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Abstract. Some energies of the prime ideal graph are found for a commutative
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1. INTRODUCTION

In the study of mathematical chemistry, the discussion focuses on chemical
graph theory [1I]. The graph energy is described as pi-electron energy by considering
the molecule as a graph [2]. The graph energy applications can be found in several
research including the study of protein sequences [3], pattern and facial recognition
[M], and object identification [5].

Initially in the graph, the energy is constructed from its adjacency matrix.
Nowadays, the discussion of graph matrices is extended to degree or distance-based
and Seidel-based matrices. This research focuses on the Seidel-based matrices,
including Seidel [6], Seidel Laplacian [7], and Seidel signless Laplacian matrices [§].

Furthermore, graphs defined on group and ring are interesting topics in the
last few decades, for instance, the prime ideal graph [9]. The topology properties
of this graph have been done by Syarifudin, et al. [T0] with the following definition.

Definition 1.1. [9] The prime ideal graph is represented by Q(R,I), where R is
any commutative ring as the vertex set excluding {0}, I is its prime ideal which
two distinct vertices w and v are linking with an edge whenever uv € 1.

Through the years, discussion on the Seidel energy of a graph has developed.
In 2021, Sarmin, et al. [II] presented the Seidel energy of the Cayley graph,
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and Romdhini, et al. [12] investigated the Seidel-based energies of the commuting
graph. Both research are constructed from the dihedral groups. Moreover, the
Seidel matrix is also applied to the commuting graph for Us,, group [13].

The above background motivated us to extend the study to Q(R,I) where
R is associated with the Seidel-based matrices. In Section [2| we write several
results from the previous literature. Then the formulation of energies is presented
in Section

2. PRELIMINARIES

In this part, we shall discuss the fundamental properties of Q(R,I). First,
we show the result from the previous literature from [10].

Let the cardinality of R is 7, with R\{0} = {p1,p2, ..., Dp: 1,725 - s Typ—p—1}
and I = {p1,p2,...,pu}. Let d,, be the degree of vertex v, in Q(R, I) which is the
number of vertices adjacent to v,. The distance between v, and v, in Q(R,I) is
the number of edges in the shortest path from v, to v, and is denoted by dp,.

Theorem 2.1. (Lemma 2.1 in [I0]) The vertex degree of v, in Q(R,I) is

g =2 for every v, € I\{0}
v w—1, for every v, € R\I.

Afterward, the distance between two vertices was explored in [10].

Theorem 2.2. (Lemma 2.2 in [10]) The distance between v, and vy in Q(R,I) is
given by
i - { 1, for every v, € I\{0}and v, € R
PE 2, for every vy, v, € R\I.

For the construction of the Seidel matrix of Q(R,I), we need the following

definition.

Definition 2.3. [6] An n x n Seidel matriz of Q(R,I) is S(Q(R,I)) = [spq] in
which (p, q)-th entry is

-1, if vy # vq are adjacent
Spg =4 1, if vp # vq are not adjacent
0, otherwise.

Let S(Q2(R,I)) be the degree matrix of Q(R,I) as Diag(dy,,dvs,---,dy,)-
Now the Seidel-based definitions of Q(R, I) are given below.

Definition 2.4. [7] An n x n Seidel Laplacian matriz of Q(R,I) is
SL(QR,I)) = D(QUR,I)) — S(QR,I)).

Definition 2.5. [8] An n x n Seidel signless Laplacian matriz of Q(R,I) is
SSL(Q(R, 1)) = D(Q(R, 1)) + S(QAR, I)).
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Suppose A1, Aa, ..., A, are n numbers that stated as eigenvalues of S(Q(R, 1)),
hence the spectrum of S(Q(R,I)) is

Specs(QUR, 1)) = {A’fl,A’;Z, N .,/\’fnm},

where k1, ko, . . ., kp, are the respective multiplicities, and m < n. The Seidel energy
of Q(R,I) [2] is written by

Es(QR, 1)) :Zkip‘i‘v (1)
i=1

and the Seidel-spectral radius of Q(R, I) [14] is
ps(QUR,I)) = max{|A| : A € Specs(UR, I))}.
The above definitions also apply to SL(Q(R,I)) as well as SSL(UR,I)).
Suppose I,, is the identity matrix of order n and J, is n X n square matrix with all

entries are 1. Furthermore, for calculating the eigenvalues of Q(R, I), we need the
following formulation of the determinant.

Lemma 2.6. (Lemma 2.2 in [15]) For real numbers «, 8,7, 98, the determinant of
()‘ + a)lnl - aJnl _’VJTU Xng
_6‘]712 Xmnq ()\ + B)Ing - /3‘]712

can be declared in simple formula as

A+ )" T A+ B)"2 (A = (1 = 1)a)(A = (n2 — 1)B) — mnand) .

3. MAIN RESULTS
This section presents the Q(R, I') energy corresponding with Seidel-based ma-
trices. Firstly, we need to show the simplification of the following determinants.

Theorem 3.1. For real numbers «, 3,7, the determinant of

| = |A B = B B ux (r—p—1)
_/BJ(nfpfl)xu (/\_7+ﬁ)ln—;t—1 +6Jn—,u—1

can be declared in simple form as
A=atB) A== 2 (A —a=Bu—=1))A =7+ (n—pn—2)8) = Buln —p—1)).
Proof. We apply some row and column operations. Let R; be the i-th row and

we denote C; as the i-column of |M|. The first step, substitute R;4,; with R'Hi =

Ri1;—R; where 1 < ¢ < pp—1 and substitute R, 14; with R;H-l—s-i =Ryt14i— Ryt
in which 1 <4 <n—p— 2, thus

A—a —BJ1x(u-2) -8B —BJ1x(n—p—2)
|M| — _(A_a+/3)‘](,uf2)><1 ()\_a"’_ﬁ)lu—Q O(,u72)><1 077—;1—2
- _BJIX(M72) A—46 BJIX(nfp,fZ)

O(n—n-2)x1 0p—2 (A=d— ﬁ)J(n—/L—Q)Xl A=0—=B)y-p—2
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Furthermore, we replace Cy with C’i =C,+C2+...+C,_1 and replace C,,
with C; =C,+Cus1 + ...+ Cy_o, then we have

)‘_a_ﬂ(:u’_ 1) _ﬂjlx(y,72) —,8(77—#_ 1) _/6J1><(777p‘72)
|M| — 0(;172)><1 (/\ — o+ B)IM—Q O(u72)><1 On—u—Q
—Bu —BJix(u—2) A=d+m—p—2)p BI1x(n—n—2)
O(n—u—Z)xl O,u—2 O(W—H—Q)Xl (>\ —0— ﬂ)In—u—Q

We replace R, with R;I =R, + /\_§+5R2 + /\_§+ﬁR3 + ...+ ﬁRH_l
and following by replacing C; with C] = C + mq“ then we have

u —BJ1x(u-2) =B —p—1) —BJix(n—n—2)
| = | Q= A= at Bl O(u—2)x1 Op—pu—2
0 01><(u—2) A—=d+ (77_/1_2)5 ﬂjlx(n—p—Z)
O(—p—2)x1 Op—2 O(n—p—2)x1 (A—=d— B)In*ufz )
2

withu=A—a—-08(p—1)+ /\_(H_('giﬁu_m(—ﬂ(n —u—1)). Equationis an upper
diagonal matrix, hence

M| =A—a+B)F " A=B=080)""(A—a=Br—1)A=0+(n—p—2)8) — Buln—pn—1)).
0

3.1. Seidel Energy. This part demonstrates the Seidel energy of Q(R, I).

Theorem 3.2. The characteristic formula of S(Q(R,I)) is

PsaryN) = A =D T A+ )72 (X + u—n+ DA+ 2u(p—n+1)+n7-2).
Proof. Let R\{0} = {p1,p2,--,Pus71,72, - sy—p—1} and I = {p1,pa,...,pp}.

We have 1 — 1 vertices for Q(R,I). By Definition and Theorem we obtain
the Seidel matrix of Q(R,I) as (n — 1) x (n — 1) matrix as follows:

P1 P2 coo Pu 1 T9 oo Thp—p—1
P 0 -1 ... -1 -1 -1 ... -1
po [-1 0 ... -1 -1 -1 ... -1
-1 -1 ... 0 -1 -1 ... -1
S(QUR,I) = Pu 3
(8 ) 71 -1 -1 ... -1 0 1 ... 1 ®)
i) -1 -1 ... -1 1 0o ... 1

Ppopr \=1 =1 ... =1 1 1 ... 0
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We can choose the partition such that
I—-1J) —J i (n—p—
s =( U= nx(nun)_
(6 ) < —Jtn—p-1)xp (J = Dy—p—1

The formulation of characteristic polynomial of S(Q(R, I)) is presented below:
(A= 1)IM +Ju Jux(n—p—1)

J(n*ufl)Xu (A+ 1)In—u—1 —Jy—p—1
By Lemma 2.6l witha =v=6 = -1, =1, ny = u, no =n — p— 1, then we get
Ps(ar,n)(A) = A= DT+ 17772 (W + 2u —n+ DA+ 2u(p —n+ 1) +1-2).

U

Psr,n)(A) = ‘

As a consequence of the above fact, we present our results as follows:
Theorem 3.3. The spectral radius of Q(R,I) associated with the Seidel matriz is

ps(QUR,I)) = 77_2M_1+\/4N(772—1—M)+(77—3)2).

Proof. Based on Theorem the roots of Pg(r,))(A) = 0 are eigenvalues of
S(Q(R,I)) or in other words,

A=DF A4+ D)2 (N 4+ Cu—n+ DA+ 2u(p—n+1)+n—2)=0. (4)
Equation [4] holds if and only if
A=Dr 1 =0, A+1)"+2 =0, (5)

and
Mt p—n+DA+2u(p—n+1)+1n-2=0. (6)
Therefore, we obtain A1 = 1 with multiplicity 4 — 1 and Ay = —1 with multiplicity

n — u — 2 conforming Equation The quadratic formula in Equation [6] gives 2
n—2p—1+/4p(n—1-p)+(n-3)2

eigenvalues A3 4 = 5 . According to this fact, we get the
spectrum of Q(R, I), Specs(QUR, I)) as follows:

n—=2p—14+4/4p(n=1-p)+(n-3)> 1 1 n—=2p—1—+/4p(n—1-—p)+(n-3)2
2 2
1 pw—1 n—p—2 1

This leads to the Seidel spectral radius of Q(R,I) as

ps(QR,I)) = 77_2M_1+\/4N(7;—1—M)_~-(77_3)27

and we complete the proof. (I

Using the fact from Theorem we now compute the Seidel energy of
QR I).

Theorem 3.4. The Seidel energy of Q(R,I) is
Es(QR,T)) =n—3+/4u(n —1 - p) + (n - 3)%
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Proof. According to the spectrum of Q(R, ) in the proofing part of Theorem
the Seidel energy of Q(R,I) can be obtained as

Es(Q(R, D)) =(u— D1+ (n—p—2)| — 1| + n—2u—1%\/Apn—1—p) +(n - 3)

2

=n—3+Aun—1—p) + (n—3)2.
0

3.2. Seidel Laplacian Energy. This subsection derives the Seidel Laplacian en-
ergy of Q(R,I).

Theorem 3.5. The characteristic polynomial of SL(QU(R,I)) is
PsramyN) = A=p+ 2T A=+ 172 (XN = Bu —2)A+ uBu—n—1)).

Proof. The construction of the Seidel Laplacian matrix of Q(R, I) is dependent on
the degree matrix of Q(R, I), D(Q(R,I)). By Theorem [2.1] we provide D(Q(R,I))
as (n—1) x (n — 1) matrix:

D1 D2 .. pu, 1 T9 e 7",,7,#,1

P1 w—1 0 0 0 0 0

P2 0 u—1 ... 0 0 0 ... 0

D(Q(R,I)) = Pn 0 0 p—1 0 0 0
T 0 O ... 0 n-2 0 .. 0

ra 0 0 ... 0 0 n-2 ... 0

To—p—1 \ 0O 0 ... 0 0 0 ... n—2

(7)

By Definition [2.4] Equations [3] and [7] we provide the Seidel Laplacian matrix of
Q(R,I) as given below:

D1 D2 o py, T1 T2 . TU7M71
D1 w—1 1 1 1 1 1
D2 1 w—1 ... 1 1 1 1
1 -1 1 1 1
SL(Q(R, 1)) = %f . . " h_2 1 o
T 1 1 1 -1 n-2 ... -1
Tp—p—1 1 1 1 -1 -1 n—2
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From Equation |8 we obtain:
—-2)I, + J, J s (n—p—
SL(UR,T)) = (w 2 2 X (n—p—1) )

(6 ) < J—n-1)xn (n—=DIy—p—1 = Jy—p—1
Therefore, we get
A=p+2)1,—Jy, ~Jux(n-p-1)
(n—p—1)xp A=n+DLh—p1+ Jy—p—
By Lemma 3.1 with « = 4 — 1, 8 =1, and v = — 2, then we obtain
Pspamn)N) = A= p+ 2T =n+ 1) (X = Bu = 2)A + pu(Bp —n — 1)) .

0

Psror,)(A) = ’

Theorem 3.6. The spectral radius of Q(R,I) associated with the Seidel Laplacian
matriz s

psL(QR,I)) = B —2+ /(3 — 3;2 —4uBu—n—1)

Proof. We already observed Pgr,q(r,r))(A) in Theorem|3.5 By a similar argument,
the roots of Psrq(r,1))(A) = 0 provides the eigenvalues of Q(R, ). Now we have

A=p+2" T A=+ D)7 2 (XN = Bu—2)A+puBu—n—1)=0. (9
With a similar idea of Equation [4] then Equation [9] holds whenever
A=—p+2* =0, A=n+1)""2=0, (10)
and
(A= (Bu—2)A+pBu—n—1)) =0. (11)

Equation derives A\; = pu — 2 with multiplicity © — 1 and A = nn — 1 of
multiplicity n — ¢ — 2. The quadratic formula of of Equation result Az 4 =

3u—2++/(Bu—38)>—4p(Bu—n—1)
2

. That means the spectrum of Q(R, I) as given by

3u—2++/(3u—3)2—4p(Bu—n—1) 3u—2—1+/(3u—3)2—4p(3u—n—1)
2 2

w—2 n—1
1 p—1 n—p—2 1

The Seidel Laplacian spectral radius of Q(R, I) is
3p—2++/Bp—3)22—4pBp—n—1
pen QR 1)) = V(B ; nBp—n—1)

and this states that the proof of the theorem is equipped. O

As a result of the above fact, we derive here is a straightforward result that
counts the SL-energy of Q(R, I).

Theorem 3.7. The SL-energy of Q(R,I) is
Esr,(UR, 1)) = (n—2)(n—1) + p(p—n+1).
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Proof. In accordance with the spectrum of Q(R, I) in the proofing part of Theorem
the Seidel Laplacian energy of Q(R, I) can be obtained as

Esp(QR, 1)) =(p—1|p =2+ 0 —p—=2)n—p—1+

3u—2++/(3p—3)> —4pBu —n —1)
2

=m—-2)n—1)+pp—n+1).

O

3.3. Seidel Signless Laplacian Energy. This section focuses on the Seidel sign-
less Laplacian matrix of (R, I).

Theorem 3.8. The characteristic formula of SSL(Q(R,I)) is
Psspray ) = A= A =n+3)7 2 (N + (n—2n+ A — p(n —p—1)) .

Proof. By reasoning similar to the proof of Theorem [3.5] by Definition 2.5 Equa-
tions [3| and m we construct the Seidel signless Laplacian matrix of Q(R,I) as
(n—1) x (n — 1) matrix as follows:

P1 P2 N Pu 1 T2 e Th—p—1
o ou—1 -1 ... -1 -1 -1 .. -1
s 1 pu-1 ... -1 -1 -1 .. -
1 -1 ..op-1 -1 -1 ...
SSLIUR, 1)) = 2’; 1 1 “ n—2 1 1
ro 1 -1 ... -1 1 g-2 .. 1
Poepr \ =1 =1 .. -1 1 1 ... -2

It follows that
| uL—J, ~Jux(m-p-1) )
SSL(Q(R, T)) = wxn—n .
( ( )> ( 7J(7]—,U,—1)><M (77 - 3)171—#—1 + Jn—u—l
This implies
A=y + I Jux(n—p—1)
J—p—1)xu A=n+3)y—p—1— Jyp—p—1
By Lemma 3.1 with « = 4 — 1, 8 = —1, and v = n — 2, then we get
Psspiar)(A) = A=) TN =0 +3)7 2 (A2 4 (u =20+ A — p(n — p— 1))
[l

Theorem 3.9. The spectral radius of Q(R, I) associated with the Seidel Laplacian
matriz s

Pssrar,)(A) = ‘
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Proof. According to Theorem [3.8] the roots of Pggr(a(r,1))(A) = 0 are eigenvalues
of SL(2(R, 1)), or in other words

A= T A= +3)7 2 (N + (p—2n+ DA —p(n —p—1)) =0.
We consider the above equation and it holds if and only if
(A= @)L, (A= +3)7772 =, (12)
and
N+ p—2n+HDA—pn—p—1)) =0. (13)

Therefore, from Equation[I2]we obtain A; = p with multiplicity p—1, and Ay = n—3
of multiplicity n — p — 2. The solution of quadratic formula in Equation [I3] are
A3y = 2n—p—4£+/(—2n+4)>+du(n—p—1)

2
of Q(R,I), Specs(Q(R, 1)) as follows:

. According to this fact, we get the spectrum

2n—p—4++/(u—2n+4)2+4p(n—p—1) 2n—p—4—/(n—2n+4)2+4pu(n—p—1)
2

Iz n—3 3
1 w—1 n—p—2 1

This leads to the Seidel Laplacian spectral radius of Q(R, I) as

pssL(T(R, P)) = 2’7_“—4+\/(u—27;+4)2+4u(77_u_1).

O

The next theorem presents the energy of Q(R,I) with respect to the Seidel
signless Laplacian matrix.

Theorem 3.10. The SSL-energy of Q(R, 1) is

Essp(QR, 1)) = (n—3)(n—2)+p(p—n+2)+/(n—2n+4)2 +4u(n — p—1).

Proof. By using the spectrum of I'(R, P), the Seidel signless Laplacian energy of
Q(R,I) can be calculated as

Essp(QR, 1) =(p— V|p=2[+(n—p—=2)n—p—1+

3u—24 /(=244 +4uln—p—1)
2

= —=3)n—2)+pp—n+2)++/(n—2n+4)2+4p(n — p—1).
0
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4. CONCLUDING REMARKS

In this research, we derive the spectrum, spectral radius, and energy of the

prime ideal graph. It is associated with the commutative ring and corresponds to
the Seidel-based matrices.
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