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Abstract. Order convergence is a crucial concept in the theory of Riesz spaces. A
generalization of order convergence, known as unbounded order convergence (or uo
convergence), has been introduced. In this paper, we present a further generaliza-
tion of uo convergence by using an arbitrary nonempty subset of the positive cone
of the space. We then investigate the properties of this generalization, including
uniqueness of limits, algebraic properties, and the relationships among these types
of convergence. In particular, we show that the generalizations of uo convergence
generated by two subsets are equivalent if and only if the bands generated by those
subsets are equal.
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1. INTRODUCTION

Functional analysis is one branch of mathematics that focuses on the study
of vector spaces equipped with specific structures. One of the theories within it is
the theory of Riesz spaces, first investigated independently by Frigyes Riesz, Leinid
Kantorovich, and Hans Freudenthal around 1935. Riesz spaces consist of vector
spaces equipped with a partially ordered relation (usually denoted by “<”) that
forms a lattice and is compatible with the structure of the vector space. Further-
more, there is a structure derived from Riesz spaces known as Banach lattices.
This structure comprises Riesz spaces equipped with a norm and satisfying certain
axioms.

One of the important concepts in the theory of Riesz spaces is the order con-
vergence. This concept is significant because its definition involves only the order
relation inherent in the Riesz space and does not depend on a specific topology.

*Corresponding author: fahreezansheraz@mail.ugm.ac.id
2020 Mathematics Subject Classification: 46A40, 06F20.
Received: 27-12-2023, accepted: 15-11-2025.



Recall that a net in a Riesz space X is a function from a directed set to X. A net
(Za)aea in the Riesz space X is said to converge in order to z € X, denoted by
To — x, if there exists a net (28)pen in X with zg | 0, and for each § € II, there
exists ap € A such that |z, — x| < zg for every a € A with @ > . Throughout
this paper, unless ambiguity arises, we write (z,,) in place of (24 )aca. The concept
of order convergence has many applications not only in functional analysis but also
in other fields such as financial mathematics.

Some researchers then attempted to generalize the concept of order conver-
gence. In 1948, Hidegoro Nakano [I] introduced a concept of convergence that he
called individual convergence. Subsequently, in 1964, Ralph DeMarr [2] defined the
unbounded order convergence, abbreviated as uo convergence, which is essentially
equivalent to individual convergence. The term uo convergence later became more
popular and widely used to this day. A net (x,) in X is said to converge uo to
z € X, denoted as o, ~> z, if |24 — x| Au = 0 for every u € XT. Over time, many
researchers have examined the properties and applications of uo convergence, in-
cluding Kaplan [3] investigating the relationship between uo convergence and weak
units, Gao and Xanthos [4] discussing applications of uo convergence in martingales
without probability, and Niushan Gao [5] studying uo convergence in dual spaces.

In this paper, we introduce a novel form of convergence that generalizes the
concept of unbounded order convergence. This new convergence reduces the con-
dition from “for all u € X7 to “for all u € A”, where A C X7 is specified,
and is referred to as A-unbounded order convergence, abbreviated as A-uo con-
vergence. We will investigate some properties of this new concept, including the
limit uniqueness and its relation to other convergences. Before that, we establish
a new criterion for A C X, denoted order density on positive cones, inspired by
the notion of order dense Riesz subspaces. It will become apparent later in the
paper that this criterion is intricately linked to the uniqueness of the limit of A-uo
convergent nets.

2. ORDER DENSE SETS ON POSITIVE CONES

Throughout this paper, X denotes a Riesz space. The set of all positive
elements of X is denoted by X . Analogously, for all A C X, AT is the set of all
positive elements of A. Moreover, we use the symbols 74 and {A) to represent the
ideal and band generated by A, respectively. Definitions and fundamental concepts
of Riesz spaces are referenced from [6].

We start this section by recalling the definition of order dense Riesz subspaces
given by Aliprantis and Burkinshaw [7]. A Riesz subspace Y of X is said to be
order dense in X if for any u € X, there exist y € Y such that 0 < y < x and
y # 0. For the rest of the paper, we write “a < b” to denote a < b with a # b.
Inspired by this definition, we propose the definition of order density on a positive
cone as follows.
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Definition 2.1. A set A C X7 is said to be order dense in Xt if for anyu € X+,
there exist y € I4 such that 0 <y < wu.

Clearly, this definition is related to the concept of order dense Riesz subspace
as A is order dense in X7 if and only if I4 is an order dense ideal. It is also
important to notice that A is order dense in X T if and only if IZ is also order
dense in X .

We now present two lemmas of order dense sets on the positive cone that will
be usefull in the next discussion.

Lemma 2.2. Let X be an Archimedean Riesz space and A C X+. Then, A is
order dense in X if and only if (A) = X.

Proof. Consider that

A is order dense set in X T

<= 14 is order dense ideal in X

= Ve X, |z|=sup{yels:0<y<|z|} (by Theorem 1.34. in [7])

Ve X,xe (ly) (by Theorem 7.8 in [6])

= X C(I4) =(A)

— X = (A) (since (A) C X always holds)
Hence, it is true that A is order dense set in X if and only if (4) = X. O

Lemma 2.3. Let I and J be order dense ideals in X. Then, IT N JT is an order
dense set in XT.

Proof. Let x € X with > 0 be arbitrary. Since [ is order dense in X, then
0 <u < z for some u € IT. Next, since J is also order dense in X, we can find
v € J* such that 0 < v < u. The fact that I is an ideal gives v € I, so that
ve (INJ)t =ITNJ", and we also have 0 < v < u < . Therefore, it can be
concluded that It N J¥ is an order dense set in X . O

We end this section by giving some examples.

Example 2.4.

(1) In the Riesz space R? equipped with pointwise ordering, the set {(1,1)} is order
dense in (R?)T since the ideal generated by it is the whole R?. On the other
hand, the set {(1,0)} is not order dense in (R*)™ since there is no x € I ,0)y =
{(r,0) : r € R} satisfying (0,0) <z < (0,1).
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(2) Let RN be the Riesz space of all sequences in R with pointwise ordering. Denote
by E := {e, : n € N} the standard basis of RY. We are going to prove that E
is an order dense set in (RN)*. To do this, take any v € (RY)* which means
x has (at least) one positive term, say its k-th term with k € N. It is clear that
x(k)er € Ig and furthermore, 0 < x(k)ey < x. It follows that E is order dense
in (RN)*.

3. BASIC PROPERTIES OF A-UO CONVERGENCE AND LIMIT
UNIQUENESS

After performing the idea in defining order dense sets on the positive cone,
we continue our discussion to the new concept of convergence we mentioned before.
We propose the definition as follows.

Definition 3.1. Given a nonempty set AC XT. A net (o) in X is said to be A-

unbounded order convergent to x € X, denoted by x, Ao, x, if |xo—x|Au 20 for
all uw € A. Subsequently, the net (z4,) is said to be A-unbounded order convergence

if there exists x € X such that x, Ao, o In this case, x is called the A-uo limit

of (%a)-

As mentioned before, we write “A-uo” as an abbreviation of “A-unbounded

order”. If z, 2% x, we call the element z as A-uo limit of (z,). For A = X, the
convergence provided in Definition [3.1]is equivalent to the definition of unbounded
order presented in Section |1} So, we will use the term “uo” instead of “XT-uo”.

Before exploring some properties, it is important to notice the following equiv-
alence:

To 2 g = 2o —x|Au 230 forallue A
— ||za —2| —0Au>0 foralluc A
= |za — 2| 2% 0. (1)

Thus, when studying some properties of A-uo convergence, it is sufficient to study
the A-uo convergence of positive nets to zero.

We now discuss the first property. The set A in the definition of A-uo con-
vergence can be “extended” to I:{ in the following sense.

Theorem 3.2. Given © € X and a nonempty set A C XT. For any net (z,) in

A- i . It -uo
X, we have xo —=5 x if and only if To —— .

Proof. Since A C IZ, the backward implication is trivial. To prove the forward
one, we may assume that (z,) is in Xt and x = 0 according to equivalence (1)).



Now, take any v € I:{. Then, there are n € N, u1,us,...,u, € A, and nonnegative
numbers 71,73, ...,7, € R such that

n
v < Zrkuk.
k=1
From the assumption that x, Ao, 0, we have x4 Auy, = 0 for all k € {1,2,...,n},
SO
n n
Ta AV < 2o A Zrkuk < Zza A (rrug)
k=1 k=1
n n
< (e + Dwa) A (e + Duk) = D (1 + 1) (a Aug) 0.
k=1 k=1
IX-uo .
Hence, z, —— 0 as desired. O

Theorem [3.2) provides convenience in proving the A-uo convergence of nets. If
I is an ideal, instead of showing that |z, — | Au 2 0 for all u € I't, it is sufficient
to show the convergence for all u in a set that generates I.

Example 3.3.

(1) Let coo be the Riesz space of all sequences in R containing a finite number of
nonzero terms equipped with pointwise ordering. Let E be the standard basis as
in Example (2) As a subset of coo, it is easy to see that the ideal generated
by E is cop itself.

Now, consider the sequence (ney) in coo. For any n,m € N with n > m, we
have (ney) A ey, = 0, where 0 is the zero sequence. This means the sequence

(nep Aem)nen converge to 0 in order for allm € N. Thus, it gives ne,, Lo, 0
and it implies ne, — 0 by Theorem .

(2) In the Riesz space R? with pointwise ordering, consider the sequence ((0,n)) and
ideal I = {(r,0) : r € R}. It’s easy to see that |(0,n)—(0, s)|A(1,0) = (0,0) for

It-uo

all s € R. Hence, since I is generated by {(0,1)}, we have (0,n) —— (0, s)
for any s € R.

Example [3.3|(2) shows that the A-uo limit of a net is not unique in general.
We provide a sufficient condition for the uniqueness in the theorem below together
with some algebraic properties of A-uo limit.

Theorem 3.4. Let A C X be a nonempty set, (z4) and (yo) be two nets in X,
A-uo A-uo
and z,y € X. If t, —— = and yo, —— vy, then

(1) if A is order dense in XT and x4 Ao, for some z € X, then z = x;



(2) 1o + SYa Aoy g + sy for allr,s € R;

(3) |zal Ao, |z], 2o V Yo Ao, TV Y, Ta A Yo Ao, T Ao, x¥, and
LL'; A-uo T

(4) if A is order dense in Xt and xo < yo for all index o, then x < y.

Proof. According to Theorem it can be assumed that A = I'" for some ideal I
in X.
(1) Suppose |z — z| > 0. Since A is order dense in X, there exists v € A
satisfying 0 < v < |z — z|. Next, since x, AN0 2 and za 2% z, we have
v=lr—z|Av < (Jxg — x|+ |20 — 2|) AV
<|za —x|Av+ |20 — 2| Av 20,
which implies v = 0, a contradiction. As conclusion, | — z| = 0 or equiva-
lently, z = x.
(2) Pick any u € A. Since z, AW, 4 and Ya Ao, y, we have
0 < |rzg + sya — (rx + sy)| Au
< (Irlfza =z + |sllya — yl) Au
(Irllea — ) Au+ (Is|lya —yl) Au
(] + 1)z = 2l) A (] + D+ ((Is] + Dl — 1) A (s] + D
(1 + 1) (7 = 2l A ) + (5] + 1)l — vl A ) 2 0.

IAIA

Therefore, rz, + sy KL sy, as desired.
(3) Let u € A be arbitrary. Notice that ||z| — |2|| < |zo — 2| We have

0 <||zal = 7| Au < |2q — 2] Au 20,

so that ||za| — |z|| Au 2 0. Hence, |z, Ao, |z]. Furthermore, combining
with part (2), we obtain

1 A- 1
xavyazi(xa+ya+|xa7ya|)—%§($+y+|l’*y|):$€\/y,
1 A-uo 1
faAya:§($a+ya—|$a—ya|)—>§($+y—|x—y|):x/\y,
1 A- 1
7g = 5 (@a tlwal) == (@t [af) = 27, and
xgzxg—xaﬂ)x+—x=x_.

(4) Notice that x4 A yq Ao A y. On the other hand, x4 A Yo = T4 Ao,

Using Theorem 1)7 we have x =x Ay < y.
O

The first result in Theorem states that the order density of A in XT
guarantees the uniqueness of the A-uo limit of A-uo convergence net. We now



show that this fact can be strengthened. Specifically, if A and B are order dense
set in X, the A-uo and B-uo limit of any net (if exists) must be same. The
converse is also true.

Theorem 3.5. Let A, B C X be two nonempty sets. These two statements are
equivalent.

(1) Both A and B are order dense in XT.

(2) For every net (x4) in X with x, Ao o and To Bruo, y for some x,y € X,
we have T =y.

In particular, if A = B, the order density of A in X is necessary and sufficient
to ensure the A-uo limit uniqueness.

Proof. First, we may assume that A = I and B = JT for some ideals I and .J.

Now, it’s known that A and B are order dense in XT. Since z, Ao, x, then

ANB- ANB-
Ty —— . On the other hand, since z, Lruo, y, we also have T, —— .

Notice that A N B is order dense in X according to Lemma [2.3] E Using Theorem

3.4(1), we can conclude that x = y.

For the reverse direction, it’s known that for every net (z,) in X, if z, Awo,

and z,, Bruo, y, then = y. Suppose A isn’t order dense in X . It means that

there is z € X+ with z > 0 and for any u € A satisfying v < z, we must have
u = 0. Now, pick a € A arbitrarily. Since A = I™ with [ is an ideal, then aAz € A
and a A z < z, so that |0 — 2| A.a = 0 must hold. It implies, 0 2% 2. However,
it’s also true that 0 2% 0. Hence, we must have z = 0, which is a contradiction.

Therefore, A must be order dense in X+, and it can be shown analogously that so
is B. (|

4. EXTENSION OF A TO (A)"

In Theorem it has been shown that the set A in the definition of A-uo
convergence can be expanded to IX. Now, it’s natural to ask whether we can extend
A to the larger set, such as (A>+. This theorem below states that such expansion
is possible in the Archimedean Riesz spaces.

Theorem 4.1. Let X be an Archimedean Riesz space, A C X+ be a nonempty

set, and x € X. For every net (z,) in X, we have x, Ao, o if and only if

(AT -uo
Lo

Proof. We first assume that A = I'™ for some ideal I in X. Also, we may assume
that (z4) is in X T and 2 = 0 based on equivalence |1l The backward implication
of this theorem is trivial since A C (A)". So, it remains to show the forward one.



For the proof, we will use the notion of Dedekind completion of X, denoted
by X°. Readers who are not familiar with this concept may refer to [§] for details.
We also use the fact provided in [9], which states z, — = in X is equivalent to
To = x in X° for any net (z,) in X and 2 € X. The assumption of Archimedean
space for X is needed since only Archimedean spaces have Dedekind completion.

Now, take any u € (A)". Consider (x4 A u) as a net on X°. Since it is
bounded above by u and bounded below by 0, we have

limsupz, Au=infsupzg Au
« @ B>«
exists in X?. Next, we are going to show that limsup,, x, A u = 0.

Suppose on the contrary that lim sup,, £, Au # 0 is true. This means that we
can find a lower bound y € X° for the net (supgs, zg Au) with y £ 0. Without
loss of generality, we may assume that y > 0 (otherwise, pick y V 0 to replace
y). Using the definition of Dedekind completion, there exists z € X such that
0 < z < y. Notice that for every index «a,

0<z<y<supzgAu<supu=u,
B>o B>o
so, since u € (A)" and (A) is an ideal in X, we get z € (4)7.

Now, using Theorem 7.8 in [6], z = sup{v € A : v < z}. Since z > 0, we can

find v € A satisfying 0 < v < z. Furthermore, v also satisfy 0 < v < 2z <y < u, so
vAsuprg ANu = vAYy
Bza

— suprg AuAv >0
B>a

< suprgAv >0
B>a

= limsupz, Av >infv=v > 0.
o «

On the other hand, v € A and z, A0 on X, so we have £, Av = 0 on X which
implies £, A v — 0 di X°. It contradicts with the fact that lim sup, o Av > 0 di
X9, Hence, it must be true that limsup,, 24 A u = 0 in X°.

Last, notice also that liminf, zo A u > liminf, 0 = 0 in X9, so it can be
conclude that zo A u = 0 di X° which gives 2o Au = 0 in X. As conclusion,
To -2 0. O

An element e > 0 in X is called weak (order) unit if ({e}) = X. If X is
Archimedean and has a weak unit e, Samuel Kaplan [3] and Gao and Xanthos [4]
gave a fact that to verify the uo convergence of (z,) to z € X, it is sufficient to
check whether |z, — 2| A e is convergent in order to x. In this paper, we have a
stronger statement as a corollary of Theorem and Theorem

Corollary 4.2. Given an Archimedean Riesz space X, a nonempty set A C X,
x € X, and a net (zy) in X.



(1) If A is order dense in X 7T, then x, Ao o if and only if xo —> .
(2) If X has a weak unit e > 0, then xo —> x if and only if |vo — x| Ae = 0.

In general, A-uo convergence is not equivalent to B-uo convergence for two
different sets A, B € XT. It raises a question about when A-uo and B-uo conver-
gence are actually equivalent. Theorem gives a sufficient condition for it in an
Archimedean space, that is when B = <A>+. In fact, using this theorem, we can
deduce a sufficient and necessary condition for the equivalence.

Theorem 4.3. Let X be an Archimedean Riesz space and A,B C X7T be two
nonempty sets. The following two statements are equivalent.

(1) (A) = (B).
(2) For every net x, in X and x € X, we have x4 Ao, o if and only if

B-uo
Lo — X.

Proof. The implication (1) = (2) is clear according to Theorem It remains
to show the reverse implication. To do that, we may assume at first that A = I+
and B = J7T for some ideals I, J C X based on Theorem [3.2

Now, take any b € B and let D = {a € A : a < b}. For each aj,a2 € D,
a1 Vag € Aand a; Vas < bhold, so that a; Vas € D. Consequently, D is a directed
set with the same order relation as X. Next, define a net (z4)aep with 2, = a for
each a € D. 1t is clear that x, 7.

Pick any a € A. We obtain (b — z4) A a | and 0 is the lower bound of the
net ((b—xqa) Aa)aecp. Next, take any lower bound of the net, say v. It is obtained
that v = v V 0 is also its lower bound or in other words, u < (b — z4) A a for every
a € D. This fact gives u < a, so that u +a € A for all « € D since A = IT for
some ideal I. We also have u + a = u + z, < b. Therefore, u + a € D, which
implies u < (b — xy4q) A a for all @ € D. Using mathematical induction, it can be
shown that for every n € N and a € D, we have u < (b — Zpyta) A a.

From the result above, we obtain nu < nu + a = nu + z, < b for all
n € N. It implies that v must be zero since X is Archimedean. This results in
infoep(b— 24) Aa = 0, so that |z, —b| Aa = (b—2,) Aa = 0. So, since a is
arbitrary, we obtain x, Aoy,

Finally, using the assumption (2), we get z, B0, h, so that b — x4 =
|b— 24| Ab > 0 or equivalently, 2, = b. Consequently z, 1 b, so that
sup{a € A:a <b} =supD =sup{z, :a € D} = b,

Based on Theorem 7.8 in [6], we obtain b € (A), which implies B C (A). Analo-
gously, we can show A C (B). Thus, it is proven that (A) = (B). O

As a remark, we note that Theorem may not be hold in non-Archimedean
Riesz spaces. For instance, on the Riesz space R? with lexicographic order relation,
let A= {(0,y):y € R}. It can be shown that A is a band in R?. Now, take any
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net (zo) in R? and z € R? with z, AT, We have |2 — x| A (0,2) 2 (0,0),
so there is a net (zg) with zg | (0,0) and for each index §, there is index ag such
that for every index o with o > ag, |24 — 2| A (0,2) < 25 is hold.

Since R? is totally ordered, there must be an index 3’ satisfying z5 < (0, 1).
Consequently, for any index o with o > g, we have

|zq — x| A(0,2) < zg < (0,1)

which gives |z, — x| < (0,2). So, for each index S, there is an index o which is an
upper bound of {ag,ag } such that for each index a with @ > ay, it is true that

|zo — x| = |xa — 2| A (0,2) < 23,
. o
which means z, — x.
. . . uo
Since an order convergent net is also uo convergent, we obtain z, — .

+
This shows that z, =%  is equivalent to x, — z for each (z4) net in R? and
x € R?. However, it is easy to see that (AT) # ((R?)*). Thus, Theorem does
not hold on the Riesz spaces R? with lexicographic order relation.
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