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Abstract. In this paper, we aim to introduce and explain the concept of neutro-
sophic fuzzy bipolar metric spaces and provide some fixed point results in this new
setting. Additionally, we give a detailed presentation of the proof of fixed point the-
orems using covariant maps, showing how our findings extend and generalize those
established in the existing body of literature. The derived results are supported
with a suitable example and an application.
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1. INTRODUCTION

Zadeh [I] was the pioneer behind the introduction of fuzzy sets. Fuzzy the-
ory’s rapid evolution has simplified its application, enabling us to explore uncer-
tainty levels in nature through a rigorous and mathematical approach. The incorpo-
ration of both probabilistic metric space and fuzzy concepts led to the introduction
of fuzzy metric space. This pioneering work, attributed to Kaleva and Seikkala
[2] characterizes FMS as a representation of distance between two points through
non-negative fuzzy numbers.

FMS has since found practical applications in diverse fields, including fixed
point theory, image and signal processing, medical imaging, and decision-making.
Schweizer and Sklar [3] introduced the concept of continuous t-norms, which laid
the foundation for further developments in the field. Kramosil and Michalek [4]
extended the study by comparing probabilistic and statistical generalizations of
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metric spaces, incorporating the concept of fuzziness. Garbiec [5] interpreted the
fuzzy concept of Banach contraction, and this idea has since been explored in
various contexts.

With the emergence of intuitionistic fuzzy sets (IFS), these versatile sets have
permeated the various domains of fuzzy set theory. Park [6] extends this reach by
defining the intuitionistic Fuzzy Metric Space (IFMS), a broadened idia of FMS.
Park [6] incorporates George and Veeramani’s [7] insights by applying t-norm and t-
conorm operations to FMS, effectively defining IFMS and exploring its foundational
characteristics. Many researchers work on FMS and IFMS, see references [8], 9, [10].
In 2024 Gupta, Saini and Gondhi [I1I] combine MIF metric with soft and proved
FP theorem in this newly defined space, also see [12] [13].

Mutlu and Gurdal [T4] introduced bipolar metric spaces and proved fixed
point theorems, initiating a trend in utilizing different types of contractions in
bipolar metric spaces, as evidenced by various researchers, see in references [15] 16,
17, 18, 19, 20} 2T, 22, 23], 24], 25, 26]. The utilization of intuitionistic fuzzy bipolar
metric spaces for solving integral equations is another noteworthy development,
emphasizing membership functions within fuzzy metric spaces.

Kirigci and Simgek [27] introduced the concept of neutrosophic metric spaces
(NMSs), which extended the framework of intuitionistic fuzzy metric spaces by in-
corporating the principles of neutrosophy. They explored various topological prop-
erties of these spaces and established numerous fixed point results for contraction
mappings within NMSs. Several other researchers have also pursued related ad-
vancements, enriching the theory with additional generalizations and applications,
see [28 29, 30, [31].

The paper’s structure is as follows: The first section provides an introduction,
the second section covers basic definitions in the preliminaries, the third section
presents the neutrosophic fuzzy bipolar metric space and some fixed-point results,
accompanied by illustrative examples. In the fourth section, we demonstrate appli-
cations, including the proof of existence and uniqueness of a solution for a first-order
ordinary differential equation.

2. PRELIMINARIES

Definition 2.1. [I5] A binary operation * : [0,1] x [0,1] — [0,1] is called a contin-
uous triangle norm (CTN) if:

(1) @+ R =Nx*w, for all @w,N € [0,1];

(2) * is continuous;

(8) w*1=w, for all w € [0,1];

(4) (wxR)xw=wx (Nxw), for all w,N,w € [0,1];

(5) If w <N and ( < w, with w,N,{,w € [0,1], then @ * <w xN.

Definition 2.2. [I5] 4 continuous triangle co-norm (CTCN) is defined as a binary
operation o : [0,1] x [0,1] — [0, 1] satisfying the following properties:



(1) woR=Now, for all @,N € [0,1];

(2) The operation o is continuous;

(3) wo0=0, for all w € [0, 1];

(4) (woR)ow=wo (Now), for all w,N,w € [0,1];

(5) If w <N and ¢ < w, with w,N,{,w € [0,1], then wo( < Now.

Definition 2.3. [4] Let x be a CTN, o be a CTCN, and H,OQ be fuzzy sets on
Q xQx(0,400), where Q # ¢. If (U, H, O, x,0) fulfills the below conditions for all
N,weQand,p>0:

(1) HR, @, p) + O, @, ¢) < 1;
(2) H(R, @, p) > 0;

(
(8) HX,w,p) =11if and only if N =w;
(4) HR, @, ¢) = H(w, R, );
(5) H(X, Ry, (p + 1)) > H(R,, ) * H(w, R, )
(6) H(X,w,-) is an mcreasmg function of RY and limg_, 4o H(X, @, ¢) = 1;
(7) O(R, @, ¢) >
(8) O(N,w,p) = 0 zf and only if N =rto;
(9) O, @, ) = O(w@, R, ¢);
(10) O, No, (1 + ) < O, , ¢) 0 O(e, No, );
(11) O(X,wo,-) is a decreasing function of RT and limg,_, oo O(X, w, ¢) = 0.

Then, (2, H, O, *,0) is an intuitionistic fuzzy metric space.

Definition 2.4. [4] Let x be a CTN, o be a CTCN, b > 1 and H,O be fuzzy sets
on Q x Q x (0,+00) where Q # ¢. If (Q,H,Q,x,0,b) fulfills the below conditions
for all N, € Q and ¥, p > 0:

(1) H(R, @, o) +@(N7w7s0) <1

(2) HX, @, ¢) >

(8) H(X,ww,p) = 1 zf and only if X =w;

(4) H(R, @, ) = H(w, R, ¢);

(5) H(R,Ro, b(p + 1)) > H(R, @, @) * H(w, R, ¥);

(6) H(X, w,-) is an mcreasing function of RY and lim,_, - H(R, @, p) = 1;
(7) O, @, ) >0

(8) ON,w,p) = zf and only if N\ =w;

(9) OR, @, ) = O(w, R, );

(10) ©(N7N07b(<p )) < @(Nawﬁw) © @(wawa))

(11) O(X,wm,-) is a decreasing function of R and lim,_, oo O(N, @, @) = 0.

Then, (Q,H, O, x,0,b) is an intuitionistic fuzzy b-metric space.

Definition 2.5. [19] Let Q and Z be non-void sets and p: Q x E — [0,+00) be a
function, such that

(1) p(R,w) =0 if and only if R = w, for all (R, w) € Q@ x E;

(2) p(N,w) = p(w,N), for all R,w) € ANE;



(3) p(R, ) < p(R; wo)+pRy, o)+ 1Ry, @), for all X, Ny € Q and wp, w € E.

The pair (£2,Z, ) is called a bipolar metric space.

Definition 2.6. [19] Let Q and Z be two non-void sets. We say that the quadruple
(Q,2,H, %) is a fuzzy bipolar metric space if * is a continuous t-norm and H is a
fuzzy set on Q x = x (0,00), fulfilling the following conditions for all p,w,r > 0:

(1) H(R,w, ) >0 for all R,w) € Q x =;

(2) HX,w, ) =1 if and only if X =w for R € Q and w € E;

(8) H(X, @, p) = H(w, N, ) for all N\, zo € QNEZE;

(4) H(Rq, o, ptw—+r) > H(Ry, o1, p)«H(Rg, 01, w)«H(Rg, 0o, ) for allRy, Ny €
Q and 1,92 € E;

(5) H(R, w,-) : [0,00) — [0,1] is left continuous;

(6) H(R, w, ) is non-decreasing for all X € Q and w € E.

Definition 2.7. [I4] Let Q # ¢, E # ¢ be two sets and * be a CTN, o be a CTCN,
and H, O be neutrosophic sets on Q x Zx (0, +00), said to be an intuitionistic fuzzy
bipolar metric on Q X Z, if for allX,;a € Q, w,s € = and ¢, (,w > 0, the following
conditions are satisfied:

(1) HR, w, p) + OR, @, ¢) < 1;

(2) H(N,w, ) > 0;

(8) H(R, ga)—lforall<p>0 if and only if X\ = w;

(
(4) B(X, . 0) = H(w, R, 0);
(5) H(X, § gp+w+<) >H(N w, ) * H(a, w,w) x H(a, 3, );
(6) H(N,w, -) : (0,400) — [0,1] is continuous and lim,_, o H(X, @, ¢) = 1;
(7) H(X,w,-) is an increasing function;
(8) O(R, @, p) <
(9) O(N,w,p) = O for all ¢ > 0, if and only if X\ = w;
(10) O, ) = O(w, R, 9);
(11) O(R, s, w+§)<@(Nwgo)OG)(aww)O(O)(asC)
(12) O(R, w, ) (0,+00) = [0,1] is continuous and lim,_, ;o OR, @, ¢) = 0;
(

(13) O(R,w,-) is a decreasing function;
(14) If ¢ <0, then HR, @, p) =0 and O(N, @, p) = 1.

Then, (2, =, M, %, 0) is called an intuitionistic fuzzy bipolar metric space.

3. FIXED POINT THEOREMS ON NEUTROSOPHIC FUZZY
BIPOLAR METRIC SPACE

Definition 3.1. Let Q) # ¢, = # ¢ be two sets and * be a CTN, o be a CTCN, and
M = {< a,H(a),0(a),S(a) >: a € QNE} be neutrosophic set on Q x = x (0, +00),
said to be an neutrosophic fuzzy bipolar metric on Qx =, if for allR,a € Q, w,5§ € =
and p,(,w > 0, the following conditions are satisfied:

(1) HR, @, p) + O(R,w, @) + S(N, @, ¢) < 3;



(2) H(X, @, ¢) > 0;
(8) H(X, @, p) =1 for all ¢ > 0, if and only if X = w;
(4) HR, @, ¢) = H(w, R, );
(5) H(X, 8,0 + 0 + () > H(XN, @, ¢) * H(a, w, w) « H(a, 5, ();
(6) HX,w,-) : (0,+00) —= [0, 1] is continuous and limy,_, - H(X, @, p) = 1;
(7) H(X, w,-) is an increasing function;
(8) OR, @, ) < 1;
(9) O(X, @, p) =0 for all ¢ > 0, if and only if X = w;
(10) O(R, @, p) = O(w, R, ¢);
(11) O(R. 3,6 + 1 + ¢) < O(R, 2, 9) 0 06, @, 1) 0 O(a, 3, );
(12) OX, @, -) : (0,400) = [0,1] is continuous and limy,_, - O, @, p) = 0;
(13) O(R, w0, -) is a decreasing function;
(14) SR, ) < 1;
(15) S(N, @, ) =0 for all p > 0, if and only if X\ = w;
(16) S, ) = S(w, X, 0);
(17) S(.3, 5 + 1 + ) < S, @, ) 0 S(d, @, ) 0 (a5, );
(18) S(N,w,-) : (0,+00) — [0, 1] is continuous and lim,_,;~ S(R, @, ¢) = 0;
(19) S(N,w, ) is a decreasing function;

(20) If ¢ <0, then HR, @, ) =0, O(X, w0, ) = 1, and SN, w, p) = 1.

Then, (Q, 2, M, %, 0) is called an neutrosophic fuzzy bipolar metric space.

Example 3.2. Let Q = {5,7,9,11} and = = {4,6, ,10}.  Define M = {<

a,H(a),0(a),S(a) >: a € QN H} in short M = (H,0,S) are neutrosophic set
from Q x E x (0,4+00) — [0,1] a
1,if N=w
H(R, @, ¢) = $, otherwise;
© + max{R, w}
0, if N=w
O(N =
(N, @, p) M, otherwise;
max{X, w} + ¢
0, if N\=w

S(N7 w, (P) = M otherwise

Then, (Q,2, M, *,0)is an neutrosophic fuzzy bipolar metric space with CTN,
v pu=vp and CTCN, v o u = max{v, u}.

Proof. Here, we prove properties 3.1(5), 3.1(11) and 3.1(17) of Definition[3.] others
are obvious. Let N=9, w =6, a =7 and § = 8. Then,

po+w+¢ _ ptw+C

H(9,8, ¢ + 10+ ) = . - i .
( Y p+w+(+max{9,8} p+w+{(+9
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On the other hand,

¥ ¥
(9,6,%) ¢+ max{9,6} p+9’
w w
H(6,7,w) = =
(6,7, @) W+ max{6,7} wW+7
and ¢ ¢
H(7,8,() = = .
(7.8,) ¢+ max{7,8} (+38
Therefore,
prtwtc o W ¢
PF+W+C+9 T 9 +9 W +T (+8
Hence,
H(R, 8,04+ w+ () > H(R, w, ¢) «H(a, o, w) xH(a, §, (), for all p,w, > 0.
Now,
. max{9, 8} 9
09,8, 0+ +¢) = —— - .
( P40 o+ w+¢+max{9,8} e+ +(+9
We take,
max{9,6} 9
(9,6,%) ¢ +max{9,6} p+9’
. max{6,7} 7
06 T0) = G max(6,7] ~ @47
and
0(7,8,¢) = max{7,8} 8
¢ +max{7,8} (+8
That is,

9 9
-7 <
¢+w+c+9—mw{¢+9w+7g }
Therefore, O(X, §, p+w+() < O, w, v)o0(a, w,w)o0(a, §, (), for all p,w,{ > 0.
Now,

max{9,8}
o+w+¢  p+

S(9,8, o+ w+() =
On the other hand,

9
w+C

&&&@:Eﬂﬁﬂﬁ:27
P
S(6,7, ) maX{A6,7} _ ZA
w w
and 78 s
max
S(7,8,{) = ————= = —.
That is,
9 - me{978}
p+w+¢ " oW ¢f
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Therefore, S(R, §, o+ 1w+ ¢) < SN, @, ¢) 0o S(a, w,w) oS(a, 5, (), for all p,w, > 0.
Hence, (Q,Z, M, %, 0) is an neutrosophic fuzzy bipolar metric space. |

Definition 3.3. Let P : Q3 UZ; — Qo U=y be a mapping, where (Q1,Z1) and
(Q2,Z9) are pairs of sets. If P(Q1) C Qo and P(Z1) C Ea, then P is called a
covariant map, and this is written as P : (Q1,Z1, My, *,0) = (Qa,Eg, My, %, 0),
where M1 = (Hlv@lagl) and Mg = (HQ,@Q,SQ),

Example 3.4. If Oy UZE; = X = {0,1}, then P(X) = {{}, {0}, {1}, X}. Suppose
H(0) = {} and H(1) = X. Then P(H) is the function which sends any subset U
of X to its image H(U), which in this case means {} — H({}) = {}, where —
denotes the mapping under P(H), so this could also be written as (P(H))({}) = {}.
For the other values, {0} — H({0}) = {H(0)} = {{}}, {1} — H({1}) = {H(1)} =
{X3,{0,1} — H({0,1}) = {H(0), H(1)} = {{}, X}.

Definition 3.5. Let (2,2, M, x,0) be an neutrosophic fuzzy bipolar metric space.

(1) Within the set QU ZE, a point N is categorized as a left point if it belongs
to Q, and right point if it belongs to =, and a central point if it belongs to
both.

(2) A sequence denoted as {R,} and belonging to the set § is termed a left
sequence, while a sequence denoted as {ay,} and belonging to the set Z is
referred to as a right sequence.

(3) A sequence denoted as {Ry} C QUE is considered to converge to a point X
if and only if {Ra} is a left sequence, R is a right point and

Jim H(Rq, R, ¢) =1,
Jim O(X,,N,¢) =0,
agrj{loo S(Nav Na 90) =0,

for all ¢ > 0.

(4) A sequence {(Ro,an)} C Q x =2 is called a bisequence. If both sequences
{R,} and {an} converge, then the bisequence {(Nq, )} is called conver-
gent within the space ) x E.

(5) If {No} and {an} both converge to a common point o € QN E, then the
bisequence {(Nq, o)} is labeled as biconvergent. A sequence {(Rq, )} is
a Cauchy bisequence if

lim H(XN,,ax,p) =1,

a,K—+00
adim  O(Ra, a,9) =0,
a,f{h~1>n+oo S(Naa gy 50) = Oa

for all ¢ > 0.



(6) An neutrosophic fuzzy bipolar metric space is said to be complete if every
Cauchy bisequence is convergent.

Example 3.6. Let Q = (1,00) and = = [—1,1]. Define H : @ x = — R* as
H(R, ) = [N2 — @?|. Then (2,2, M, *,0) is an neutrosophic fuzzy bipolar metric
space.

Note that the left sequence (1 + é) converges to right points 1 and —1.

Lemma 3.7. Let {R,} be a Cauchy sequence in the neutrosophic fuzzy bipolar
metric space (Q,Z,M, *,0) such that X, # V., whenever k,a € N with o # K.
Then the sequence {R,} can converge to, at most, one limit point.

Proof. Assume that, 8, - X €= and R, —» w € QN =, for N # w.
Then,

lim H(Rq, N, ¢) =1, QEIEOO@(NCY, R, ) =0, Jim S(Na, R, ) =0

a—r—+00
and
Jim H(RN,, @, ) =1, Jm ONo, @, ) =0, Jm S(Nq, @, ) =0,
for all ¢ > 0.
Suppose,
H(X, @, ¢) > H (N, R., %) «H (Na, oy 1, g) «H (Na+1,w, %)

—1%x1%x1, as a — +o0,

O, @, ) <O (N, R, %) ) (Na, oy 1, g) 00 (Na+1,w, %)

500000, as o — 400,
SR, @, ¢) < S(N,Na,g) oS(Na,NaH,%) oS(NaH,w,%)
— 00000, as a — +o0.
That is,
H(N,w,0) > 1x1x1=10N,w,¢) <00000=0,SR,w,p) <00000=0.
Hence R = w. O

Lemma 3.8. Let (2,2, M, x,0) be an neutrosophic fuzzy bipolar metric space. If
for some 0 < 6 <1 and for any N, w € Q, ¢ > 0,

H(Y, @, ¢) > HX, %, ), 08, %,¢) < 0N, @, £).SN, @.¢) <S®@. 7). (1)

then X = w.



Proof. Equation implies that,

HR,,0) 2 HX, @, 7). O, @,¢) <O, 12) and
SN, @, ) < S(R, o, 9%)7a e N, > 0.
Now,
. 14
> —_) =
H(N7w7@) - QEI_POO H(N7w7 ea) 17
. 14
N <1 N, L) =
O, @,p) < lim OR,w,7)=0,
. 14
< —) =0.
SN, @, ) < ocgl—ir-loo SN, w, 004) 0
Also, by the Definition we get N = . O

Theorem 3.9. Suppose (2,2, M, x,0) is a complete neutrosophic fuzzy bipolar met-
ric space with 0 < 0 < 1. Let P: QUZE — QU E be a mapping satisfying:
(1) P(2) CQ and P(E) C E;
(2) H(PR, Pw,bp) > H(R, @, ¢), O(PR, Pw, ) < O(R, @, ¢), S(PR, Pw, Op) <
SR, 2o, ¢), for alX € Q, w € E, and ¢ > 0.
Then P has a unique fixed point.

Proof. Let 8y €  and wy € = and assume that P(R,) = Rq11 and P(w,) = @at1
for all @« € NU{0}.

We get, (R, @) as a bisequence on the neutrosophic fuzzy bipolar metric space
(Q,2,M] %,0). Now, we have

H(Nlawlv 90) = H(PN07Pw07 SO) 2 H (NO,WOa %) )

O(Ry, 1, ) = O(PNo, P, ) < O (No, 0, %)

and

S(le Wi, 30) = S(PN(LPZUO? SD) S S <N07w07 %) )

for all ¢ > 0 and a € N. By simple induction, we get

H(Nou Wa, 90) - H(PNa—la Pwa—l, 50) Z H (Na—la Wa—1, %)

Z H (Na727wa727 0%) 2 H (Nafi’nwaf?n 0%) 2 oo 2 H <N07w07 0%) )

@(Na; Wy (P) = @(,PNafhfpwafl» SD) S (@) (Na717wa717 %)

<0 (Na_z,wa_z, 9%) <0 (Na_g,wa_3, 9%) <...<0 (No,wo, 9%)

and

S(Nouwav SD) = S(PNaflvaaflv 90) S S (Naflu Wa—1, %)
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P ' ¥
< =) < Z)<... < =
= S (Na72awa72a 92) >~ S (Na73»wa737 03) > e > S (N(vaOa 0a> .
We obtain,
H(Nomwon QD) > H(N07w0a 9%)7 @(N(M Way 90) < @(No, wo, 9%)7

S(Naawcw %0) < S(N(%w()a 9%)

and
H(NO“H’wO" QO) > H(Nlawm 9%)7 (O)(NOH-DWOU 90) < @(thO, 9%)7

S(Na-t1, Tas ) < SN, w0, 72)-

Letting, a < k, for o, k € N. Then,

H(Rq, @x, p) > H (waa, g) * H (Na+17wm %) * H (NaJrl,wm %) % ..

> H(waa,g) *H(Naﬂ,wa,g) -

P P ¥
H (Nm—lvwm—la 371) *« H (wan—h 3&7,1) « H (wam F) ;

ORa, @y, ) <O (Na,wa, g) N0 (Naﬂ,wa, %) N0 (Naﬂ,wﬁ, g) ...

<0 (Na,wa, g) o) (Naﬂ,wa, g) .o

and
S(Re, wek, ) <S (Na,wa, g) oS (Naﬂ,wa, g) oS (Na+1,w,€7 %) o...

<S (waa, g) *S (Na+1,wa, g) ...0
S (Nﬁ,hwm,l, 3/{%) oS (NK, W1, 3}{—%1) oS (N,i,wm 3}{%) .

Therefore,

H(Ra, @k, ) 2 H (Non Wy, %) * H (Na+1, Wa, %) ... +H (Nﬁ,l, W1, %) %
" (waﬁfl’ %) *H (wam 3%) > H (NO, @, 30%) x

¥ ¥ ¥
H<N17WO,@) koo *H(NO7WO7W) *H(Nl,wo,W) *

¥
B (%o, =0 37757 )

ORe, @y ) < O (Na,wa, %) 00 (NQH,%, %) 0. 0O 1, @r_1, 35&_1)0

@) (wanA, %) ) (N,{,wm 3%1) <0 (No,wo, 3%) o
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o@(NO,wm )o@)(Nl,fm

¥ P
3;@—10/{—1 3:@—10/@—1 °©

and

SR, @i, ) <S (Na,wa, %) oS (Naﬂ,wa, %) 0...0S (Nﬁ,l,w,{,l, 3}{—&) o

S (N,@,wm_l, 37(’:) *S (wam 372)

¥ ¥
SS(No,wmgefa)oS(Nl,wo,ga ) "'OS(NO,WmW)O
d ¥
S (Nl,’WO, W) oS (NOaw(), W) ’
implies that,
H(Ra, @, ) > H (No, o, 30%) «H (Nl, o, 39a) H (No,wo, 3%1%) *
P P
H (Nl,@o, W) x H (N03w07 W) ’

ORy, w,0) <O (No,wm 3(%) J0) (Nl,wo, 304 ) o---00 (wao, #) o
and

S(Re, s ) gS(No,wo,%) oS(Nl,wo,ge ) ~oS(No,w0,

© 14
S <N1,WO, W) oS (N()vw()a W) :
As a, Kk — 400, we deduce

¥
3&—19&—1 ) °©

lim MRy, e, @) =1x1x---x1=1,

o,k—400

lim OR,,w,,¢) =0000---00=0,

a,K—r+00

and lim SRy, @, 0) =0000---00=0.

a,k—-+00

Which implies that the bisequence (X, ) is a Cauchy bisequence. Since
(2,2, M %,0) is a complete neutrosophic fuzzy bipolar metric space, we have that
{Ro} — Nand {w,} — R, where X € QN =. Using Lemmas 3.7 and we get

H(R, PR, ) > H (N Rovs1, g) «H (NQH, Ros1, %) «H (NQH,PN, g)

— (%R, 2 )+ H (PR, PRo, 2 ) (PRo, PY, £)

—1x1x1=1 as a— +oo,

O, PR, ) < O (N Res1, g) o) (NQH, Roi1, %) o) (NQH,PN, g)
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-0 (N Ras1, g) o0 (PNQH,PNQH, g) 00 (PNQHJDN, g)
—+00000=0 as o — +oo and
S(R, PR, ¢) < S (N Rovs1, g) oS (NQH, Rovs1, g) oS (NQH,PN, %)
=S (N Ros1, g) oS (PNQH,PNQH, %) oS (PNQH,PN, g)

—+00000=0 as a— 4.

Hence, PR = R.
Now, we examine the uniqueness. Let Pw = w, for some w € QN ZE, then

1> H(w,X, ) = H(Pw, PR, o) > H (w, N %) —H (Pw,PN, %)
zH(w,N,Q%)2~~2H<w,N,9%)—>1 as a — +oo and

0 < O(w, R, ¢) = O(Pw, PR, ) < O (w, R, %) =0 (Pw,PN, %)
§©(w,N,;%>§~-~§@<w,N,0%)—>O as a — 400,

0 < S(w, R, ) = S(Pw, PR, ) < (w,}, %) =5 (Pw, PR, %)

§S<w,N,9%) §~~~§S<w,N,0%) —0 as a— 400,
by using Lemmas [3.7 and [3.8] X = w. O

Theorem 3.10. Let (2, =, M, *,0) be a complete neutrosophic fuzzy bipolar metric
space such that

lim HX,ww,¢) =1, lim OX,w,p) =0 and lim S(N,w,p) =0,
p—00 p—00 (p—r00

forall NeQ wekE.
Let P,Q :EUQ = ZUQ be two mappings satisfying
(1) P(Z) CE, Q(F) CE, and P(2) CQ, Q(Q) C Q.
(2) H(P(R), Q(w),0p) > H(R, @, ¢), O(P(R), Q(w),0p) < O, w,¢) and
S(P(R), Q(w), 0p) < SN, w, ) for allX € E, w € Q and ¢ > 0, where
0<o<1

Then, P and Q have a unique common fized point.

Proof. Fix Ry € Z and wp € Q and assume that P(Na,) = Nogy1, ONogy1) =
Nga+2, P(WQ(X) = W2a+1 and Q(w2a+1) = W2a+2 for all « € N U {0} Then,
we get (N, w,) as a bisequence on the neutrosophic fuzzy bipolar metric space
(2,2, M, %, 0). Now, we have

H(Ry, @1, ) = H(P(R0), Qo)) > H (Ko, 0, %)
©) <O

O, @1, ¢) = O(P(Ro), Q(0). ) < O (Ro, w0, %),
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S(vawlv 90) = S(P(No)v Q(WO), 90) <S (No, wo, %) )

for all ¢ > 0 and a € N. By induction, we obtain
H(Noa 1, @201, ) = H(P(Nza), Q@20): ) > H (No, w0, 7557 )
H(Noa 1, @20t2, ) = HP(N2a), Q2at1), ) = H (R0, @1, 757 )
O(R2a41, @2a+1, P) = O(P(R2a), Q(@24), ) < O (Noﬂﬂo, 920%) ;

OR2041, @2at2,9) = O(PN2a), Q(@2a+1),¢) <O (No,wl, 02(1%)
and

S(Naa+1, @2a+1, ) = S(P(N2a), Q (wm), ) < S(No, o, ega%) J

S(N2a+1, @2a+2, ) = S(P(Raa ), Q(@2a+1),¢) < S (NO,Wh 027%) ;

for all ¢ > 0 and o € N.
Letting a < 8, for o, 8 € N. Then, from the definition of the neutrosophic
fuzzy bipolar metric space, we get

B0 2512 ) o8 () 8 2 ).

>H Na,wa,f «H (X, 1,wa,£ X ...
3 * 3
P ¥ ¥
H (Ngfl,Wg,h 7313—1) * H (Nﬁvwﬁfla 735_1) * H (Ngfl,W& 37) s

O(Ra, 5, %) < O (Ray Fas 5 ) 0O (Na1,@as £ ) 00 (Rays, 5, £ ) ..

<0 (Na,wa, %) o0 (Na+1,wa, %) o...

o) (Nﬁ_l,WB_17 3%1) 00 (Nﬁ,wﬂ—l, 3/3%) ) (Nﬂ—lawﬂv 3%)

and
S(Ra, g, ) < S (Na,wa, %) oS (Naﬂ,wa, %) oS (Naﬂ,wﬁ, g)
gs(&mwa,%) oS(NaH,wa,%) ...
S (Nﬁ_l,zUB_l, 3T<p*1) oS (N@,wﬁ_l, 36%) oS (Ng_l,wﬁ, 3%) .

Therefore,

P P P
H(NQ,TDg,gD) 2 H (N(h?ﬂo, %) *H (NO,Wl, 39(17"'1) .. H (NO,WO, W) 5

and

SN, wg, ) <S (wao, %) xS (No,wl, %TQPH) ...S (NO, wo, 3/3?@96—1> .
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As a, 8 — oo, we get

H(Ry, wg, ¢) > 1,0R,, ws, @) <0,S(Ry,wg, ) <0 forall ¢>0.

Thus, the bisequence (X, w, ) is a Cauchy bisequence. Since (2, Q, M, x, 0) is
a complete neutrosophic fuzzy bipolar metric space. By Lemma[3.7] the bisequence
(Ny, @4 ) is a biconvergent sequence. Therefore, X, — u and w, — u, where
u € 2N Q. By Lemma both sequences N, and w, have a unique limit. From
the triangular property of neutrosophic bipolar metric spaces, we have

H(Pu,u, p) > H (P(u), Watl, %) * H (Na_H, Watl, %) * H (Na+1, U, %)
=H (Pu, Q(wa), —)*H( a1y Tatl, ) ( atl, U ’?)
e e
)0 (tmen 220 )
)0 )
0 (s )

»5)
(
) oS (Na+1,wa+1, %) oS (Na+1,u, g)
1 £) 5 (oo £) o5 o 5

BT

for all @« € N and ¢ > 0 and as a — 0o, we get
H(Pu,u, ) = 1x1x1=1,0(Pu,u,o) =+ 00000=0,S(Pu,u,p) = 00000 =0.
From Definition condition (2), P(u) = u. Again,

o @ ( a+1, Wa+1,

Na+l7wa+17 )

and

H(u, Q(u), ) = H(P(w), Q). ¢) = H (w,u, %)
O(u, Q(u), ) = O(P(u), Qu), ¢) < O (u,u, %) =0,
S(u, Q(u), ¢) = S(P(u), Qw),) < 8 (u,u, %) = 0.

Therefore, Q(u) = u. Hence, u is a common fixed point of P and Q.
Let v € 2N Q be another fixed point of P and Q. Then,

H(u,v, ) = H(P(u), Qv). ) 2 H (w0, %)
O(u,v.9) = O (P(u), Q(v). ) < O(u.v. 5 ).

L,
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S(u,v,9) = § (P(u), Qv), ¢) < S(u,v, 2),
for 0 < 6§ < 1 and for all ¢ > 0. By Lemma |3.8] we have u = v. O

Example 3.11. Let Z=[0,2] and Q = {0} UN — {1,2}. Define,

0 _R-wl o R-w]
(p+ R —wl)’ (p+ R —w])’ ¢

for all o > 0, € 2 and w € Q. Clearly, (Z,Q,M, x,0) is a complete neutrosophic
fuzzy bipolar metric space, where x is a continuous t-norm defined as p * ¢ = pq.

Let P,Q :EUQ — ZUQ be mappings defined by
2-N if Nel0,2],
P(N){ if Re0,2

2, if Ne N—{1,2};

~NifRelo, 2],
me_{ZUNeN—{L%7

for all X € 2EU Q. Now, suppose that 6 = %, then for all ¢ > 0, we discuss
the following cases:

Case 1. IfX € [0,2] and w € N — {1,2}, then

Op
H(PR), Q(w), Op) = H(2 — N, 2,0¢p) = Gt 2—N—7
¥
> ———— — H(N
O(P(R), Q(w), fyp) = O(2 — X, 2,0 )_M
) w730_ 7’@_0()0+|2—N—2‘
N — |
L B YN
Sy g (R, @, ),
2—N—-2
S(P), Q(w), 0p) = 5(2 ~ 1,2,0p) = 2= =2
¥
Case 2. If X e N —{1,2} and w € [0,2], then
b
H(P(R), Q(w), 0p) = H(2,w,0¢p) = g p——
14
> ————— =H({R, w,p),
P (R, @, )
OP(N), Q). 8p) = 02, =, 0p) = o1
w = (o) =
b) ) (p b) b (p 0<p+ |2_w|
N —
| W| :©(N7w7@)7

T et IN— o
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9 _
S(P(X), Q(w), 0p) = S(2, @, ) = IWW
R — ]
<= “
¥

Therefore, all the conditions are fulfilled by P and Q. By Theorem [3.10, P
and Q have a unique common fized point, i.e., X = 1.

= SN, @, p).

Definition 3.12. Let (2,2, M, x,0) be an neutrosophic fuzzy bipolar metric space.
A map P: QUE — QUE is an NFB (neutrosophic fuzzy bipolar)-contraction if we
can find 0 < 6 < 1 satisfying

1 1
- —1<f|————-1 N < N
s < e Y OPNP e <00
S(PR, Pw, @) < OS(N,w, p), for all X e D, w e = and ¢ > 0.

Theorem 3.13. Let (2,Z, M, *,0)be a complete neutrosophic fuzzy bipolar metric
space. Let P: QUE — QUE be a mapping satisfying:

(1) P(Q) CQ and P(E) C E;

(2) P is IFB-contraction, for all X € Q, w € E, and ¢ > 0.
Then, P has a unique fixed point.

Proof. Let 8y € 2 and wy € Z and assume that P(R,,) = Nq41 and P(w,) = Wat1
for all @ € NU{0}.

Then, we get (R,,w,) as a bisequence on the neutrosophic fuzzy bipolar metric
space (€, =2, M, x,0). By using contraction for all ¢ > 0, we deduce

1 1
— 1= -1
H(Navwaa (p) H(PNa—lanO{—h(p)
1
<@ -1
- H(Naflawafla@)
0

= — 9’
H(Naflv Wa—1, SD)

implies that,
1 0
<
H(Navwaaw) H(Naflawaflaw)
92
<
H(Na—Qa Wa—2 90)

+(1-6)

+60(1—-0)+ (1-90).
Continuing this way, we deduce

1 0~
<

< +0 1 -0+ 021 —0)+--+01—0)+(1—6
H(Rq, @a; 0) ~ H(Ro, @0, ¢) (1=9) (1=9) (1=0)+01-0)
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90(

<7+0a71+90¢*2+...—|—9+1 1-20).
~ H(Xo, @0, ¢) ( : )
90&
< — 4 (1 —6%).
= H(Xo, @0, ©) ( )
We obtain
75 1 < H(Na,waﬂo%
- 4 (1-0
H(Xo, @0, ¢) ( )

ORy, @a, ) = O(PRoy—1, Pwa—1,p) < 0OR4_1,wa-1,9) = O(PR4y—2, Pwa—2, p)
< O?O(Rg—2, @a—2,¢) < -+ < H*O(Rg, @0, @)
ONpt1,@a, ) = O(PRy, Pwoa—1,p) < 00Ny, @wa—1,¢) = O(PRy—_1, Pwa—2, ¥)
< OPORo-1, @a—2, ) < -+ < OONy, w0, @),
S(Ra, @a, ) = S(PRa—1, Pwa—1,¢) < ISRa—1,@Wa—1,9) = S(PRa—2, Pwa—2,¢)
< 92S(Na_2,wa_2,g0) <. < 0%S(No, wo, )
SRa11,@a, ) = S(PRy, Pwa—1,9) < OSRa, @a—1,9) = S(PRa—1, Pwa—2,9)
<O*S(Ny—1, @Wa—2,0) < -+ < O*S(Ry, o, ©).

Let a < K, for a, k € N. Then,

14 14 14 ¥
> r r L DS bt
H(NQ7WH,§0) _H (Nouwou 3) *H (Na+l7w0¢7 3) *H (Na+17wﬁ7 3) = H (Nauwa7 3) *
L4 ¥ P
H (Na+l7wa7 g) * H (N;«ﬁl,wnfl, F> * H (wamfh F> *
¥
H<Nfi7wf€7 3/671)7
@(NmeQO) S O (Navwav %) *0 (NOZ-‘rlawOu %) *O (Na-‘rlaw.‘i) %) e S O (N()uwou g) *
@ (Na+1awo¢a g) sk @ (NK—17WK—1) %) * @ (Nlmwn—la 3%%) *

@(N,{,wm 1

r—1

w

and

S(Re, @i, ) <S (waa, g) *S (Naﬂ,wa, g) *S (NaH?wm %) <SS (wam g) *
S (Naﬂ,wa, %) xS (Nﬁ,l,wﬁ,l, 3}{—&) S (Nﬁ,wn,l, 3%) S (Nﬁ,wm 3:’%1) .

Therefore,

H(Naﬂﬂm <,0) > H (Na; Wa, §>*H (NaJrlvwom g)* - H (anhwnflv %)*H (Nm Wg—1, 3%0_1) *
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%) 1 1
H(wam k71> > 0% * g *
3 (169 (1 -6
H(N07WO,§) H(N17w0a%)
9a 1 * 9(! 1 *

+ (1= o) +(1—0h1)

H (Ro, @0, 527)
1
o )
S — -
H(NOaw()vgkL—l) ( )

H (N1, @0, 327)

@(Navwm(p) S @) (Naawav %) o0 (Na+17wa7 %) 0...0 (Nn—lawn—lv Sil) ©
@ <Nn7w/€—17 %L_l) © @ (mewrm 37@_1) o S 004@ (NO,WO, %) ©

o) (Nl,wo, 3;{1) 00510 (Nl,wo, 3;’11) °

3i1) o...0" 10 (No,wo,

"0 (No,wo, 3:0_1)

and

SR, @k, @) <S (Na,wa, %) oS (Naﬂ,wa, g) o...S (N,{,l,w,{,l, %) o
S (NH,wH, BT“P_I) oS (wam 37@_1) o0 < 6°S (No,wo, %) 0 6°S (Nl,wo, %) o. ..

3
3;{1) 09"l (Nl,wo, 3%) 0 0"S (No, @0, 3,{—9"71) :

071 (No,wo,

implies that,

1 1
H(Ry, g, ) > g * e *
(11— %) (169
hd hd
H (N, @0, %) H (N1, @0, %)
1 1
anfl * 6&71 *

+(1—6+1)

H (Noywo, ?),CL,J
1
aﬁ 9

H(No’wm%) + (1 —0%)

O(Rk, @y, ) =0°0 (No,wo, g) 0 6°0 (Nl,wo, 3:’11) o...

0" 710 (R0, 0, 27 ) 0 0710 (N1, 0, 77 ) o
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00 (R0, 0. )
and
SN, @k, ) =0°S (No, w0, %2 ) 0 6°8 (Ny, w0, 257 ) o
0 018 (Ro, 0, .55 ) 007715 (N, w0, 57 ) 06078 (Ro, 0, 557 )

As a, k — +00, we deduce

lim H(R,, e, ) =1x1x---x1=1,

o,k—+—+00

lim O, w.,¢) =0000---00=0 and
a,K—+00

agﬂmS(Na,wﬁ, ¢)=0000---00=0.

Which implies that the bisequence (R, w,) is a Cauchy bisequence. Since
(Q, 2, M, %, o) is a complete neutrosophic fuzzy bipolar metric space, then {X,} — X
and {wa} — X, where N e QN E.

H(R, PR, @) > (N,NaH, %) «H (NQH,NQH, g) «H (NQH,PN, %)

H
H (X, Ragr, 2 )+ H (Po, P, )+ H (PG, PY, £)
H

vV

(N, Ras1, g) e 1 «H (PNQ,PN, %)

—1x1x1=1as a— oo,

O, PR, ) <O (N Roi1, f) 00 (NQH, Ros1, f) N0) (NQH,PN, f)
0 (N Roi1, 3) N0) (PNQH,PNQH, ) o0 (PNQH,PN )
<0

(N Rosi, ) 0§10 (No,wo, 3) ) (PNaJrl,PN )

3

S(R, PR, ) < S (N Ras1, %) oS (NaH, Ras1, %) oS (NQH,PN, %)
(N, Ras1, %) oS (PN(XH,PNQH, f) oS (PNQH,PN, f)
<s (N,NQH, g) 0 gH1S (No,wo, ) oS (PNQH,PN )

Hence, PR = N. Let Pw = w for some w € 2, then
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1 1 1 1
—-1<4

—1< S ) [
H(R, w, @) ~ H(PR, Pw, p) - [H(Nyw,sﬂ) J< H(R, w, @)

9

OR,w, ) = O(PR,Pw, ) < 00X, w, ) < OR,w, ¢)

and
SR, w, ) = S(PR, Pw, ) < SN, w, ) <SR, w, ¢),
this is a contraction as well. Therefore, H(X,w,¢) = 1, O(N,w, ) = 0,
S(X, w7, ¢) = 0. Hence, X = w. O

Example 3.14. Let Q = [0,1] and E = {0}JUN—{1}. Define M : QxEx (0, +00) —
[0,1] as

Rl st = B

®
HN,w, o) = ———— ON,m,p) = ————,
( ) ( ®) g T "

o+ N —w|’

Then, (2,Z2,M, x,0) is a complete neutrosophic fuzzy bipolar metric space
with CTN v+ R = vR and CTCN v o X = max{v, X}.

Proof. Define,
7) : (Q’ E’M’ *’ O) j (Q’ E7M’ *’ O)
by

1-3R

0, if Ne N — {1},
for all X € QU= and take 0 € [%,1), then

H(Pw P o) =B (1 ) - 0
9g0+‘ 5 5
- 3%—3—1” = Tg—WI
95"*‘5‘ bt —5—
50 > © H(R, w, @),

TR+ R—w Tt R—w|

5 5
1—-3® 143"
5 5

‘1—3_N 1-&—3_“‘

1— —N 1-3 @

9@—#‘
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33|
; L BBt

|37 =37 ~ 50p + 3R -3~
ot g

X -l X~
= O
S Bt R—w] S Gp i R_m] O Ee)

and

’ 1-3® 143 7%
1— —N 1-3 @ -
S(PR, Pw,fp) =S ( 3 3 ,9<p> = 5 >

5 7 5 O
37" —377]
5 B3 _R-of
Op - 50¢ %)
X — |
< oy =S\, @, p).
Therefore, the conditions of Theorem [3.13|are fulfilled, and 0 is the only fixed

point for P. O

4. APPLICATION

Let © = C([e,a],[0,+00)) be the set of all continuous functions defined on

[¢, a] with values in the interval [0, +00), and = = C(]c, a], (—o0, 0]) be the set of all
continuous functions defined on [¢, a] with values in the interval (—oo, 0].

Theorem 4.1. Suppose the integral equation:

N(x) = =(x) + 5/CR(X,0)N(><) dp  for x,p € [c,al, (2)

where § > 0, w(p) is a fuzzy function of p: p € [c,a] and R : C([¢c,a] x R) — RT.

Define, H, O and S by

© .
H(R(x), @(x), @) = § £+ maXyele,a) [ROX) — @ (X)) if >0

0if o =0;

maXye(e,a [R(X) — @(x)|
OR(x),@w(x), p) = § ¢ +max,eleq) N(x
0if p=0

T
g

maxXye(e,a] [R(X) — @(x)]
SR, w(x), ) = v
0if p=0

if >0,
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with CTN and CTCN defined by v * X = v - R and v o X = max(v,R). Then
(2,0, M, %,0) is a complete neutrosophic fuzzy bipolar metric space.

Suppose that |R(x, p)R(x) — R(x, p)w(x )I < IR(X) —w(X)| for N € Q, w € E,
0 € (0,1) and all x,p € [c,a]. Also, let R(x, p) 5fc dp) <6 < 1.

Then, the integral Equation has a unique solution.

Proof. Define P : (2,Q,H,Q, *,0) — (Z,Q,H, O, x,0) by
PRO) = (00 +8 | RO pIROdp. for all x.p € [c.al

Now, for all X, w € QU =, we deduce

%%
H(PR(x), Pw(x), 0p) = 0 + max,cl.q [PR(Y) — Pw(x)|

%

g+ maxyepeq [[@() + 6 Jp ROGARp — @(x) — 6 J¢ R(x, p)yw(x)dpl]
_ b
0o+ maxyepeq [0 [ RO p)R(X)dp — 6 [ R(x, p)w(x)dpl]
_ 4
O+ maxcpeq [IROGARK) — ROGp@ ()| (6 [ dp)]
- @
T o+ maxyeleq [R(X) — @(X)]]
> H®(x), @(x), »),

max, ¢e,a] |PR(X) — Pw(x)|
9<P + maxyeie,al IPN( ) Pw(X)l

max,cle.a) [|@(x +<5f R, PR(X)dp — @w(x) — 6 [ R(x, p)ww(x)dpl]

O(PR(x), Pw(x), b¢) =

 Op+maxyereq [[@(X) +6 [ ROGpR()dp — w(x) =6 [ R(x, p)w(x)dpl]
_ - maxyepeq [19 7 RO AR()dp — 8 [ R(x, p)w(x)dpl]

O +maxycie.a) [|0 [T RO p)R(X)dp =6 [ R(x, p)w(x)dpl]
_ maXyepeq [[ROGARO) — RO o= (8 [ dp)]

O + maxyeea] RO 0)R(X) = ROG @) (8 [, dp)]

maxyefea] [R(X) = @(x)]] _
T @+ max,cie,q] UN( ) — (X)H > O (x), @(x),»)

and

maxyelc,q] |PR(x) — Pw(X)|
Op

S(PR(x), Pw(x),0p) =
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_ maXyeleq [[w00) +0 [ ROGARN)dp —=(x) =0 [ R(x, p)w(x)dp]]

O
_ maxyeieq) 10 7 ROGARODdp 0 [7R(x, p)w(x)dp]]
O
_ maxyele,al |:|R(X7 p)N(X) - R(Xa p)w(X)‘ (5 fca dp)]
Op
max,efe,a |IN(X) — @ (X

Therefore, the conditions of Theorem are fulfilled and operator P has a unique
fixed point. U

Example 4.2. Assume the following integral equation:
1
R(x) = |cos x|+ %/0 pR(p)dp, for all p € [0,1].
Then, it has a unique solution in QU Z.
Proof. Let P: (Q,2,M, *,0) = (2,Z,M, %, 0) be defined by
PR = [sinx + 7 [ (o),

and set R(x, R(X) = LpR(p) and R(x, p)m(x) = Lpw(p), where X, € QU S
and for all y, p € [0,1]. Then, we have

1 1 1
RO PRO)=R(X; p)w(X)] = ’70N(p) - 7PW(P)‘ = 2pIR(p) =@ (p)| < R(p)==(p)l,
and 1 2 2
1 1/(1)2  (0) 1 1
7/Opdp 7<2 5 7 0 <1, whered 7
Therefore, the conditions of Theorem [3.9] are fulfilled. Hence, P has a unique
solution in QU E. d
CONCLUSION

This study introduces and explores a novel mathematical structure called
the neutrosophic fuzzy bipolar metric space, which extends and generalizes ex-
isting fuzzy and bipolar metric space frameworks and formulate new definitions
and properties of neutrosophic fuzzy bipolar metric spaces. Establish several fixed
point theorems using covariant maps and neutrosophic fuzzy bipolar-contractions.
Provide proofs and examples to validate the theoretical findings. Present an appli-
cation to demonstrate the existence and uniqueness of solutions to certain differ-
ential equations within the developed framework. The results unify and generalize
many existing fixed point results in fuzzy and neutrosophic metric spaces, making
a significant contribution to the fixed point theory in uncertain environments.
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FUTURE SCOPE

The present work opens several avenues for future research. One promis-
ing direction is the extension to multivalued or set-valued mappings, where fixed
point results can be investigated under the framework of neutrosophic fuzzy bipo-
lar metric spaces. Another significant area involves the application of this theory
to real-world problems in fields such as engineering, decision-making, and artifi-
cial intelligence, especially where uncertainty and bipolar behavior are inherent.
Additionally, the current structure can be generalized to other types of metric
spaces, including neutrosophic fuzzy bipolar b-metric spaces, cone metric spaces,
and probabilistic metric spaces, to broaden the applicability of the theory. From
a computational perspective, there is scope for designing algorithmic approaches
to numerically compute fixed points within neutrosophic bipolar contexts. Finally,
future work could focus on the exploration of dynamic systems, particularly an-
alyzing the stability and convergence behavior of iterative processes within such
enriched metric frameworks.

ABBREVATIONS

FMS-Fuzzy metric space

FP-Fixed point

IFS-Intuitionistic fuzzy sets

IFMS-Intuitionistic fuzzy metric space
NS-Neutrosohic set

NMS-Neutrosophic metric space
MIFMS-modified intuitionistic fuzzy metric space
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