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Abstract. Let £ be a bounded distributive lattice and S a join-subset of £. In
this paper, we introduce the concept of S-prime elements (resp. weakly S-prime
elements) of £. Let p be an element of £ with SAp =0 (i.e. sAp=0foralls € S).
We say that p is an S-prime element (resp. a weakly S-prime element) of £ if there
is an element s € S such that for all z,y € £ if p < axVy (resp. p < xVy # 1), then
p<zVsorp<yVs. Weextend the notion of S-prime property in commutative

rings to S-prime property in lattices.
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1. INTRODUCTION

All lattices considered in this paper are assumed to have a least element
denoted by 0 and a greatest element denoted by 1, in other words they are bounded.
As algebraic structures, lattices are undoubtedly a natural choice of generalizations
of rings. It is appropriate to ask which properties of rings can be extended to
lattices. The lack of subtraction in lattices shows that many results in rings have
no counterparts in lattices, hence, should be explored in the literature. The main
aim of this article is that of extending some results obtained for ring theory to the
theory of lattices.

The notion of prime ideals has a significant place in the theory of rings, and
it is used to characterize certain classes of rings. For years, there have been many
studies and generalizations on this issue. See, for example, [113./5/7H10]. Anderson
and Smith generalized the concept of prime ideals in [1]. We recall from [1] that
a nonzero proper ideal I of a commutative ring R is said to be a weakly prime
if whenever a,b € R and 0 # ab € I, then either a € I or b € I (also see [3]).
In 2019, Hamed and Malek [9] introduced the notion of an S-prime ideal. Let
S C R be a multiplicative set and I an ideal of R disjoint from S. We say that
I is S-prime if there exists an s € S such that for all a,b € R with ab € I, we

2020 Mathematics Subject Classification: 05C69, 06B99, 05C15, 05C25:
Received: 18-12-2023, accepted: 10-03-2024.

89



90 S. EBRAHIMI ATANI

have sa € I or sb € I. Almahdi et. al. [3] introduced the notion of a weakly
S-prime ideal as follows: We say that I is a weakly S-prime ideal of R if there is
an element s € S such that for all z,y € Rif 0 # oy € I, then zs € I or ys € 1.
Let £ be a bounded distributive lattice. Our objective in this paper is to extend
the notion of S-prime property in commutative rings to S-prime property in the
lattices, and to investigate the relations between S-prime elements, weakly S-prime
elements, weakly prime elements and prime elements. We say that a subset S C £
is join-subset if 0 € S and s; V so € S for all s1,s92 € S. Clearly, if p is a non-
zero prime element of £, then £\ {x € £ : p < z} is a join-subset of £. Among
the many results in this paper, the first, introduction section contains elementary
observations needed later on.

In Section 2, we collect some basic properties of S-prime elements. At first, we
give the definition of S-prime elements (Definition and we provide an example
(Example[2.2)) of an S-prime element of £ that is not a prime element. It is proved
(Theorem [2.6)) that if ¢ is a nontrivial element of a complete lattice £ and S a
join-subset of £ with S Aq = 0, then there exists a minimal S-prime element p that
satisfies p < ¢ is constructible. It is shown (Theorem that if S is a strongly
join-subset of a complete lattice £ and {p;}ica is a chain of S-prime elements
of £, then p = \/;., p;i is an S-prime element of £. In the rest of this section,
we investigate the properties of S-prime elements similar to prime elements. In
particular, we investigate the behavior of S-prime elements under homomorphism
and in cartesian products of lattices (see Theorem and Theorem [2.12)).

Section 3 is dedicated to the investigate the basic properties of weakly S-
prime elements. At first, we define the concepts of weakly S-prime element and
weakly prime element (Definition and we provide an example (Example of
a weakly S-prime element of £ that is not a S-prime element (so it is not a prime
element of £). It is proved (Theorem that if S is a join-subset of £ and p is a
weakly S-prime element of £ that is not S-prime, then p = 1. Theorem [3.6] proves
that p is a weakly S-prime element of £ if and only if there exists s € S such that for
each z € £ with p £ 2V s we have either {y € £:p<azVy} C{ye £:p<sVy}
or{ye £:p<aVvVyt={ye £:xVy =1} Also, we show that if S is a
join-subset of £, then every weakly S-prime filter of £ is prime if and only if £ is
a £-domain and every S-prime element of £ is prime (Proposition . In the rest
of this section, we investigate the properties of weakly S-prime elements similar
to weakly prime elements. In particular, we investigate the behavior of weakly
S-prime elements under homomorphism and in cartesian products of lattices (see
Theorem and Theorem .

Let us recall some notions and notations. By a lattice we mean a poset (£, <)
in which every couple elements z,y has a g.l.b. (greatest lower bound) (called the
meet of x and y, and written z A y) and a L.u.b. (called the join of x and y, and
written z V y). A lattice £ is complete when each of its subsets X has a lL.u.b. and
a g.l.b. in £. Setting X = £, we see that any nonvoid complete lattice contains a
least element 0 and greatest element 1 (in this case, we say that £ is a lattice with
0 and 1). A lattice £ is called a distributive lattice if (a Vb) Ac= (aAc)V (bAc)
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for all a,b,c in £ (equivalently, £ is distributive if (a Ab) Ve = (aVe)A(bVe)
for all a,b,c in £). A non-empty subset F' of a lattice £ is called a filter, if for
a€ F,be £,a <bimpliesbe F,and x Ay € F for all z,y € F (so if £ is
a lattice with 1, then 1 € F and {1} is a filter of £). A proper filter F' of £ is
called prime (resp. weakly prime) if tVy € F (resp. 1 #xVy € F), then z € F
ory € F. A lattice £ with 1 is called £-domain if aVb =1 (a,b € £), then
a=1orb=1(so £is £-domain if and only if {1} is a prime filter of £). If £
and £’ are lattices, then a lattice homomorphism [ : £ — £’ is a map from £
to £’ satisfying f(z Vy) = f(x) V f(y) and f(z Ay) = f(x) A f(y) for x,y € £.
A lattice homomorphism is said to be a order lattice homomorphism if x < y if
and only if f(z) < f(y) for z,y € £. An element z of a lattice £ is nontrivial
(resp. proper) if  # 0,1 (resp. = # 1). We say that an element x in a lattice
L is an atom (resp. coatom) if there is no y € L such that 0 < y < x (resp.
x <y < 1). Let A be subset of a lattice £. Then the filter generated by A,
denoted by T'(A), is the intersection of all filters that is containing A. It is clear
that T(A)={x € L: agNagA---Nay, <z for some a; € A (1 <i<n)} (see [7]).
For terminology and notation not defined here, the reader is referred to [41/6].

2. CHARACTERIZATION OF S-PRIME ELEMENTS

Throughout this paper we shall assume, unless otherwise stated, that £ is
a bounded distributive lattice. In this section, we collect some basic properties
concerning S-prime elements and remind the reader with the following definition.

Definition 2.1.

(1) A proper element p of a lattice £ is called prime if p < x V vy, then either
p<xorp<y.

(2) Let S be a join-subset of £. An element p of £ satisfying S Ap =0 is said
to be S-prime if there exists an element s € S such that, whenever x,y € £,
p<zxzVyimpliesp<zVsorp<yVs.

Example 2.2.

(1) If S = {0}, then the prime and the S-prime elements of £ are the same.

(2) If p is a prime element of £ with p NS =0, then p is S-prime.

(3) Assume that £ ={0,a,b,c,d, 1} is a lattice with the relations 0 < a < d <
L0<b<d<1l,0<e<landaNb=0=aANc=dAc=DbAc.
Set S = {0,c}. Then S is a join-subset of £ and d is clearly an S-prime
element of £. Sinced < aVb=4d, d £ aandd £ b, we conclude that
d is not a prime element. Thus an S-pime element need not be a prime
element.

(4) FEvery atom element p of £ with S Ap =0 is an S-prime element. To see
this, it suffices to show that p is prime by (2). On the contrary, assume that
p is not prime. Then there are elements x,y € £ such thatp < azVy,p £
and p £ y. Since p is an atom element, we conclude thatp Az =0=pAy
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which implies that p = pA(zVy) = (pAz)V (pAy) = 0 which is impossible.
So p is prime.

Compare the next proposition with Proposition 1 in [9).

Proposition 2.3. Let p be an element of £ and S a join-subset of £ with pAS = 0.
The following assertions are equivalent:

(1) p is an S-prime element of £;
(2) Alp) ={x € £:p<xVs}isaprime filter of £ for some s € S.

PROOF. (1) = (2) Since p is an S-prime element, we conclude that there is an
element s € S such that for all z,y € £ with p < xVy we have p < zV s or
p < yVs. Now, we show that A(p) is a prime filter of £. Let x,y € A(p) and
z€ L. Thenp < (xVs)A(yVs) = (zAy)Vsand p < zVsVz gives tAy, zVz € A(p).
Thus A(p) is a filter of £. Let x,y € £ such that zVy € A(p). Thenp <zVyVs
givesp<axVsVs=uzVsorp<yVs which means that 2 € A(p) or y € A(p).
Thus A(p) is a prime filter of £.

(2) = (1) Suppose that s has the stated property in (2) and let p < zVy (so
p<zVyVs)for some z,y € £. Then zVy € A(p) gives x € A(p) or y € A(p), as
A(p) is a prime filter. This shows that p < sV z or p < sV y, as needed.

Compare the next proposition with Proposition 4 in [9).

Proposition 2.4. Let p be an element of £ and S a join-subset of £ with pAS = 0.
Then p is an S-prime element if and only if there exists s € S such that for all
XT1,Ta, T €L, if p< a1V Va,, thenp < sVa; for somei € {1, --- ,n}.

PROOF. Let p be an S-prime element of £. Then there is an element s € S
such that for all z,y € £, if p < xVy, thenp < sVzorp<sVy. We use
induction on n. We can take n = 2 as a base case. Let n > 3, assume that the
property holds up to the order n — 1 and let x1,--- ,x, elements of £ such that
p<xzV--Va, = (@1 V- Vax,_1)Vz, Then by definition, p < sV z, or
p<(sVx)VaaV--+Va,_1. Therefore p < sVa, or (p <sVsVaz =5V or
p < sVa; for some i € {2,--- ,;n — 1}). In the same way we prove that p < sV x;
for some ¢ € {1,2,--- ,n}. The other implication is clear.

Corollary 2.5. Let p be a proper element of £. Then p is a prime element if and
only if for all z1,--- ,x, elements of £, if p < x1V---Vx,, then p < x; for some
1e{l,--- ,n}.

PROOF. Take S = {0} in Proposition

The following theorem is a lattice counterpart of Proposition 5 in [9] describ-
ing the structure of S-prime elements.

Theorem 2.6. Let g be a nontrivial element of a complete lattice £ and S a join-
subset of £ with S A q = 0. Then there exists a minimal S-prime element p that
satisfies p < q is constructible.
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PrOOF. If Q ={z € £ :x < gand S Az =0}, then ¢ € Q, and so Q # . We
have € is ordered by >. Moreover,  is inductive. Indeed, if {2;};ca is a chain of
elements of Q, then p’ = A,., 2i < g and p" AS = 0; hence p’ € Q is an upper
bound for the chain. Then, by Zorn’s Lemma, ) has a maximal element for > and

so there exists a minimal element (so an atom element) p such that p < g. Now
the assertion follows from Example (4).

Definition 2.7. Let S be a join-subset of £. We say that S is a strongly join-subset
if for each family {s;}ica of elements of S we have (MieaT ({s:})) NS # O.

Example 2.8. Let S = {s1, -, sk} be a join-subset of £ and let {s;,, - ,8;,} C
S. Set s =5, V---Vs, (sos € S). Then for each j € {iy, -+ ,iz} = 5,
s € T(sqy;); hence s € (NjesT({si,})) NS. Thus every finite join-subset of £ is a
strongly join-subset. '

Compare the next theorem with Theorem 4 in [9].

Theorem 2.9. Assume that S is a strongly join-subset of a complete lattice £ and
let {pi}ica be a chain of S-prime elements of £. Then p = \/;,c, pi is an S-prime
element of £.

PROOF. For each i € A, there is an element s; € S such that for all x,y € £ with
pi <z Vywehave p; <s;Vzorp; <s;Vy. Since S is a strongly join-subset, we
conclude that (N;eaT({s;})) NS # 0. Consider ¢ € (N;eaT({s:})) N'S. Then for
each i € A, t = s; V a;, where a; € £. Now, we will show that p is S-prime. Let
a,b € £ such that p < a Vb and suppose that p £ ¢V a. Then p; £ ¢V a for some
j €A Let k€ A. Then p, < p; or p; < pi. We split the proof into two cases.
Case 1: p; < pi. Since p; £ ¢V a, we conclude that py £ ¢V a = s Vag V a; so
pr £ sk V a. This shows that py < s, V b; hence pr < s Var Vb =1tVb. Thus
p<tVhb.
Case 2: p < p;. Since p; £ tVa = s; Va; Va, we get that p; £ s; V a; so
pr < pj < s; Vb which gives pp, <tVb=35;Va; Vb, andsop <tVb.

We continue this section by investigation the stability of S-prime elements
under homomorphism and in cartesian products of lattices.

Theorem 2.10. Let S be a join-subset of £, f : £ — £ an order lattice homo-
morphism such that f(0) = 0 and f(u) # 1 for all 1 # w € £. The following
hold:

(1) If f is an epimorphism and p is an S-prime element, then f(p) is an f(S)-
prime element of £’;

(2) If f is a monomorphism and f(p) is an f(S)-prime element of £', then p
is an S-pime element of £.

PROOF.

(1) Clearly, f(S) is a join-subset of £’. If s € S, then f(s) A f(p) = f(sAp) =
F(0) = 0 gives f(p) A f(S) =0, as pAS = 0. Let z,y € £ such that
f(p) < xVy. Then there exist a,b € £ such that x = f(a), y = f(b) and
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f(p) < f(aVb) = xVy which implies that p < a V b. This shows that
p<aVsorp<sVbfor some s € S. It means that f(p) < f(s) Vx or
f(p) < f(s) Vy. Therefore, p is an f(.S)-prime element of £’.

(2) By assumption, there exists s € S such that for all z,y € £"if f(p) < zVy,
then f(p) < f(s)vaor f(p) < f(s)Vy. If s € S, then f(sAp) = f(s)Af(p) =
0 = f(0) gives s Ap =0; hence pA S =0. Let a,b € £ such that p < a Vb,
50 (p) < f(aV'b) = f(a) v f(b) which gives f(p) < () V f(a) = /(s V a)
or f(p) < f(s)V f(b) = f(sVb). This implies that p < sVa or p < sVb,
as required.

Assume that (£1,<1),(£2,<2), +,(£n, <) are lattices (n > 2) and let
£ =Ly x L9 x---x £,. We set up a partial order <. on £ as follows: for
each © = (z1,x2,- - ,Zpn),y = (Y1,Y2,"** ,yn) € £, we write z <. y if and only if
x; <; y; for each i € {1,2,--- ,n}. The following notation below will be used in
this paper: It is straightforward to check that (£,<.) is a lattice with z V. y =
(x1Vyr,xaVya, - 2y Vyp) and 2 Acy = (1 Ay1,- -, Tn AYn). In this case, we
say that £ is a decomposable lattice.

Proposition 2.11. Let £ = £1 x £9 be a decomposable lattice and S = S1 X Sa,
where for each i, S; is a join-subset of £;. Suppose that p = (p1,p2) is an element
of £. The following statements are equivalent:

(1) p is an S-prime element of £;
(2) p1 is an Si-prime element of £1 and ps = 0 or py is an Sa-prime element
of £2 and p; = 0.

PROOF. (1) = (2) Let p be an S-prime element of £ and suppose that s = (s1, $2) €
S satisfies the S-prime condition. Since p A S = 0, we conclude that p; A S; =0
and po A So = 0. As p < (0,1) V. (1,0) = (1,1), we get p < sV, (0,1) = (s1,1)
or p < sV, (1,0) = (1,s2) and hence p; < s1 (so p1 = p1 Asy = 0) or ps < s9
(so pa = pa2 A s2 = 0). Without loss of generality, we can assume that p; = 0. Let
pe < zVy for some z,y € £9. Asp < (1,2)V.(1,y) = (1,2Vy) and p is an S-prime
element, we obtain either p < sV, (1,2) = (1,85 Vz) or p < sV.(1,y) = (1,52 Vy)
and this yields ps < so V z or ps < s9 V y. Hence ps is an So-prime element of £5.
In the other case, one can similarly show that p; is an Si-prime element of £;.

(2) = (1) Suppose that p; = 0, s; € S7 and po is an Se-prime element of
£5. Then p; = 0 and pa A S = 0 gives pA S = 0. Let p < (a,b) V. (¢,d) for
some a,c € £7 and b,d € £5. This shows that p, < bV d and hence there exists
s9 € S5 such that ps < so Vb or po < soVd. Set s=(s1,s82) € S. Then we have
p < sV (a,b) = (s1Va,saVb)orp<sV.(c,d) =(s1Ves2Vd). Thus pis
an S-prime element of £. In the other case, one can similarly prove that p is an
S-prime element of £.

Theorem 2.12. Let £ = £1%x---x £, be a decomposable lattice and S = S1 X ---x
Sn, where for each i, S; is a join-subset of £;. Suppose that p = (p1,p2, - ,Pn) 1S
an element of £. The following statements are equivalent:

(1) p is an S-prime element of £;



On weakly S-prime elements of lattices 95

(2) p;i is an S;-prime element of £; for some i € {1,---,n} and p; =0 for all

PROOF. We use induction on n. For n = 1, the result is true. If n = 2, then (1)
and (2) are equivalent by Proposition[2.11] Assume that (1) and (2) are equivalent
when k < n. Setp’ = (p1,-++ ,pn-1), 5 =51 X+ xSp_1and £ = £1 %X L,_1.
Then by Proposition p = (p',pn) is an S-prime element of £ if and only if
p’ is an S’-prime element of £’ and p, = 0 or p’ <. (t1, - ,tp—1) = t’ for some
t' € S’ and p,, is a S,-prime element of £,,. Now the assertion follows from the
induction hypothesis.

3. CHARACTERIZATION OF WEAKLY S-PRIME ELEMENTS

In this section, the concept of weakly S-prime elements is introduced and
investigated. We remind the reader with the following definition.

Definition 3.1.

(1) A proper element p of a lattice is called weakly prime if p < xVy # 1, then
either p < x orp <y.

(2) Let S be a join-subset of £. An element p of £ satisfying S Ap =0 is said
to be weakly S-prime if there exists an element s € S such that, whenever
rye L, p<xVy#1limpliesp<xzVsorp<yVs.

Example 3.2.

(1) A weakly prime element p of £ is weakly S-prime for each join-subset S of
£ such that S Ap = 0.

(2) Assume that £ ={0,a,b,c,1} is a lattice with the relations 0 < a <c¢ <1,
0<b<c<l,avb=cand aANb=0 and let S = {0,a}. Then c is a
weakly S-prime element of £. Also, ¢ is not a weakly prime element of £
because c < aVb=c#1,c£ a and c £ b. Thus a weakly S-prime element
need not be a weakly prime element.

(8) If S = {0}, then the weakly prime and the weakly S-prime elements of £
are the same.

(4) FEvery S-prime element is a weakly S-prime element. To see this, Assume
that s € S satisfies S-prime condition and let p < a Vb # 1 for some
a,be £. Then p is S-prime gives p < sV a orp < sV b, as required.

(5) Let D = {a,b,c}. Then £ = {X : X C D} forms a distributive lattice
under set inclusion with greatest element D and the least element () (note
that if z,y € £, thenxVy =2Uy and z Ay =axNy). Setp=1 and
S ={{a},0}. Then S is a join-subset of £ and p is clearly a weakly S-prime
element of £. Since p < {a,b} V{c}, p £ {a} V{a,b} and p £ {a} Vv {c},
it follows that p is not a S-prime element of £. Thus a weakly S-prime
element need not be an S-prime element.

An element z of £ is called identity join of a lattice £, if there exists 1 £y € £
such that z Vy = 1. An element z € £ is said to be regular, whenever x Vy =1
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implies y = 1 (i.e. it is an element that is not an identity join). Compare this
proposition with Proposition 14 in [3].

Proposition 3.3. Let p be an element of £ and S be a join-subset of £ consisting
of reqular elements with p NS = 0. The following assertions are equivalent:

(1) p is a weakly S-prime element of £;
(2) Alp) ={x € £:p <axVs}isaweakly prime filter of £ for some s € S.

PROOF. (1) = (2) Since p is a weakly S-prime, then there is an element s € S
such that for all z,y € £ with p < aVy # 1, wehave p < xzVsorp<yVs.
Now, we show that A(p) is a weakly prime filter of £. Let x,y € £ such that
1#xzVyeAlp). Thenp<zVyVs#lgivesp<aVsVs=zxzVsorp<yVs
which means that x € A(p) or y € A(p). Thus A(p) is a weakly prime filter of £.

(2) = (1) Suppose that s has the stated property in (2) and let p < axVy #1
(sop<xzVyVs#1) for some z,y € £. Then 1 # xVy € A(p) gives z € A(p) or
y € A(p), as A(p) is a weakly prime filter. This shows that p < sVzorp <sVy,
as needed.

Compare the next Theorem with Proposition 4 in [3].

Theorem 3.4. Let S be a join-subset of £ and let p a weakly S-prime element of
£. If p is not S-prime, then p = 1.

PROOF. By hypothesis, there exists s € S such that, whenever z,y € £, p <
xVy#£1implies p < sVaxorp<sVy. On the contrary, assume that p # 1. We
show that p is S-prime. Let a,b € £ such that p < aVb. If p<aVb#1,thenp
being a weakly S-prime gives p < sV a or p < sV b. Now, suppose that a Vb= 1.
Since p < (aAp)V(bAp)=p#1, wehave p < sV (aAp)=(sVa)A(sVp)or
p < (sVb)A(sVp). Therefore, p < sVaorp<sVb. This shows that p is an
S-prime element, as required.
Compare the next corollary with Corollary 5 in [3].

Corollary 3.5. If p is a weakly prime element that is not prime, then p = 1.
ProOF. Take S = {0} in Theorem (3.4

Compare the next theorem with Theorem 7 in [3].

Theorem 3.6. Assume that p is an element of £ and let S be a join-subset of £
with p AS = 0. The following assertions are equivalent:

(1) p is a weakly S-prime element of £;

(2) There exists s € S such that for each x € £ with p £ xV s we have either
{lyef:p<zvylC{yeLf:p<sVylor{fyeL:p<zVvy}l={ye
£:xVy=1}

PROOF. (1) = (2) By hypothesis, there exists s € S such that, whenever z,y € £,
p < axVyimplies p < sVaxzorp<sVy Letp £ xVs and suppose that
{lye£:p<azVvyt#{ye £:x2Vy=1}; so we conclude that there exists a € £
such that p < aVzandaVzz #1. Thusp<aVz#1gvesp<aVs,aspis
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weakly S-prime. Let p < zVz (z € £). If zVx # 1, then p < 2V s. Now, suppose
that tVz=1. Thenp<aVz=(aVa)A(xzVz)=xV(aAz)# 1 implies that
p<sV(aAz)=(sVa)A(sVz);hence p<sVzie foreachze€ £, p<zVz
impliesp<zVs. Thus{ye £:p<zVy}C{ye £:p<sVy}

(2) = (1) Let 2,y € £ such that p < zVy # 1 withp £ sVa. Sincep <zVy
and x Vy # 1, we conclude that p < y V s by (2). This shows that p is weakly
S-prime.

Compare the next corollary with Corollary 8 in [3].

Corollary 3.7. For a proper element p of £, the following are equivalent:

(1) p is a weakly prime element of £;
(2) For each x € £ with p & x we have either {y € £ :p<aVy}={ye€ £:
p<ytor{yef:p<azvyl={yef:xvy=1}

PRrROOF. Take S = {0} in Theorem (3.6
Compare the next proposition with Proposition 17 in [3].

Proposition 3.8. Suppose that S is a join-subset of £. The following assertions
are equivalent:

(1) Every weakly S-prime element of £ is prime;
(2) £ is a £-domain and every S-prime element of £ is prime.

PROOF. (1) = (2) Since 1 is a weakly S-prime element, we conclude that it is
a prime element by (1) which implies that £ is a £-domain. Finally, since every
S-prime element p of £ is weakly S-prime, we get p is prime by (1).

(2) = (1) Suppose that p is a weakly S-prime element; we show that p is
S-prime. Let a,b € £ such that p < aVb. If aVb # 1, then there exists s € S such
that p<sVaorp<sVb Ifavb=1,thena=1lorb=1;s0p<sVa=1=a
orp<sVb=1=bfor every s € S. Consequently, every weakly S-prime element
of £ is prime by (2).

We close this section by investigation the stability of weakly S-prime elements
in various lattice-theoretic constructions.

Example 3.9. Let S’ C S be join-subsets of £ and p an element of £ with pAS = 0.
It is clear that if p is a weakly S’-prime element of £, then p is a weakly S-prime
element. However, the converse is not true in general. Indeed, assume that £ is
the lattice as in Example (3) and let S’ = {0} C S ={0,a}. Thenp=-cisa
weakly S-prime element of £ but not a weakly S'-prime element of £.

Compare the next proposition with Proposition 20 in [3].

Proposition 3.10. Let S’ C S be join-subsets of £ such that for any s € S, there
exists t € S satisfying sVt € S'. If p is a weakly S-prime element of £, then p is
a weakly S’'-prime element of £.

PrROOF. Let z,y € £ such that p <z Vy # 1. Then there exists s € S such that
p<sVzorp<sVy. By the hypothesis, there is t € S such that sVt € S’
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and then p < sVtVz or p < sVtVy. This shows that p is a weakly S’-prime element.

Compare the next theorem with Proposition 22 in [3].

Theorem 3.11. Let S be a join-subset of £, f: £ — £' a order lattice homomor-
phism such that f(0) =0, f(1) =1 and f(u) # 1 for all 1 £ u € £. The following
hold:

(1) If f is an epimorphism and p is a weakly S-prime element, then f(p) is a
weakly f(S)-prime element of £’;

(2) If f is a monomorphism and f(p) is a weakly f(S)-prime element of £/,
then p is a weakly S-prime element of £.

PrOOF. (1) If s € S, then f(p) A f(s) = f(sAp) = f(0) =0 gives f(p) A f(S) = 0.
Let z,y € £’ such that f(p) < 2V y # 1. Then there exist a,b € £ such that
x = f(a), y = f(b) and f(p) < f(aVvb) =z Vy (soaVbz# 1) which implies that
p<aVb+#1. Byassumption, p < sVaorp<sVbfor some s € S. It means that
fp) < f(s)Vaxor f(p) < f(s)Vy. Therefore, f(p) is a weakly f(S)-prime element
of £'.

)<z
implies f(p) < f(s) Va or f(p) < f(s)Vy. If s €5, then f(s Ap) = f(s) A f(p)
0 = f(0) giving s Ap =0; hence pA S =0. Let a,b € £ such that p<aVb#1
Since f is injective, we conclude that f(p) < f(a VvV b) = f(a)V f(b) # 1; so
F(0) < F(3)V fla) = F(5Va) or [(p) < f(s)V F(B) = £(5VB). Hence, p < 5V a or
p < sVb, and so p is a weakly S-prime filter of £.

(2) By assumption, there exists s € S such that for all z,y € £/, f(p) <z Vy

Compare the next Theorem with Proposition 24 in [3].

Theorem 3.12. Let £ = £1 X £5 be a decomposable lattice and S = S1 X Ss,
where for each i, S; is a join-subset of £;. Suppose that p = (p1,p2) is an element
of £, where p1 # 1 and py # 1. The following statements are equivalent:

(1) p is a weakly S-prime filter of £;

(2) p1 is an Sy-prime element of £1 and pa = 0 or py is an Sy-prime element
of £2 and p; = 0;

(8) p is an S-prime element of £.

PROOF. (1) = (2) Since p A S = 0, we conclude that p; A S; = 0 and pa A S2 = 0.
As p < (p1,0) Ve (0,p2) # (1,1), we conclude that there exists s = (s1, $2) € S such
that p < s V. (p1,0) = (s1 Vp1,82) or p < sV, (0,p2) = (81,82 V p2) which implies
that p; < s1 (so p1 = 0) or ps < so (s0 po = 0). Suppose that p; = 0. Now, we
claim that p; is an Si-prime element of £1. Let z,y € £1 such that p; <z Vy.
Then p < (2,0)V.(y,0) = (Vy,0) # (1,1) which gives p < sV (x,0) = (s1Vx, s2)
or p < sV (y,0) = (s1 Vy,s2) implying that py < 53 V2 or p1 < s; Vy. In the
other case, one can similarly show that ps is an S;-prime element of £5.

(2) = (3) Follows directly from Proposition

(3) = (1) Follows from Example (4) since every S-prime is a weakly
S-prime element.
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Corollary 3.13. Let £ be a decomposable lattice and S a join-subset of £. A
proper element p of £ with S Ap =0 is a weakly S-prime if and only if p=1 orp
is S-prime.

PRrROOF. This follows from Theorem [3.12
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