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Abstract. A popular risk measure is tail value-at-risk (TVaR), which is the mean
of a random risk’s losses above the value-at-risk (VaR). Moreover, TVaR is the
most popular competitor of VaR. However, TVaR has some theoretical obstacles;
for example, it does not exist when the risk distribution has a very heavy tail or has
an infinite mean. In practice, this may compel financial institutions or insurance
companies to deposit additional funds to fulfill requisites specified by regulators.
Many authors suggested using a generalization of TVaR known as range value-at-
risk (RVaR), which measures the actual risk of an aggregated risk. Furthermore,
we suggest the range conditional tail variance (RCTV), a second conditional mo-
ment of the tail distribution with the RVaR at its center. RVaR and RCTV are
significantly more flexible than TVaR and conditional tail variance (CTV) since
they both have a contraction parameter. We also provide analytical formulations
for the RVaR and RCTV of exponentially distributed risk. This article proposes an
optimization method for the RVaR by applying the Newton method and a meta-
heuristic algorithm, spiral optimization (SpO). We use the Newton technique and
SpO with RCTV and CTYV to find the contraction parameter that optimizes RVaR.
This study shows the use of RVaR optimization to forecast the RVaR of vehicle
insurance claim amounts in Australia. We find that the SpO method produces the
estimation result quite well as noticed by the quadratic form of objective function
converging to zero. On the other hand, the Newton method produces not only sim-
ilar results for the estimation but also has less RVaR at the same probability levels,
which means better in lowering the magnitude of TVaR. However, the empirical
results show that, compared with Newton’s method, the SpO method captures the

RVaR more successfully.
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1. INTRODUCTION

There have been numerous risk measures proposed in the subject of quan-
titative risk management, the two most well-known of which are the value-at-risk
(VaR) and the tail value-at-risk. VaR is the greatest loss in a period for a given
confidence level, whereas TVaR is the mean loss after VaR is exceeded. As VaR has
been approved by the Basel Committee [I], it has emerged as the standard measure-
ment of risk in the financial markets. Despite its simplicity and ease of application,
VaR lacks coherence as a risk measure in the sense that [2] suggests. This is because
VaR does not meet subadditivity, which means that the VaR of an aggregated risk
is not necessarily less than the total of the VaRs of the individual risks that make
up the aggregate, contrary to the principle of diversification. Furthermore, the VaR
ignores the possibility of losses outside the considered quantile.

On the other hand, the TVaR, which accounts for losses beyond the VaR, is
the most popular competitor for VaR. TVaR was proposed properly as a solution
to VaR’s limitations in terms of risk sensitivity. Furthermore, at some confidence
level, TVaR equals the conditional expected value of losses that are greater than or
equal to VaR. Since TVaR is a coherent measure of risk [2], it has been considerably
implemented by financial institutions. However, TVaR has some theoretical hur-
dles, such as not existing for distributions with a very heavy tail or infinite mean
[3], i.e., it relies heavily on the extreme tail of the return distribution, potentially
overestimating the original risk [4]. Nonetheless, regulatory agencies apply both
risk measures; VaR more in banking, while TVaR more in insurance [I]. Further-
more, Li et al. [5] argued that RVaR may be considered as a trestle between VaR
and TVaR and is robust in the sense that it is continuous in relation to the weak
convergence of random variables, whereas neither TVaR nor VaR is continuous
generally.

In particular, Jiang et al. [6] implemented RVaR to illustrate the applica-
bility of Pareto-optimal reinsurance policies that incorporate both the insurer’s
and reinsurer’s risks and returns. Wang and Wei [7] identified and characterized
Pareto-optimal allocations in quantile-based risk-sharing problems within the RVaR
family. Li et al. [5] developed worst-case values and scenarios for RVaR under par-
tial information assumption, for both single and aggregate risk models. Moreover,
Fissler and Ziegel [§] statistically assessed, compared, and ranked the predictive
performance of different RVaR models.

To overcome those limitations of VaR and TVaR simultaneously, we propose
investigating the role of RVaR by finding a technique to optimize RVaR. Moreover,
the existence of the contraction parameter a > 0 gives RVaR some flexibility. In-
stead of infinite, this parameter can be applied to provide an upper bound on the
risk for values that exceed VaR. As a result, when we construct the RVaR forecast,
it reduces the size of the loss beyond VaR, making it smaller than the TVaR fore-
cast. This is a useful characteristic in risk modeling, particularly when dealing with
high-variability portfolio returns or data with outliers. Nevertheless, Jadhav et al.
[] only set the values of a while computing RVaR rather than optimizing RVaR.



Furthermore, none of the previously listed authors ([5], [6], [8], [7], and [9]) offered
a numerical optimization technique to ascertain parameter a directly or indirectly.
Besides TVaR, risk variability in the tail region of the distribution to the
right of VaR was also noted by certain investigators. Essentially, the idea is that,
regardless of the intended features and usefulness, TVaR only considers the mean
losses on the tail and ignores variability, therefore it makes sense to include a
second central moment or variance of the tail distribution. Thus, tail variance,
or CTV, is a variability measure introduced by Furman et al. [I0]. Following
[10], we then suggest a variability measure surrounding RVaR that is subject to
the same restriction. We refer to this measure as range conditional tail variance
(RCTV). We consider this measure because we believe that RCTV provides a better
comprehension of the behavior of a risk throughout the tail of its distribution.

The goal of this study is to present an optimization technique for indirectly
estimating the value of parameter a that maximizes RVaR while being constrained
by RCTV and CTV. The Lagrangian approach is used to convert the constrained
maximization problem into a problem of solving a system of nonlinear equations.
The transformed problem is now a problem of unconstrained minimization. In this
study, two methods are used to solve the RVaR optimization problem: Newton and
spiral optimization (SpO) methods. Recently, the Newton method as well as its
variants have been extensively used in a variety of optimization problems [111 12}
13| [4]). We choose Newton method because it can achieve convergence quickly. Of
course, the method requires the selection of appropriate initial conditions as well as
the calculation of the Jacobian matrix. Many people avoid Newton’s method due
to the difficulties of deriving the Jacobian matrix. Moreover, they do not want to
face the Jacobian matrix becoming singular for some points and at some iteration.
In our unconstrained problem, we can still derive the Jacobian matrix although it
has a long expression. The elements of the Jacobian matrix are given in Appendix.
On the other hand, the spiral phenomena in nature serves as the foundation for the
SpO method, a metaheuristic algorithm. This method was first introduced in [I5].
Many researchers have used the SpO method in tackling a range of optimization
problems [I6] 17, 18, 9] including an optimization problem in energy risk using
copula-based extended value-at-risk [20]. We favor the SpO method over other
metaheuristic methods because the updating points scheme is deterministic. The
stochastic terms only appear in the initialization, not in the updating scheme.
Therefore, this method is quite quicker than other metaheuristic methods.

The order of the remaining text is as follows. We provide a quick overview
of RVaR in Section 2l The second conditional central moment of the distribution
tail, with RVaR as the center, is given in Section [3] Section [4] explains the RVaR
optimization approach in depth, whereas Section [5| applies it to an insurance claim.
Section [6] offers a conclusion to the article. A proof, two analytical examples, and
derivation of partial derivatives are relegated to Appendix.



2. RANGE VALUE-AT-RISK

Let (Q, F,Pr) be a probability space and define L as the set of random risks
(with finite means) defined on (€2, F,Pr). A risk measure is a functional ¢ : L —
R, L — o(L). Let L be a random risk whose marginal d.f. F}, is assumed to be a
strictly increasing function. The value-at-risk (VaR) of L at probability level « is
the quantile Q, of Fp, given a value a € (0, 1), typically close to one. Following is
the definition of the VaR mathematically.

Qo = F (). (1)
In the formulation (2)), the tail value-at-risk (TVaR) is defined as follows,

TVaR, (L) = E[L|L > Q.(L 1_a/ Qp(L (2)

Formulation (3| defines the range value-at-risk (RVaR).

f(jl QP(L) dp

RV&R(a,a) (L) = E[L|Qo¢ < L < Qal] = W7 (3)

where a; = a + (1 — a)'*%, a > 0. Here, o denotes the probability level, while
a denotes the contraction parameter. In simpler terms, RVaRq4,4) is the mean of
quantiles between probability levels o and ;. This modified risk measure has long
been projected to reduce the impact of exceptionally high-valued returns, making
it a sort of truncated TVaR.

Remark 2.1. When we set a = 0, then RVaR collapses into TVaR given in .

Remark 2.2. RVaR can also be written as follows,

1

RVaR(a.0)(L) = —varr [(1 ~

a)TVaRa(L) — (1 — a;)TVaRay, (L)] (4)

3. RANGE CONDITIONAL TAIL VARIANCE

The RVaR, like the TVaR, determines mean losses in the tail of its distri-
bution. Meanwhile, the second central moment or variance in the tail must be
determined in order to generate a new risk measure involving variability. Valdez et
al. [2I] and Furman et al. [I0] proposed a risk measure called tail variance (TV)
or conditional tail variance (CTV) to study the variability of risk on the tail in
relation to TVaR, which is given below,

CTV4(L) = E[(L — TVaRq( ) IL>Qa].

In this section, we introduce a new risk measure E| called range conditional
tail variance (RCTV), which is a rescaled version of CTV. CTV is closely connected
to CTV, and so is RCTV to RVaR. The RCTV of L is defined as follows.

IWe use the words ”risk measure” and ?variability measure” interchangeably when describing
RCTV.
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Definition 3.1. Suppose L represents a risk. Assume @, represents the VaR of L
at probability level p, and RVaR, q) represents the RVaR of L in (@) The range
conditional tail variance (RCTV) of L can be calculated as follows,

RCTV(a,a)(L) = E|:(L - RV&R(a,a)<L))2 ‘ Qa <LK Qa1:|' (5)

As a result, RCTV is a variability measure of risk L around RVaR that is trimmed
by two quantiles. RCTV is a more generalized form of CTV. The RCTV formula
for risk L is presented in the following lemma. The proof is omitted here.

Lemma 3.2. Suppose that L denotes a random risk. Let o € (0,1) and a > 0.
Then, the RCTV of L is given by,
2

L. (1(?1005321 S (RV&R(am(L))Q» (6)

RCTV (4,0)(L) =
with RVaR4,q)(L) is given in ,

The following theorem provides properties that hold for the variability mea-
sure of RCTV.

Theorem 3.3. The measure of RCTV fulfills the following properties:

(1): For any constant k > 0, we have RCTV (4 ) ((k+L)) = k+RCTV 4 q)(L).
(2): For any constant k > 0, we have RCTV 4 4)(k L) = k* RCTV 4 4)(L).

Proof. (1): For any constant k& > 0, we have,
RCTV (4,0)(k + L) = E[(k + L —RVaR(qq)(k + L))Q\Qa(k + L) <k+L<Qq(k+ L)} .

Since both VaR and RVaR satisfiy the property of translation invariance,
then,

RCOTV (g0 (k + L) = [(k +L—k—RVaR(sa)(L)’|k + Qu(L) <k + L < k+ Qal(Lﬂ
= E[(L = RVaR .0)(1))*|Qa(L) < L < Qu, (L)
— RCTV (4.0 (L).
(2): For any constant k > 0, we have,
RCTV (4 o (kL) = [(k:L RVaR (q.0)(kL))’|Qu (kL) < kL < Qal(kL)}

Since both VaR and RVaR satisfy the property of positive homogeneity,
then,

RCTV (g0 (kL) = E{(kL — FRVaR(q.0) (L))’ [kQu(L) < kL < kQal(L)}

= B[I(L ~ RVaR 0. 0) (1)’ Qu(L) < L < Qu, (1)]
= k*RCTV (4,0 (L).



We illustrate RCTV for exponential distribution via Example in the Ap-
pendix.

4. RVAR OPTIMIZATION USING RCTV AND CTV
Remember that RVaR is defined as follows,
RV&R(a,a)(L) = E[L|Qa <L< Qal] (7)

This section explains the RVaR optimization issue under a constraint consisting
of RCTV and CTV. Moreover, RVaR, RCTV, and CTV can be interpreted as
functions of @ and a. The optimization is done to get the values of contraction
parameter a that maximize RVaR by introducing a constraint: the corresponding
ERCTV must be equal to CTV for some multiplier & € R*. The selection of this
constraint is in line with Josaphat et al.[20], specifically in Eq. 10. They proposed a
more complicated constraint, namely kDCTV-CTV, which involves dependence and
copula. Since this research does not involve dependence, kDCTV-CTV becomes
simply kRCTV-CTV. Thus, the RVaR optimization is provided as,

RVaR(q,q+)(L) = max RVaR(q,q)(L)

8
s.t. KRCTV (g 4)(L) — CTV,4 (L) = 0 ®)

However, determining a that maximizes is not simple. To do this, we
apply the transformation of a, which is a; = a + (1 — a)**%. Since 0 < a < 1 and
a > 0, then @ < a7 < 1. Therefore, (8)) can be written as follows,

RVaR(ava*)(L) = ainaa;)il RVaR(ma) (L) (9)
5.t. kRCTV (4,4 (L) — CTV4(L) =0,
where k£ > 0. To simplify the notations, we rewrite @ as,

RVaR,, 4o (L) = k
aR(a,e) (L) = max glai,k) 10)
s.t. h(aq, k) =0,
where g(a1, k) = RVaR(q,q)(L), h(a1,k) = kRCTV (4,4)(L) — CTV4(L). Then, we
apply the Lagrange multiplier method in [22] by defining a Lagrangian function,

L=gla1,k) —ph(ag, k).

We estimate the values of ay, u, and k by solving the following system of
nonlinear equations,

G(x) =0, (11)

where x = (a1, p, k) and G(x) = (0L/0ay, OL/Op, OL/Ok). In this article, we
solve (|L1]) in two ways, namely by using the Newton method and the spiral opti-
mization (SpO) method. The Newton method is given by,

Xt+1 = Xt — J(Xt)_lG(Xt)7 (12)



where J(x) is a Jacobian matrix given by,
827£ %L 0%L
da? Oa 0 a0k
2 2 2
Jx)= | L 0L oL (13)
Ouday 852 Oudk
0’L 0°L ('9276
Okday  Okou Ok?
The calculation of each element of the Jacobian matrix is given in the Appen-
dix.

To perform the SpO method for solving , we need to change the problem

into a minimization problem by defining an objective function as follows,
, 0L \?2 0LN?2 0LN?2

H(x) = G(x) Gx) = (aal) +(au) +(55) (14)
SpO is a metaheuristic algorithm based on logarithmic spiral phenomena like whirling
water currents, nautilus shells, and spiral galaxies. SpO spins a number of points
in R™ counterclockwise to a center point of rotation with a particular angle and
radius scale. The center of rotation is the location where the objective function has
the least value. In this article, our problem lies in R?, and hence the SpO method
presented below is designed to solve the problem of minimization of H in in
R3.

The minimization problem miny H(x) is equivalent to the constrained maxi-
mization of RVaR, (L) because H(x) = G(x)'G(x) represents the squared norm of
the KKT residuals of the original problem. Hence, minimizing H (x) drives all first-
order optimality conditions VL = 0 to be satisfied, and any point where H(x) =0
corresponds to a stationary point of the Lagrangian of the maximization problem
max, RVaRg 4 (L).

Before processing the SpO method, in the initialization, write x = (aq, i, k),
define the search space I C R3, set m to be the number of points where m > 2,
w to be the angle of rotation where 0 < w < m, r to be the rotation’s scaling
radius where 0 < r < 1, and . to be the iteration maximum number. As for the
starting process, choose random numbers x;(0) € I as the starting point, where
i=1,2,...,m. Set x8”**(0) = x20, where H(x2°) = min; H(x;(0)) is the starting
center of the rotation. Set ¢t = 0.

(1): Update the point position for each ¢ (i =1,2,...,m):

xi(t + 1) = S3(r,w)x;(t) — (S3(r,w) — I3)x8P* (),
where I3 is the 3 x 3 identity matrix, S3(r,w) = rII2_, (Hz-:lei)iAfj (w)),

and Rg)?’j) (w) is the plane rotation matrix acting on the (4, j)—coordinates,
that is equal to the identity matrix except for the four entries: the iith and
jjth entries are cosw, the jith entry is sinw, and the ijth entry is — sinw.

(2): Check to see if the updated position is still present in the search space:
If x;(t + 1) € I, then calculate H(x;(t + 1)). If x;(t + 1) & I, then set
H(x;(t+ 1)) = NaN [23].



(3): Update the rotation center: x8P*s*(¢+1) = x&, where H (x8) = min; H (x;(t+
1)).

(4): If t < tmax, then redo the processes 1 until 3 with setting ¢ = ¢t + 1. If
t = tmax, then stop the processes.

The output of the algorithm is x2P®*(#,,,), where the value of H[x5P%(¢,,)]
is nearly zero. In our numerical experiment, we run the SpO method using the
following algorithm settings: I = («, 1) x (0,1) x (10,1000), where o = 0.9, m =
5000, w = 7/4, r = 0.95, tmar = 500, while the number of runs is 20.

The following is an example of RVaR optimization with RCTV and CTV.
More specifically, we construct RVaR for the exponential distribution. Application
of this distribution encompasses a wide spectrum of fields, one of which is actuarial
science.

Example 4.1. Refer to Examples and in the Appendix. Before performing
the optimization, we compute the CTV of risk L. The TVaR of L at probability
level « is given by,

TVaRa(L) = %[1 “In(1 - a)).

While f; (Q,,(L))2 dp can be calculated as follows,

1
2 11—«
/ (Qy(L)) dp = v [In*(1 - a) — 2In(1 — a) + 2.
Hence,
1 ! 2 2
CTV,(L) = T—a (QP(L)) dp — (TVaRa(L))
@
1 1
= F[ln2(1 —a)—2n(l —a)+2] — F[lng(l —a)—2n(l —a)+1]
1
=7 (15)
Based on in p. [15{and , we may construct the following analytical formula,
1 1 1
h(a1, k) = kRCT L)—CTV,(L)=k Ay — A ) - =
(alv ) RC V(a,a)( ) C VO/( ) ()\2(041 — Oé) 2 )\2(061 — CY)Q 1) 22’

where
Ai=(1-a)(1-In(l-a)) —(1—oa1)(1—In(l—ay)),
Ap=(1— a)(ln2(1 —a)—2mn(1—a)+ 2) —(1- al)(1n2(1 —ay) —2In(l —ay) + 2).
Furthermore, we may extract the Lagrangian multiplier, which is provided by,

1 k k
)\(061 _ a)Al - /\Q(OZ _ a)A2 + )\2(0/57 a)zA% +
The first- and second-order partial derivatives are then calculated, as shown in the
Appendix.

1
F.

L=glar, k) —ph(ay, k) =



5. APPLICATION

This research aims to examine the performance of the SpO and Newton meth-
ods on RVaR optimization. Our data comes from 2004 and 2005 one-year auto
insurance policietﬂ out of the 67,856 policies, 4,618 (6.8%) policies had at least one
claim. Suppose the risk L is the claim amount.

Table [1] provides a statistical summary of the claim amount. It can be seen
that the claim amount has positive skewness, which is 5.0470. Furthermore, the
kurtosis of the claim amount is said to be significant when greater than 3. A kurtosis
value above 3 (43.3102) indicates that, relative to the normal distribution, the
probability of the observations tending to be far from the mean will be greater than
the probability of observations tending to be close to the mean. The information in
Figure [fa) supports this finding. Moreover, a box plot of the data in Figure [I[{b)
indicates that the right tail contains 758 outliers. Take notice that every figure and
calculation mentioned in this article is done using MATLAB programs.

TABLE 1. Descriptive statistic of claim amount

Statistic Claim amount (L)
Sample size 4,618
Mean 2.0131 x 103
Standard deviation 3.5480 x 103
Skewness 5.0470
Kurtosis 43.3102

1600 *

(a) (b)
FIGURE 1. (a) Histogram and (b) box plot of the claim amount.

We find that L is one-parameter exponentially distributed by applying the
maximum likelihood estimation (MLE) approach, where the parameter estimate

isA=1 /2013.09. The significant number of outliers is probably going to have an

2The data is retrieved from the Department of Applied Finance and Actuarial Studies, Macquarie
University (accessed on March 24th, 2021).
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impact on this estimate. We have in Figure [2| the comparison of five risk measures
of L. Recall that, the CTV of L is the same for all @. On the other hand, the
larger the o the smaller the RCTV. Moreover, RCTV is relatively much smaller
than CTV. Note that RVaR is smaller than TVaR but larger than the quantile at

the same probability level. It means that RVaR reduces the amount of TVaR.

6
45210 7000
—CTV (1) .
4104 o 4 6000
5.5 Y 4053000 (a,3)
e e {5000
3L} --Tvar (L) P
v RVER (L) 4000
2 5H UL?H_‘Nm

3000

2000

0.6
probability level ()
(a=0.05)

0.7

0.8

1000
0.9

FIGURE 2. Risk measures for the claim amount.

TABLE 2. Values of a1, i, and k maximizing RVaR using SpO
method, contraction parameter estimation, risk measures forecast,
number and proportion of violations of the RVaRq,o) forecasts.

a ;‘il Trial | o n k H a RVaR (a,0) TVaRo.s | VaRo. violrz]:ions violf;?ig}.sﬂ difference®
T [ 0.9114 | 1443 x 107 | 820.523 | 0.0051 0.9133 188 0.1057 0.0057
2 [0.9110 | 1.392 x 10 | 884.694 | 0.0041 0.9587 489 0.1059 0.0059
09 | 01| 3 [0.9116]1.468 x 10-° | 791.380 | 0.0057 0.9359 6,6484 |4,635.3 | 488 0.1057 0.0057
4 0.9116 | 1.468 x 10~° | 791.379 | 0.0057 0.9359 488 0.1057 0.0057
5 | 09111 | 1.409 x 1077 | 862.415 | 0.0044 0.9535 489 0.1059 0.0059
T [ 09554 | 1.370 x 10-7 | 913.964 | 0.0037 0.7420 6,113.8 358 0.0775 0.0275
2 10.9552 | 1.319 x 105 | 988.643 | 0.0029 0.7544 6,139.6 358 0.0775 0.0275
095005 | 3 [0.9557 | 1.443 x 10~ | 820.490 | 0.0051 0.7250 6,150.0 8,043.8 | 6,030.7| 358 0.0775 0.0275
4 ]0.9560 | 1.509 x 107° | 747.777 | 0.0067 0.7105 6,155.5 357 0.0773 0.0273
5 | 0.9554 | 1.368 x 107 | 916.729 | 0.0037 0.7425 6,143.7 358 0.0775 0.0275
T [ 0.9822 [ 1.361 x 10-7 | 926.728 | 0.0035 0.5699 79877 235 0.0500 0.0309
2| 0.9831 | 1.969 x 105 | 427.175 | 0.0349 0.4775 8,039.4 235 0.0509 0.0309
098] 0.02| 3 |0.9821 | 1.327 x 10-5 | 975.900 | 0.0030 0.5761 7,984.8 90,8883 | 78753 | 236 0.0511 0.0311
4 0.9821 | 1.319 x 107° | 988.912 | 0.0029 0.5777 7,984.1 237 0.0513 0.0313
5 10.9822 | 1.362 x 10-5 | 925.179 | 0.0036 0.5697 7,987.7 235 0.0509 0.0309
"Prop. violations i the proportion of violations to the total number of obscrvations (4,618 observations).

Difference is the absolute difference between prop. violations and sig. level.

By utilizing the estimated parameter X derived from the data, we employ
SpO and Newton methods to resolve the RVaR optimization problem . Using
the SpO approach, the outcomes are found in Table[2] The values of three variables
a1, i, and k that maximize RVaR for three distinct o = 0.9,0.95,0.98 choices
are shown in the Table[2] For each case of o, we run the SpO method in five trials.
Table [2 column 6 shows that the values of the objective function H = H(aq, p, k)
are relatively near to zero which indicates that the method is quite successful for
minimizing H in . The visualization example of H versus iterations for one
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trial with 20 runs is given in Figure 3| Since H is close to zero, we can say that
the system of nonlinear equations which consists of the first derivatives of
the Lagrangian function £ has been solved. From the estimated value of ay, we
calculate the value of contraction parameter a to forecast RVaR (4 q). Another
attractive result is that the RVaR forecasts gained from the optimization (column
9 in Table[2) are comparatively significantly smaller than the TVaR forecast. This
show that the relatively large TVaR forecast can be reduced by computing the
RVaR forecast. Those relatively large TVaR forecasts, especially when compared
to the VaR forecasts, are of course influenced by A which is also affected by the
number of outliers, namely 758 observations.

Table [2 presents the number of violations of the RVaR forecast using the SpO
technique. It is the number of sample observations that are larger than the RVaR
forecast and thus outside of the critical value. Then, by calculating the number
of violations of the RVaR g g ), we obtain the proportion of violations (prop. vi-
olations) of 0.1057 (there are 488 violations out of 4,618 observations, therefore
488/4,618=0.1057). Table [2] also displays the significance levels and proportions
of violations for a = 0.95, 0.98. Table [2] shows that the probability level a = 0.9
results in the smallest differences between the prop. violations and the signifi-
cance level, 0.0057 and 0.0059, respectively. Therefore, in this case, the best RVaR
forecast is obtained when o = 0.9.

TABLE 3. Values of a1, ¢, and k£ maximizing RVaR using Newton
method, contraction parameter estimation, risk measures forecast,
number and proportion of violations of the RVaRq, o) forecasts.

S - -
a 1:‘;1 Initial guess o P k a | RVaR(a.) | TVaRos | VaRos Violz‘;om Vioiigi"" oo | difference
& — 10 | @1 =095 [090L1 | ~Z98Ix 101" [ 47,121 | 18440 | 46198 500 0.1083 0.0083

=001 a1 = 0.99 | 0.9059 | —3.620 x 10! | 4,657.2 | 1.2200 | 4,695.9 492 0.1065 0.0065

[~ 100 | @1 =095 [0.9016 | —6.845 x 10" | 38,007 | L7981 | 46514 500 0.1083 0.0083

0.9 | 0.1 a1 =0.99 | 0.9102 | —1.932 x 1075 | 854.560 | 0.9921 | 4,741.5 | 6,648.4 | 4,635.3 | 490 0.1061 0.0061
&= 10 | @1 =095 [0.0015 [ 5726 > 10 " [ 42,927 | 18230 | 4,650.5 500 0.1083 0.0083

4 =0.001 a; =0.99 | 0.9049 | —2.097 x 10~ | 3,838.5 | 1.3068 | 4,685.8 494 0.1070 0.0070

k=100 | oy = 0.95 | 0.9015 | —5.923 x 10~ " | 41,967 | 1.8190 | 4,650.7 500 0.1083 0.0083

b —10 | @1 =098 09510 | ~LI16 x 10~ [ 24,180 | 13069 | 6.050.9 366 0.0793 0.0293

=001 a1 =0.99 | 0.9518 | —6.846 x 10710 | 7,168.4 | 1.1066 | 6,067.7 366 0.0793 0.0293

[ = 100 | @ = 098 [ 09511 [ —1.670 x 10*19“ 18,465 | 1.2623 | 6,053.8 366 0.0793 0.0293

- - ' a1 =0.99 | 0.9529 | —2.835 x 1079 | 2,755.6 | 0.9506 | 6,090.2 B . 364 0.0788 0.0288
0.95 1 0.05 &= 10 | @1 =098 [0051T [ 1321 10 7| 21,603 | 12882 | 6,052.1 8.043.8 11 6,030.7 55 0.0793 0.0293
4= 0.001 B a; =0.99 | 0.9517 | —5.176 x 10710 | 8,648.7 | 1.1374 | 6,064.4 366 0.0793 0.0293

: & — 100 | @1 =098 [ 09510 [ ~1.242x 10 " | 22513 [ 1.2950 | 6,051.6 366 0.0793 0.0293

a1 =0.99 | 0.9532 | —3.62f 2,322.4 | 0.9228 | 6,095.5 364 0.0788 0.0288

=001 | =10 Tar=099]0.9503 44,675 | 1.0786 | 7.890.1 238 0.0515 0.0315

0.98 | 0.02 7 [F=100 | a; = 0.99 | 0.9803 0,113 [ TOGI9 | 78910 | g goqa | 7g75.3 | 298 0.0515 0.0315
’ : 0001 | F=10 [0, =0.99 [0.9803 [ —3.902 10" | 42,546 | 10724 | 7.890.5 e o 238 0.0515 0.0315
p=n k=100 |y = 0.99 | 0.9803 | —3.861 x 10 "7 | 42,842 | 1.0733 | 7,8904 238 0.0515 0.0315

“Prop. violations is the proportion of violations to the total number of observations (4,618 observations).
PDifference is the absolute difference between prop. violations and sig. level.

Furthermore, Table [3| shows the findings for the Newton approach . The
table displays the values of three variables ay, p, and k that maximize RVaR (|10))
for three different chosen @ = 0.9,0.95,0.98. We run the Newton method for
a number of combinations of initial guesses: p = 0.01, 0.001, £ = 10, 100, and
o = 0.95, 0.98, 0.99. From the table, we can see that the obtained values of o are
similar to the results of the SpO method for each different case of «. In addition,
the running time of the Newton method is far less consuming than that of the SpO
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FiGURE 3. Objective function H of the SpO method
over iteration.

method because the Newton method is a non-stochastic algorithm, and hence it
is very fast. Moreover, from Table [3] we can notice that the RVaR forecasts are
less than those in Table [2| at the same probability levels. The comparison between
RVaR forecasts using SpO and Newton methods for different cases of « is visualized
in Figure [

Moreover, the number of violations of the RVaR forecast using the Newton
method is also presented in Table [3| Similar to the results in Table [2} the proba-
bility level @ = 0.9 in Table [3| results in the smallest differences between the prop.
violations and the significance level. Therefore, for the SpO method, the best RVaR
forecast is obtained when o = 0.9. Surprisingly, we find the fact that the prop. vi-
olations for the SpO method are always smaller than those of the Newton method.
In other words, the Newton method underestimates RVaR. That is, in spite of the
fact that the Newton method is very fast, the SpO method is more appropriate for
forecasting RVaR.

6. CONCLUDING REMARKS

This article presents an optimization approach for a generalized tail value-at-
risk known as range value-at-risk (RVaR), by implementing Newton method and
SpO method. The notion of the constraint function is to compare the second con-
ditional central moment related to RVaR, known as RCTV, with the counterpart
second conditional central moment connected to TVaR, known as CTV. We recog-
nize that RCTV must be less than CTV, therefore we multiply RCTV by a positive
multiplier k to create a new measure proportionate to CTV.

In the case of exponentially distributed risk, we demonstrate numerical find-
ings for contraction parameter a and multiplier k£ using Newton and SpO methods.
We gain that our objective function utilizing the SpO method converges to zero
as the iteration increases, which implies that SpO is very appropriate for RVaR
optimization. Moreover, the RVaR forecasts of the vehicle insurance claim amount
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FiGure 4. Comparison between RVaR forecasts ob-
tained from SpO method (straight-star line) and New-
ton method (straight-plus line) for different cases of .

obtained through optimization lower the magnitude of TVaR. This indicates that
using the suggested RVaR optimization strategy will prevent unnecessary additional
capital allocation while having no effect on the risk management policies imposed
by regulators. However, the SpO method is more appropriate in forecasting RVaR
since the differences between the proportion of violations and the corresponding
significance level are lower than those of the Newton method. Thus, the suggested
optimization method is effective in the risk management of insurance claims and
beneficial for actuaries in insurance companies.

However, the data has a significant number of outliers (16.41%), so our study
suggests that there should be a necessity to consider most of the worst-case obser-
vations that exceed VaR in order to forecast the actual risk of the claim amount.
The number of outliers that appear in the data should be accommodated with
heavy-tailed distributions, such as Pareto, Weibull, and Burr. In the next research,
we will apply RVaR optimization to the vehicle insurance data using the suggested
heavy-tailed distributions.

Acknowledgement. We would like to thank the reviewers for their comments
and suggestions.
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APPENDIX
In the following calculations, for reducing long-expression equation, we write
Al=(1-a)1-In(1-a)) = (1—oq)(1—In(1l —ay)),
Ao=(1— a)(ln2(1 —a)—2In(l—a)+ 2) (- a1)<1n2(1 —ap) - 2In(l —a1) + 2),

11—«

A
3 170[1

(1-In(1—0a))+In(l —ay) + In?(1 —oy) —1.

Example 6.1 (FORECAST OF RVAR OF EXPONENTIAL RISK). Assume that L rep-
resents a risk with an exponential distribution and parameter A. The distribution
function, probability function, VaR, and TVaR of L are as follows,

FL(Z):l_ei)\lv fL(l):Aei)\la
1 1
Q.(L) = Y In(1 — ), TVaR,(L)= X[l —In(1 — a)].
Then, by remembering that a; —a = (1 — )%™, RVaR of L at level a (0 < o < 1)
is given by,
RVaR, (L) = — A= — 14 (16)
@) = NI —a) 1T Nag—a) -

Example 6.2. Consider the previous Example When calculating RCTV, keep
in mind that,

1 [e5] 1 1 1
m/{x (Qu(L))*dp = A= a)ite (/a (Qp(L)) dp — /a1 (Qp(L))de>
S N
A2(1 — a)lte
Therefore,
1 1 1 1
RCTV () (L) = A2(1 — q)lte Az — A2(1 — v)2e+2 Af = A2(ay — a)A2 B A2(aq — a)QA%
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Partial derivatives. The following are the first and second-order partial deriva-
tives of L.

oL A—=2(pk)In(l — oy 2uk k
day )\gl(La)l —(a)2 )Al 2 (Oclu— a)3A:{ * )\Q(al;— oz)2A2
~ Aln(l — o) + (pk) In?(1 — ay)
A2 (a1 — ) ’
oL k k 1
5TL: )\z(al—a)2A%7)\2(a1—a) 2+F’
oL
ok 22 (allu— a)2A% a /\2(af— 0¢)A27
0?L  2)\+8ukln(l — « 6uk 2uk 2uk
da? - A2 Z)q —(a)3 1)A1 + A2 (oqlu— )t AY - /\2(041M7 04)3A2 + )\Q(Ozlu— a)2A3
2AIn(1 — ay) + 2ukIn®(1 — 1) A+ 2ukIn(l — aq)
A2 (a; — a)? A2(a; —a)(1 —aq)’
0°L 0°L 2kIn(1 — o) 2k ) k Eln?(1 — ay)
Opdan - Oa1 O T (a1 — a)? b (g — a)3A1 + A2y — a)? Y (g —a)’
0%L _ 0%L _ ~2pn(1 - al)Al 3 2u A2 4 1 L pIn?(1 — o)
0kOay 0oy 0k A2 (a1 —a)? A2 (a1 —a)3 L7 X2 (a; — )2 A2 (al —a)’
0L  0°L 1 9 1
Okop - Ouodk T2 (o1 — )? A= A2(aq — a)AQ’
0%L _ 8275 _0

o2 Ok?
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