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Abstract. This paper aims to present the theory of hypersurfaces for a novel
class of manifolds called an indefinite (o, 8)-type almost contact metric statistical
manifold or trans-Sasakian statistical manifold with an (I, m)-type connection. The
study delves into the analysis of screen semi-invariant lightlike hypersurfaces within
this framework. Specific conditions on the recurrent and Lie recurrent structure
tensor field have been established. Additionally, illustrative examples are provided

to enhance the comprehension of the introduced concept.
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1. INTRODUCTION

Lightlike hypersurfaces are an intriguing branch of geometry. Duggal and Bejancu
[12] developed the theory of a lightlike hypersurface of a proper semi-Riemannian
manifold in differential geometry. Further, this lightlike theory was studied exten-
sively by various geometers such as Yasar et al.[5], Duggal and Sahin [13][14]. They
obtained some results on the lightlike hypersurfaces of an indefinite Sasakian man-
ifold. In Oubina [11], a new class of almost contact metric structure, known as the
trans-Sasakian structure, was introduced. Eventually, Chinea and Gonzalez [2] pre-
sented two subclasses of trans-Sasakian structures, the C5 and Cg-structures, which
contain the Kenmotsu and Sasakian structures, respectively. The lightlike hyper-
surfaces of various almost contact metric manifolds like indefinite trans-Sasakian,
Kenmotsu, and symplectic manifolds were studied by Massamba [7], Jin [3], Mas-
samba [6], Kang and Kim [21].
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The study of geometric structures on a set of certain probability distributions re-
sulted in the formation of an interesting branch of manifolds known as statistical
manifolds, which Amari investigated [I8] and thoroughly explored by Amari [19],
Lauritzen [20] Later, Furuhata [8] made significant contributions to the initiation
of the geometry of hypersurfaces in statistical manifolds. Afterwards, the concept
of Sasakian statistical manifold and Kenmotsu statistical manifold were introduced
by Furuhata et al.[I0] and Furuhata et al.[9], respectively. They constructed cer-
tain results related to the real hypersurfaces and warped products of statistical
manifolds. In this context, Kazan [I] demonstrated the idea of a trans-Sasakian
statistical manifold, wherein various characterizations about £-conformal-projective
flatness of a trans-Sasakian statistical manifold have been discussed. Bahadir and
Tripathi investigated the theory of lightlike hypersurfaces of statistical manifolds
[I7] and was further studied by Bahadir et al.[I6]. The geometry of lightlike hy-
persurfaces for the Sasakian statistical manifold was also initiated in Bahadir [I5].
Thus inspired, Rani and Kaur [22] worked on the geometry of hypersurfaces of
an indefinite statistical manifold. They further introduced the concept of lightlike
hypersurfaces in the context of an indefinite Kaehler statistical manifold in Rani
and Kaur [23] and developed significant results for Lie-recurrent structure tensor
fields.

Jin [4], established a new connection on semi-Riemannian manifolds, which is de-
fined as a linear connection D on a semi-Riemannian manifold (M, §) is called a
non-symmetric non-metric connection of type (I, m) or usually known as (I, m)-type
connection, if there exist two smooth functions [ and m such that D itself and its
torsion tensor 7' satisfies

(Dxg)(Y, Z) = —Un(Y)§(X, Z)+n(Z)§(X, Y )} =m{n(Y)g(X, Z)+1(Z)g(d X, 5(’))}
1

T(X,Y) = {n(Y)X = n(X)Y}+m{n(Y)oX —n(X)$Y}

where, ¢ is a (1,1)-type tensor field, v is a smooth unit vector filed and 7 is a
1-form defined by n(X) = g(X,v). Here X,Y and Z are the smooth vector fields
on M where, we set (I,m) # (0,0).

Keeping the theory mentioned earlier in view, this paper aims to introduce the no-
tion of an indefinite trans-Sasakian statistical manifold and presents various results
on its geometry. Further, the geometry of lightlike hypersurfaces has also been ini-
tiated for the indefinite trans-Sasakian statistical manifold endowed with an (I, m)-
type connection wherein various results related to its structure, geodesicity, and
parallelism of vector fields have been presented. The integrability of distributions
in screen semi-invariant lightlike hypersurfaces of these manifolds has been worked
upon. Also, the Lie-recurrent structure tensor field of lightlike hypersurfaces of
an indefinite trans-Sasakian statistical manifold with an (I, m)-type connection has
also been characterized.
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2. PRELIMINARIES

Let (M, §) be a semi-Riemannian manifold of dimension (2n + 1). If § is a semi-
Riemannian metric, ¢ is a (1,1) tensor field, v is a characteristic vector field and 7
is a 1-form, such that

§(¢X,¢Y):!?(va)*n(X)ﬁ(Y)a g(lj,l/):l, (2)

P*(X) =X +n(X)v, §(X,v)=n(X), X, Y)+3g(X,0Y)=0 (3)

which follows that ¢ = 0 and no¢ = 0 for all X,V € I(TM), then (¢,v,g) is
called an almost contact metric structure on M.

Definition 2.1. [7] An almost contact metric structure on M is called an indefinite
trans-Sasakian structure if such that

(Vx)Y = afg(X,Y)v — n(Y)X} + B{i(¢ X, Y)v — n(Y)dX}, (4)
Vxv = —a(¢X) + B{X — n(X)v}

holds for any X,Y € T(TM), where % is a Levi-Civita Connection, o and S are
two smooth functions. Therefore, (¢,v,m, ) is called an indefinite trans-Sasakian
structure of type («, B).

As per Chinea and Gonzalez [2], trans-Sasakian manifold is a natural generalization
of both Sasakian and Kenmotsu manifolds.

We note that trans-Sasakian structures of type (0, 0) are cosymplectic, of type (0, 3)
are (-Kenmotsu and of type («,0) are a-Sasakian.

Let (M, g) be a hypersurface of (M,§) with g = § | M. If the induced metric g
on M is degenerate, then M is called a lightlike or degenerate hypersurface of M.
There exists a vector field £ # 0 on M such that g(§,X) =0 VX € I'(T'M). The
null space or radical space of T;(M) at each point x € M is a subspace Rad(T,M)
defined as

Rad(T, M) = {£ € T,(M) : g(£,X) =0 VX e (TM)}

whose dimension is called the nullity degree of g.

Since ¢ is degenerate and any null vector is perpendicular to itself, therefore T, M+
is also null and

Rad(TyM) = T,M NT,M=.
For a hypersurface M, dimension of T, M~ equals 1 which implies that the dimen-
sion of Rad(T,M) is also 1 and Rad(T,M) = T,M~*. Here Rad(TM) is called a
radical distribution of M.

Consider S(TM), screen distribution, as a complementary vector bundle of Rad(T'M)
in TM , such that
TM = Rad(TM) L S(TM) (5)
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It follows that S(T'M) is a non-degenerate distribution. Thus,
TMy = S(TM) L S(TM)*

where S(T M)+, known as screen transversal vector bundle, is the orthogonal com-
plement to S(T'M) in T'M,y;.

Theorem 2.2. [12] Let (M, g) be a lightlike hypersurface of (M,§). Then there
exists a unique vector bundle tr(TM) known as lightlike transversal vector bundle
of rank 1 over M, such that for any non-zero local normal section & of Rad(TM),
there exist a unique section N of tr(TM) satisfying

g(N, &) =1 (6)
G(N,N)=0, §(N,V)=0 V¥V eTI(S(TM)).

Then the tangent bundle TM of M is decomposed as follows:
TM = S(TM) L (TM* @ tr(TM)) =TM @ tr(TM).

3. LIGHTLIKE HYPERSURFACES OF AN INDEFINITE («, 5)-TYPE
ALMOST CONTACT METRIC STATISTICAL MANIFOLD

This section presents some basic concepts available for lightlike hypersurfaces of an
indefinite statistical manifold.

Definition 3.1. [8] A pair (V,§) is called an indefinite statistical structure on M
where § is a semi-Riemannian metric of constant index ¢ > 1 on M, if V is torsion
free and

(Vx9(Y, Z2) = (Vy§)(X, Z) (7)
holds for any X,Y,Z € T(TM).

Moreover, there exists V* which is a dual connection of V with respect to g, satis-
fying

X§(Y,2) = §(VxY,2)+§(Y,VxZ)  X,Y,Z €T(TM)
If (M, §,V) is an indefinite statistical manifold, then so is (M, §, V*). Hence the
indefinite statistical manifold is denoted by (M, g, V,V*).

Let (M, g) be a lightlike hypersurface of a statistical manifold (M, §). Then the
Gauss and Weingarten formulae for dual connections as given by Furuhata [g],
Bahadir [I7] are as follows:

VxY =VxY +h(X,Y), ViY =V5%Y +h*(X,Y)
VxN =—-AxX + V%N, V%N =—-AyX+ V%N,
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for X, Y e I(TM), N e T(trTM), where VxY, VLY, AnX, A X € T(TM) and
h(X,Y),h*(X,Y), VLN, VLN € T(tr(TM)).

Here V,V* are called induced connections on M and Ay, A} are called shape
operators with respect to V and V* respectively. Also, we denote by B and B*,
the second fundamental forms with respect to V and V*. Then

B(X,Y) =g(h(X,Y),§), B*(X,Y)=g(h"(X,Y),q),
7(X) =§(VxN,¢), 7°(X)=3(Vx'N,¢).
It follows that
h(X,Y) = B(X,Y)N, h*(X,Y)=B*(X,Y)N
V%N =7(X)N, V¥'N=7"(X)N
Hence, - -
VxY =VxY + B(X,Y)N, V%Y =ViY +B*(X,Y)N (8)
VxN = —AxX +7(X)N, VYN =—-AyX +7(X)N (9)

as per Bahadir and Tripathi [I7], the relation between dual connections using the
Gauss formula is described as

Xg(Y,Z) = g(VxY,Z) + g(Y, VX 2Z)
= g(VxY,2) + 9(Y,VkZ) + B(X,Y)0(Z) + B*(X, Z)8(Y)

where 6 is a 1-form such that 0(X) = (X, N).

From the above equation, it is concluded that the induced connections V and V*
are not dual connections and a lightlike hypersurface of a statistical manifold need
not be a statistical manifold. Also, the induced connections V and V* and the
second fundamental forms B and B* are symmetric.

Further, using Gauss and Weingarten formulae, the following holds:
(Vxg)(Y, 2)+(Vxg)(Y, Z) = B(X,Y)0(2)+B"(X, 2)0(Y)+B"(X,Y)0(2)+B(X, 2)0(Y)
Let P denote the projection morphism of TM on S(TM) with respect to the
decomposition (5)). Then

VxPY =VyPY + 1/ (X,PY), ViPY =V*\PY +h"(X,PY)

Vxé=—-AX + Vgt Vi&=-AYX+ Ve

holds for all X,Y € I'(TM) and ¢ € T(Rad(TM)), where Vi PY, V*\PY,
A'eX and AY¢X € T(S(TM)) , V', V* and V', V*+ are linear connections on

T'(S(TM)) and T'(Rad(TM)) respectively. Here h', h* and A’, A* are respectively
called screen second fundamental forms and screen shape operators of S(TM).

The local second fundamental forms of S(T'M) are defined as
C(X,PY)=g(h(X,PY),N), C*(X,PY)=g(h*(X,PY),N),
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e(X)=g(VEN),  €(X)=g(VXEN) VXY € N(TM).
Therefore,
K(X,PY)=C(X,PY), hY(X,PY)=C*X,PY)E,
V€= —1(X)E,  V¥TE= T (X,
VxPY =V%PY +C(X,PY){, V%xPY =VYXPY +C*(X,PY),
Vxé= fA'fX —-7(X)¢, V&= —AE'X (X)) VX, Y eT(TM) (10)

where €(X) = —7(X).
Using the above equation, the induced objects are related as:

C(X, PY) = g(A% X, PY), C*(X,PY)=g(AnX,PY).

From the equations (6], (7),(8).(9) and (10)), the following propositions hold:

(11)

Proposition 3.2. [23] Let (M, g) be a lightlike hypersurface of a statistical manifold
(M, §,V,V*). Then the second fundamental forms B and B* are related to the
shape operators A’gX and AZ’X of S(TM) as follows:

g(A’gX, PY) = B*(X,PY), g(Az'X, PY) = B(X, PY).
Therefore, equation gives,
B(AZ’X, Y) = B(X, Az’ ), B*(A’gX, Y)=B*"(X, A'SY).

Proposition 3.3. [I7] Let (M, g) be a lightlike hypersurface of a statistical manifold
(M, §,V,V*). Then, the shape operator of any screen distribution of a lightlike
hypersurface is symmetric concerning the second fundamental form of M.

Proposition 3.4. [I7] Let (M, g) be a lightlike hypersurface of a statistical manifold
(M, §,V,V*). Then, the second fundamental forms B and B* are not degenerate.

Also, for the dual connections, the following holds:
B(X,Y) = g(A{X.Y) - B*(X,§)0(Y)

using above equations, Af'¢ + A€ = 0.
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3.1. Indefinite (a, §)-almost contact metric statistical manifold.

Following Furuhata et al. [I0], we consider a Levi-Civita connection ¥V with respect
to g such that V = 2(V + V*). For a statistical manifold (M,§,V,V*), the

difference (1,2) tensor K of a torsion-free affine connection V and Levi-Civita

connection V is defined as

K(X,Y)=KxY = VyxY — VY. (12)

Since V and % are torsion free, then
KxY =Ky X, J(KxY,Z)=g(Y,KxZ) (13)
holds for any X,Y,Z € T(TM).

Moreover, K(X,Y) = VxY — VY then, K(X,Y) = }(VxY — V5Y).

Definition 3.5. Let (g, ¢, v) be an indefinite trans-Sasakian structure on M. Then,

a quadruplet (V = V+K, §, ,v) is known as an indefinite trans-Sasakian statistical
structure on M if (V, g) is a statistical structure on M and the condition

KxoY = —¢pKxY (14)
holds for any X,Y € T(TM).

Therefore, (M, V,§,6,v) is called an indefinite trans-Sasakian statistical manifold
or (a, B)-type almost contact metric statistical manifold. If (M,V,§,$,v) is an
indefinite trans-Sasakian statistical manifold, then so is (M,V*,§, ¢,v).

Theorem 3.6. Let (M,V,V*,§) be an indefinite statistical manifold with an al-
most contact metric structure (§,¢,v). Then (M,V,V*,§,¢,v) is said to be an

indefinite («, B)-type almost contact metric statistical manifold M if and only if
VxoY — ¢ViY = a{g(X,Y)v —n(Y)X} + B{g(¢X,Y)v —n(Y)$X} and (15)
Vxv = —a(¢X) + B{X — n(X)v} + n(Vxv)v (16)
hold¥ X,Y € T(TM) on M.

PROOF. Let M be an indefinite («, B)-type almost contact metric statistical man-

ifold. Then, and implies
VxoY — gViY = KxoY + VoV — ¢VxY + pKxY
VxoY — ¢ViY = a{g(X,Y)v —n(Y)X} + B{g(¢X,Y)v — n(Y)pX}.
Now by replacing V to V* and Y to v in above, ¢V xv = a(X —v) + B(¢X) .
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Hence follows from .

Conversely, on replacing Y by ¢Y in ,
¢ (Vx3*Y — ¢V%¢Y) =0, where n(¢Y) = 0 and ¢v = 0.
Since M is an indefinite statistical manifold, therefore and 1i imply
0=—¢VxY +n(Y)oVxv + VioY —n(VieY)v

= —¢VxY +a{n(Y)X — §(X,Y)v} + B{n(Y)¢X + g(¢Y, X)v} + Vi ¢Y.
Hence

VoY —¢VxY = a{g(X,Y)v —n(Y)X} + B{g(¢X,Y)v —n(Y)eX}  (17)
Further, by and respectively,
(Vxd)Y = afg(X,Y)v = n(Y)X} = B{a(6X,Y ) = n(Y)6X} = KxoV + ¢KxY
and

(Vx@)Y —a{g(X, V) —n(Y)X} = B{G(6X, V) —n(Y)$X} = —Kx oY — pKxY.

Remark 3.7. Let (g, ¢,v) be an indefinite trans-Sasakian structure on M. So, by
setting

KxY =n(X)n(Y)v
for any XY € I‘(TM) such that K satisfies and , an indefinite trans-
Sasakz’cm statistical structure (V* = % + AK, §,¢,v) is obtained on M for X €
C>(M).

Inspired from Massamba [7], the basic structure of indefinite trans-Sasakian mani-
fold has been consolidated with statistical structure and elaborated with an exam-
ple.

Example 3.8. Let M be a T-dimensional manifold defined by M = {yeR" 1y, #
0}, where y = (y1,y2,-..,y7) are the standard coordinates in R”. Considering the
vector fields {ey1, ea, ..., e7}, linearly independent at each point of M, as a combina-

tion of frames g
8.%‘1'
Let g be the semi-Riemannian metric defined as g(e;,ej) =0,V i # j,i,j=1,2,...,7
and g(ek,ex) = 1,V k=1,2,3,4,7; glem,em) = =1,V m = 5,6. Also, let n be the

1-form defined by n(Z) = §(Z,ez7), for any Z € X(M), where X(M) is the set of

all differentiable vector fields on M.

Let ¢ be the (1,1) tensor field defined by

per = —ea, Pex = €1, pez = —ey, Pey = e3, pes = —eg, Peg = e5, per = 0.
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Then, using the linearity of ¢ and g, we have n(er) = 1, »*X = =X + n(X)er,
§(¢X,0Y) = g(X,Y) — n(X)n(Y), for any X,Y € X(M). Thus, for ez = v,

(M, g,d,v,m) is an almost contact metric manifold.

Let V be the Levi-Civita connection with respect to the metric § and let us choose
the vector fields e, e, e3, ..., e7 to be

7
e; =€y7Zfij(yla-~-7y6)£ det(fiz) # 0

_7
j=1 J

where functions f;; are defined such that the action of V, on the basis {e1, e, ...e7},
given by

~ -~ 1 -~ 1 ~

2 2
Ve, e1 =v, Ve = —§e Yy, Ve,e1 = —y26y7€2+§€ Y7y, Ve,ea = yae¥e14,
< Y7 1 2y7 < y7 < 1 2y7 <
Veg,€4 = yse 63—56 v, Ve,es =—yse’es+v, Ve3= 56 v, Ve =v,
< o L 2y7 < y7 L 2y7 < y7
Veses = —v, Ve, e5= 56 UV, Ves€5=Yse e6—§e v, Veses =—Yyse'es—1,

and %eiej =0,Vi#j,i,j=12,3,..,6 such that g(¢e;,e;) = 0.

Now, fori=1,2,3,...,6
2 2 2
[e1,e0] = yae¥eq — Vv, [es,eq] = y3e¥es — e Vv, [es,e6] = —yse¥es + Vv

and [e;, e7] = —e;.

Fori,j=1,2,...,6, the m"-component of the Lie brackets [e;, e;] is given by
6

[eia ej]m = eV Z(fikaﬁ(fjm) - fjkaﬂ(fim)) + e2y7(fi7fjm - fj?fim)~

1 Yk Yk
By Koszul’s formula i.e.
20(VxY,Z) = Xg(Y. Z2)+Y §(X, 2)~Z§(X,Y)~g(X, [V, Z])—g(Y. [X, Z])+4(Z, [X,Y])

following expressions are derived

~

1 = 1 1
2 2 2
e 67 =—¢€1 + 56 Yeq, Ve,er = —ie Y7e1 — ez, Ve,er = —e3+ 56 ey,

<

~ ~ ~

1 = 1 = 1
2 2 2
ve467 = —*26 y7€3 — €4, v55€7 = —€5 + *26 y7€6, V6667 = —*28 y765 — €¢,

Therefore, using above, it is concluded that (M,g,qb, v,m) is an indefinite trans-

1
Sasakian manifold of type (562?47, —1).

Using Remark and taking A =1,

_ 1 _ 1
Ve,e1 =v, Ve = —§ezy7u, Ve,01 = —y26y762+§62y7l/7 Ve,€2 = y2e¥"e1 4,



407

_ 1 _ _ 1 _
2 2
Vese4 = y3€y7€3—§€ YT, V63.63 = _y36y7e4+1/a v€4e3 = 56 YTy, V6464 =V,
_ _ 1 _ 1 _
2 2

Veses = —v, Ve = 56 Yy, Vegses = y66y7€6—§€ Vv, Veses = —yse’ es—v,

Verer = —er + 2 es, Veper = —2e2 Veyer = —e3+ 2627

e €7 = —€1 + 56 €2, €2 €7 = —56 €1 — ey, e3€7 = —€3 + 56 €4,
_ 1 — 1 _ 1
2 2 2
Ve e7 = —5€ Y7es —eq, Ve,e7=—e€5+ 3¢ Y7eg, Veger = —5€ Yes — eg.

Here, (V,§) is a statistical structure and since K, ge; + oK ej =0 holds Vi, j =
1,2,...,7 then, from remark , (V,q,¢,n,v) is an indefinite trans-Sasakian sta-
tistical structure on M. Similarly, the above equations for dual connection V* can

be obtained using VY = VxY —n(X)n(Y)v.

Thus, (V =V + K, §,¢,v) defines an indefinite trans-Sasakian statistical structure
on M.

3.2. Results on lightlike hypersurfaces.

Let (Ml g) be a lightlike hypersurface of an indefinite trans-Sasakian statistical man-
ifold (M, §,V,V*, ¢,v), where g is the degenerate metric induced on M. Therefore,
for any & € I'(RadTM) and N € I'(ItrT M), using (2) and (B)), following holds:

g(&v) =0, g(N,v)=0 (18)
PE=—E ¢*N=-N.
Proposition 3.9. Let M be a lightlike hypersurface of an indefinite trans-Sasakian

satistical manifold M such that the characteristic vector field v is tangent to M.
Then

1
where & N are local sections of Rad(TM) and ltr(TM), respectively.

PROOF. For an indefinite trans-Sasakian statistical manifold M
1 = = 1 «
9(9¢, N) = —g{Ver + B(€ = n(€)v) + n(Ver)v, N} = —{—g(ANE,v) + B}
and g(¢¢, #N) = 1 have been obtained using (2)), (9) and (L6).
The above proposition leads to the following decomposition:
S(TM) = {pRad(TM) @ ¢pltr(TM)} L L, L<v > (20)

where L, is non-degenerate and ¢-invariant distribution.
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If distributions on M are denoted by
L = Rad(TM) 1 $Rad(TM) L L,, L' = ¢ltr(TM), (21)

then L is invariant and L’ is anti-invariant distributions under ¢.

Also,
TM=LaL 1 (22)
Consider two null vector fields U and W such that
U=—¢N, W=—g¢ (23)

and their corresponding 1-forms
wX) =g(X, W), w(X)=g(X,U).
Denote by S, the projection morphism of TM on the distribution L. Then,

X =SX+uX)U (24)
for any X € I‘(TM). Applying ¢ to , we have
¢X = dX +u(X)N (25)

where ¢ is a tensor field of type (1,1) defined on M by ¢X = ¢SX.

Using ,

P*X = —X +n(X)v +u(X)U. (26)
Since ¢U = 0, we obtain ¢® +¢ = 0 from (26)), which shows that ¢ is an f-structure
on M.

Using and ,
gU,W)=1

which imples that < U > @ < W > is non-degenerate vector bundle of S(T'M)

with rank 2. From and , the following decompositions hold:

S(IM)={UeW} L L, l<v> L=RadTM)L<W >L, L =<U?>.
(27)

Let P and @ be two projections of TM into L and L', respectively. Then X =

PX +QX +n(X)v, for any X € I'(TM). Therefore , , and give

P*X =X +n(X)v+uX)U (28)
where QX = u(X)U and ¢PX = ¢X. Also, using , following identities hold:
9(6X,0Y) = g(X,Y) = n(X)n(Y) — u(X)w(Y) — u(Y)w(X) (29)
9(¢X,Y) = —g(X,0Y) —u(Y)0(X) — w(X)0(Y) (30)
ov=0, g(¢X,v)=0 VXY cI(TM). (31)

Thus, the following proposition:
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Proposition 3.10. For a lightlike hypersurface M of an indefinite trans-Sasakian
statistical manifold M, ¢ need not be an almost contact metric structure.

PROOF. Proof follows from —.

Example 3.11. Following example (@, let M be a hypersurface defined by
M={yeM:ys=uys, fri=fs; =0, frua #0, f55 #0}

of an indefinite trans-Sasakian statistical manifold (M, g, 0,m,V).

The tangent space TM is spanned by {Z;}, where Zy = ey, Zy = €2, Z3 = €3, Z4 =
eqs —es, Zs = eg, Zg = v. Further, E = ey — e5 spans the distribution TM~+ of
rank 1. Therefore, TM~+ C TM and M is a 6-dimensional lightlike hypersurface of

~ 1
M. The transversal bundle ltr(TM) is spanned by N = 5(64 +e5). From decom-

position (@) and the almost contact structure of M, L, is spanned by {H,pH},
where H = 71, ¢H = —Zy and the distributions v, ¢Rad(TM) and ¢ltr(TM) are
spanned, respectively, by v, ¢D = Z3 + Z5 and N = §(Z3 — 7).

Hence, M is a lightlike hypersurface of an indefinite trans-Sasakian statistical man-
ifold M.

4. LIGHTLIKE HYPERSURFACES OF AN INDEFINTE (a, 8)-TYPE
ALMOST CONTACT METRIC STATISTICAL MANIFOLD WITH
AN (I,m)-TYPE CONNECTION

4.1. (I,m)-type connection.

For a Levi-Civita connection % on an indefinite (o, 8)-type almost contact metric
statistical manifold (M, ¢, §,v) where V = L{V + V*}, set

DxY =VxY — KxV +n(Y){IX + m¢X} (32)
and

DxY =VLY + KxY + n(Y){IX + m¢X}
for any X,Y € T(TM).

Since V and V* are torsion free, the (I,m)-type connection D as given in is
obtained.
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As M admits a tensor field ¢ of type (1, 1), then for any X,Y € F(TM),
(Dx@)Y = a{g(X, Y )y—n(¥) X }+B{5(6X, Y Jy—n(Y )X }=n(¥ ){I6X —m X +mn(X)v}.
On replacing Y by v in the above equation, the following has been derived:

Dxv = (m—a)pX + (I + B)X — An(X)v. (33)

Let M be a lightlike hypersurface of an indefinite («, 3)- -type almost contact metric
statistical manifold (M, §) with (I,m)-type connection D. Let D be the induced
linear connection on M from D. Then, the corresponding Gauss formula is given
by

DxY = DxY + B(X,Y)N (34)
for any X,Y € I'(TM), where DxY € I'(TM) and B is the local second funda-
mental form on M.

Therefore, and gives
DxY =VxY — KxY +n(Y){IX + m¢X}, B(X,Y)=B(X,Y)+mnY)u(X),

DxY =ViY + KxY +n(Y){IX + mé¢X}, B(X,Y)=B*(X,Y)+mn(Y)u(X).
(35)

Similarly, the Weingarten formula is given by
DxN = —AxX + 7(X)N, (36)

where AyX = AyX + KxN, #(X)=1(X),
ANX = AxX — KxN, #(X)=7"(X).
Now, , and (34]) gives
(Dxg)(Y, Z) = B(X, 2)0(Y)+B(X,Y)0(Z)~l{n(Y)g(X, Z)+n(Z2)g(X,Y)} (37)
—m{n( )9(6X, Z)+n(Y)u(X)0(Z)+n(Z2)g(6X, Y )+n(Z)u(X)0(Y)}
T(X,Y) =U{n(Y)X = n(X)Y} +m{n(Y)pX —n(X)pY}
B(X,Y) = B(Y, X) = m{n(Y)u(X) — n(X)u(Y)} (38)

Following are some results about the geometry of lightlike hypersurfaces of indefinite
(a, B)-type almost contact metric statistical manifold with (I, m)-type connection.

Lemma 4.1. Let M be a lightlike hypersurface of an indefinite (« 5) -type almost
contact metric statistical manifold M with an (I,m)-type connection D. Then the
induced connection D on M is not an (I, m)-type connection.

PROOF. Proof follows from .
Theorem 4.2. Let M be an indefinite (a B)-type almost contact metric statistical

mamfold with an (I, m)-type connection D. Then, for a lightlike hypersurface M of
M such that v is tangent to M, B is symmetric if and only if m = 0.
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PROOF. Since B(X,Y) — B(Y,X) = m{n(Y)u(X) — n(X)u(Y)}, therefore B is
symmetric, if m = 0.

Conversely, if B(X, Y)= B(Y, X), then by replacing X, Y with v, U respectively
in , m = 0.

Now, let P be the projection morphism of I'(T'M) on I'(S(T'M)). Therefore, for
any X, Y € I'(TM) and ¢ € T'(Rad(TM))
DxPY =D'PY + C'(X,PY){, Dx{=-AX—1/(X)¢

holds, where D and D’ are the induced linear connections on M and S(TM), re-
spectively. Also, C’ is the local second fundamental form on S(TM), A’ is the
shape operator and 7’ is the 1-form on M.

Here,
D% PY =V PY — KxPY +n(PY){IX +m¢X}, C'(X,PY)¢=C(X,PY)E,
D\ PY = V*/XPY + KxPY +n(PY){IX +m¢X}, C'(X,PY)¢=C*(X,PY)E.
Also,

ALX = AL X + Kx¢, 7'(X) =1(X),
AéX = A*IEX - Kx¢, (X)) =1%X).
Now, and lead to
B(X,§) =0, B(¢,X)=0.

Further, the relations between local second fundamental forms with their shape
operators are as follows:

B(X,Y) = %{g(A*éX, Y) 4+ g(A: X, Y)} + mn(Y)u(X) (39)
C'(X,PY)=C(X,PY) = g(A%xX,PY) = g(ANX + KxN,PY).  (40)
§(AtX,N)=0, GANX,N)=0.
Putting X =€ in ,

A+ A =0, Dx&{=-A X -7 (X)E (41)
On applying Dx to §(£,v) and using and ,
9(Ae X, v) = —ou(X), B(X,v)=(m—a)u(X). (42)

Similarly, by applying Dx to §(v, N) and from (36) and ,
g(ANX,v) = —aw(X)+ BO(X), C'(X,v)=—aw(X)+B0(X)+n(KxN). (43)
Using and in , following has been derived:
Dxv=(m—a)pX + (I+ B)X — Bn(X)v.
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Lemma 4.3. Let M be a lightlike hypersurface of an indefinite (o, 8)-type almost
contact metric statistical manifold M with (I, m)-type connection D. Then,

DxU = (AN X) + 7(X)U = (ab(X) + (X)),

B(X,U)=C'"(X,W) —g(KxN,W),
holds for any X, Y € T(TM).

PROOF. Since M is an indefinite trans-Sasakian statistical manifold, then
ViU + a(0(X)v) + B(w(X)v) = pAnX +7(X)U follows by using (9).

By applying (I, m)-connection and using in above equation,
DxU + B(X,U)N = —af(X)v — fw(X)v + ¢(AnNX) + u(AyX)N + 7(X)U
which implies
DxU = $(AnX) + 7#(X)U — (af(X) + fuw(X))v,

and
B(X,U) = u(AxX) = g(ANX, W) = C"(X,W) — g(Kx N, W).

Lemma 4.4. Let M be a lightlike hypersurface of an indefinite (o, 8)-type almost
contact metric statistical manifold M with (I, m)-type connection D. Then,

DxW = ¢(A;X) — 7(X)W — Bu(X)v.
B(X, W) =u(ALX) = g(A.X, W).
holds for any X, Y € T'(TM).
PRrROOF. Replacing Y by £ in Gauss equation and using ,
Vx&=—A;X —7(X)€+ B(X,§)N.
On applying ¢ to above equation ¢V x¢ = —¢AL X + 7(X)W — B(X, €)U.

Since M is an indefinite trans-Sasakian statistical manifold with (I,m)-type con-
nection, therefore

—VAW = Bu(X)v = —pA: X + 7(X)W,
which implies
—DxW + ExW — Bu(X)v = —¢(A; X — Kx&) + 7(X)W.
Now from and , it follows that
—DxW — B(X,W)N — Bu(X)v = —¢(AcX) — u(A; X)N + 7(X)W

Therefore, the desired result holds when comparing tangential and normal parts.
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Example 4.5. Consider the indefinite trans-Sasakian statistical manifold (M, g, V,V*, b,v)
mentioned in example (@ Applying (I, m)-connection D on M and using ,
the following derivations have been made:

- N 1 - 1 -
2 2
D.exs=v, D.e= —56 Y7y,  De,eq = —y2€y762+§€ Y7y,  De,eq = yae¥"e14v,
D e — e en 2oy D en — el Doene 2oy, D oer —
e3€4 = Y3e€ 63—§€ v, es€3 = —Ysze’eq+v, e, €3 = §€ v, e, €4 =V,
Deses = —v, Deyes = 26370, Doyes = yoe¥eg— e, Dy = —yge’”
es€5 = —U, es€6 = 56 v, ec€5 = Y€’ €g— ;€ 7V, es€6 = —Ye€" €5V,

. 1 1
Deer=(—1)e; + (562‘”7 —m)eg, De,er=(1— 5621}7)61 + (m —1)ea,

- 1 1
D.,e7 = (I —1)es + (562117 —m)ey, De,er=(m— 562?”7)63 + (I — 1ey,

_ 1 - 1
De.er = (1—1)es + (5621/7 —m)eg, Deger = (m— 562y7)65 + (I —1)eg.
Also, for e; = v, above equations satisfy i.e.
Dxv = (m—a)pX + (I + B)X — fn(X)v

1 ~ 1
with o = 56297 and = —1. Therefore (M, g, ,n,v) is an indefinite (56297, —1)-

type almost contact metric statistical manifold with an (I, m)-type connection D.

Theorem 4.6. For a lightlike hypersurface M of an indefinite (o, B)-type almost
contact metric statistical manifold (M, §,V,V*, ¢,v) with an (I, m)-type connection
D, following identities hold:

(Dx@)Y = u(Y)ANX — B(X,Y)U — (I+ B)n(Y)X + X(m —a)n(Y)  (44)
+Hag(X,Y) 4+ B9(¢X,Y) + pu(X)0(Y) — mn(X)n(Y)}v and
(Dxu)(Y) = —u(Y)F(X) — B(X,¢Y) — (I + B)n(Y)u(X) (45)
for any X, Y e T(TM).

PrOOF. From the notion of indefinite (a, 8)-type almost contact metric statistical
manifold,

VxoY — ¢ViY = a{g(X,Y)v — n(Y)X} + B{g(6X,Y)v — n(Y)¢X}.  (46)
Then application of (I, m)-type connection to gives
Dx¢Y =¢{DxY —n(Y)(IX+m¢X)} = a(g(X,Y)r—n(Y)X)+B(=n(Y)$X +9(¢X,Y)v).
Now, using , , , and , following holds:
Dx¢Y +B(X, Y )N —u(Y)AnyX +u(Y)7(X)N + Xu(Y)N —¢DxY —u(DxY)N
+B(X,Y)U 4 n(Y){lpX + lu(X)N — mX + mn(X)v}
= afg(X,Y)y —n(Y) X} + B{—n(Y)oX —n(Y)u(X)N +g(¢ X, Y )v+u(X)0(Y)v}.

The required result follows on comparing tangential and normal parts.
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Theorem 4.7. Let (M,g,V, V’j) be a lightlike hypersurface of an indefinite trans-
Sasakian statistical manifold (M,g§,V,V*, ¢,v) with an (I, m)-type connection D.
Then, for the null vector fields U and W, following hold:

DxW = ¢A.X — /(X)W — Bu(X)v, (47)
F(X) =u(DxU), ¥ X eT(TM). (48)
PROOF. By taking Y = U in and using (23), ([25),
Xu(U)N —u(DxU)N = —u(U)7(X)N — B(X,pU)N — (I + B)n(U)u(X)N
which implies 7(X) = u(DxU) or 7(X) = uw(VxU) — u(KxU).

Now, on replacing Y by & in and using @, ,

—DxW = ¢(—AgX = 7'(X)§) = —=B(X, QU + {ag(X, &) + fu(X)}v.
Therefore, DxW = @A, X — 7/(X)W — Bu(X)v VX € T(TM).
We now establish the following assertion:

Remark 4.8. Let M be a hypersurface of an indefinite («, B8)-type almost contact
metric statistical manifold M with an (I,m)-type connection D. Then, M is said
to be totally geodesic with respect to D if B(X,Y) = 0V X,Y € I(TM), as
2B(X,Y) = B(X,Y) + B*(X,Y) + 2mn(Y)u(X)N.

Theorem 4.9. A lightlike hypersurface M of an indefinite (a, §)-type almost con-
tact metric statistical manifold M with an (I, m)-type connection D, is totally geo-
desic with respect to D if and only if

(Dx¢)Y = {ag(X,Y) + Bg(dX,Y)}v,
and
AnX = —3DxU + {B0(X) — aw(X)} (19)
hold for all X e T(TM) and Y € T'(L).
PROOF. Let Y € I'(L) then, u(Y) = 0. So, it follows from that
(Dx)Y = =B(X,Y)U + ag(X,Y)v + Bg(¢X,Y ).
Also, by taking Y = U in leads to,
—¢DxU = AyX — B(X,U)U + aw(X)v — B6(X)v.

Using remark (4.8]), the required conditions hold.
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Theorem 4.10. Let M be a lightlike hypersurface of M, where M is an indefinite
(cv, B)-type almost contact metric statistical manifold with an (I, m)-type connection
D. If the vector field W is parallel with respect to D, then following holds for any
XY e(TM):

ALX = (AL X)v +u(A X)U
and

7(X)=0 VX el(TM).
PROOF. Applying ¢ on 7
$DxW = —ALX + n(ALX)v + u(A;X)U — 7' (X)E.
The vector field W being parallel with respect to D implies
AL X = (A X)v + u(A X)U

and

7(X) =0.

Theorem 4.11. Let M be a lightlike hypersurface of M, where M is an indefinite
(a B)-type almost contact metric statistical manifold with an (I, m)-type connection
D. If the vector field U is parallel with respect to D, then

AnX = u(ANX)U + n(AxyX)v
and
7(X)=0 VX eI'(TM)
holds for any X, Y € T'(TM).
PROOF. On applying ¢ to and using ,
GANX = —FDyU + {B6(X) — ow(X)}dv.

Since ¢v = 0, therefore

¢AnX = DxU — n(DxU)v — u(DxU)U.
From , it follows that

PANX = DxU —n(DxUv, 7(X)=0. (50)
Now the application of ¢ to and parallelism of U implies

ANX = u(ANX)U + n(AxyX)v.
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4.2. Screen semi-invariant lightlike hypersurfaces.

Inspired by [I5], we propose the following definition:

Definition 4.12. Let (M,g,V,V*) be a lightlike hypersurface of an indefinite
(o, B)-type almost contact metric statistical manifold M. Then, M is said to be
a screen semi-invariant lightlike hypersurface of (M,V ,V*,g,¢,v) if

o(ltr(TM)) C S(TM) and  ¢(Rad(TM)) C S(TM).

Theorem 4.13. Let M be an indeﬁnige (a, B)-type almost contact metric statistical
manifold with (I, m)-type connection D. Let M be a screen semi-invariant lightlike
hypersurface of M. Then the distribution L 1< v > is integrable if and only if

B(X,¢Y)=B(Y,¢0X) VX, YeD(LLl<v>).

PROOF. Let X,Y € I'(L L< v >). Then, (22), and implies
(Dx@)Y = =B(X,Y)U + {ag(X,Y) + Bg(6X.Y)}v

and B(X,¢Y) = g(DxY,W) since Y € I'(L L< v >) if and only if u(Y) = 0.

Similarly, B(Y,¢X) = g(Dy X, W) which gives

B(X,¢Y) = B(Y,$X) = g(DxY — Dy X, W).
If X,Y e I'(L L<v >), sodoes [X,Y]. Consequently, L L< v > is integrable with
respect to V if and only if g([X,Y], W) = 0. Therefore g(VxY — Vy X, W) =0.

The application of (I, m)-type connection to the above equation alongwith
results in

g(DXy - DyX, W) =0

which proves the assertion.

Theorem 4.14. For a screen semi-invariant lightlike hypersurface M of an in-
definite (o, B)-type almost contact metric statistical manifold M with (I, m)-type
connection D, the distribution L' 1< v > is integrable if and only if

w(X)ANY —u(Y)AnX = B{u(X)0(Y) —u(Y)I(X)}yr VX, Y eD(L L<v>)
PROOF. X € I'(I/ L< v >) if and only if ¢X = 0. Using in (44),

¢DxY = —u(Y)AnX + B(X,Y)U — {ag(X,Y) + Bu(X)0(Y)}v  (51)
for X, Y e (L' L<v>).



417

Now, if X,Y e I'(L' L<v >),s0is [X,Y] € (L' L< v >). Further, L' L<v > is
integrable with respect to V if and only if

(X, Y] =0.
Using the definition of (I, m)-type connection, above equation gives

#(DxY — Dy X) = 0. (52)

Using and , we conclude that B is symmetric. Therefore, from the direct
calculations and using and following hold:

w(X)ANY —u(Y)ANX = B{u(X)0(Y) — u(Y)0(X)}v.

5. RECURRENT AND LIE RECURRENT STRUCTURE TENSOR
FIELD

Definition 5.1. The structure tensor field é of a lightlike hypersurface M with
respect to (I, m)-type connection D is said to be recurrent if there exists a 1-form u
on M such that

(Dx@)Y = u(X)4Y. (53)

Theorem 5.2. For a recurrent structure tensor field ¢, there exists a lightlike
hypersurface M of an indefinite trans-Sasakian statistical manifold M with (I,m)-
type connection D if mW = I£.

PROOF. Since M is recurrent lightlike hypersurface, implies
pX)PY = u(Y)ANX — B(X,Y)U = (I+ B)n(Y)$X + X(m —a)n(Y)  (54)
+Hag(X,Y) + B9(6X,Y) + u(X)0(Y) — mn(X)n(Y)}v.

Taking Y = ¢ in and using 7 we obtain,
p(XOW = —pu(X)v. (55)

Since g(U, W) = 0, therefore by taking scalar product of U with above equation
w(X) =0.
Similarly, taking scalar product with v to , we obtain f = 0. As u =0, ¢ is
parallel with respect to D. Using and by putting Y = v in , we have

(m — a){X —u(X)U —n(X)v} =1pX. (56)
Again, taking scalar product of v with gives

0=u(Y)g(AnX,v) = ag(X,Y) — an(X)n(Y).
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Considering the skew-symmetric part of the above equation and then adding both
equations, we get

w(X)g(ANY,v) = u(Y)g(AyX,v) = 0. (57)
Now from , we have g(AnX,v) = —aw(X). It follows from (57) that a = 0.

Hence on replacing X by W, leads to mW = [¢.

Theorem 5.3. For a lightlike hypersurface M of an indefinite trans-Sasakian sta-
tistical manifold M with (I, m)-type connecton D, if ¢ is recurrent, then

AnX = B(X,U)U — {aw(X) — B6(X)}v, (58)
B(X,U)u(Y) = %{Q(A*éX + A XY} 4 {a = (14 B)0(W) In(Y )u(X).
PROOF. Considering y(X) = 0, the assertion follows from (53).

Further, on replacing Y by U, becomes
AnX = B(X,U)U — {oaw(X) — B6(X)}v.
Therefore, by taking scalar product of W with and using 7 , ,
. 1 .
B(X,U)u(Y) = S{g(A"eX + AcX, Y)} + {a — (L+ B)0(W) In(Y )u(X)

follows from the hypothesis.

Definition 5.4. The structure tensor field ¢ of M is said to be Lie recurrent if
there exists a 1-form ¢ on M such that

(Lx9)Y = p(X)oY (59)
where, Lx denotes the Lie-derivative on M with respect to X, i.e.,
(Lx)Y = [X,9Y] - ¢[X,Y]. (60)

Note: The structure tensor field ¢ is called Lie parallel if Lx ¢ = 0.

Theorem 5.5. Let M be a lightlike hypersurface of an indefinite (o, 8)-type almost

contact metric statistical manifold M with (I,m)-type connection D. If the structure
tensor field ¢ is Lie recurrent, it is not Lie parallel.

PRroOF. Considering and 7 then
P(X)PY =Vx9Y — VX — ¢[VxY — Vy X].
Applying (I, m)-connection in the above equation and using ,
@(X)@Y = (Dx@)Y — Dgy X + @Dy X + (Y ){l¢X —mX +mn(X)v +mu(X)U}
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P(X)PY = u(Y)ANX = B(X,Y)U = n(Y){B6X + aX} +mu(X)n(Y)U (61)
Hag(X,Y) + Bg(¢X,Y) + Bu(X)0(Y)}v — Dgy X + ¢Dy X.

Replacing Y by &,
(X)W = Bu(X)v + DwX + ¢Dc X (62)
Taking the scalar product of W and v with ,

u(Dw X) = ~u(DX){g(AREv) ~ B} and n(DyX) = —Fu(X)

follows from .
Again, replacing Y by W, implies

P(X)¢ = —B(X, W)U + au(X)v — D¢ X + ¢Dw X (63)
On application of Q_S on and from )

X)W = 6u W+ DwX + ¢De¢ X + u(Dyw X)U. (64)
Therefore, from and , iu(DWX)U # 0, Hence ¢ is not Lie
parallel.
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