dr + /“ pi(x)de = /amA pi(z)de + /H’Y pz(x)ds

-8 m mz

mz a+y
[ ma@de @ -mp) = ms - )+ [ patods
a—ﬁ mA

m;=a

b

Because a is the core of A, then p5(m ;) =1 O

Proposition 2.11. If A = (a,3,7), described by @ 18 a Fuzzy number, then

mi=(a-0)+ (30+007) " (1)
if A has a heavy left tail, and
mi=(@t)+ (040 00)" (12)

if A has a heavy right tail.
Proposition 2.12. Let A = (a,3,7), described by (@ 18 a Fuzzy number with

heavy tail, then
<2) <pglmyg) = < . > <1 (13)

where s = B if A has a heavy left tail, and s =~ if A has a heavy right tail.

Definition 2.13. [33] The center of gravity g; of the support of a Fuzzy number
A weighted by the membership grade is given by

oi f:;ixm(x)dw 14
S ia(@)da
and the center of the core of A denoted with MO j; and given by
MO;=a (15)

Definition 2.14. [33] Let A be a Fuzzy number. Let g5, MOz, and m; be the
center of gravity, the center of core, and the median value of A, respectively. Then
the central value of A is given by

o 94ril9s) + MOzpuz(MOz) +msps(m )
4 1a(9z) +pa(MOg) + pi(my)

We can use the central value as a crisp approximation of a Fuzzy number.

(16)
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3. BINO-TRINOMIAL TREE FUZZY OPTION PRICING MODEL

Option pricing can be done using analytical and numerical approaches. How-
ever, not all existing options in the financial market can be priced analytically.
One of the numerical methods that can be used to determine option prices is the
Lattice model. The commonly used Lattice models are the Binomial and Trinomial
tree models [34], who have their advantages and disadvantages. The Binomial tree
model requires calculations that are not too heavy but require a reasonably large
time interval to achieve a convergence to the result of the Black-Scholes model. The
Trinomial tree model is more flexible with real situations, where different possible
scenarios of stock price movements could converge more quickly to the result of the
Black-Scholes model than the previous one, but it requires heavier calculations.

In general, the Binomial and Trinomial tree models assume that the volatility
parameters are known and have fixed values. In these lattice models, the volatility
parameter is closely related to the increase (u) and decrease (d) factors of stock
price movements. In reality, the financial market prices fluctuate from time to time,
so the value of the volatility parameter cannot always be determined precisely and
realistically. This volatility parameter contains uncertainty conditions. One way to
describe uncertainty conditions in volatility parameters is by representing volatility
parameters in the form of Fuzzy numbers. The Fuzzy numbers used in this research
are in the form of triangular Fuzzy numbers.

For pricing European options, we propose to fuzzify the combining Binomial
and Trinomial tree models. For developing these models, note that there are as-
sumptions needed to be satisfied: (1) the price of the underlying asset follows a
log-normal distribution, (2) there are no transaction costs, no taxes, no restriction
of sales short, no-arbitrage opportunity in the market, and the asset can be di-
vided infinitely, (3) the underlying asset does not pay dividends over the life of the
derivative, and (4) for all maturities, the riskless interest rate is fixed [2],[3]. In
the following subsections, we explain the fuzzification of Binomial, Trinomial, and
Bino-Trinomial tree models for pricing European options, and the implementation
of these models will be compared.

3.1. Fuzzy Binomial Tree Model.

This section discusses the construction of a Binomial tree model to determine
European call option prices using the Fuzzy theory developed by Lee et al. [35] and
Yu et al. [36]. Using stock’s price movements of up and down in each period, one of
the well-known Binomial tree models is the CRR (Cox-Ross-Rubinstein) [3]. The
fuzzification process is made on the volatility parameter and risk-free interest rates,
as in [35] and [36], where they are represented in the form of triangular. The results
of Fuzzy stock price inference and Fuzzy call option prices are also discussed.

The Fuzzy volatility parameters are expressed as follows:

0= ((1 - p1)07 g, (1 + pZ)U), 0< P15 P2 <1 (17)
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so o, =(1—p1)o,op =0 and o = (1 + p2)o represent the low, moderate,
and high volatilities respectively. Here p1,rhos is defined as the volatility sensitivity
index. The value of p; and py can be equal or different.

In the CRR Binomial tree model for stock prices [3], the increase factor
is determined by wu, = e"m, and the decrease factor is determined by d, =
e~ oVAL = % The Fuzzy increase factor in the form of a triangular Fuzzy number
is @ = (ur,,un,,um,) with the membership degrees pun,) = pur,) = 0.1 and
peunr,) = 1. Likewise, the Fuzzy decrease factor in the form of a triangular Fuzzy
number is d = (dp,, dar, , dr,) with the membership degrees wdm,) = pedr,) = 0.1
and pdpg,) = 1 ([36, 35]). The increase factors ur,,uns,, and ug, are related to
prices with low, moderate, and high volatility conditions respectively. On the other
hand, the decrease factors dr,,du;,, and dp, are related to high, moderate, and
low volatility conditions respectively. Those factors are defined as follows:

up, = e(l+p2)om’ Ung, = eom7 up, = e(l—p1)zﬂ/¢7t7 (18)
dp, = 6*(1+pz)tf\/§7 dag, = efcr\/ﬁ7 d, = e~ (1=p1)oVat (19)

Let S be the initial stock price at ¢ = 1. The stock price can move up or down,
and is impacted by three volatility conditions at time ¢ = 2. Therefore, there are
three possible prices for the upward movement, namely Sug,, Suy, , and Sup,, and
there are three possible prices for the downward movement, namely Sdg,, Sds,,
and Sdr,. Thus, the stock price S becomes six possible stock prices, which is also
happening at each price movement for one interval period, as follows. The stock
price moves:

(1) Up in the condition of the highest volatility : Suy, = un,S,
Up in the condition of moderate volatility : Sy,, = un,S,
Up in the condition of the lowest volatility : Sy,, =ur,S,

Down in the condition of moderate volatility : Sq,, = da,S,

(2)
(3)
(4) Down at the condition of the lowest volatility : Sq,,, = du,S,
(5)
(6) Down in the condition of the highest volatility : Sq, = dr,S,

At time t = 3, each stock price at time ¢ = 2 moves with six possible stock
prices corresponding to the volatility conditions, so that there are 36 possible stock
prices. An illustration of stock price movements from ¢ = 1 to ¢t = 2, and from
t = 2 to t = 3 in the Fuzzy Binomial tree model is presented in Figure I} We also
show the membership degree of each obtained stock price.

Using various combinations of wg,, unr, , vr,, dm,,dar,, and dr,, a list of all
possible stock prices at time ¢ = n can be created, using the following formulation
136]

ufy, X uly, X ug, x dfy, x dy, x di, xS, (20)

where a,b,c,z,y, and z are integers and can be any combination provided with
a+b+c+x+y+z=n—1, and n is the total periods of time. Thus, suppose
there are n periods, then the number of stock prices at t = n is 6"~ !. The formula
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of membership degree for each stock price in Equation is defined as follows:

b
1S = Huggg, X Haggy X Haag, X Hedygy X Pty X Hay, - (21)

0.01
0.1
0.01
0.01
0.1

0.01

FIGURE 1. Stock price movement two periods under the Fuzzy
Binomial tree

Proposition 3.1. [22] Let (Cp,Chr,Ch) be a triangular Fuzzy number for the
current Furopean call option price in the one-period Binomial Fuzzy tree model.
Cr, Cy, and Cy are the European call option prices respectively at the highest,
moderate, and lowest volatility conditions, which are determined with the following
formulas:

Cyg = e—rAt {puHCqu +deCdLb:| ) (22>
Cyu=e [puMCUMb +PdMCde] , (23)
Cp = e At |:puLCuLb +deCde} . (24)

Variables pyg and pap are the probability for the stock price to move up and down,
respectively, in the high volatility condition, which are defined as follows:

rAt
(& — dL;,
N 25
Putt eTAt(qu - dLb) ( )
u _ erAt
PdH = e (26)

eTAt(qu - dLb) .
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Variables pyar and paps are the probability for the stock price to move up and down,
respectively, in the moderate volatility condition, which are defined as follows:

erAt _ de

= 27
PumMm eTAt(’U/Mb — de) ) ( )
rAt
Upng, — €
= . 28
PN 8t (g, — dg,) (28)

Variables p, 1, and par, are the probability for the stock price to move up and down,
respectively, in the low volatility condition, which are defined as follows:

rAt
& — de
ol = —e—— b 29
Pul erAt(uLb - de) ( )
rAt
u — €
Par =~ (30)

erat (uLh - de) .

Proof. The process of inferring European call option prices in the Fuzzy Binomial
tree model starts from a one-period Fuzzy Binomial tree. It is generalized into an
n-period Binomial Fuzzy tree. In a one-period Fuzzy Binomial tree, the payoffs
of a European call option with Strike Price K at expiration time ¢ = 2 are the
following.

Cum, = mazx(ug, S — K,0), Cqp, = max(dg, S — K, 0),
Cun, = max(up, S — K, 0), Cang, = max(dy, S — K, 0),
Cur, = max(ur, S — K,0),Cqr, = max(dp,S — K,0).
The price determination of European call options can be obtained by the strategy

of combining stocks and riskless assets, for instant bonds. We show an illustration
of the high volatility condition. The other conditions will follow similarly.

Cy = AyS + By, (31)

where Ap represents the number of stocks purchased in the high volatility condi-
tion, and By represents the amount of funds invested in bonds in the high volatility
condition. In this condition, initially, an investor buys Ay stocks with price .S and
invests By bonds with an interest rate r. After one period, there are two possible
situations: (1) The stock price increases to Sup,, so the portfolio value becomes
AgSug, + €™t Bg and (2) The stock price decreases to Sdg,, so the portfolio
value becomes Ay Sdy, + et By . Based on the Option Delta Method [37], the
number of stocks Ay can replicate the value of the corresponding option both in
upward or downward stock prices, defined as follows.

Cqu = AHSqu + erAtBH, (32)
CdLb = AHSdLb + €TAtBH. (33)
We can find the number of stocks Ay and the bond’s value By by solving the

system of equations 1 33)).
Ay = Cun, ~ Cus,

S(qu - dLb) ’ (34)
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quCdLb — dLbCqu
H =
erAt(qu - dLb)

By substituting equation and equation into equation , we obtain the
option price with high volatility condition.

(35)

o At dLb o g, — erAt o
H = x5 ~Yuy A, 7 NVdp,»
erAt(qu —dz,) ’ erAt(qu —dg,) ’
—rat
=e " [puHCqu +deCdLJ ;

where p,z and pgy are in Equations and (26)).
By doing a similar procedure, we obtain the European Call Option prices for

the moderate and low volatility conditions as follows.

Cur = e'r‘At _ de unr, — erAt o
M = e Dt (upy, — dagy) M e B (upy, — dag,) dary
Cy = e "8 [puMCuMb +deCdMJ ;
where p, s and pgps are in and .
erAt _ dH up, — erAt
L= —Cluy, + : C
L erAt(uLb _ de) ULy, 6rAt(uLb _ de) dm,
CL = e—rAt [puLCuLb +deCde:|
where p, 1 and pgr are in and . O

Now we construct the general formulas of the option prices as in [28]. Let
h(n) represent the combination of wg,,uns,,ur,, dm,, drr,, and dp, at time t = n.
Sh(n) Tepresents the stock price at time ¢ = n. For example for n = 2, when
the stock price move up in the high volatility condition we will have six possible
movement that is:

.2 b c T Y z
h(2) = ugy, x upy, X ug, x dig, x dy, x di, = um, < h(1
h(2) = up, X uy, X ug, X di, x d4, xdi, =up, X h(1
( b

Yy z
)= quxubeubed debxd =u
— b y —
h(2)=u beubeubededexd =dg, X h

Hy b

h(2) = uy, x uby, x uf, x dfy, x dy, x dj, =da, x h(1
h(2) = upy, x uly, xuf, x dj, x dY, xdp, =dg, x h(1
By doing similar procedure, we will obtain h(2) for the stock move up in the

moderate and low volatility conditions and also for the stock move down in the
high, moderate, and low volatility conditions.
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Then we obtain the stock price at time ¢ = 2 when the stock price move up
in the high volatility condition, that is:

Shiz) = ufqb X U?wb X ug, x di, x dﬁ’wb xdj, xS =ug, xS xh(l) =um, X Spa)
) =

1 1
Sh(2) = gy, X upg, X uf, X d, x dy, x di, xS =wupp xS x h(1) = up, X Sy

Sh(z) = ugy, X uly, X up, x df, X dy, x di, xS =ug, xS xh(1)=ur, X Sy
Sh(zy = ugy, X Uy, X uf, X dy, x dy; x dj, xS =dg, x S xh(1) =dg, x Sp)
Shz) = up, x uby, xuf, xdy, xdy, xdi, xS =dy, xS xh(1)=du, x Su)

Sh(zy = gy, ¥ Uy, X uf, X di, x dy, xdp, x S=dg, x S x h(l) =dg, x Sy

By doing similar procedure, we will obtain Sy,(2) for the stock price at time ¢ = 2
when the stock move up in the moderate and low volatility conditions and also
when the stock move down in the high, moderate, and low vollatility conditions.

Ch(n) represents the payoff or option value with Strike Price K at expiration
time ¢t = n, which is determined by Cj(,) = maz(Syu) — K,0). Its degree of
membership is the same as of Sy(n), or pc,,,, = Us,,- The payoffs of option at
expiration time ¢t = n can be determined in detail as follows :

Cugh(n—1) = maz(um, Spn-1) — K),
Currh(n—1) = maz(ung, Spn—1) — K),
Cuph(n—1) = maz(ur, Spm-1) — K),
Caynn—1) = max(dg, Spn-1y) — K),
Carn(n—1) = max(dag, Spn-1) — K),
Caphn—1) = max(dp, Spn-1) — K).
We do backward iteration from ¢t = n to ¢ = 1 for obtaining the Fuzzy option

price. When ¢ = n — 1, each option value is a Fuzzy number in the form of
(Crhn-1), Crh(n-1)» CHh(n—1)), Which is determined by the following formulas:

CHh(n—l) =e " At {puHCquh(n 1) +deCdLbh(n 1)] (36)

Chrrn(n-1) =€ "2 {

PurCupy h(n—1) + PariCayy, h(n—l)] ) (37)
Crhn-1y =€ " At |:puLCuL h(n—1) +deCdH h(n— 1)} (38)
The backward iteration is continued for ¢ = n — 2 until ¢ = 1 using the similar

process as in equations , , and . Finally we obtain the Fuzzy European
Call price (Cr,Cur, Ch).

3.2. Fuzzy Trinomial Tree Model.

The Trinomial model is a stock price dynamics model with three possible
scenarios; upward, constant, or downward stock price movements in each period.
Joheski and Apostolov [34] studied the Binomial and Trinomial tree models for
determining option prices along with their convergence to the Black-Scholes model.
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One of the results states that the most efficient Lattice model for determining
option prices is the Kamrad-Ritchken (KR) Trinomial tree model. In this section,
we construct a KR Trinomial tree model to determine the price of European call
options by considering uncertainty conditions in the volatility parameters, which
are expressed in the form of triangular Fuzzy numbers as in equation .

As in [5], the increase and decrease factors in the KR trinomial tree model
are similar to the CRR Binomial tree model as in Equations —, but there is
a modification by adding a new parameter A. So the increase and decrease factors
are respectively

1
= VA and dy = e VAL = (39)

Ut

Ut

The chosen value of A is \/g ~ 1.2247 based on a heuristic reason. The volatil-

ity parameter’s values are expressed in the form of a triangular Fuzzy number
corresponding to high, moderate, and low conditions, so consequently, the in-
crease and decrease factors are respectively in the form of 4; = (ur,,un,,un,)
and d; = (dr,,dy,,dy,), with their membership degrees are Pug, = Pug, = 0.1
and p,,, = 1, and pay,, = pa,, = 0.1 and pq,, = 1. The Fuzzy increase and
decrease factors are defined as follows,

up, = e(1+p2)A0\/E;th _ eka\/ﬁ;uLt — (1=p1)AoVdt (40)
st — e—(l—l—pg))\a\/a’th — e_AU\/Edet — e—(l—rhol))\U\/E. (41)

Besides increasing and decreasing stock price movement in the Trinomial
tree model, the stock price can remain constant, which is defined as .S,,, and its
membership degree is p,, = 1.

Let S be the initial stock price at ¢ = 1. At time ¢t = 2, the KR Trinomial
Fuzzy tree model has seven possible stock price movement scenarios. The stock
price will move:

(1) Up in conditions of the highest volatility: S.,, = usm,S,

(2) Up in conditions of moderate volatility : Sy,, = un,S,

(3) Up in conditions of the lowest volatility : S., =wur,S,

(4) Constant, the same as before: S, =5,

(5) Down at conditions of the lowest volatility is determined by Sg,,, = dp,S,
(6) Down in conditions of moderate volatility : Sa,, = dar,S,

(7) Down in conditions of the highest volatility : Sa,, =dr,S.

At time t = 3, each stock price at time ¢ = 2 also moves with seven possible
stock price movements. Figure [2]illustrates the structure of stock price movements
in the Fuzzy Trinomial tree model for two periods, with their defined degree of
memberships. From ¢t = 1 to t = 2, there are seven possible stock price movements,
and from ¢t = 2 to t = 3, there are 49 possible stock price movements.
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FIGURE 2. Stock price movement two periods under the Fuzzy
trinomial tree

By using various combinations of wg,,unr,,ur,, m, dm,,dar,, and dr,, a list
of all possible stock prices at time ¢ = n can be created, by using the following
formula:

ufy, x uly, xuf, x m" x d, x dy, x di, xS, (42)
where a,b, c,w, x,y, and z are integers and can be any combination provided with
a+b+c+w+x+y+2z=n—1,and n is the total period time. If there is n periods,
then the number of stock prices at t = n is 7°~!. The degree of membership with
the stock price formulation in equation is the following.

Js = My, X ey, X G, X i X HG, Xl X HG, (43)

Proposition 3.2. Let (Cr,Chy, Crr) be a triangular Fuzzy number for the European
call option price in the one-period Trinomial Fuzzy tree model. Cp, Cur, and Cy
are respectively the Furopean call option prices at the highest, moderate, and lowest
volatility conditions, which are determined with the following formulas.

C'H - e—rAt [puHCth +pmHCm +deCdLJ ) (44)
C(M = e—rAt [puMCth +pmMCm +deCth] 5 (45)
CVL = e_TAt [puLCuLt +meCm +deCdHt] . (46)
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The probabilities for stock prices to increase, remain constant, and decrease in the
high volatility condition are respectively pum,Pmm, and pqm,which are determined
as follows.

eTAt(2th - st - 1) + (d%, - U’Ht)

PuH = s (47)
2(d%t —dy, Jru%h - th,)
B erAt(Q—th _st)_'_(d%t +’U/%_It —st _U’Ht) (48)
PmH = 2(d%t_st+u%It_th) )
erAt(Zde — Uy, — 1) + (’LL2 — de)
pan = ' : -t &8 (49)

2(d2Lr - st + U’%—It - th)
The probabilities for stock prices to increase, remain constant, and decrease in the
moderate volatility condition are respectively punr, Pmar, and panr, which are defined
as the following.

eTAt(2th - th - 1) + (d?\/fa, - U’Mt)

uM — s 50
e YT T o0
o e'r‘At(2 — UM, — de) + (d?ut + U?Mt - de, - th) (51)
Pmar = 2(d3y, — dn, + 3y, —un,) ’
erit Qth —up, — 1) + u, — th)
S ( ) + (ujy, _ (52)

2(d3y, — dn, +u3y, — unr,)
Finally, the probabilities for stock prices to increase, remain constant, and decrease
in the low volatility condition are respectively pyr,, Pmr, and pqr, which are deter-
mined by the following formulas.

eTAt(QuLt - dHt — 1) + (d%h — uLt)

. 53
Pl S Ty, i, 4 0, ) 3)
e'rAt(z — UL, — dHt) + (d?{t + ’U/%t - dHt - U’Lt)
PmL = 9 5] 3 (54)
(dHt —dp, +ug, — ur,)
erAt(QdHt —ur, —1)+(u2 —dH)
Par = Lt - (55)

Q(d%{f - dHt + u%t - uLt)

Proof. Similar to the process in the previous subsection, it starts with a one-period
KR Trinomial Fuzzy tree, then it is generalized into an n-period KR Trinomial
Fuzzy tree. In a one-period, the prices of a European call option at expiration
t =2 are

Cuy, = mazx(ug, S — K,0), Cay, =maz(du,S — K,0),
Cuy, = maz(up, S — K,0), Cq,, = max(dy,S — K,0),
Cu,, = maz(ug,S — K,0), Cy4, = maz(dr,S — K,0),

Cp = maz(S — K, 0).

Similar to the procedure in the previous subsection, we define the strategy of com-
bining stocks and bonds in in equation . An illustration for the high volatility
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condition is shown below. After one period, there are three possible values of
portfolio based on the movement of the stock price:

(1) AgSug, + et By (Upward price),
(2) AgS + e By (Constant price),
(3) A Sdr, + e By (Downward price).

Using the Option Delta Method, we find the number of stocks A g that can replicate
the value of the corresponding options. We have

Cth = AHSth + erAt.BH7
Cu. =ApS+e2 By, (56)

umt

Cst = AHSst + erAtBH

The portfolio replication presented in equation is an over-determined system
of linear equations consisting of three equations and two variables, so the solution
is not straightforward. Based on [38], under this condition, equation is an
incomplete description of the market model. Solving equations can be done
using the pseudoinverse matrix concept [39]. Using the concept of pseudoinverse
matrix, we have:

Cuy, 2up, —drp, —1) + Cp(2 —up, —dg,) + Ca,, (2dr, —up, — 1)

A =
= QS(d%t — st -l—’LL%{t — UHt)

Cuy, (d7, —um,) + Cn(d}, +u3y, —dr, —um,) + Ca,, (ufy, —dr,)
2e7At(d} —dp, +u3y, —um,)

By substituting equations and into equation 7 we can obtain:

By = (58)

CH = €_rAt [puHCth +pmHCm +deCst]

where the probabilities for stock prices to increase, remain constant, and decrease
in the high volatility condition are respectively written in equations —.

Similarly, we obtained the option prices for the moderate volatility condition,
as follows.

CM — efrAt [

puMCth + PmmCm +deOth] )

where the corresponding probabilities are respectively written in equations —
(52). For the low volatility condition, we obtain:

C'L = e_TAt [puLCuLt +meCm +deCdHt] P

where the corresponding probabilities are respectively written in equations (53])-

(5)- 0

Now we generalize the formulation. At ¢t = n, let h(n) represent the com-
bination of wg,,uns,,ur,,m,du,,dn,, and dr,. Sy and Cp,) represent the
stock prices and the option value, respectively, at time when ¢t = n. The lat-
ter is determined by Cj(,) = maz(Skn) — K,0) and its degree of membership is
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HCny = MShny- 1D detail, the option values are as follows:

Cuyh(n—1) = maz(um, Sh(n-1) — K),
Currh(n—1) = max(uns, Sp(n-1) — K),
(ur, Shin-1) — K),
(mSh(n 1~ K),
OdHh(n 1) = maz(d Shin-1) — K),
Carhn—1) = max(das, Sp(n—1) — K),
(

Capnn—1) = max(dr,Spn-1) — K),

By doing backward iteration at t = n — 1, each option price is a Fuzzy number
(Crhn-1), Crmh(n-1)» CHn(n—1)) Which is determined by the following formulas:

CHh(n—l) = E_TAt |:puHCthh(n—l) +pmHth(n—l) +deCsth(n—1):| ) (59)
Crhn_1) =€ "2 {puMCthh(n—l) + P Crnn(n—1) +deCthh(n—1)} ,  (60)
CLh(nfl) = e—rAt |:puHCuLth(n71) +meOmh(n71) +deCdch(n71):| . (61)

Having continued the iteration, the values of option at t = n — 1 are determined
using equations —, and so on. Finally, at ¢ = 1 we will obtain the Fuzzy
European Call option price (Cr,Cu, Ch).

3.3. Fuzzy Bino-Trinomial Tree Model.

A combination of the Binomial and trinomial tree models is the Bino-Trinomial
tree model. Day and Lyuu [12] developed this model to overcome distribution and
nonlinearity errors in determining barrier option prices. We improve this model
with the Fuzzy approach to obtain the Fuzzy European Call option and compare
the numerical results from all models.

In [12], the basic idea of constructing a Bino-Trinomial tree model is to replace
the first two steps of the Binomial tree model with one step of the Trinomial tree
model, with the aim that the resulting nodes can adjust the location of barriers
and to increase flexibility. Dai and Lyuu have proven that the Bino-Trinomial tree
method performs better than the Binomial and Trinomial models in determining
barrier option prices.

In this paper, the first two steps in the Fuzzy CRR Binomial tree are replaced
with one step of the Fuzzy KR Trinomial tree. The increase and decrease factors
of stock price movements for the Fuzzy Binomial tree part are as in which is
the same with the factors for the Fuzzy Trinomial tree part. The value of A for

the Fuzzy Binomial tree is set to be 1 < A < \/g . The volatility parameter in this

model is expressed in the form of a triangular Fuzzy number .

At t = 1, the initial stock price is S. At time ¢t = 2, the price movement can be
up, remain the same, or down, which are Sug,, Suar,, and Sug,, for up movement,
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and Sdg,, Sduy,, and Sdr,, for down movement. So, at time ¢ = 2 there are seven
possible stock prices. From ¢t = 3, stock price movements can increase with factors
up,, Un,, and Sur,, or decrease with factors dg,, dar,, and dr,. So, starting from
t = 3, each stock price becomes six possible stock prices. Suppose there are n
periods for the Bino-Trinomial tree, then the number of possible stock prices at
t=mnis 6" +6""L

t=1 t=2 u t=3 u

/.,v‘ Uy, U, S | 0.01
> U Uy, S | 01
‘\__\\\ *ugu, S | 001

VNN S

\.‘. \\ \\\
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FIGURE 3. Stock price movement two periods under the Fuzzy
Bino-Trinomial tree

Figure [3]illustrates the structure of stock price movements in the Fuzzy Bino-
Trinomial tree model for two periods. In this model, there are seven possible stock
prices from t =1 to ¢t = 2, and 42 possible stock prices from ¢t = 2 to ¢ = 3.

At time t = n, the payoffs of an Eropean Call option with Strike Price K and
Maturity Time n are the following.

Cuph(n—1) = maz(um, Spm-1) — K),

Curih(n—1) = maz(ung, Spm-1) — K),

Caynin-1) = max(d, Spn-1) — K

b

)
)
Cuphin—1) = maz(ur, Spm-1) — K),
)
Caph(n—1) = max(dag, Shn—1) — K),

)

Capn(n—1) = maz(dr,Spn-1) — K).
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By doing the backward iteration from t = n —1 to t = n — 2, each option value is a
Fuzzy number (Crpm—1), Cari(n—1), CHR(n—1)) Which is determined by Equations
,, cmd. The process is continued from time t = n — 2 until ¢ = 2 using
the same formula. Finally, we have the option price at time ¢ = 1 as in Equations

E9D, @0, and @)

In this numerical simulation, we use data from Lee et al.’s research [35] as a
benchmark, for determining prices for European call options. The underlying asset
used was the S & P 500 stock index. The stock price index and call option price on
the issuance date were USD 996.52 and USD 16.4, respectively. The strike price of

4. NUMERICAL SIMULATION

the S & P 500 index is 1100.

TABLE 1. European call option prices (USD) from Binomial and
Trinomial Fuzzy tree models with different p;1, po and n

Fuzzy Binomial Fuzzy Trinomial
n| p P2 Left Middle  Right Left Middle  Right
310.05|0.05|13.3702 14.7499 16.1201 | 13.1301 14.6318 16.1229
0.1 | 0.1 | 11.9793 14.7499 17.4819 | 11.6160 14.6318 17.6048
0.4 | 0.6 | 3.2321 14.7499 33.4908 | 2.3615 14.6318 39.3468
0.8 | 0.5 | 0.0000 14.7499 28.2148 | 0.0000 14.6318 34.5711
6| 0.05|0.05|12.0726 13.2916 14.5022 | 12.9250 14.8911 16.8436
0.1 | 0.1 |10.8438 13.2916 16.6747 | 10.9432 14.8911 18.7844
0.4 | 0.6 | 3.1194 13.2916 40.2460 | 2.9136 14.8911 37.7793
0.8 | 0.5 | 0.0000 13.2916 35.5842 | 0.0000 14.8911 34.0240

TABLE 2. European call option prices (USD) from Bino-Trinomial
Fuzzy tree model with different p;, p2 and n

A Fuzzy Bino-Trinomial

n | for Binomial Tree | p; P2 Left Middle  Right

3 1.0717 0.05 | 0.05 | 14.6283 16.3055 17.9722
1.0717 0.1 | 0.1 | 12.9388 16.3055 19.6299
0.9798 0.4 | 0.6 | 3.0063 14.0654 37.8903
1.0410 0.8 | 0.5 | 0.0000 15.5605 35.5970

6 1.0717 0.05 | 0.05 | 14.3397 16.4193 17.2401
1.0717 0.1 | 0.1 | 12,5321 16.4193 19.1863
1.0410 04 | 0.6 | 3.2322 14.6080 35.7468
1.0717 0.8 | 0.5 | 0.0000 16.4193 34.4974
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FIGURE 4. European call option price intervals from all Fuzzy tree
models with p = 0.05

Note that in [35], the risk-free interest rate is assumed to be constant. The
risk-free interest rate used is 0.00915. The Volatility value is estimated using histor-
ical closing price data from daily data for the last 30 to 60 days, and the volatility
estimate obtained from historical data is 0.0114181. In our research, the 3-month
US Treasury Interest Rate is used to have the riskless interest rate represented
in the form of a triangular Fuzzy number. The tables and the figures show the
obtained prices of European call options obtained using the Fuzzy models of CRR
Binomial tree model, KR trinomial, and Bino-Trinomial Fuzzy trees with different
periods and different sensitivity levels of volatility.

Based on Tables |1 and [2| the Fuzzy Bino-Trinomial model provides more
moderate ranges of the option prices than of the Fuzzy trinomial and Fuzzy Bino-
mial models. With the observed market price USD 16.4, at the volatility sensitivity
level p = 0.05, the observed market price is within the option price range of the
Fuzzy Bino-Trinomial and the Fuzzy Trinomial models. In contrast, for the Fuzzy
Binomial model, the market price is not always within the obtained option price
range. On the other hand, for the volatility sensitivity level p = 0.1, the observed
market price is within the range of obtained option prices for the three Fuzzy
models. The level of volatility sensitivity influences the length or shortness of the
option price range produced by the three Fuzzy models. The level of volatility
sensitivity in determining high and low volatility conditions does not always have
to be the same; in other words, the Fuzzy volatility parameter can be written in
an asymmetrical triangular Fuzzy number.
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FIGURE 5. European call option price intervals from all Fuzzy tree
model with p = 0.1

Figures 4 and 5 show illustrations of the intervals made by the obtained
prices in Tables[[]and 2] The Fuzzy Binomial model has the shortest price interval
compared to the other two Fuzzy models, and for a symmetrical triangular Fuzzy
number, the Bino-Trinomial Fuzzy model has the longest option price interval com-
pared to the other two Fuzzy models. It can also be seen in those Figures that the
results of the defuzzification of European option prices from the Bino-Trinomial
Fuzzy tree model can be said to be quite close to the prices given by the market
compared to the results of the defuzzification of European option prices from the
other two Fuzzy models.

In practice, financial analysts (or investors) may also be interested in the
crisp numbers of option prices rather than the Fuzzy numbers. In other words, this
kind of problem is known in the literature as a ”defuzzification procedure.” This
research uses a ”defuzzification procedure” of the central value in definition (?7?) as
a crisp approximation of a Fuzzy number. The results of option price defuzzification
for the Fuzzy Binomial model, Fuzzy trinomial model, and Fuzzy Bino-Trinomial
model for different periods and levels of sensitivity can be seen in Table
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TABLE 3. Defuzzification of option prices of the Fuzzy Binomial
model, Fuzzy trinomial model, and Fuzzy Bino-Trinomial model
for different periods and levels of sensitivity

Fuzzy Models

n| pi p2 | Binomial Trinomial Bino-Trinomial

31 0.05 | 0.05 14.75 14.63 16.30
0.1 | 0.1 14.74 14.62 16.29
0.4 | 0.6 16.12 16.98 16.47
0.8 | 0.5 14.50 15.64 16.42

61 0.05| 0.05 13.29 14.89 16.18
0.1 | 0.1 13.47 14.88 16.21
0.4 | 0.6 16.43 16.96 16.46
0.8 | 0.5 15.00 15.70 16.74

Based on Table |3] the results of the defuzzification of the prices from the
Bino-Trinomial Fuzzy tree model show values that are pretty close to the observed
market prices compared to the results of the defuzzification of the Binomial Fuzzy
tree model, and the Trinomial Fuzzy tree model.

The Bino-Trinomial Fuzzy tree model requires slightly heavier calculations
than the Fuzzy Binomial model, but is lighter when compared to the Fuzzy Tri-
nomial model calculations. This is because the number of possible stock prices for
Fuzzy Bino-Trinomial trees is more significantly larger than for Fuzzy Binomial
trees, but smaller than for the Fuzzy trinomial trees. Like the Fuzzy Trinomial tree
model, the Bino-Trinomial Fuzzy tree model is more flexible with real situations
where the possible scenarios differ from stock price movements. By determining
the appropriate value of lambda for the Fuzzy Binomial tree in the Fuzzy Bino-
Trinomial tree, the result of defuzzification of the European call option price is
closer to the given market price.

Now we discuss the benefit of our research in practices. Many investors face
trade-offs and uncertainty regarding risk and return when making investment deci-
sions. Determining the price of a European call option with a volatility parameter
in a triangular Fuzzy number will produce a price in the form of a triangular Fuzzy
number. Investors who exhibit risk-loving behavior tend to prioritize profits above
risk considerations. Such investors tend to choose the right value of the European
call option price triangle Fuzzy number to generate greater profits when the call
option price shows higher volatility at a high price point. Conversely, risk-averse
investors will prioritize mitigating dangers over pursuing profits. Investors with
risk-averse behavior tend to choose the left value of the triangular Fuzzy number to
minimize costs and reduce potential losses because it considers the concept of hedg-
ing. Investors who demonstrate a neutral attitude towards risk will consider the
level of profitability and stability when determining appropriate prices. Investors
with neutral behavior will choose a price between the range determined by the right
and left values of the triangular Fuzzy number, thereby balancing these two factors.
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Thus, it is clear that investors with different risk preferences will choose different
market prices from the Fuzzy numbers of the option price triangle. Therefore, ap-
plying Fuzzy set theory, in this case using triangular Fuzzy numbers to represent
volatility parameters, can expand the choices available to investors and provide
insight into investors’ risk preferences.

5. CONCLUSION

This paper proposes a new framework for option pricing with a Bino-Trinomial
tree model for handling unpredictable conditions. Fluctuating market conditions
from time to time, lack of information, different subjective management, and many
other factors make option pricing decisions vary, resulting in uncertainty. Fuzzy set
theory applied to the option pricing model Bino-Trinomial tree model to represent
input parameters can provide a reasonable range of option prices so that many in-
vestors can use it for arbitrage or hedging. We apply the Fuzzy theory to represent
the uncertainty conditions of the volatility parameters in the Bino-Trinomial tree
model. In the numerical simulation for pricing an European Call option, the re-
sults are more satisfactory than other two tree models. It should be noted that the
main limitation of the Bino-Trinomial tree model is determining the appropriate
and optimal value A\ in the Fuzzy Binomial tree part of the Fuzzy Bino-Trinomial
tree model and is the relatively slow calculation speed even with a computer when
the period increases.
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