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Abstract. In this paper for k >2, we introduce the idea of k*"-order (slant Toeplitz
+ slant Hankel) operators on the polydisk and discuss the commutativity, partial
isometry and co-isometry properties. Further, we extend our study to the spectral
properties.
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1. INTRODUCTION AND PRELIMINARIES

Since the beginning of nineteenth century, the theory of Toeplitz and Hankel
operators is being studied extensively on several spaces like Hardy space, Bergman
space, Fock space, etc. These operators have lots of applications in mathematics
and mathematical physics and therefore they got a prominent place in the study of
operator theory. In 1950, Hartman and Wintner [I8] discussed spectral properties
of Toeplitz Matrices. In 1974, Fuhrmann [I4] derived the necessary and sufficient
conditions for the sum of two Hankel operators of closed range to have closed range.
In the year 1999, Basor and Ehrhardt [5] studied the sum of Toeplitz and Hankel
operator on the Hardy Space and defined it as M(¢) = Ty, + Hy (denote M(¢, ¢)
by M(¢)) for functions ¢ € L>°(T) where Ty and H, are Toeplitz and Hankel op-
erators, respectively, with symbol ¢ and evaluated its several properties. Later on,
they investigated the connections between Fredholmness and invertibility of M(¢).
These developments were also extended to the study of operator M(¢, ) = Tp+Hy,
for the functions ¢, ¥ € L>°(T). In 1996, the notion of slant Toeplitz operators on
L?(T) was introduced by Ho [15]. S. C. Arora and his research associates [18] in-
troduced the class of slant Hankel operators on L?(T) and extended his ideas to
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define the compression of slant Hankel operators to H?(T). In continuation of the
works of Basor and Ehrhardt, Didenko and Silbermann [19] [20] discusssed various
results on invertibility of Toeplitz plus Hankel operators including its invertibility
and inverses. Also, Y. Lu and his research associates [21] discussed the commuta-
tivity of k*"-order slant Toeplitz. Recently, G. Datt and B. Gupta [6] studied the
analogue of slant Hankel operators on the Lebesgue space of n- torus. M. Hazarika
and S. Marik[9] analyzed the slant Toeplitz operator on the polydisk. These devel-
opments motivated us to study k‘"-order (slant Toeplitz+ slant Hankel) operators
on L2(T"). For adequate literature on Toeplitz, Hankel, slant Toeplitz, slant Hankel
operators one can refer |2, [3],[4] [13],[20]. Toeplitz and Hankel operators often appear
in differential equations and integral inequalities, which could relate to the proper-
ties of operators in function spaces. The papers [I} [7, 10} 111, 12}, 17] explore various
mathematical and computational methods, including special functions, optimiza-
tion in fuzzy systems, decision-making under uncertainty, numerical schemes for
differential equations and integral inequalities. While they do not directly address
Hankel or Toeplitz operators, there are indirect connections. Numerical methods
for differential equations and integral equations might involve Toeplitz matrices
and functional analysis techniques could intersect with the study of these operators

Let D be the open unit polydisc in C™ and T", the distinguished boundary
of D, denotes the n—torus. Although, the function theory on the polydisc is sig-
nificantly different from the one on the unit disc, the available theory of multiple
Fourier series on the n-torus enables one to discuss function spaces ( e.g. L?(T"),
L>°(T™) ) as well as slant Toeplitz operators in the higher dimensional setting. In
the whole paper, the space of all Lebesgue integrable functions on T™ and the col-
lection of all Lebesgue square integrable functions on T™ are respectively denoted
by LY(T") and L?(T"). The class of all essentially bounded measurable functions
on T™ is expressed by L°(T™). Any two functions in these spaces are equal in the
sense of equality almost everywhere. The Fourier coefficients of f € L'(T") are
given by

for m; € Z, 1 <1i <n. The multiple Fourier series can be seen or treated as Fourier
transformation of functions in L!(T™). Therefore , by the multiple Fourier series
on T", the spaces L?(T") and H?(T™) can be written as

L*(T") = {f D f(z1, 22y ey 2n) = Z Frngima,mn 21 25 22t

(m1,ma,...,my)EL"
2
§ |fm1,m2,4..,mn| < OO}
(m1,ma,...,m, )EL"

and

H(T") = {f L f (21 2,y 2n) = 3 Py gm0 22y

(ml,mz,»--»mn)621
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Z ‘fml,m2,.“,mn|2 < OO}

(m1,ma,...,mn)ELY
where Z and Z are respectively the set of all integers and the set of all non-negative
integers. Clearly, the space L?(T") is a Hilbert space with the norm given by the
inner product

1 27 2 2 ) ) i i
(f.9) = W/o /0 A f(er, ... %) g(ei ..., ei)dh dbs...db,,.

m m .
The class {emlmz,mmn(,21,227 wiZn) = 27 2522 (Mg, My e, My, € Z"} is an

orthonormal basis of L?(T™). For f € L?(T) and for ¢ € L*°(T"), the operator
M} : L*(T") — L*(T") is the multiplication operator induced by ¢ and is defined
as M} (f) = ¢f and J : L*(T") — L*(T") defined as J(f(z)) = f(2) is the
unitary self-adjoint operator. The Toeplitz operator on L?(T") with symbol ¢ is a
bounded linear operator L*(T") — L*(T") defined by T}(f) = PMy(f) and the
Hankel operator on L?(T") is defined as Hy(f) = PJMy(f) for all f € H?(T™).
Also, [|T7|| < ||¢lloc. Throughout the paper we assume that k > 2. Define W; :
L2(T™) — L2(T") by

W£(211z£2zln) _ ettt ikl VI<i<n
0, otherwise.

One can refer to find that W} is a bounded linear operator with ||W}|| = 1 and
the adjoint of W} is given by (W[)* (211 2i2....2%n) = 25012802 | ki for n € Z7.

In this paper, we introduce the k*"- order(slant Toeplitz + slant Hankel)
operators on the polydisk discussing the matrix representation and partial isometry
and co-isometry in the first section of the paper. In the second section, we are
going to discuss the commutativity of k*" order(slant Toeplitz + slant Hankel)
operators on the polydisk using harmonic symbols and we show that these operators
commutes if and only if their harmonic symbols are scalar multiple of each other.
In the last section of the paper we are discussing the point spectra and spectrum
of the k*"- order(slant Toeplitz + slant Hankel) operator.

2. MATRIX REPRESENTATION OF SLANT (TOEPLITZ + HANKEL) OPERATOR

In this section, a k*"-order ( slant Toeplitz + slant Hankel) operator on
L?(T") is defined and develope a matrical way to represent the operator. The
basic properties of partial Isometry and Co-isometry are also studied.

Definition 2.1. [9] For ¢ € L>(T") and an integer k >2, a k'~ order slant
Toeplitz operator Ai’" with symbol ¢, on the Lebesque space L*(T"), is defined to
be

k,TL . n
where My is the multiplication operator on L*(T™) induced by .
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Definition 2.2. [6] For an integer k >2, a k- order slant Hankel operator of level
n on L%(T") is defined as Si’" = W} JM,, where ¢ € L>(T™).

Definition 2.3. Let ¢ and ¢ € L>°(T"). For any f € L*(T") and k >2, a k'"-
order (slant Toeplitz + slant Hankel) operators on L?(T"), T]I\}’::) L 8 defined as

k.n _ Akm kn n
TM(dmp) = A¢ + Sl/i =W M¢ + WkJMd,
=W (M + JMy).

When ¢ and ¢ are equal T' reduces to

M ¢¢)
Ty = AL+ SE" = W (I + J)My and
(Thi)* = Mg(I + J)(Wp)*.

Let @y, m denotes (m, m’)!" entry of the matrix representation of T]’f/l’g " with

respect to the orthonormal basis {e, (21, 22, .. ., 2n) = 2] 252 ... 247 },ezn of L2(T™)
where m = (mq,ma,...,my),m = (my,mh,...,m)) and v = (u1,ug,...,uy,)

/
respectively. Let €; = (21, x2, ..., z,) where x; = §;; for j € [1,n] and

1 ifi=j
dij = . .
0 if otherwise.
Let
Pzl 22 . 2 Z mem (210222 .2)
mezn
and
Y222 ... 20 Z Ymem (2 22...2%)
meZ‘"L
be functions in L>°(T™). Then for m = (my, ma,...,my),m' = (mj,mh,...,m)) €
A
At o, = <T@?¢’w)em(zlzg....zn)7 Em (legzn)>
= <A¢ em (212220, €mr (2122-.20)) + (S’Z’"em(zlzg....zn),em/ (2122...2n))

<A¢ Cmtke; (Z122... ),em/+€j(z1z2....zn)>
+ <sz "em—te,; (2122-..2n), €mite; (2122-..20))
= d)km/—m + w—km’—m

Let us consider the sequence of scalars {am, }mezn and {tm: fmezn. A matrix of the
type

1 1 1
poove € ,
1 1 1
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where
&' = D (et 1)mpmy) T Ut Lma,ma)s
B = dkmy,.m) + V©O,masmn)s
Y= D @ht1)m, e mt) T V(= 1masma)s
1= A1y, mr) F V(= Limasemn) s
V' = G hmy,mt) U kimasema)»
E' = O (k1) miysmt) F V(= (1) sy )
Pr =D 1myimt) T V(= (b4 1) mzsee )
T = G0,mymty) T V(—2hma,enmn)»
X' = O 1,my,mr) F V(@b 1) mzsemn)

is said to be the (slant Toeplitz + slant Hankel) matrix of level 1. A block matrix
of the form

2 2 2

where
o = P(—(k+1),my,...om?) + ket 1,ma,.ma)s
B% = dkms,.om) + V©0,mg,imn)s
v = P(—(2k+1),ms,..oml) T V(=1ms,....mn)s
1= A1 mym) F V(= Limaseemn) s
V2= A(—kymy,...om2) + V(—kms,....mn)s
& = Okt 1)miyyemt,) F V(= (k1) smiyenmn)
P = P(—1,mf,.omt)) T V(= (k+1),ma,...mn) >
T2 = G,m,.mty) T V(=2hma,enmn)»
= A(—1,ms,..oms) T V(= (2k+1),ms,...;mn)

is said to be the (slant Toeplitz + slant Hankel) matrix of level 2. Continuing in
this way, we get the (slant Toeplitz + slant Hankel) matrix of level n as

anfl 6n71 anl
n—1 n—1 n—1
1% v 3
n—1 n—1 n—1
p T X
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where
"t =G i1y + Vr1), BT = b + Y0,
Y = Gty + V1) KT = b1y U,
VP =Gy V), £ = 1)) + (= kt1))
P =1y H 1)), T = (o) + Y(2m)s
X" = b1y + U 2rr)-

Lemma 2.4. If ¢(z) = Z Uy po,opn) (21 257 2B ),

(P1,p2;--,Pn)EZT

P(z) = Z D(gr.qorean) (211 257 o 2l)

(91,925---:qn )€™

be two functions in L>=(T"™) and Wy, is a bounded linear operator on L*(T™) then

wp Tll\ijg’d))(Wg)*emlymg ,,,,, m (212202

— pP1 P2 p.
= S e ke (L) +
(p1,p2,.--,Pn ) EZ™

SR TONSRE T s) T ]

(q1,92,---,qn) €2

Proof. Let ¢(z) = Z Ay payeeepn) (21 237 o2,

(p1,p2,---spn)E2Z™
— q1 ,q2 q
Y(z) = E : D(ar.qz,ngn) (311 25" 20™)
(Q17Q2,~~7qn)62"

be two functions in L>(T") and W}, is a bounded linear operator on L?(T™). Then,

wi TII\Z:»,W (Wi em(z122....21)

= (WOWE(My + JMy) (W) em(2122....25,)

—WWO( Y g ()

(P1:P25e-Pn ) E2Z™

q1 92 n kmi _km kma,
J § : b(q1,q2,ran) (21 227 20 ))(21 Yz Lz

(91,925+-,qn)E€2™

pitkmy  patkmg Pntkmm

_n %
=W [ E : Q(p1,p2;....pn) (Zl 29 <o Zn

(P1,p2,---sPn) €™

E : b(g1,q2,rqn) (Zl Z9 -- - Zn

—a1tkmy  —gatkmg —dntkmn
E E k )
(q1,q2,---,qn) €2



Commutative and Spectral properties 427

= : P1,P2  Pn
o Z a(k2p1,k2p2,.,,,k2pn)(Zl o e’y )—|—

(P1,p2,--sPn ) €E2™

mj 2

q1 92 q Tk, k
E bk2g1 k2qs,... k2q,) (21" 23 zn)) (7% 2% oz )
(q1,92,-++,qn)€E2™

2.1. Partial isometry and Co-isometry.

Lemma 2.5. A k- order (slant Toeplitz + slant Hankel) operators on L?(T"),
TJI\}Z is partial isometry if and only if ¢|¢|*(I + J)2.

Proof. An operator T is partial isometry if and only if T'=TT*T. So,
iy = Ty, )(Thi) " (Thiy)
= Wi (I + J) My Mg (I + J)(Wi)" (W) (I + J) My
= Wi (I + J)Mg2 (I + J)(I + J)My
= Wi L+ J)Myjgi2(r+.0y2.

Hence, Ty;" is partially isometry iff ¢ = .|¢[2(I + J)?, 0

Lemma 2.6. A k- order (slant Toeplitz + slant Hankel) operators on L?(T"),
TJI\Z’Z is co-isometry iff |¢|PWp(I + J)? = 1.

Proof. An operator T is co-isometry iff TT* = I. So,

(Thito) Thzy)*

= Wiy Mo Mg(I + J)(Wi)"
= Wi (I + J)go(I + J)(Wi)*
= [PWE (L + I (W) (Wi)*
= [oPWi(I +J)*

= M ¢|"Wi (I +J)>.

Therefore, T]@&) is isometry iff |¢|*W (I + J)* = 1. 0
Theorem 2.7. TJI\}’: 18 co-isometry if and only if (TJI\}’Z))* preserves norm, i.e., if
k-1

and only if Z |o(

r;=0,1<j<n

01+ 2rm 0, + 2r,m
k T k

I+ 4 = k"
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Proof. For any f € L?(T"),

1Tz )" (NI
= [ M(I + ) (wp)" ()]
= ML+ J) [ (k01 KB, .. k6,)|?

= <¢(91,92,...,9”)(I+J)f(k917k62,..., k,), H(6", 6%, ..., 0" (I + J)

x f(kOy, kb, ... kb, )>

27 2w 27r

(0",0%, ..., 0™ AT + J)f(kbr, kb2, ..., kO,)

n times

I+ )f(k@l, k@g, ceey k‘en)deldQQ .- db,,

|(¢(917927~--79”)I2l(1+ J)

n tzmes
f(k@l, ks, ..., k0,)|2d0,d6s...do,,
2 27 27r
9 9 0,
T ) Pl )
k
n tzm&s
X f(al,eg,....9,,)\2d01d02...d9,,
2w 2 k ! 91 + 27’1’/T 02 + 2T27T 077. + 27“717'(')‘
i s i ) enn i
—_— T 1<]<n
n tzmes
2
X ’(I D) f (61,0, ... 00)| d01d6s...d8,,
o pim 2 1 ., ‘d)(el +2rim Oy 4 2rom O, + 2Tn7T)‘
A s A s e A
r7 1<]<n
n tzmes

2
x ’(1 V[ (61,09, ....00)| dO1dbs...d6,,

= |[My(r40 (NI,

where

1 01+ 2rim O3+ 2r9m 0, + 2r, 7
w(917927“'a0n)\lx Z |¢( ! ! ) 2 2 9 e )|2

k k k
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[[Myr+0 ()]l = || f]] if and only if ¢)(I 4- J) is unimodular
ie, [y(I+J)|=1

. 2
91—|-27‘17T Oy + 2rom Op + 21y |2 2
= _ eee I =1°.
‘ Loy ot drem A )
r; 1<j<n
k—1
1 0, + 27 By + 2r On + 2rpm . |2
=3 7 X E ‘¢( 1 17-[-’ 2 Qﬂ—’.,, ﬂ—)‘ (I+J)2 —
k ’ k k k
r;,1<j<n
i 9+2r7r9+2r7r 9—}—27"772 2
1 1 2 2 n n
> : e [+
T, 1<]<n

3. COMMUTATIVITY

In these section we are going to discuss the commutativity of k** order (slant
Toeplitz + slant Hankel) operators on the polydisk using harmonic symbols and
we show that these operators commutes if and only if their harmonic symbols are
scalar multiple of each other.

Theorem 3.1. If ¢(z) = > bses(z120...2,), Y(2) = > arer(z122...2y) be two
sez™ rez”

functions in LOO(Tn) where s = (317 52, -+, Sn) and r = (Tlv T2y, Tn) then TIk\}I:’b)

Ly ko e
commutes with TM(W if and only if r = s.

Proof. Let ¢(2) = 3. bses(z122...20), ¥(2) = > areq(z122...2,) be two func-

sez™ rezn
tions in L>°(T™) where s = (81, 82,...,8,) andr = (r1,7r2,...,7,). Let e (2122 . .. 2p,)
be a orthonormal basis of L?(T"). Then,

(Tm))*(Tl’;fv&))*em(zm e 2n)

n* — —ri1+kmi _—ro+km —rnt+kma,
:Ma([+ J)(Wk) [ Z A(ry,ry,.. ,Tn)( ot tz Z9 2hhma cee 2 T )

(r1,72,...,7n ) EZ™

+ 2 : a(rl,rz,...,rn) (Zlfnfkml Z;rszrmz o Z;rn*kmn)
(11,72, 0370 ) ELT
_ — —kri+k*mq 7kr2+k ma —krn+k2m.,
=M a (2 - )
¢ [ Z (r1,r2,.rn) \F1 "
(r1,m2,000,70 ) ELT

a —kri—k?my_—kra—k?ms  —krn—K2ma
+ Z a(Tl,Tmm,rn)(Zl 2y coozg )

(11,72,5000,70 ) EZ™
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— krlfk(‘)ml k""27k?2m2 krn—kzmn
+ g Ay ra,rn) (21 25 ez )

(71,72,..0,7n ) EL™

a kri+k®my kro+k>ms krn+kZm,
+ Z a(ﬁ,m,...,rn)('zl 29 a2y " ")

(7‘1 372 »--~>Tn)€Zn

- _ _ 2 _ _ 2 _ _ 2
_ Z Z arbs(zl s1—kri+k m1z2 s2—kra+k“ma .2 sp—krntk mn)

’I"GZ" SGZ"

— _ _ 2 _ _ 1.2 _ _ _ 1.2
+ Z 2 : arbs(zl s1—kri—k m1Z2 so—kro—k“mo ...z Sn—krn,—k mn)
reL" seLn

— 7 —s1+kr1—k?my _—so+kro—k%2m —Spt+krn—k?m
+ E E Grbs(Zl 1 1 122 2 2 2._”2” n n n)

rEL™ SEL™
—_ _ 2 _ ’ 2 _ 2
+ E : E : arbs(z’l s1+kri+k m1Z2 sotkro+k“meo ...z spt+kry,+k mn) (1)

reL™ seL™

Similarly,

k, * k, *
(TM(nw)) (TM:;)) em(z122. .. 2n)

— o 2 e 2 L 2
:E : 2 :arbs(zl ri—ksi1+k leQ ro—kso+k mz...an" ks, +k mn)

reL" seL”

— 7 77‘17’68171{327711 77‘27’68271{22777,2 —rp—ksn—k2mn
+ E E arbs(z; z5 ..z )
reL" seLn

— 7 —r1+ks1—k®mq _—ro+ksa—k*m —rptksn—kZmn
+ g g Grbg(zy T gy T2TRS2 2z, )

T€Z7L SGZ’!L
— T —ritksi+k2 —ro+ksa+k? - ksn—+k?
+ § § arbs(zl rit+ksi+ m122 ro+ksa+k“ma oz Tnt+ksp+ mn) (2)

TEZ'IL SGZ"

From and (2),
(Tk,n ))*(Tk’" Y em(z122 . .. 2n) = (T]“" ))*(Tk’" Yem(z122 ... 2zp) if and only

Mg M) M M)
if s =r where s,r € Z™ i.e 81 = 711,82 =T9,...,8, = I'p.
k,n k,n : : _ n
Hence, TM(¢) and TM(w) commutes if and only if s = r, where s,r € Z™. O

Corollary 3.2. If ¢(z) = > apep(z122...2), ¥(2) = > ageq(z122...2,),

pean q&an

C(z2)= > arer(z122...2n) andn(z) = > ases(z122...2,) be functions in L (T")
rezh sezm

where p = (P1,D2y -, Pn), qkz (1,92, qn), 7 = (7;1,7@7 ey Tn) and

s = (81,82,...,8,) then TM’ZW) commutes with TMZm) if and only if p =1 =

k;—qu and q = s.
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Theorem 3.3. If ¢(2) = g(z) + f(2),¥(2) = p(2) + ¢(2),&(2) = r(2) + s(2) and
n(z) = u(z) + v(z) € L®(T") where

= mi ma m
f(z) B Z A(my,ma,...,mn)?1  *2 e Zn

(m1,ma,...,m,)€EL"
m;>0,1<i<n

N
_ my _me
g(Z) B Z G/,(ml’m2 ..... mn)zl Ry T2y

(m1,ma,...,mn)€EL"
m; >0,1<i<n

P

= P1 P2 P
p(z) = Z b(p17p2,...,pn)21 Zy ... 2y

(p1,P2,--,pn ) EL"
pi>0,1<i<n

Q

= p1 P2 p
q(2) = Z b—(PhPmn-,pn)Zl Ry .2y

(P1,p2,--spn) EZ™
pi>0,1<i<n

R
_ i /
T(Z) o Z Clri,ra,nrn)®1 72" <+ 2n
(11,72,5000570 ) EL™
r; 20,1<i<n

—(r1,72,0..,mn ) EL™
7;20,1<i<n

U
= Uy U2 Un
’LL(Z) - Z d(ulvuz,.“,un)zl 29" 2",

(u1,ug,...,un) EZ™
u;20,1<i<n

\%
= uy U2 u
U(Z) o Z d_(ulyuz,-“,un)zl 2o o2y

(u1,u2,...,un)EL"
u;>0,1<i<n

and M,N,P,Q,R,S, U,V € Z™ with each entries in the n—tuple is greater than
(k) ; (k) e _ _ _
zero than TM(¢,¢> commutes with TM(g,n) if and only if u =p, r =m, a = ¢,b =

d,u = %m and r(k+1) =p(1 — k).

Proof. Let 6(=) = (=) + f(2)0(=) = p(2) + (). () = 7(2) + (=) and n(2) =

u(z) + v(z) € L>®(T™) be the functions as defined in the theorem. Then,
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(k) " plkn) ™
{TMw,w)} {TM@ n)} €(0102,000) (21,22, 5 Zn)

={wp M¢+JM¢,} (WM + 0, Y G e 20
u(s) K01 KO "
= (Mg + MzJ)(W, { ))+(u(5)+u(z))J}(zl Lok ko
R
(M +M J Wk { Z E(Tl,rz, ’rn)z?fk& 5271602_“2:1”_/@‘%
7"1,7’27 Tn)GZ
r; >0, 1§7,§n
S
T Z C—(r1,ra,... rn)z7101+k91 T2+k92...z7€"+k‘9”
(1,72, )EZ™
r;2>0,1<i<n
U
d k61 sua+k0 _
+ Z d(uhuz, 7un)zuﬁ- 1 u2+ 2-..Zzn+k0”

(u1,u2,...,un)EL™
u; >0,1<i<n

\4
ulfkel uszez ’LLnfk‘Gn
b Y g o)

(u1,uz2,...,un)€EL"
u;>0,1<i<n

R

= (W"‘d’(@*ﬂ Z Clr1,m2yeymn) F1

(r1,72,...,Tn )EZ™

i >0,1<i<n
S
+ E : c_( )Zf(rﬁkfh) §(T2+k92) SR(rn k)
—(T1,72,...,T" c A n
(r1,72,..sTn )EZ™
i >0,1<i<n
U
E 3 —k(u1+k01)_k(uz+k02) —k(un+kb,
+ d(u17u2: sUn 21 29 ce Zn( )

(u17u2a“~7un)ezn
u; >0,1<i<n

\%
k(ulfkel) k(’U,kaez) k(un_keﬂ)
Z9 2y

LD DR UE

(u1,u2,...,un)EL"

u; >0,1<i<n
[Let's use the short form from here onwards to visualized better]
M N P
— Z amz™ + Z a_mz™ S + Z b,zP
mez" mez" pEZ™
m; >0,1<i<n m;20,1<i<n pi20,1<i<n
Q R S
+ Y b | x DR A G U SR
peEL” res” reZ”
pi>0,1<i<n 7i>0,1<i<n ri>0,1<i<n
U v
I Z q,Zh ko) 4 Z d_, ZF ko)
ueZ” ueZ”

u;20,1<i<n u; 20,1<i<n

7k(7‘17k591) k(r27k02) 7k('l"n—k9
Z9 e

n)
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M R N R
_ E E [ Erzk'r+m + § § a,mérfkrim

mezZ" rezZ” mezZ" rezZ”
m;>0,1<i<nr;>0,1<i<n m;>0,1<i<nr;>0,1<i<n
P 1% Q 1%
+ § E bpd_ 2P 4 E § b,pd,uz’w‘P}z’f@
pEL™ u€eZ” peEL™ u€eZ”
pi>0,1<i<n u;>0,1<i<n pi>0,1<i<n u;>0,1<i<n
M \4 N \4
— ku—
+ g g A d_y 2" 7™ + g g Ay 2 0t™
mezZ" ueZ” mezZ" ueZ”
m;20,1<i<n u; 20,1<i<n m;20,1<i<n u; 20,1<i<n
P R Q R
= ke B _
+ E E bpCr2" TP + E E b,pcrz’”“’ P
peEL™ rel” peZL™ rez”
p;i>0,1<i<n 73;20,1<i<n p;>0,1<i<n 7;20,1<i<n
M S N S
— kr—
+ E E A C—pr 277 + E E A Cp 2Tt
mez” reZ” mezZ" reZ”
m;20,1<i<n r; 20,1<i<n m;20,1<i<n r; 20,1<i<n
P U Q U
+ ) > bpdu e Y > bopd_y 2MutP 4 k0
peL™ u€L" peEL™ u€eZ"”
pi>0,1<i<n u; 20,1<i<n pi>0,1<i<n u;>0,1<i<n
M U N U
s = —ku—
+ g E A Ay Z°0T™ 4 g E A dy 2™
mez" u€eZ™ meZ” ueZ”
m;2>0,1<i<n u; >0,1<i<n m;2>0,1<i<n u; >0,1<i<n
P S Q S
_ & e
+ E E bpc_p 2 TP 4 E g by 2P RER (3)
peL™ rel” peEL™ reZ™
pi>0,1<i<n 1;20,1<i<n p;>0,1<i<n1;>0,1<i<n

Similarly,

(k) " [ (k) |7
{TM(:m} {TM<:w>} €O 02,00) (21725 Zn)

M R M S
_ § E a Emzkm-&-r 4 2 § a_rémzkm—r

meL” reZ™ mez” rez”
m;>0,1<i<n r; >0,1<i<n m;>0,1<i<n r; >0,1<i<n
Q U Q \%
7 =k —kp— k
+ 3 Y hd gt Y > bad Er
peEL™ u€eZ” pEL™ ueZ™
p;>0,1<i<n u;>0,1<i<n p;>0,1<i<n u;>0,1<i<n
R Q S Q
+ E E Erd,pzkp_r + g E a,rd,pzkp"”"
rez™ peEL™ rez™ peEL™

r;>0,1<i<n p,>0,1<i<n r;20,1<i<n p;>0,1<i<n



434 M. P, PRADIPKUMAR AND NILBIR

U M \4 M
+ § § buzmzkmfu + § E b,uémzkm“‘ kaG
ueL” mez” u€eZ” mez"
u; >0,1<i<n m;>0,1<i<n u; >0,1<i<n m;>0,1<:<n
R N S N
+ E § arC,mka_T + § § a,rc,mzkm'”
rez” mez” rez” mez”
r;>0,1<i<n m;>0,1<i<n r;>0,1<i<n m;>0,1<i<n
P U P v
7 7 Jkp—u 3 Jkptu kO
+ E E by dpz™PT 4 E g b_ydpz™PT b2
peEL™ u€eZ” peEL™ ueZ”
p;>0,1<i<n u; >0,1<i<n pi>0,1<i<n u;>0,1<i<n
R P S P
+ E E @, d, 2Pt 4 E E a_pd,z"P"
rez” pEL” re” pEL”
r;>0,1<i<n p;>0,1<i<n ri20,1<i<n p;>0,1<i<n
U N \% N
+ § E buC_mEkm+u + § E b_uC_mEkaru Ek@
ueL"™ mez” ueL"™ mez”
u;>0,1<i<n m; >0,1<i<n u;20,1<i<n m;>0,1<:<n

(4)
Comparing the Equation and Equation equal, it is evident that they are
equal if and only if w = p, r = m, a = ¢,b = dju = ——m and r(k + 1) =

k—1
p(1—k). O

4. SPECTRAL PROPERTIES

In these section, we are discussing the point spectra and spectrum of k*h
order order(slant Toeplitz + slant Hankel) operators on the polydisk.

Theorem 4.1. If ¢ € L°°(T™) and invertible, then the point spectra of

kn _ mk,n
Tqu - TMd)(zf,zg,zg,...,z};)

Proof. Let A be an element ap(T]]C[’:). Then, TJI\}’:( f) = A\f for some non-zero func-
tion f belonging to L?(T™). Since ¢ € L>(T") and f # 0 € L?(T") so, My(f) # 0.
Now,
MTy"(f) = My(Af) = AMy f

= MWy (I + J)My(f) = AMy f

= MgWi(I + J)(of) = Mof)

— oW (I + J)(0f) = A(¢f)

= (21,22, 23, ..., 2a) Wi (T + ) (0f) = A9 f)

= WI(21, 25,255, 2) (L + T)(0f) = N6 f)
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= WM, 25, 26, 2B (L + 1)(6F) = A(6f)
— WL+ )My (2, 26,2, 2B) (0f) = M)
=T (D) =M

333333

k.n
= A€ (Do op ot o)
k, k,
= UP(T]\/I") (TM:(Z 22 z3 . zk ) (5)
Conversely, let A € ap(T]]\Z" i ). Then, there exist a non- zero function g
o(2f 25,28, 2k)

in L?(T"™) such that
k,n -
Doty (b sk 2k i) ) (9) = Ag-
Let G = 5-9 Then, G # 0.

T]]\Z:(Zf,zé,zé‘,m,zm)(g) = )\g
= oW (I +J)¢(G) = /\.g.

— WL+ T)My(@) = by,

= Wi (I + J)My(G) = A(g).
— Ty"(G) = \(G).
— X €0y (Thi")-

k,n k,n
= op(T},; o (2F 25 2k zk)) < Up(Tzv1¢) (6)

Frorn and (@) we see that the point spectra of o( @:(Z ko )) is ap(TJI\Z’:).
1125123 yos%gy
O

Corollary 4.2. Let ¢ € L>°(T").Then the spectrum of TJI\}Z is same as of
k,n
My (2f,25,25,...25)

Conclusion and future aspects. In this study, we introduced and explored the
properties of k*"-order (slant Toeplitz + slant Hankel) operators on the polydisk.
We thoroughly examined their commutativity, partial isometry, co-isometry and
spectral properties. The commutativity of these operators was found to depend on
whether their harmonic symbols are scalar multiples of each other. Additionally,
we provided a detailed analysis of the point spectrum and the overall spectrum
for these operators. These findings extend existing knowledge on Toeplitz and
Hankel operators, specifically in higher dimensions such as the polydisk, enriching
the understanding of their algebraic and spectral behaviours.
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Future research can delve deeper into the potential applications of k**-order
(slant Toeplitz + slant Hankel) operators in mathematical physics and functional
analysis. Extending the theory to other function spaces, like Bergman or Sobolev
spaces, could provide further insights. Additionally, exploring the role of these
operators in signal processing, control theory and quantum mechanics could unlock
new practical applications. There is also scope for investigating the invertibility
and Fredholmness of these operators in more complex multidimensional settings,
potentially opening new research avenues in operator theory and beyond.
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