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Abstract. Let G = (V,E) be a graph of order n. A bijection f : V(G) —

{1,2,---,n} is called inclusive distance antimagic labeling if w(u) # w(v) for any
two distinct vertices u,v € V(G), where w(v) = Z f(x). We start our dis-
zEN[v]

cussion with the connection between distance magic labeling and inclusive distance
antimagic labeling. Then, we investigate the existence of an inclusive distance an-
timagic labeling for circulant graphs, disjoint union graphs, and join graphs.
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1. INTRODUCTION

All graphs in this paper are considered to be finite, simple, and undirected.
The concept of magic labeling based on distance was separately introduced by
Vilfred [I] in his doctoral thesis in 1994 and Miller et al. [2] in 2003 with the
following definition.

Definition 1.1. Let G = (V, E) be a graph of order n. A bijection f : V(G) —
{1,2,--- ,n} is called a distance magic labeling if there exists a positive integer k
such that 3 c n(,) (@) =k, for every v € V(G). The constant k is referred to as
the magic constant of the labeling f. The sum ZweN(v) f(x) is called the weight of
verter v under f, and is denoted as w(v). If a graph G admits a distance magic
labeling, then G is called a distance magic graph, or G is distance magic.

Research on distance magic labeling has been extensively conducted for sev-
eral families of graphs. Furthermore, studies on distance-based labeling has ex-
panded into several variants, one example of which is graph labeling considering
that all weights must be distinct, with the vertex weight defined as the sum of labels
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of all its closed neighbors. This notion was termed as inclusive distance antimagic
labeling, introduced by Dafik et al. [3] with the definition as follows:

Definition 1.2. Let G = (V, E) be a graph of order n. A bijection f : V(G) —
{1,2,--- ,n} is called an inclusive distance antimagic labeling if w(u) # w(v) for
any two distinct vertices u,v € V(G), where w(v) = 3, cnpy f(@). The set N[v]
is the closed neighborhod of vertex v, and is defined as N(v)Uwv. If the graph G
admits such a labeling, then G is said to be an inclusive distance antimagic graph,
or G is inclusive distance antimagic.

Observation 1.3. If a graph G is inclusive distance antimagic, then for any two
distinct vertices u and v, we have Nu] # NJv].

Conjecture 1.4. A graph G is inclusive distance antimagic if and only if G does
not have two vertices with the same closed neighborhood.

From the notion of inclusive distance antimagic labeling, they investigate the
existence of such a labeling for various simple graphs.

Theorem 1.5. [3] The Complete graph K, is not inclusive distance antimagic.
Theorem 1.6. [3] The Path graph P, is inclusive distance antimagic, for n # 2.
Theorem 1.7. [3] The Cycle graph C, is inclusive distance antimagic, forn # 2, 3.

The term distance-based labeling was generalized by O’Neal and Slater [4]
5] for distance magic labeling, and by Simanjuntak and Wijaya [6] for distance
antimagic labeling, by defining the notation for the labeling weight as w(v) =
> zeNp () f (@), where Np(v) = {y € V(G)|d(v,y) € D} and D € {0,1,-- -, diam(G)},
with diam(G) denotes the diameter of graph G. If all vertices have the same weight,
we call the labeling a D—distance magic labeling, whereas if all vertices have dis-
tinct weights, we call the labeling a D—distance antimagic labeling.

If D = {1}, a D-distance magic labeling is a distance magic labeling and
D-distance antimagic labeling is distance antimagic labeling. For D = {0,1}, a
D-distance antimagic labeling is an inclusive distance antimagic labeling. Ngurah
[7] proved that for D C {0,1,---diam(G)}, if a graph G has a D—distance magic
labeling, then G also has a (D U {0})—distance antimagic labeling. For the case
D = {1}, then this statement can be rewritten in the theorem as follows:

Theorem 1.8. [7] If G is a distance magic graph, then G is inclusive distance
antimagic.

Extensive research has been conducted on the existence of distance magic
labeling in certain graphs. Miller et al. [2] provided several simple observations
for certain graphs that have distance magic labeling, such as path graphs P; and
P5, cycle graph Cy, complete graph K, and wheel graph W, (Wheel graph Wy
isomorphic with Cy4 + K7). Additionally, Cichacz and Froncek [8] proved that
the circulant graph Cs,12(1,p) is distance magic, followed by the circulant graph



Co(p2—1)(1,p), for p even, is also distance magic. According to Theorem |1.8} these
graphs are also inclusive distance antimagic.
The following corollary represents the contrapositive of Theorem [I.8

Corollary 1.9. If graph G is not inclusive distance antimagic, then G is not dis-
tance magic.

Corollary 1.10. If graph G has pairs of vertices with the same closed neighborhood,
then G is not distance magic.

In this paper, we will present the existence of inclusive distance antimagic
labeling for circulant graphs, disjoint union graphs, and join graphs. This paper
also discusses some examples of graph that have pairs of vertices with the same
closed neighborhood. According to Corollary these graphs are not distance
magic.

2. CIRCULANT GRAPHS

As stated in Theorem complete graph K, is not inclusive distance an-
timagic, mainly because all vertices in K, has the same closed neighborhood set,
which is V(K,,) itself. Since K, is a regular graph, then Dafik et al. [3] proposed
a conjecture regarding the inclusive distance antimagic property in regular graphs.

Conjecture 2.1. Fvery r-reqular graph except complete graph K, is inclusive dis-
tance antimagic.

In this section, several examples of regular graphs will be given that have at
least two vertices with the same closed neighborhood set. According to Observa-
tion these graphs are not inclusive distance antimagic. This also serves as a
counterexample to Conjecture 2.1} Circulant graphs are regular graphs where some
of them have at least one pair of vertices with the same closed neighborhood set.

n
Definition 2.2. Let 1 < a1 < ay < -+ < a < {fJ, where n and a;, i =
1,2,k are positive integers. The Circulant Graph C,(a1,az, -+ ,ax) is a reg-
ular graph of order n with vertex set V.= {vg,v1, - ,vn_1} and edge set E =
{viv(ita,) moan |1 =0,1,--- ;n—land j =1,2,---  k}. Thenumbersay,az,--- ,ax

are called the generators of the circulant graph.

For example, circulant graph Cg(1,3) is a graph with vertex set V = {vg, v1,
v2,v3,vs,05} and edge set E = {vgv1, v102, V203, U304, V45, UsV0, VoU3, V1V4, VaUs },
as shown in Figure
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FIGURE 1. A Circulant Graph Cs(1, 3)

Theorem 2.3. Let 1 < a1 < as < n are positive integers such that a1 + as =
n. Then circulant graph Cap(a1,az,n) has pairs of vertices with the same closed
neighborhood set, which means the graph is not inclusive distance antimagic.

Proof. Suppose graph Cy,(a1,a2,n) with vertex set V. = {vg,v1,v2, " vap_1}.
Consider two vertices vy and v,. Since a; < as < n, the closed neighborhood
of vy is N[vg] = {v0,Vay;Vass Un, V2n—as, V2n—a, }, and the closed neighborhood of
Up 18 N[vn] = {V0,Vn—azs Un—a1sUnsUntass Untas t- HOWever, since a; + az = n,
it follows that v4, = Un—ay;Vas = Vn—aysV2n—as = Un+ta;, a0d Vap_aq, = Unta,-
Therefore, vg and v,, have the same closed neighborhood set. O

Figure [2| below shows the circulant graph Cs(1,3,4), which, according to
Theorem is not inclusive distance antimagic since vy and v4 have the same
closed neighborhood set N{vg] = N[vy] = {vo,v1, v3,v4, 5,07}
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FIGURE 2. A Circulant Graph Cg(1,3,4)

Here we present several corollaries from Theorem [2.3



Corollary 2.4. Let k is an even number, and a1, as, ..., ag,n are natural numbers
with a1 < as < -+ < ap <n. If a; + ag—i+1 = n for every i < g, then circulant

graph Cop(ay,ag, - ,ak,n) is not inclusive distance antimagic.

Corollary 2.5. Let k andn are even number, and a1, as, ..., a are natural numbers

with a1 < ag < -+ < ap <n. If a; + ag_;+1 = n for every i < %, then circulant
n ; ; ; ; : .

graph Cap (a1, ag,- - sk 5,0k gy , Gk, ) 1s not inclusive distance antimagic.

Theorem 2.6. Suppose the set S C V(G) forms a complete subgraph in graph G.
If for every pair of vertices u,v € S it holds that N(u) — S = N(v) — S, then graph
G is not inclusive distance antimagic.

Proof. For two vertices u,v € S, N[u] = SU(N(u)—S) and N[v] = SU(N(v)—S).
Since N(u) — S = N(v) — S, it follows that N[u] = Nv]. O

Let p,q,n > 1 be positive integers such that pg = n. The circulant graph
Cn(p,2p,3p, - - ) with vertex set V"= {vg, va,- -+ ,v,_1} and all of its generators less
than or equal to L%L is isomorphic to pK, that is p copies of the complete graph
K,. For a positive integer k < LgJ, by adding generators k,p—k,p+k,2p—k,2p+
k,---, circulant graph C,(k,p — k,p,p+ k,2p — k,2p,2p + k, - - -) is an example of

the graph that satisfies Theorem with one of its sets S = {vo,vp, - V(g—1)p}-

Corollary 2.7. Let p,q,n > 1 be positive integers such that pg = n. For a positive
integer k < LgJ , circulant graph C,(k,p — k,p,p+ k,2p — k,2p,2p + k,--+) is not
inclusive distance antimagic.

3. DISJOINT UNION OF GRAPHS

In this section, we provide the definition of disjoint union of two or more
graphs, then we explore the properties of inclusive distance antimagic labeling of
the disjoint union of graphs.

Definition 3.1. The disjoint union between two graphs G and H, denoted as GUH ,
is a disconnected graph with its components are G and H. It means that V(GUH) =
V(G)UV(H) and E(GUH) = E(G)UE(H). The disjoint union of more than two
graphs, G1,Ga,--- ,G,, is denoted as U?:l G;. If each graph G; is isomorphic to
graph G, then the disjoint union is denoted as nG.

Theorem 3.2. Let G be an inclusive distance antimagic graph, and H be an
h—regular inclusive distance antimagic graph. If A(G) < h, then GU H 1is also
an inclusive distance antimagic graph.

Proof. Let fg and fy be the inclusive distance antimagic labeling for G and H,
respectively. Let |V(G)| = m, and define the labeling fougy for GU H as follows:

_ [ Jfelw), wveV(G)
foun(v) = {fH(g) +m, veV(H).
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Let wg, wy, and wauy be the weight of vertices based on the labeling fg, fi, and
feum, respectively. Since H is an h—regular graph, then the weight of vertices in
graph GU H are:

_ wg(v), veV(G)
weun (v) = {wH(v) f(h+ Dm, veV(H).

For each vertex v in graph G, it holds that wg(v) < m(A(G) +1). Since AG < h,
therefore for every vertex v in G and y in H

waur (V) = we() <m(A(G)+1) <m(h+1) <wy(y) + mh+1) = weun (v).

Hence, under the labeling faupm, every vertex in graph G U H has distinct weight.
Thus, GU H is an inclusive distance antimagic graph. ]

Theorem 3.3. Let Ry, Ro, -+ , Ry, be reqular inclusive distance antimagic graphs.
Then \J!—, R; is an inclusive distance antimagic graph.

Proof. Let r; be the degree of regular graph R;, for 1 < ¢ < n. Without loss of
generality, assume r; < 7y < --- < r,. We will use mathematical induction to prove
the statement that Ule R; is inclusive distance antimagic for all k. For k = 1, the
statement is true since R; is inclusive distance antimagic. Now assume that the
statement holds true for £k = n — 1, i.e., U?;ll R; is inclusive distance antimagic.
We want to prove that (U::ll R;) U R, is also inclusive distance antimagic. Note
that since 71 < r9 < --- < 7, then A(U?:_ll R;) = r,_1 < rp. By Theorem
(U?:_l1 R;) U R, is also inclusive distance antimagic. O

Since A(P,) = A(C),) = 2, then based on the results by Dafik et al. [3] in
Theorems [I.6] and and using Theorems [3.2] and we can derive the following
corollaries:

Corollary 3.4. Graph P, U C,, is inclusive distance antimagic, for m # 2 and
n # 2,3.

Corollary 3.5. Graph |J;_, Cy, is inclusive distance antimagic, for k; # 2, 3.

4. JOIN OF GRAPHS

In this section, we provide a definition of the join of graphs, followed by
presenting several theorems related to the existence of inclusive distance antimagic
property of join of graphs.

Definition 4.1. The join between two graphs G and H, denoted by G + H, is a
graph with vertex set and edge set as follows:

V(G+ H)=V(G)UV(H)
E(G+ H)=EG)UEH)U{uw|ueV(G),ve V(H).}
Dafik et al. [3] provide an example of join graphs that are not inclusive

distance antimagic, such as P, + H, (P, UmK;) + H, and K,, + H. The following
theorem summarizes those results more generally.
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Theorem 4.2. Let H be any graph, and G be a graph that has pairs of vertices
with the same closed neighborhood set (meaning graph G is not inclusive distance
antimagic). Then G + H is not an inclusive distance antimagic graph.

Proof. If there are two vertices in GG, say u and v, have same closed neighborhood
set in G, then u and v also have same closed neighborhood set in G + H. This is
because in G + H, every vertex in graph G is connected to every vertex in graph
H, including u and v. O

Corollary 4.3. If any of the graphs G1,Gs, -Gy has pairs of vertices with the
same closed neighborhood set, then G1 + Go + - - - + G, is not an inclusive distance
antimagic graph.

Theorem 4.4. Let graph G of order n be an inclusive distance antimagic graph.
Then the graph G + K; is an inclusive distance antimagic graph if and only if
A(G)#n—1.

Proof. If A(G) = n — 1, then in graph G + K there exist at least two vertices of
degree n. Since graph G+ K; has order n + 1, then these vertices of degree n will
have same close neighborhood set. For A(G) < n —1, let V(G) = {v1,vs,---vp}
and f:V(G) — {1,2,---n} be the inclusive distance antimagic labeling of G. Let
w(v;) denote the weight of vertex v; under the labeling f. Now, let u be the vertex
of K;. Define a bijection f’ for G+ K; such that f'(v;) = f(v;) for every 1 <i <n
and f’(u) = n+1. Then, the weights based on bijection f’ are w’(v;) = w(v;)+n+1,
for1<i<n,and w'(u)=1+2+---+(n+1) = w Since there are no
vertices in graph G of degree n — 1, then in G 4+ K7 only vertex u has degree n.
Consequently, max; w'(v;) < w’(u), ensuring that each vertex in graph G + K; has
distinct weight under the bijection f. d

Aside from paths and cycles, Dafik et al. [3] also provide examples of graphs
that are inclusive distance antimagic, such as star S, star D.S,,, broom Bry, ,,,, and
wheel W,,. Among all those graphs, only the wheel graph W,, that satisfies A =
|V| — 1, while the others do not. Hence based on Theorem S, +K,DS, + K,
and Br, ,, + K; are an inclusive distance antimagic graphs, whereas W,, + K; is
not.

Theorem 4.5. Let graph H of order m be an inclusive distance antimagic graph.
For 2 <m <mn, graph H 4+ K,, is also an inclusive distance antimagic graph.

Proof. Let fy be the inclusive distance antimagic labeling for H, with wy be the
weight of vertices under fp. Define a bijection f};, %~ such that fH+7n(U) = fu(v),
for every v € V(H), and each vertex in K,, can be labeled arbitrarily within the
range {m + 1,m +2,--- ,m + n}. Then, the weight of vertices in graph H + K,,
are:

Wy () = {wH(v)+(mn+1+2+~~~+n), veV(H)
H+Kn foies()+ (1 +2+--+m), veV(Ky).



Obviously, fy .,z (v) < m+n < mn, for every v € V(K,), and wg(v) > 0, for
every v € V(H). Since m <mn, then 1+2+---4+n>142+---+m. Thus, for
every u € V(H),v € V(K,), it holds that w77 (u) > wy, -(v). Moreover, it
can be observed that for every vertex in H, and every vertex in K, has distinct
weights. Therefore, H + K, is inclusive distance antimagic. (]

There are several examples of graph H + K,, such as the fan graph F, ,
which is the join graph P, + K,,, and the cone graph Cp,n which is the join graph
Cyn + K,,. According to Theorem the fan graph Fj, ,, for 2 < m < n, and the
cone graph Cy, , for 3 < m < n, are inclusive distance antimagic.
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